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Abstract

We study the tail asymptotic of subexponential probability densities on the real line.
Namely, we show that the n-fold convolution of a subexponential probability density
on the real line is asymptotically equivalent to this density multiplied by n. We prove
Kesten’s bound, which gives a uniform in n estimate of the n-fold convolution by the tail
of the density. We also introduce a class of regular subexponential functions and use it
to find an analogue of Kesten’s bound for functions on R¢. The results are applied to the
study of the fundamental solution to a nonlocal heat equation.
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1. Introduction

Let F be a probability distribution on R. Denote by F(s) := F((s, o0)), s € R, its tail
function. For probability distributions Fi, F> on R, their convolution F x F, has the tail
function

Fl*Fg(s):/ Fl(s—r)det:[ F>(s — 1) F dr,
R R

where F|, F, are the corresponding tail functions of Fy, F3.

If a probability distribution F is concentrated on Ry := [0, 00) and F(s) > 0, s € R, then
(see, e.g. [7])

.. FxF(s)
liminf ——— > 2. (1.1)
§— 00 F(s)

If, additionally, F is heavy-tailed, i.e. fR eM Fds = oo for all A > 0, then the equality in (1.1)
holds; see [13]. An important subclass of heavy-tailed distributions concentrated on R are
the subexponential ones, for which

fim FXF6) (1.2)
s—>oo  F(s)
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Any subexponential distribution on R is (right-side) long-tailed on R (see, e.g. [7]), i.e. (see
Definition 2.1 below) B
F(s+1)
m —— =
s—>o0  F(s)
If distributions Fp, F> on R have probability densities f; > 0, f> > 0 with fR fi(s)ds =
[g f2(s)ds = 1, then Fy % F; has the density

1 foreacht > 0. (1.3)

(f1* f2)(s) = A;fl(s — 1) f2(t) de, s €R.

The density f of a subexponential distribution F' concentrated on R (i.e. _f (s) =0fors < 0)
is said to be subexponential on R if f is long-tailed, i.e. (1.3) holds with F replaced by f (see
also Definition 2.1 below), and (see (1.2))

lim YOG (14)
§—>00 f(s)
It can be shown (see, e.g. [2], [14], and [15]) that, in this case, for any n € N,
)
Sli)rgo 7o) =n, (L.5)

where f*" := f x-..x f (n — 1 times). Note that, in general, the density of a subexponential
distribution concentrated on R even being long-tailed does not need to be a subexponential
one; the corresponding characterization can be found in [2] and [14]; see (2.13) below. Property
(1.5) implies, in particular, that, for each § > 0, n € N, there exists s, > 0 such that f*"(s) <
(n+9) f (s) fors > s,. In many situations it is important to have similar inequalities ‘uniformly’
in n, i.e. on a set independent of n. A possible solution is given by the so-called Kesten‘s bound
(see [2] and [15]): for a bounded subexponential density f on Ry and for any § > 0, there
exist cg, ss > 0 such that

() < cs(1+8)"f(s), s > s5, neN. (1.6)

For the corresponding results for distributions; see [3], [7], [8], and [14]. Kesten’s bounds
were used to study series of convolutions of distributions on R, Z;jo:] M F*, and of the
corresponding densities, Y oo | A, f*", appeared in different contexts: starting from the renewal
theory (the motivation for [7]) to branching age-dependent processes, random walks, queue
theory, risk theory and ruin probabilities, compound Poisson processes, and the study of
infinitely divisible laws; see, e.g. [2], [4], [10], [14], [15], and [22] and the references therein.

If F is a probability distribution on the whole of R such that FT, given by FT(B) :=
F(BNRy) for all Borel B C R, is subexponential on R, then (see, e.g. [14, Lemma 3.4]) F
is long-tailed on R and (1.2) holds. The distributions on R and their densities were considered
by several authors; see, e.g. [18] and [20]-[22]. In particular, Watanabe [22] reviewed the
difficulties associated in the case of the whole of R and closed several gaps in the preceding
results. However, even some basic properties of subexponential densities on the whole R
remained open. Namely, Foss et al. [14, Lemma 4.13] showed that if an integrable function f
on R

e is (right-side) long-tailed and, being restricted on R and normalized in L' (R ), satisfies
(1.4) (we will say then that f is weekly subexponential on R; Definition 2.3 below), and if
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e the condition
fs+1) <Kf(s), s>p,T>0 (1.7)
holds for some K, p > O (in particular, if f decays to 0 at co; see Definition 2.5),

then (1.4) also holds for the original f on R. We generalize this to an analogue of (1.5) with a
general n € N. In particular, in Theorem 2.1, we prove the following result.

Theorem 1.1. Let f be an integrable weakly subexponential function on R such that (1.7)
holds. Then f, being normalized in L' (R), satisfies (1.5) for alln € N.

Moreover, in Theorem 2.2, we prove that (1.6) also holds. Namely, we have the following
result.

Theorem 1.2. Let f be a bounded weakly subexponential probability density on R such that
(1.7) holds. Then, for each § > 0, there exist cs, ss > 0 such that (1.6) holds.

Note that all the ‘classical” examples of subexponential functions satisfy the assumptions of
Theorems 1.1 and 1.2; see Subsection 3.2.

The multi-dimensional version of the above constructions is much more nontrivial. Cur-
rently, there exist at least three different definitions of subexponential distributions on R? for
d > 1; see [9], [17], and [19]. The variety is mainly related to different possibilities to
describe the zones in R? where an analogue of the equivalence (1.2) takes place. However,
there is an absence of any results about subexponential densities in R?, d > 1. Note also that
if, e.g. a is radially symmetric, i.e. a(x) = b(|x]), x € R4 (here |x| denotes the Euclidean
norm on R?) and b, being normalized, is a subexponential density on R, then (a % a)(x) :=
fRd a(x —y)a(y)dy = p(jx]), x € R?, for some p: R4 — Ry (ie. a * a is also radially
symmetric); however, the asymptotic behavior of b and p at oo are difficult to compare. Leaving
this as an open problem, we focus in this paper on an analogue of Kesten’s bound (1.6) in the
multi-dimensional case.

To this end, we introduce a special class greg,d of regular subexponential functions on R
(see Definitions 3.1 and 4.2). Functions from this class are either inverse polynomials (i.e. (4.5)
holds) or decay at oo faster than any polynomial (i.e. (4.15) holds), but slower than any
exponential function, with the fastest allowed asymptotic exp(—s(logs)~7) with g > 1; see
Remark 3.5. Then, in Corollary 4.1, we prove the following result.

Theorem 1.3. Let a = a(x) be a probability density on R? such that a(x) = b(|x|), x € R?,
for some b € 8y q. Then, for each § > 0 and for each a < 1 close enough to 1,

a™(x) < co(1 +8)"a(x)*, |x] > 54, n €N (1.8)
for some cy = cy(8) > 0 and sy = 54(5) > 0.
Clearly, a(x) = o(a(x)%), |x| — oo, for any @ € (0, 1), hence, (1.8) is weaker than (1.6)
for the d = 1 case.
The result of Corollary 4.1 is based on the more general Theorem 4.1, which says that if, for
some b € 4y ¢ and decreasing on R, function p,
a(x) < p(x),  x €RY, logp(s) ~logh(s), s — oo,

then (1.8) holds with a(x) replaced by b(|x|) in the right-hand side.

The paper is organized as follows. In Section 2 we consider properties of general subexpo-
nential functions on the real line and prove the results leading to the proofs of Theorems 1.1
and 1.2. In Section 3 we define and study properties of regular subexponential functions on
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the real line and consider the corresponding examples. In Section 4 we prove Theorem 1.3
and its generalizations. Finally, in Appendix A, we apply the obtained results to the study of a
nonlocal heat equation.

2. Subexponential functions and Kesten’s bound on the real line

Definition 2.1. A function b: R — R is said to be (right-side) long-tailed if there exists
p > 0 such that b(s) > 0, s > p, and, for any 7 > 0,
b(s + 1)
im —— =
s—o00  b(s)
Remark 2.1. By [14, Equation (2.18)], the convergence in (2.1) is equivalent to the locally
uniform in T convergence, namely, (2.1) can be replaced by the assumption that, for all 4 > 0,
b(s + 1)
b(s)

2.1)

lim sup
§—>00 |T‘§,’l

1‘ 0. (2.2)

A long-tailed function has to have a ‘heavier’ tail than any exponential function; namely, the
following statement holds.

Lemma 2.1. (See [14, Lemma 2.17].) Let b: R — R be a long-tailed function. Then, for
any k > 0, limy_, o, ek b(s) = 0.

The constant 4 in (2.2) may be arbitrarily large. It is quite natural to ask what will happen
if /1 increases to oo consistently with s.

Lemma 2.2. (See[14, Lemma2.19, Proposition 2.20].) Letb: R — R be a long-tailed func-

tion. Then there exists a function h: (0, 00) — (0, co) withh(s) < s/2 andlimg_, s, h(s) = o0

such that (see (2.2))

b(s +1)
b(s)

Following [14], we will say that b is h-insensitive. Of course, for a given long-tailed
function b, the function 4 that fulfills (2.3) is not unique; see also [14, Proposition 2.20].

The convergence in (2.1) will not, in general, be monotone in s. To obtain this monotonicity,
we consider the following class of functions.

lim sup
SRz <h(s)

1‘ _o. 23)

Definition 2.2. A function b: R — R is said to be (right-side) tail-log-convex if there exists
p > 0 such that b(s) > 0, s > p, and the function log b is convex on [p, 00).

Remark 2.2. It is well known that any function which is convex on an open interval is contin-
uous there. Therefore, a tail-log-convex function b = exp(log b) is also continuous on (pp, 00).

Lemma 2.3. Let b: R — Ry be tail-log-convex with p = pp. Then, for any t > 0, the
function b(s + 1) /b(s) is nondecreasing in s € [p, 00).

Proof. Take any s1 > s2 > p. Set B(s) := logb(s) < 0, s € [p,00). Then the
desired inequality b(s; + 7)/b(s1) > b(s2 + t)/b(s2) is equivalent to B(s; + 7) + B(s2) >
B(sy + t) + B(s1). Since B is convex, we have, for A = 7/(s1 —s2 + 1) € (0, 1),

B(s1) = B(hs2 + (1 =) (s1 + 1)) = AB(s2) + (1 =) B(s1 + 1),
B(s2 + 1) = B((1 = )52 + Als1 + 1)) < (1 = A)B(s2) + AB(s1 + 1),

which implies the required inequality. ]
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Due to the terminology mentioned in the introduction, we will use the following definition.

Definition 2.3. We will say that a function b: R — Ry is weakly (right-side) subexponential
on R if b is long-tailed, b € L'(R ), and the function (with 1 denoting the indicator function)

-1
bi(s) :=1gr, (s) </ b(t) dr) b(s), s e R, 2.4
Ry
satisfies the following asymptotic relation (as s — 00):

N
(b4 xby)(s) = / bi(s —T)by(r)dr = / by(s — T)bi(tr)dr ~ 2b4(s). (2.5)
R 0
In the next statement we show that a long-tailed tail-log-convex function is weakly sub-
exponential on R provided that it decays at oo fast enough.

Lemma 2.4. (See [14, Theorem 4.15].) Let b: R — R, be a long-tailed tail-log-convex
function such that b € L'(Ry). Suppose that, for a function h: (0,00) — (0, 00) with
h(s) < s/2 and limg_, o h(s) = o0, the asymptotic (2.3) holds, and

lim sb(h(s)) = 0. (2.6)

Then b is weakly subexponential on R.

Remark 2.3. Let b: R — R be a weakly subexponential function on R. Then, by (2.4) and
(2.5), we have

/S b(s — t)b(r)dt ~ 2</ b(t) dt)b(s), s — 00. 2.7
0 R,

Definition 2.4. We say that a function b: R — Ry is (right-side) subexponential on R if b is
long-tailed, b € L'(R), and the following asymptotic relation holds (see (2.5) and (2.7)):

(b *xb)(s) = / b(s — t)b(r)dt ~ 2(/ b(t) dr)b(s), s — 00. 2.8)
R R
Remark 2.4. By [14, Lemma 4.12], a subexponential function on R is weakly subexponential
there. In the following lemma we present a sufficient condition for us to obtain the converse.

Lemma 2.5. (See [14, Lemma 4.13].) Let b € L'(R — R.) be a weakly subexponential
function on R. Suppose that there exist p = pp > 0 and K = K}, > 0 such that

b(s + 1) < Kb(s), s>p, T>0. 2.9)
Then (2.8) holds, i.e. b is subexponential on R.

Remark 2.5. For b € L'(R — R,), condition (2.9) yields that sup;>; b(t) — 0, s — oo.
In particular, b(s) — 0 as s — oo.

An evident sufficient condition which ensures (2.9) is that b is decreasing on [p, 00).
Consider the corresponding definition.

Definition 2.5. A function b: R — R is said to be (right-side) tail-decreasing if there exists
anumber p = pp > 0 such that b = b(s) is strictly decreasing on [p, 00) to 0. In particular,
b(s) >0, s > p.
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The proof of the following useful statement is straightforward.

Proposition 2.1. Let b: R — Ry be a tail-decreasing function. Let h: (0, 00) — (0, 00)
with h(s) < s/2 and limg_, 5 h(s) = 0o. Then (2.3) holds if and only if

. b(s £ h(s))
lim ——— =1
§—>00 b(s)

The next statement and its proof follow the ideas of [14, Lemma 4.9, Lemma 4.13].

(2.10)

Proposition 2.2. Let b: R — Ry be a weakly subexponential function on R such that (2.9)
holds. Let by, by € L} (R — R4) and there exist c1, co > 0 such that

bjs) _

Jim S = =12 @2.11)
Then —
Jim 2L*02)6) =c1/b2(t)dr+62/ by (1) dr. 2.12)
s—oo  b(s) R R

Proof. Since b, given by (2.4), is long-tailed, and (2.5) holds, we have, by [14, Theorem
4.7], that there exists an increasing function 4: (0, c0) — (0, 0co) such that A(s) < s/2,
limg_, o h(s) = 00, and

s—h(s)
/ byi(s — )by (v)dr = 0(b4 (), s — 00, (2.13)
h(s)
and, clearly, we can replace b by b in (2.13).

Next, for any b1, by € L'R —> R;), we can easily obtain
h(s) s—h(s)

(b1(s — b2 (7) + b1 (T)b2(s — 7)) dT + f bi(s — t)by(7) dr.
h(s)

(b1 xb2)(s) = f

—0o0
Take an arbitrary § € (0, 1). By (2.3), (2.11), and (2.13) (the latter with b4 replaced by b),
there exist K, p > 0 such that (2.9) holds and, for all s > h(p),

s—h(s)
[bj(s) —cjb(s)|+ sup [b(s+ 1) — b(s)] +/ b(s — 1)b(r)dt < 8b(s), (2.14)
IT|<h(s) h(s)

—h(s) 00
/ bj(r)dr—i—/ bi(r)ydr <8,  j=1,2. (2.15)

o0 h(s)

Then, by (2.9), (2.14), and (2.15), for s > p > h(p),

—h(s)
/ (b1(s — T)ba(¥) + b1 (Dba(s — 1)) dt < 8K (c1 + c2 + 26)b(s).

]

Set B := bej(s)ds, j=1,2. By (2.14), for s > p,

h(s) h(s)
/ bi(s — Dba(x) dt — c1b(s) / ba(r)dr| < 8Ba(1 + cD)b(s),

—h(s) —h(s)

s—h(s)
/ bi(s — t)ba(7) dt < 8(c1 +8)(c2 + 8)b(s).
h(s)

From these estimates, it is straightforward to obtain, for some M > 0, [(b] * by)(s) —
(c1B2 + caB1)b(s)| < 8Mb(s) for s > p. The latter implies (2.12). O
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Corollary 2.1. For the property of an integrable function on R to be weekly subexponential
on R depends on its tail property only. Namely, for a weakly subexponential function on R,
b e LR — Ry) and, for any c € L'(R — R,) and so € R, the function b(s) =
1(—00,50) (8)C(8) + 159, 00) (8)D(s) is weakly subexponential on R; see Theorem 3.1 below.

We now have a generalization of Lemma 2.5.

Theorem 2.1. Letb € L' (R — R.) be a weakly subexponential function on R such that (2.9)
holds (e.g. let b be tail-decreasing). Then

*1 n—1
fim 2 =n</ b(r)dr) . on>2, (2.16)
s—00  b(s) R
where
b (s) = (b *---xb)(s), s eR.

n

Proof. Set, in Proposition 2.2, by = by = b, i.e. cy = ¢ = 1. Then, for B := be(r) dr,
we obtain b*2(s) ~ 2Bb(s), s — 0. Proving by induction, assume that

p* =D (s) ~ (n — 1)B"2b(s), s — 00, n > 3.

Set, in Proposition 2.2, by = b, by = prn=1, ci=1,andcp = (n — 1)3”_2. Then, since
Jp ¥~V (1) dr = B"~!, we obtain
b (S)

im =B" '+ Bn—1)B"? =pp® D, O
s—o00 b(s)

We now consider some general statements in the Euclidean space R?, d € N. Fix the Borel
o-algebra B (Rd ). In what follows, all functions on R are assumed to be B(R%)-measurable.
Let 0 < a € L'(RY) be a fixed probability density on R, i.e.

/Rda(x)dx =1. 2.17)

Let f: R — R; we will say that the convolution
(ax f)(x) = f ax =y fdy,  xeRY
R

is well defined if the function y — a(x — y) f(y) belongs to L' (R?) for almost all x € R4,
In particular, this holds if f € L>(R?). Next, for a function ¢: R — (0, +00), we define,
forany f: RY — R,

. [f ()]
1 fllg := xseulé)‘f o)

Proposition 2.3. Let a function ¢: R? — (0, +00) be such that a x ¢ is well defined, ||a lp <
oo, and, for some y € (0, 00),

€ [0, o0].

(@ax$)(x) _ ).
p(x) T

Then a*(x) < y" lally¢ (x), x € RY.

xeRY, (2.18)
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Proof. Forany f: R? — R with | f]l4 < oo, we have, for x € RY,
(ax f)(x) </ a(y)¢>(x—y)|f(x—y)|d a* ¢(x)
— y <

¢ (x) Rd ¢ (x) d(x —y) ¢ (x)

In particular, since |la|ly < oo, we obtain |la * ally < yllally < oo. Proceeding inductively,
we have [|[a*||g < ylla * a"! lp < yl lallp < oo, which yields the statement. O

Ifllg < vIIflg-

Proposition 2.4. Let a function w: R? — (0, +00) be such that, for any » > 0,
Q=) ={x eR: wx) <) #0. (2.19)
Further suppose that
(a * w)(x)

n :=limsup sup ———— € (0, 00). (2.20)
A—0+ xeQ, @)

Then, for any § € (0, 1), there exists A = A(8, w) € (0, 1) such that (2.18) holds with
$(x) = wy(x) ;= min{A, ®(x)}, xeR?, (2.21)
and y := max{l1, (1 + &)n}.

Proof. By (2.21), for an arbitrary A > 0, we have wy (x) < XA, x € RY: then we also have
(a *wy)(x) < A, x € RY. In particular (see (2.21)),

(a* w)(x) < wy(x), x e R\ Q. (2.22)
Next, by (2.20), for any § > 0 there exists A = A(8) € (0, 1) such that

axw)(x

ey Rl

in particular, (a * w)(x) < (1 +8)nw(x) = (1 + §)nw, (x), x € Q). Therefore,
(axwy)x)=(@*w)(x) —(@a*x(@—wp))(x) <A +8nwy(x) forallx € Qy; (2.23)

here, we used the fact that > w,. Then (2.22) and (2.23) yield the statement. O

We are now ready to prove Kesten’s bound on R.

Theorem 2.2. Letb € L' (R — R, ) be a bounded weakly subexponential function on R with
fR b(s)ds = 1 such that (2.9) holds. Then, for any § € (0, 1), there exist Cs, ss > 0 such that

b (s) < Cs(1 +8)"b(s), s > s5, n€N. (2.24)

Proof. Fix 8 € (0,1) and ¢ € (0, 8] with (1 +¢)3 <1+ 68/2. Letsy, Ay > 0 satisfy

/_Sl b(s)ds + /oob(s) ds <

Define the functions, for s € R,

b(s) 1= L(—oo,—51) ()b(—=5) + L[y, 5,1(s) max{r1, b(5)} + (s, 00) ()D(s),
I;(s) (2.26)
1Bl

, dsia < e. (2.25)

N | ™

b1(8) := L (—oo,—s) (8)b(s), a(s) =
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Here and below, || - ||; denotes the norm in L' (R). Then, by (2.25) and (2.26), ||b — bl <e
and, hence, 3
bl <1+e. 2.27)

By Corollary 2.1, both functions s +— 15(s) and s — 5(—s) are weakly subexponential on R.
Hence, by Theorem 2.1,
E*m (S)

—II Ak ~* forany k, m € N.

lim — =
s—+o0 b*k(s)

In particular, there exist mo € N and s > s such that, for v := b*m0 and Is| > s7,

b x w(s) ~
< +9)lbl, (2.28)
(s)
w(s
mo(1 = BN < 2 < (1 4 eBIT . (2.29)
T b(s)
Foranr > 0, essinfge[—, ] 15(s) > (. It is straightforward to check that by induction,
essinf w(s) = ess 1nf b0 (s) > 0, r> 0. (2.30)
—r<s<r <s=<

However, by Remark 2.5 and (2.29), we have
lim w(s) = lim b(s) =0. (2.31)
s—>+o0

s—+oo

Hence, there exists A € (0, A1] such that, for any A € (0, A7), the set 2, defined by (2.19)
will be a nonempty subset of (—oo, —s;) U (53, 00), where s, — oo as A N\ 0. Therefore, by
(2.28), condition (2.20) holds with a given by (2.26) and < 1 + ¢. Then, by Proposition 2.4,
there exists A3 € (0, min{\,, 1}) such that (2.18) holds with

#(s) := min{A3, w(s)}, s€R, y =(1+e)

By (2.29) and (2.30), and since b is bounded, we have ||l;||¢ < 00. Hence, by Proposition 2.3
and using the fact that y||b]|; < 1 + &/2 due to (2.27) and the choice of ¢, we easily obtain

. s\"!
b (s) < (1 + 5) 16]l¢ min{Az, w(s)}, seR, neN.

By (2.31) and (2.29), ||b|ls min{i3, w(s)} < Csb(s) = Csh(s) for s > s3 with some s3 > 57
and Cs = Cs(mg) > 0. As a result,

8 n
b*"(s) < C3<l + = ) b(s), s >s3, n€N. (2.32)

By (2.26), b < by + b and, hence, b*" < 3 _ o} )b*k b=k n e N, pointwise. Since
b*k(s) =0 forall s > —s1, k € N, then, by (2.32), we obtain, for s > s3,

bk x50 (5) = / bi*(s = mB* "0 () dy
s+s51
s n—k poo -
< C5<l + E) / b (s — »)b(y) dy
s+S1

8 n—k —51 -
= C5<1 + 5) / b ()b(s — y) dy,
—o0
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and, by (2.9), (2.25), and (2.27), we can continue, for s > ss := max{s3, p},

prk *I;*(n—k)( )< Cs| 1+ 8 " £ k[([;( )< Cs| 1+ o o o kb( )
s = = s = = s),
‘ =0 2 2 =0 2 2

which yields (2.24). O

Remark 2.6. Following the scheme of the proof of [2, Proposition 8], we see that Kesten’s
bound (2.24) holds under the weaker assumption that b € L'R — R ) is a bounded function
on R with [ b(s) ds = 1 such that (2.16) holds, i.e.

b (x) ~ nb(x), x—o00,n>2

(recall that, in contrast to (1.5), b is not necessary concentrated on R ). By Theorem 2.1, a
sufficient condition for the latter asymptotic relation is that b is weakly subexponential (i.e. its
normalized restriction b4 on R is subexponential; see (2.4) and (2.5)) and inequality (2.9)
holds.

3. Regular subexponential densities on R

We are going to obtain an analogue of Kesten’s bound on R? with d > 1, at least for radially
symmetric functions. Our technique will require us to deal with functions b(|x|)%, x € R?,
where b is a subexponential function on Ry and & < 1 is close enough to 1; in particular, we
have to be sure that b is also subexponential on R, . Moreover, to weaken the condition of
radial symmetry, we will allow double-sided estimates by functions of the form p(|x|)b(]x|) for
appropriate p on R (say, polynomial). Again, we will need to check whether the functions pb
are also subexponential on R . To check such a stability of the class of subexponential functions
on R, with respect to power and multiplicative perturbations, we have to reduce the class to
appropriately regular subexponential functions. Then the mentioned stability takes place; see
Theorem 3.1 and Proposition 3.3. Examples of regular subexponential functions can be found
in Subsection 3.2. Analogues of Kesten’s bound on R are considered in Section 4.

3.1. Main properties
Definition 3.1. Let 4., be the set of all functions 5: R — R such that

(i) b € L'(R,) and b is bounded on R;

(i1) there exists p = pp > 1 such that b is log-convex and strictly decreasing to O on [p, 00)
(i.e. b is simultaneously tail-decreasing and tail-log-convex), and b(p) < 1 (without loss
of generality);

(iii) there exist § = §, € (0, 1) and an increasing function 4 = hy: (0, 0c0) — (0, co) with
h(s) < s/2 and lims_, o0 A(s) = oo such that asymptotic (2.10) holds, and (see (2.6))

lim b(h(s))s'T? = 0. 3.1

For any n € N, we denote by &, , the subclass of functions b from 4e, such that

fp b(s)ds +/oob(s)s"_1 ds < oo. (3.2)
P

—00
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Remark 3.1. It is worth noting again that, for a tail-decreasing function, (2.10) implies that b
is long-tailed.

Remark 3.2. By Lemma 2.4, any function b € 4. is weakly subexponential on R. Moreover,
by Lemma 2.5, any function b € 4y 1 is subexponential on R.

Remark 3.3. Let b € 8¢, and so > 0 be such that 2(2s9) > p. Then the monotonicity of b
and & implies that b(s) < b(h(2s)), s > so; hence, due to (3.1), for B := 2-1-8 there exists
§1 > s such that

b(s) < Bs~'79, s > ). (3.3)

Below we will show that 8 and 8.es ,, 7 € N, are closed under some simple transformations
of functions. For an arbitrary function b € 4y, we consider the following transformed
functions:

e forfixed p > 0,9 >0, r € R, we set
b(s) == pb(gs +r), s € R; (3.4)
e for a fixed sp > 0 and a fixed bounded function c: R — R, we set
E(S) = 1(—o0,50) ($)c(s) + 155,00 (5)D(s), s € R; (3.5
e for any «a € (0, 1], we denote
by (s) := (b(s))%, s € R.

Theorem 3.1. (i) Letb € 8ieo. Then the functions band b defined in (3.4) and (3.5) also belong
10 8req for all admissible values of their parameters. If, additionally, there exists o' € (0, 1)
such that by € L! (R.), then there exists ag € (o', 1) such that by € Breg for all a € [ap, 1].

(ii) Let b € 8yeg y for some n € N. Then b e Breg n- If, additionally, the function c in (3.5) is
integrable on (—00, s0) then b € Breg n. Finally, if there exists o’ € (0, 1) such that (3.2) holds
for b = by then there exists ag € (o', 1) such that b, € Breg.n for all a € [ag, 1]. Moreover,
in the latter case, there exist By > 0 and py > 0 such that, for all ¢ € (agp, 1],

/R(b(s — ) (b()*dt < Bo(b(s))*, s = po. (3.6)

Proof. 1t is straightforward to check that if b is long-tailed, tail-decreasing, and tail-log-
convex, then b, b, b, also have these properties for all admissible values of their parameters.
Let h: (0, 00) — (0, c0) be such that h(s) < s/2, limg_,c h(s) = 0o and (2.10) hold. Also
let also (3.1) hold for some 6 > 0. We deal with the proof in four steps.

Step 1. Evidently, both (2.10) and (3.1) hold with b replaced by b. Next, b € L'(R..) and b
is bounded. Hence, b e Breg. If b € Sreg y and c is integrable on (—o0, 5), then (3.2) holds
for b replaced by b. See also Corollary 2.1.

Step 2. Set, for the giveng > 0, r € R,

~ 1 r
h(s) := —h(gs + 1) — — 1r (), s € [51,00),
q 2q
where s; > Oissuchthatgs;+r > Oandh(gs+r) > r/2q foralls > s1, and / is increasing on

(0, s1) such that i(s) < min{s/2, h(s1)}, s € (0, s1). By Proposition 2.1, (2.10) is equivalent
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to (2.3). Then, by (3.4), we have, Sup| | <j; S)|b(s + r)/b(s) — 1| — 0 as s — oo. Therefore,
again by Proposition 2.1, (2 10) holds for b replaced by b. Next, from (2.1) and (3.1), it is
straightforward to obtain b(h ($))s1t% — 0ass — oo. Therefore, be 8reg. Finally, b € Sreg s
for some n € N, trivially implies that be Breg.n-

Step 3. Clearly, (2.10) holds for b replaced by by, with the same / and for any o € (0, 1).
Next, let o’ € (0, 1) be such that b, € L! (R4). By the well-known log-convexity of LP-
norms (for p > 0), for any @ € (¢/, 1) and for B := a — &’/a(1 — ') € (0, 1), we have
1/a = (1 — B)/a’ + B and

1bllLe®,) < IIbllLa &, )”b”LI(R ) <09 (3.7

i.e. by € Ll(R+) for all @ € (&', 1). Take and fix an a9 € (max{a’, 1/(1 + 8)}, 1). Then, for
any a € [ag, 1], we have 8’ := a(1 + 8) — 1 € (0, §] and, hence, by (3.1),

lim bg(h(s))s' ™ = lim (b(h(s))s'T?)* =0

§—>00 §—>00

Therefore, by € 8reg, a0 € [ap, 1].

Let, additionally, (3.2) hold for both b and b, (i.e. in particular, b € 4re ) and for some
n € N. Then we can again use the log-convexity of L”-norms, now for L?((p, 00), s" ds)
spaces, to deduce that by € reg n, @ € [ap, 1].

Step 4. Finally, b, by, € regn, n € N, implies that b, by, € 4eg,1 and, hence, (see
Remark 3.2) b and by, are subexponential on R, i.e. (2.8) holds for both b and by,,. Therefore,
for an arbitrary ¢ € (0, 1), there exists pg = po(¢, b, by,) > p (Where p is from Definition 3.1)
and By := 2(1 + e)max{ [ b(s) ds, [ bay(s) ds} > 0 such that, for all s > po,

/ b(s — 7)b(t)dt < Bob(s), / bay(s — T)boy (1) dT < Bpby,(s). (3.8)
R R

Then, applying again the norm log-convexity arguments (see (3.7)), we obtain, for any fixed
s > po and for all @ € (ag, 1),

(1=B)a/ag Ba
/ (b(s — 1)b())*dr < (/ (b(s — )b(1))*° dr) (/ b(s — 1)b(1) dr) ,
R R R

where f = (¢ — ap) /(1 — ag) € (0, 1). Combining the latter inequality with (3.8), we obtain
/ (b(s — 1)b(1))* dt < (Bo(b(s5))*) =PI/ (Bob(5))P* = By(b(s))*,
R

completing the proof. (]

It is natural to expect that asymptotically small changes of the tail properties preserve the
subexponential property of a function. Namely, consider the following definition.

Definition 3.2. Two functions by, b : R — R, are said to be weakly tail-equivalent if

by b
0 < liminf (s) < lim sup 1(s) < 00
s—>00 by(s) s—>o0 Dba(s)

or, in other words, if there exist p > 0 and C; > C; > 0 such that

C1b1(s) < ba(s) < Caby(s), s> p.
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The proof of the following statement is a straightforward consequence of [14, Theorem 4.8].

Proposition 3.1. Let b1 : R — Ry be a weakly subexponential function on R. Let by: R —
Ry be a long-tailed function which is weakly tail-equivalent to by. Then by is also weakly
subexponential on R. If, additionally, (2.9) holds for b = by then b is subexponential on R.

Proposition 3.2. Let by € & and let by: R — Ry be a bounded, tail-decreasing, and
tail-log-convex function such that

lim bZ(s; — C € (0, 00). (3.9)

s—>00 by(s -

Then by € Seg.

Proof. Clearly, b, is long-tailed as b is long-tailed. Let § € (0, 1) and & be an increasing
function with h(s) < s/2 and limg_, o 2(s) = oo such that (2.10) and (3.1) hold for b = b;.
Let ¢ € (0, min{1, C}) and choose p > 1 such that b, is decreasing and log-convex on [p, 00),
and b2 (p) < 1. By (3.9) and (2.10) (for b = by), there exists p; > p such that

bi(s £ h(s)

0 < (C —e)bi(s) = bals) = (C+e)bi(s), b1s)

1‘ <e (3.10)

for all s > p;. Since by is bounded and b; € L'(R.), from (3.10), we have b, € L' (R,).
By (3.10), for any s > 2p1,

)

bz(sj:h(s))_l‘ ma {8C+8+C+8 | C—c¢ C—s}

— & + -
by (s) —&g C-—c¢ C+H+e C+e

Since the latter expression may be arbitrary small, by an appropriate choice of ¢, we see that
(2.10) holds for b = b;. Finally, (3.1) with b = by and (3.9) imply that (3.1) holds with b = by
and the same § and A. O

Remark 3.4. In the assumptions of the previous theorem, if, additionally, b; € Sreg,, for some
n € N, and b; is integrable on (—00, —p2) for some p; > 0, then by € &g, (due to (3.10)
and the boundedness of by).

On the other hand, if we can check that both functions b; and b; satisfy (2.10) with the same
function %(s), then the sufficient condition to verify (3.1) for b = by, provided that it holds
for b = by, is much weaker than (3.9). To present the corresponding statement, consider the
following definition.

Definition 3.3. Let b1, b>: R — R, and, for some p > 0, b;(s) > 0 for all s € [p, 00),
i = 1, 2. The functions b and b, are said to be (asymptotically) log-equivalent if

log b1 (s) ~ log by (s), s — 00. (3.1D)

Proposition 3.3. Let by € 8.cq and let h be the function corresponding to Definition 3.1 with
b =by. Let by: R — R be a bounded tail-decreasing and tail-log-convex function such that
(2.10) holds with b = by and the same h. Suppose that by and by are log-equivalent. Then
by € 8eq. If, additionally, there exists o’ € (0, 1) such that (3.2) holds with b = (bl)"‘/ and by
is integrable on (—00, p), then by € Sreg p.

https://doi.org/10.1017/apr.2018.18 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.18

386 D. FINKELSHTEIN AND P. TKACHOV

Proof. Let § € (0, 1) be such that (3.1) holds for b replaced by b;. Take an arbitrary
e €(0,8/(1 4 4)). By (3.11), there exists p; > 0 such that b;(s) < 1,5 > p., i = 1,2, and

—(1 —¢e)logbi(s) < —logby(s) < —(14¢)loghi(s), s > pg,
bi(s)'TE < ba(s) <bi()'7E, s> pe. (3.12)

Since h(s) — 00, s — 00, there exists pg > pe such that i(s) > p, for any s > pg. Then, by
(3.12), we have, for all s > pg,

by (h(s))s 1T < by (h(5))' ¢ sTTDI=E) = (b (h(s))s'T0)1 ¢

and, therefore, (3.1) holds with b = b, and § replaced by (1+8)(1—¢)—1 = §—e(1+48) € (0, 1),
which proves the first statement. To prove the second statement, assume, additionally, that
¢ < 1—a’. Then, by (3.12), we have by (s)s" ™' < b1(s)!~¢s"! < by (5)¥s" ! forall s > p,,
since bi(s) < 1 here. O

3.2. Examples

We consider examples of functions for b € 4. Due to Proposition 3.3, we will classify
these functions ‘up to log-equivalence’, i.e. by the tail properties of the function

I(s) := —logb(s).

Taking into account the result of Theorem 3.1 concerning the function b, it will be enough
to define b on some (sp, 00), so > 0 only. Next, by Lemma 2.4, the function b defined by
(2.4) is a subexponential density on R.. Therefore, we can use the classical examples of such
densities; see, e.g. [14]. However, using the result of Theorem 3.1 concerning the function b,
we can consider that examples in their ‘simplest’ forms (ignoring any shifts of the argument or
scales of the argument or the function itself).

Now we consider different asymptotics of the function /(s) = —logb(s). In all particular
examples below, it is straightforward to check that each particular bounded function b is such
that &'(s) < 0 and (log b(s))” > 0 for all large enough values of s, i.e. b is tail-decreasing and
tail-log-convex.

3.2.1. Class 1: I(s) ~ Dlogs, s — oo, D > 1. (i) Polynomial decay. Letb: R — R, be a
bounded tail-decreasing and tail-log-convex function such that b(s) ~ gs~?, s — oo, D > 1,
q > 0. By Proposition 3.2, in order to show that b € 4., it is enough to prove it for

b(s) = 1g, (s)(1 +5)7 7, s eR.

For an arbitrary y € (1/D, 1), consider A(s) = s?, s > 0. Then it is straightforward to check
that (2.10) and (3.1) hold, provided that § € (0,yD — 1) C (0,1). As aresult, b € .
Clearly, b € 8reg , for D > n; see Remark 3.4.

Classical examples of the polynomially decaying probability densities in [14] can be desc-
ribed by the following functions.

e Student’s t-function: T (s) = (l—i—sz)’p, s>0,p> % Notethat T € reg n, n € N,if
only p > n/2. The p = 1 caseisreferred to as the Cauchy distribution, the corresponding
function belongs to ey, for n =1 only.

e The Lévy function: L(s) = s /2 exp(—c/s), s >0, ¢ > 0.
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e The Burrfunction: B(s) = s~ '(1 + 5%, §>0, ¢ >0, k> 0. Notethatthec = 1
case is related to the Pareto distribution; the latter has the density kpk%(s — D1y 00)(s)
for any p > 0.

(ii) Logarithmic perturbation of the polynomial decay. Let D > 1, v € R, and
b(s) = 1(1.00)(s)(logs)'s P, seR.

We apply Proposition 3.3 with b (s) = s~ P and by (s) = (log $)'s~P. Indeed, (3.11) clearly
holds. It remains to check that (2.10) holds for both b; and b, with the same h(s) = s?,
y € (0, 1). We then have log(s £ 57)/logs — 1 as s — 00, as required.

3.2.2. Class 2: I(s) ~ D(logs)?, s = 00, g > 1, D > 0. Consider the function
N(s) := 1g, (s) exp(=D(log s)7), s €R.

Take h(s) = l[p,oo)(s)sl/‘f, where p > 1 is chosen such that i(s) < s/2 for s > p. Since
q > 1, we have

1/g—1 q
N(s £ h(s)) :exp{D(logs)q(l— <1+log(1:|:s q )> )}
N(s) log s

sl/q—l
~ exp}y D(log )| Fq ~ 1, s — 00,
log s

which proves (2.10). Next, for any § € R,
N(s'/0)s'*8 = exp(—Dg 9 (log s)? + (1 + 8) logs) — 0, 5 — 00.

As aresult, N € 4c5. Moreover, clearly, N € 8, , for any n € N.

We may also consider Proposition 3.3 for b = b and b, = pb, where b, is a tail-decreasing
and tail-log-convex function such that log p = o(logb) (i.e. equivalent to logb; ~ logb;)
and p satisfies (2.10) with h(s) = s, According to the results above, a natural example of
such a p(s) might be s, D e R. Itis straightforward to verify that, for any D € R, by = pb;
is tail-decreasing and tail-log-convex. As aresult, b € $eg 4, 1 € N.

The classical log-normal distribution has a density described by the function

(log s)>
2y2

1
N(s):;exp(— > s>0,y >0,

which is an example of the function b, above.

3.2.3. Class 3: I(s) ~ s%, a € (0, 1). Consider, for any o € (0, 1), the so-called fractional
exponent
w(s) = 1Ig, (s) exp(—s), s € R. (3.13)

Set h(s) = 1[p,00)(s)(log $)/% where p > 0 is chosen such that (s) < s/2 fors > p. Then
h(s) = o(s), s — 00, and, hence,

—w(s £ () = eXp{—SO‘((l + @) — 1)} ~ exp{—sa (ia@)} ~1 ass — oo,
w(s) S §
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which proves (2.10). Next, for any § € R,
w(h(s))s' ™ = exp(—(ogs)* + (1 + 8) logs) — 0, 5 — 00.

As aresult, w € peg. Itis also clear that w € Speg , foralln € N.

Similarly to the above, we can show that pw € 4g, provided that, in particular, log p =
o(log w) and (2.10) holds for b = p and h(s) = (logs)*>/%. Again, we can consider p(s) = s,
D € R, since it satisfies (2.10) with i(s) = sV > (log $)2* «,y €(0,1),and large enough s.
As before, the verification that, for any D € R, by = pb is tail-decreasing and tail-log-convex
is straightforward.

The probability density of the classical Weibull distribution is described by the function
W(s) = s Lexp(—s%), s > p > 0, a € (0, 1). By the above, W € 8reg.n, n € N. Note that
fsoo W(r)dr = (1/a)w(s), where w is given by (3.13).

3.2.4. Class 4: I(s) ~ s/(logs)?, g > 1. Consider also a function which decays ‘slightly’
more slowly than an exponential function. Namely, let, for an arbitrary fixed ¢ > 1,

S
g(s) =1r_ (s) exp(— (logs)q)’ s €R.

Take, for an arbitrary y € (1, q), h(s) = (logs)”, s > 0, and denote, for brevity, p(s) :
h(s)/s — 0, s — oo. Then log(s + h(s)) = logs + log(l + p(s)). Set also r(s) :=
log(1 4 p(s))/logs — 0, s — oo. Then, for any s > e9*!, we have

g(s + h(s)) s < 1+ p(s) )
log - |- TP
g(S) (lOgs)q (1 +r(s))q
_ 1 (1 +r(s)? — Llog(l + p(s)) gt y_q)
B (I +r(s)? ( qr(s) p(s) (log's) (log s)

— 0 ass — oo,

since y < ¢ and, similarly, log(g(s — h(s))/g(s)) — 0, s — oo. Therefore, (2.10) holds for
b = g. Next,

(log s) !

1+6y _ _ _—
log(g(h(s))s ™) = (IOgS)<y‘1(log10gS)q

—(1+8)>—>—oo, s — 00,
which yields (3.1) for b = g. As aresult, g € 8. Again, clearly, g € 8regn, n € N. The
same arguments as before show that, for any D € R, the function s g(s) also belongs to Breg.n-

Remark 3.5. Naturally, g € (0, 1] yields the behavior of g(s) more ‘closely’ to the exponential
function. Unfortunately, our approach does not cover this case: in the analysis above we show
that i (s), to fulfill even (2.6), must grow faster than log s, whereas such a ‘large’ 4 (s) would not
fulfill (2.10). In general, Lemma 2.4 gives a sufficient condition only, allowing us to obtain a
subexponential density on R . It can be shown (see, e.g. [10, Example 1.4.3]) that a probability
distribution, whose density » on R is such that fsoo b(r)dr ~ g(s), s — oo withg > 0, is
a subexponential distribution (for the latter definition, see, e.g. [14, Definition 3.1]). Then we
expect that b(s) ~ —g’(s), s — 00, and it is easy to see that log(—g’(s)) ~ log g(s), s — oo.
We stress that, in general, the subexponential property of a distribution does not imply the
corresponding property of its density; see [14, Section 4.2]. Therefore, we cannot state that the
function b above is a subexponential one for g € (0, 1].
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Combining the results above, we have the following statement.

Corollary 3.1. Let b: R — R4 be a bounded tail-decreasing and tail-log-convex function
such that, for some C > 0, the function Cb(s) has either of the following asymptotics as
s — oo

(logs)"s~ 9 (logs)*s” exp(—D(logs)?),

s
(log s)*s" exp(—s%), (log s)*s” exp(— ),
(log s)4

where D,§ >0,q > 1,0 € (0,1), v,u € R. Then b € 8eg ,, n € N.

4. Analogues of Kesten’s bound on R¢
We start with a simple corollary of Propositions 2.3 and 2.4.
Proposition 4.1. Let a function w: R? — (0, +00) be such that (2.19) holds, and

lim sup sup M <1

“.1)
A—>04+ xeQy w(x)

We also let a € L®(R?) and lallo < oo. Then, for any § € (0, 1), there exist cs > 0 and
A = A(8) € (0, 1) such that
a*™(x) < cs(1 +8)" ' min{X, w(x)}, x e R4, 4.2)

Proof. Take any § € (0, 1). By Proposition 2.4, there exists A = A(5, w) € (0, 1) such that
(2.18) holds with ¢ given by (2.21) and y = 1 + 4. Denote ||a|lcc = [|@ll o (ga). We have

a(x) _ llalleo a(x) llalloo .
o) == Iga\g, (x) + 000 I, (x) < o tlallo=:cs <oo0,  (3.3)
and we can apply Proposition 2.3, which yields the statement. ]

Remark 4.1. Note that, for d = 1, Proposition 2.2 implies that if only @ € &reg 1, a(s) =
o(w(s)), s = oo, and (2.17) holds, then (a * w)(s) ~ w(s), s — 00, and then, in particular,
(4.1) holds. Next, in the course of the proof of Theorem 2.2 (still for d = 1), we slightly weaken
the restriction @ = o(w) for the case where a itself is subexponential by setting w := a*”
with large enough m € N, since then a/w ~ 1/m may be chosen arbitrary small. As we
mentioned in the introduction, for the multi-dimensional case, we do not have a theory of
subexponential densities. Therefore, we consider a more ‘rough’ candidate for w to ensure
(4.1), namely, w(x) = a(x)* for « € (0, 1); then, in particular, a(x) = o(w(x)), |x| = o0
if, e.g. a(x) = b(|x|), x € RY, with a tail-decreasing function b; see Definition 4.1 below.
In particular, using the results of this section, following from (4.2), we obtain upper bounds for
a™ (x) with the right-hand side heavier than a(x) at co.

Definition 4.1. Let Dy be the set of all bounded functions b: R — (0, co) such that b is
tail-decreasing (see Definition 2.5) and fooo b(s)s?1ds < oco. Let Dy C D, denote the subset
of all functions from D, which are (strictly) decreasing to 0 on R .

Remark 4.2. It is easy to see that if b0 € j)d for some «g € (0, 1) then b* € bd for all
o € [ag, 1].

https://doi.org/10.1017/apr.2018.18 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.18

390 D. FINKELSHTEIN AND P. TKACHOV

We consider an analogue of long-tailed functions on R?.

Lemma 4.1. Let b: Ry — Ry be a long-tailed function (see Definition 2.1) and c(x) =
b(|x]), x € Re. Then, for any r > 0,

cx+y)
c(x)

lim
bel=00 |y <r

1‘ =0. (4.4)

Proof. Clearly, |y| < rimpliesthath := |[x+y|—|x| € [-r, r]foreachx € R?. Therefore,

b(lx +yD) b(lx|+h)
b(x|) b(|x])

due to (2.2). O

1E

1|—>O, |x] = o0,

lyl<r hel[—r,r]

We will now assume that a is bounded by a radially symmetric function:
there exists b1 € c@d such that a(x) < b+(|x|) for almost all x € R, 4.5)

We start with the following sufficient condition.

Proposition 4.2. Let (4.5) hold with b* e Dy, which is log-equivalent (see Definition 3.3) to
the function b given by

b(s) :==1r, (s) s eR, (4.6)

M
(1 +s)d+i

for some p, M > 0. Then there exists ag € (0, 1) such that, for all @ € («g, 1), the function
w(x) = b(Ix)®, x € R, satisfies (4.1).

Proof. Setog := (d+n/2)/(d+p) € (0, 1). Take arbitrary o € (op, 1) and ¢ € (0, 1 —«).
Take also an arbitrary § € (0, 1) and define i(s) = 5%, s > 0. By (3.12) applied to b; = b and
by = b, there exists ss > 2r such that, for all s > s;,

ZORE NN MOESU0 g @7
For an arbitrary x € R? with |x| > ss, we have a disjoint expansion R? = D, (x)uDy(x)u
D3 (x), where

|x| |x|

Di(x) :=={lyl = h(lxD}, Dy (x) = {h(IXI) <yl = 7} D3(x) = {Iyl > 7}
Then (a *x w)(x)/w(x) = I1(x) + Ir(x) + I3(x), where

(L @
I;i(x) :=/ a(y)
i D;(x) YA H x — yh@ree

dy, j=1,23.

Using the inequality [x — y| > [|x| — |yll, x, y € R?, we have [x — y| > |x| — |y| > |x| — |x|°
for y € D1(x), |x| > ss. Then

I (x) S(

1+ x| \Ytwe
1—8> / a(y)dy — 1, |x| — oo.
+ |x] — |x] D1 (x)
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Next, we have, for any |y| < |x|/2, 1+ |x —y| > 1+ |x]| — |y| = %(1 + |x|); therefore,

Lx) < 2(d+u>a/ ay)ydy = 0,  |x| — .
{y1>1x%}

Finally, by (4.5) and (4.7), the inclusions y € D3(x) and |x| > ss imply thata(y) < b (|y|) <
b(1y)!=* < b(]x|/2)!*, and, therefore,

(14 |x]/2)@+00=5) [ ) (14 |x — y)drmo
(1 + |x|)@rme 1 q
= (U fxl/2) @009 /R U+ ypare &
— 0, |x] = oo,

as 1 —e& > «. Since b is decreasing on R, it follows that, by (2.19) for any A > 0, there exists
0. > 0 such that Q; = {x € R?: |x| > p,}. This yields (4.1). (Il

Lemma4.2. Let b € LI(R) be an even, positive, decreasing to 0 on the whole R, and
long-tailed function. Suppose that there exist B, ry, pp > 0 such that

/ b(s — t)b(t)dt < Bb(s), S > pPp. 4.8)

b

Suppose also that
a@)lx|-t

4.9
lx|>oc  b(|x]) *9)

Then inequality (4.1) holds for o (x) := b(|x|), x € RY.

Proof. Assumption (4.9) implies that

a(x)lx|?!
g(r) = sup —— — 0, r — o0. (4.10)
xjzr @(x)

Take an arbitrary § € (0, 1). By (4.10), we can then take r = r(8) > rp such that g(r) < §.
Next, by Lemma 4.1, inequality (4.4) holds for ¢ = w. Therefore, there exists p = p(§,7) =
p(8) > max{r, pp} such that

w(x —y)

<1+38, x| > p. 4.11)
yl<r  @(X)

Then, by (4.10) and (4.11), we have

_ d—1 _
(a %) (x) = w(x) a2 4y 1 o) AT ot~ Yot)
{Iyl=r} w(x) Wiz @) oWl
b(lx — yDb(y])
146 d — dy,
< w1 + )/y|<,“(” y+g(’)”(x)f{|y|>r} RO
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and using the fact that b is decreasing on R and the inequality |x — y| > ||x| — |y]|, we obtain
(see (2.17) and recall that g(r) < §)

b(llx] = 1yIDbAyD)
yi=r)  bOxDIyld!

= 0()( +5)+5w(x)c7d/ %

(@ %)) < 0@ (1 +8) + &o(x)/
{
dp, (4.12)

where oy is the hypersurface area of a unit sphere in R? (note that we have omitted an absolute
value, as b is even). Finally, using the fact that r > rj, and p > pp, from (4.8) and (4.12), for
any 6 € (0, 1), we obtain

(@a*w)(x) <wx)(1+81+04B)), lx| > p(8),

which implies the statement. ]
Lemma 4.3. Let b € 8,1 be an even function. Suppose that there exists o' € (0, 1) such that
b e !de, ie.

o0
/ b(s)* s 1 ds < 00 (4.13)
0

and, for any a € (o, 1),
a(x)

d—1
im x|t =o0. 4.14
|x|— 00 b(|x|)0‘| | ( )

Then there exists oy € (o', 1) such that (4.1) holds for w(x) = b(|x))¥, x € RY, for all
o € (g, 1).

Proof. We apply Theorem 3.1(ii) for n = 1; note that then (4.13) implies (3.2). As a result,
forany o € («p, 1), inequality (3.6) holds; in particular, (4.8) holds with b replaced by b*. The
latter together with (4.14) allows us to apply Lemma 4.2 for b replaced by b*, which fulfills
the statement. ]

Remark 4.3. Note that, by Remark 4.2, (4.13) implies that b € i)d and, hence (see Defini-
tion 3.1), b € &reg .

As aresult, we obtain a counterpart of Proposition 4.2 for the case when the function ™ in
(4.5) decays faster than polynomial and d > 1.

Proposition 4.3. Let (4.5) hold for a function bt € Dy which is log-equivalent to a function
b € 8ieg 1. For d > 1, we suppose, additionally, that

lirglo b(s)s" =0 forallv > 1. (4.15)
Naxd

Then there exists ag € (0, 1) such that, for all o € (ag, 1), the function w(x) = b(]x])%,
x € R4, satisfies (4.1).

Proof. We will use Lemma 4.3. Ford > 1, from (4.15), it follows that, for any v > 0, there
exists p, > 1 such that b(s) < s, s > p,,. In particular, for any o’ € (0, 1), we have (4.13).
Ford = 1and o = 0, we instead use the fact that b € 8¢ 1 implies (3.3) and, hence, we obtain
(4.13)ifonly &’ € (1/(1 +98), 1).
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Next, for any d € N, choose an arbitrary o € (o, 1). Then, by (4.5) and (3.12) applied for
by = b and by = b™, it follows that, for any ¢ € (0, 1 — &), there exists p; > 0 such that, for
all [x[ > pe,

a(x)

e )97 < b E x4 = (X)) e, (4.16)

wherev = (d — 1)/(1 —¢ —a) > 0asa < 1 — ¢. Clearly, (4.16) together with (4.15), in the
d > 1 case, imply (4.14), which fulfills the statement. |

Remark 4.4. Note that, in Proposition 4.2, for the function b given by (4.6), we can choose
a’ € (0, 1) such that (4.13) holds. This is the same property we checked above for the function b
which satisfies the assumptions of Proposition 4.3. As a result, by Remark 4.2, the function
w(x) =b(x)¥, x € R4, in Proposition 4.3 are integrable for all ¢ € (ag, 1).

Definition 4.2. Let the set greg,d C Breg.d, d € N, be defined as follows. Let ffreg,] be just the
set Sreg, 1, Whereas for d > 1, let g 4 be the set of all functions b € 8¢ 4 such that b is either
given by (4.6) for some M, i > 0 or b satisfies (4.15).

Remark 4.~5. All functions in classes 2—4 in Subsection 3.2 clearly satisfy (4.15) and, hence,
belong to reg 4.

Theorem 4.1. Let (4.5) hold with b* € f)d, which is log-equivalent to a function b € 5reg,d~
Then there exists oy € (0, 1) such that, for any 6 € (0,1) and ¢ € (ag, 1), there exist
c1 =c1(6,a) >0and A = 1S, o) € (0, 1) such that

a* (x) < ci(1+8)" minfx, b(Jx*},  x e R%.
In particular, for some ¢y = c2(8, @) > 0 and sy = 54(5) > 0,

a™(x) < co(1 +8)"b(|x])?, |x| > so,n € N. 4.17)

Proof. Combining Propositions 4.1-4.3, it follows that, by (4.2) and (4.3), there exist ¢5 =
Gs(w) and A = A(8, a) € (0, 1), where w(x) = b(|x])¥, x € R?, such that

a*(x) < & (1 +8)" ' min{x, b(|x])*}, x e R4, (4.18)

which clearly yields (4.18). Since b is tail-decreasing, we have, for some s, > 0, b(|x)* < A
for |x| > s,. This implies (4.17). O

Corollary 4.1. Let a(x) = b(|x]), x € R, for some b € 3reg7d. Then there exists ag € (0, 1)
such that, forany é € (0, 1) and a € («o, 1), there exist cs o > 0 and sq = 54(8) > 0 such that

a*(x) < cs.a(1+8)"a(x)", |x| > s, n € N.
Proof. Since, for some p > 0, b is decreasing on (p, o) and (3.2) holds, there exists

bt e Dy such that b (s) = b(s), s > p, and b (s) > b(s), s € [0, p]. We then apply
Theorem 4.1. (]
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Appendix A. Nonlocal heat equation

We apply our results to the study of the regular part of the fundamental solution to the
nonlocal heat equation

d

Eu(x,t) :}f/ a(x —y)(u(y,t) —u(x,t))dy, x € RY, (A.1)
R4

where x > 0and 0 < a € L'(RY) N L°(RY) is normalized, ie. [psa(x)dx = 1; see,

e.g. [1], [5], and [16]. Consider an initial condition u(x, 0) = up(x), x € Rd, to (A.1) with ug

from a space E of functions bounded on R¥. Since the operator Au = xa % u — xu on the

right-hand side of (A.1) is bounded on E, the unique solution to (A.1) is given by

u(x, 1) = e ((80 + ¢x (1)) * uo) (x), (A2)
where § is the Dirac delta at 0 € R? and

0 Py
by (x, 1) = § —-a (), xeRY 1>0. (A3)
n!

n=1

Note that Chasseigne et al. [6, Lemma 2.2] showed that if a is a rapidly decreasing smooth
function then ¢y, is indeed the solution to (A.1) with ug = Jo.

Now, for d = 1, suppose that a(x) = b(x), x € R!, and b satisfies the conditions of
Theorem 2.2. Then, by (2.24), the series in (A.3) converges uniformly on finite-time intervals
for each x > sg and, therefore, by (2.16),

O (x, 1) ~ kte* a(x), x —>o00,t>0.

For d > 1, let a and b satisfy the conditions of Theorem 4.1. Then, for each § > 0 and for
each @ < 1 close enough to 1,

Gu(x,1) < cs5.0 @D —Db(xDY, x| > sg, >0, (A4)

for some c54 > 0 and s, = 54(8) > 0. In particular, if a is radially symmetric and the
conditions of Corollary 4.1 hold, then we can replace b(|x|) on a(x) in (A.4).

Moreover, combining (4.18) with (A.2), we also have an estimate for the solution u to (A.1).
The further analysis of solutions to (A.1) can be found in [11] and [12].
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