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DECIDABILITY FOR THEORIES OF MODULES OVER VALUATION
DOMAINS

LORNA GREGORY

Abstract. Extending work of Puninski, Puninskaya and Toffalori in [5], we show thatif V" is an effectively
given valuation domain then the theory of all "-modules is decidable if and only if there exists an algorithm
which, given @, b € V. answers whether ¢ € rad(bV'). This was conjectured in [5] for valuation domains
with dense value group, where it was proved for valuation domains with dense archimedean value group.
The only ingredient missing from [5] to extend the result to valuation domains with dense value group or
infinite residue field is an algorithm which decides inclusion for finite unions of Ziegler open sets. We go
on to give an example of a valuation domain with infinite Krull dimension, which has decidable theory
of modules with respect to one effective presentation and undecidable theory of modules with respect to
another. We show that for this to occur infinite Krull dimension is necessary.

§1. Introduction. Throughout this paper all rings have 1 and all modules are
unital. Unless otherwise indicated modules are right modules.

In [5] Puninski, Puninskaya and Toffalori conjectured that the theory of modules
of an effectively given valuation domain V' with dense value group is decidable if
and only if there is an algorithm which, given a,b € V', answers whether there
exists an n € N such that ¢" € bV, that is answers whether ¢ € rad(hV'). We show
that this conjecture is unconditionally true, i.e., without any restriction on the value
group of V (theorem 7.1). This is the main result of our paper.

For valuation domains with nonarchimedean dense value groups or infinite
residue fields, the only ingredient missing from the proof in [5] is an algorithm
which decides whether inclusions hold for finite unions of Ziegler basic open sets.
We explicitly describe such an algorithm in section 4.

On the other hand, when V' has nondense value group and finite residue field,
the number of indecomposable pure-injective modules with finite but not equal to
1 Baur-Monk invariants increases significantly. The proof in [5] for a valuation
domain with dense value group and finite residue field uses the fact that for each
Baur-Monk invariant |p/y|, there are only finitely many indecomposable pure-
injective modules (up to isomorphism) with |¢/w| finite and not equal to 1. For
valuation domains with nondense value group this is no longer true. Luckily, this
problem is still not too combinatorially difficult (see section 6).

In section 5, we discuss duality for the Ziegler spectrum of a valuation domain.
Prest [6, Chapter 8] defined the dual Dy of a pp-formula . This map induces a
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lattice antiisomorphism between the lattice of right and left pp-formulae of a ring
such that D%y = ¢. Herzog in [4] extended this notion to a lattice isomorphism from
the lattice of open sets of the right Ziegler spectrum Zg, of a ring R to the lattice of
open sets of the left Ziegler spectrum gZg of R. It is not known in general whether
this map is induced by a homeomorphism. If there is such a homeomorphism, we call
it a duality homeomorphism. Note that for a commutative ring R this will in general
be a nontrivial automorphism of Zg,. We give an explicit duality homeomorphism
for the Ziegler spectrum of a valuation domain. We use Herzog’s results to show
that if D : Zgp — grZg is such a duality homeomorphism then for all pairs of
pp-formulae ¢/w and all N € Zgg, |¢(N)/w(N)| = |Dy(DN)/Dp(DN)|. This is
used in section 6 to reduce the number of indecomposable pure-injective modules
N for which we need to explicitly calculate |o(N)/w(N)|.

In the final section, we give an example of a valuation domain J with infinite Krull
dimension which has undecidable theory of modules with respect to one effective
presentation and decidable theory of modules with respect to another. We do this
by constructing a recursive totally ordered abelian group in which the relation

a > fifand only if Y || > n|f|

is not recursive. We note that if V' is an effectively given valuation domain with finite
Krull dimension, then its theory of modules is decidable.

Throughout this paper, for a set X, | X| denotes the number of elements of X if X
is finite, and oo otherwise. We will use N to denote the set of natural numbers not
including zero, and Ny to denote the set of natural numbers with zero included.

§2. Background. For general background on model theory of modules see [6].
Let R be a ring. Let Lg := {0, +, (r),cr} be the language of (right) R-modules
and T be the theory of (right) R-modules. A (right) pp-n-formula is a formula of
the form
F (3.x)4 =0,

where [/, n, m are natural numbers, 4 is an (/ 4+ 1) x m matrix with entries from R,
and ¥ is an /-tuple of variables and X is an n-tuple of variables.

The solution set ¢ (M) of a pp-n-formula ¢ in an R-module M is a subgroup
of M".

Up to Tr-equivalence, the set of pp-n-formulae, in L, is a lattice with respect to
implication with the join of two formulae ¢. y given by

(e+y)X)=FT7.2F=7+Z A () Ap(2))

and the meet given by ¢ A w. A pp-pair ¢/ is simply a pair of pp-1-formulae.

Let ¢, w be pp-1-formulae and n € N. There is a sentence, |¢/w| > n in the lan-
guage of (right) R-modules, which expresses in every R-module M that the quotient
@(M)/p ANy (M) has at least n elements. Such sentences will be referred to as invari-
ant sentences. We will write |/ | = n for the sentence [o/w| > nA=(lp/w| > n+1).
For an R-module M, we will write |p(M)/w(M)| > n instead of M = |¢/w| > n.
We will also write |¢(M)/w(M)| = oo to mean that |o(M)/y(M)| > n for all
n € N. This final statement is of course not necessarily expressed by a first order
sentence in the language of R-modules.
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THEOREM 2.1 (Baur-Monk Theorem). [6] Let R be a ring. Every sentence y € Ly
is equivalent to a boolean combination of invariant sentences.

The above theorem together with the fact that the theory of modules of a recur-
sively given ring R is recursively axiomatized means that. in order to show that the
theory of R-modules is recursive, it is enough to show that there is an algorithm
which, given a boolean combination of invariant sentences y answers whether there
is an R-module in which y is true.

A pp-type is a set of pp-formulae. If M is an R-module and ¢ € M, then the set
of pp-formulae satisfied by @ in M is called the pp-type of a. We say a pp-type is
complete if it is the pp-type of an element of a module or equivalently if it is closed
under implications (with respect to the theory of all R-modules) and conjunctions.

A pure-embedding between two modules is an embedding which preserves and
reflects the solution sets of pp-formulae. We say a module N is pure-injective if for
every pure-embedding g : N — M, the image of N in M is a direct summand of M ;
equivalently, it is injective with respect to pure-embeddings. For every R-module
M, there exists a pure-injective module M such that M is a pure-submodule of
M and for all pure-injectives M’ and all pure-embeddings f : M < M’ there
is an extension of f embedding M purely into M’. Moreover, M is unique up
to isomorphism over M. We denote this module by PE(M) and call it the pure-
injective hull of M. All modules are elementary equivalent to their pure-injective
hull [6, Theorem 4.21]. Every module is elementary equivalent to a direct sum of
indecomposable pure-injective modules [6, Corollary 4.36]. Combining this fact
with the Baur-Monk theorem and that the solution sets of pp-formulae commute
with direct sums, we get that any sentence y in the language of R-modules is true
in some module if and only if it is true in some finite direct sum of indecomposable
pure-injective modules.

The (right) Ziegler spectrum of aring R, denoted Zgy. is a topological space whose
points are isomorphism classes of indecomposable pure-injective (right) modules
and which has a basis of open sets given by:

(o/w) ={M | (M) 2 y(M)Np(M)}.

where ¢, w range over (right) pp-1-formulae. The left Ziegler spectrum rZg of a
ring is defined analogously.

A commutative integral domain V' is called a valuation domain if the lattice of
ideals of V' is a chain. This implies that a subset / of V' is an ideal of V' if and only
ifforallr € Vanda € I, ar € 1. Note that the finitely generated ideals of V" are
principal. Throughout we will assume that ¥ is not a field (the theory of K-vector
spaces for a recursively given field K is decidable). Unless otherwise stated, V' will
always denote a valuation domain and m will denote its unique maximal ideal. The
field V/m is called the residue field of V. Let Q be the field of fractions of V" and U
the multiplicative group of units of V. The (multiplicative) quotient group Q% /U
ordered by aU < hU if and only if b/a € V is called the value group of V.

The reader should note that the value group of V is dense if and only if the
maximal ideal of V' is not principal. For more background on valuation domains
see [1, Chapter II].
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83. Decidability and modules. Let R be a nonfinite ring. The theory of R-
modules, Tg, is decidable if there is an algorithm which, given a sentence y in Ly,
answers whether y € Ty or not. Since algorithms and their formalisms (Tur-
ing machines, partial recursive functions etc) are usually expected to take natural
numbers as input and output natural numbers. in order to talk (formally) about
decidability of Tx we must have some way of converting ring elements into natu-
ral numbers. So we assume that our algorithms are implemented with respect to a
surjective function 7 : N — R. Of course, this means that R must be countable.

We now discuss conditions we must impose on 7z in order to have any hope of
Tr being decidable. For more details see [6, Chapter 17]. Firstly, for all ri, 7 € R,
r1 = rp ifand only if Tk |= Vx(xr; = xr2). So we must be able to decide equality of
elements and therefore, may as well assume that 7 is a bijection. For similar reasons,
we must assume that given a,b € R we can compute a + b and «a - b. Thus, we
assume that + and - induce recursive functions on N via 7. Finally, for all » € R,
ris a unit in R if and only if Tx = Vx(xr = 0 — x = 0). Thus, we must be able
to compute whether an element is a unit or not. Thus, we assume that the inverse
image of the units of R under 7 is a recursive subset of N.

Note that for a valuation domain V' the set of units of V" is exactly the complement
of m. Thus, we get the following definition (which is obviously equivalent to the
definition given in [5]).

DEFINITION 3.1, An effectively given valuation domain is a (countable) valuation
domain V' together with a bijection 7 : N — V' such that the pre-image of the
maximal ideal of V" under n is a recursive set and addition and multiplication
induce recursive functions on N via 7. We call the map = an effective presentation
of V.

Note that this implies that there is an algorithm (with respect to 7) which given
a,b € V either computes ¢ such that @ = bc or decides that such a ¢ does not exist
[5. Remark 3.2] and that there is an algorithm (with respect to z) which given a
unit ¢ € V outputs a~! [5. Remark 3.1].We will work with an informal notion of
algorithm, in the knowledge that. given the time and inclination, we could rewrite
all proofs in terms of recursive functions.

The following lemma is the easy direction of our main theorem and occurs as
lemma 9.1 of [5] with the restriction that R is a valuation domain. This restriction
is unnecessary, so we include a proof.

LemMmA 3.2. Let R be a countable commutative ring together with a bijection
n : R — N with decidable theory of modules (with respect to ). Then there is an
algorithm which, given a.b € V decides whether a € rad(bR).

Proor. Claim:
TrEIx(x #0Axb=0)— 3y(y #0A xa =0)
if and only if
a € rad(bR).

First suppose that @ € rad(hR). There exists an n € N, such that «” € bV . Suppose
N is an R-module and x € N is such that x # 0 and xb = 0. Then xa" = 0. Take
m least such that xa™ = 0. then (xa”~!)a = 0 and xa™~! # 0.
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Now suppose that
TrEIx(x #0Axb=0) = 3y(y #0A xa =0).

Note that if 5 is a unit in R then @ € rad(hR) = R for all a € R. Let p < R be
a prime ideal such that » € p (throughout, we write / < R to indicate that / is an
ideal of R). Then 1 + p € R/p is annihilated by b and nonzero. Hence there exists
y € R\p such that ya € p. Therefore, @ € p. Thus a € p for every prime ideal
p containing b. Hence, ¢ € rad(hR), since rad(hR) is the intersection of all prime
ideals containing b. B

84. Algorithms and the Ziegler spectrum. In this section, we show that if V' is
an effectively given valuation domain with an algorithm which, given a,b € V.
answers whether a € rad(bV’). then there exists an algorithm which givenn € N, a
pp-pair ¢/w and n pp-pairs ¥; /£;, answers whether

n

(e/w) < |JWi/&).
i=1
For any n € N, pp- 1 formulae ¢, w and pp-1-formulae ¥;.&; for 1 < i < n,
Tr = ﬁ< i1 ‘5 ‘ = 1) is equivalent to (¢/y) C U;_, (¥:/¢&;) . Hence,
decidability of T implies that we can effectively decide whether (¢/w) C
U?:l (ﬂi/fi)-

We start by recalling some facts about Ziegler spectra of valuation domains.

LemMa 4.1. [5. Lemma 3.3 and Corollary 3.4] Let V be an effectively given
valuation domain. There exists an algorithm which, given a pp-1-formula @, produces
a formula of the form y"_ (xa; = 0 A b;|x) equivalent to ¢ and produces a formula
of the form N (xc; = 0+ d;|x) equivalent to .

LemMA 4.2. [7][5. Corollary 4.3] The collection of open sets

Wabgn = ((xag =0) A (b|x)/(xa = 0) + (bh]x))

fornonzero a.b € V and g.h € m form a basis for Zg,,.

Moreover, if V' is effectively given then there exists an algorithm which, given ¢/y
a pp-pair, returns the symbol O if (¢/y) is empty and otherwise returns n € N,
ai,b € V\{0} and g;. h; € m such that

(p/y) = U Wy bi.gi -

A pair over a valuation domain is a pair of proper ideals (Z,J). To each pair
over V', we can associate a pp-type

p(LJ)={xb=0|becl}U{alx|a¢J}.

Recall that every complete pp-type is realized in a (unique up to isomorphism)
minimal pure-injective module, denoted N (p) (see [9, Theorem 3.6] or [6, Theorem
4.12]). We say a complete pp-type is indecomposable if N(p) is indecomposable. We
say that (I.J) ~ (K, L) if there exists nonzero @ € R such that at least one of the
following holds:
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(1) Ie = K and J = La or
(2) I =KaandJa = L.

LemMa 4.3 ([7]). Every pp-type p(I.J) has a unique extension to a complete
indecomposable pp-type and every indecomposable pp-type arises in this way. We write
N(1.J) for the unique (up to isomorphism) indecomposable pure-injective realizing
p{L.J). Moreover, for two pairs (I.J) and (K, L) over V, N(I.J) is isomorphic to
N(K. L) ifand only if (IJ) ~ (K, L).

From now on we will write (Z,J) for both the equivalence class of (1, J) with
respect to ~ and the corresponding isomorphism class of indecomposable pure-
injective modules. We will refer to (1. J) as a point or a point in Zg,. So. (I.J) €
Wapen if and only if there exists a pair (K. L) such that (K,L) ~ (I.J) and
a ¢ K.b¢ L,ag € K and bh € L. We will write N(I.J) only when we want to
emphasize that points in the Ziegler spectrum are modules.

Let R be a commutative ring, / < R and a ¢ I. Define

(I:a)={reV]arel}.

It is easy to see that for I, J < V proper ideals of a valuation domain and a ¢ J,
we have that:
Ia = Jifandonlyif I = (J : a). (1)

We can now reformulate ~ in terms of ideal quotients (this follows directly from
(1):

Let (1.J) and (K, L) be pairs over V. We have that (1. J) ~ (K, L) if and only if
at least one of the following holds:

(i) thereexists a ¢ K such that I = (K : a) and J = La;

(ii) thereexists @ ¢ L such that ] = KaandJ = (L : a).

Using the above observation, we can now reformulate what it means for a point
in Zg,, to be contained in a basic open set:

LemMA4.4. Leta.b € V\{0}andg.h € m. A point (I.J) is in Wy p g if and only
if one of the following holds.

(i) there existsr ¢ I such thata ¢ (I :r),b ¢ Jr,ag € (I : r) and bh € Jr;

(ii) there exists s ¢ J such thata ¢ Is,b ¢ (J : s).ag € Is andbh € (J : s).

The lemma below shows that in fact the open sets of the form W, ; 4. where
A€ V\{0}and g.n € m, are a basis for Zg,,.

LemMaA 4.5. Let a,b € V\{0}, g.h € mand (1,J) a point in Zg,,. The following
statements are equivalent:

() (1.J) € Wang
(11) (I= J) S WLubg}z;

(111) (1, J) € Walxl,g,h-

For a proper ideal 7 <1 V', let I* be the prime ideal U,¢; (1 : a). Note that for all
proper ideals I.J <V, a € V\{0} and b ¢ I. we have (la)* = I*#, (I : b)* = I*
and (1J)* = I* N J# (see [1, Lemma 4.6] for a proof). If p is a prime ideal, then

#
pT=p.
We will use the following simple remark without comment.
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REMARK 4.6. Let I < V' be a non-zero proper ideal of V. The following are
equivalent:
(@ré¢l, (b)rm2DIL (¢ IO I

THEOREM 4.7 ([3, Theorem 4.3]). Let A € V\{0} and g.h € m. Let (I.J) be a

point in 2g,,. The following are equivalent:
(i) (LJ) € Wiign.

(ii) AgheIlJ.g € I*. h € J# and (I1.J) € Wi ;.0,.

The condition g € I# simply means that there is some nonzero element a €
N(I.J) such that ag = 0. Similarly the condition # € J# means that there is some
a € N(I,J), which is not divisible by /. The condition (£,J) € Wi ;00 = Wi.1.00
means exactly that A ¢ anny N (1, J).

Note that (1,J) € Wy ;.00 always implies 4 ¢ IJ [3, Lemma 4.2] but the converse
is not always true. This motivates the following definition.

DEFINITION 4.8. We say a point (1,J) in Zg,, is normal if forall . ¢ IJ, (I.J) €
Wi .a.00. Otherwise, we say (1, J) is abnormal.

In terms of modules, N (7, J) is abnormal if and only if anny N (1. J) 2 IJ.

Lemma 4.9 ([3. Lemma 4.5]). Let (I.J) be a point in Zg,, such that I* # J*.
Then for all 2. € V\{0}, (I.J) € W\ .00 if and only if /. ¢ IJ. That is, if I¥ # J#,
then (1, J) is normal.

LemMA 4.10 ([3. Lemma 4.9]). Let (1.J) be an abnormal point with I# = J# = p.
Then (I1.J) € Wi g if and only if Ap 2 1J, igh € 1J, g € I* and h € J*.

Thus, up to topological indistinguishability, a point (I.J) is completely
determined by 7J. I*#, J# and whether or not it is abnormal.

The following proposition determines all abnormal points up to topological
indistinguishability.

PrOPOSITION 4.11 ([3, Proposition 4.10]). Let p < V be a prime ideal.

(i) Ifp> # pand a € V\{0} then the point (p, ap) is abnormal.
(ii) For all nonzero a € p. there is an abnormal point (1,J) such that IJ = ap
and I'* = J# =p.

(iii) Let (1.J) be an abnormal point with I* = J# = p. There exists nonzero a € p

such that IJ = ap.

LeMMA 4.12. Let p <1 V be such that p> = p. Then, for all a € V\{0}, the point
(p.ap) is normal.

Proor. Let 4 € V'\{0}. Then (p,ap) € W) 00 if and only if there exists ¢ ¢ p
such that 4 ¢ atp. Since ¢ ¢ p. atp = ap. Thus, (p,ap) € Wi 00 if and only if
A ¢ ap = ap®. So, (p. ap) is normal. .

We are now ready to start to construct an algorithm which, given n € N, 4,
Uisooo iy € V\{O}and g, h,ay, ..., a,, b1, ..., b, €m, answers whether

n
Wi sen C UWLy,.u,.b,»~

i=1
We start by showing that it is enough to check the inclusion on finitely many
subspaces of the form
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Xpq:={(LJ)€Zgy | I" =pand J* = q},

where p.q < V' are prime ideals. Moreover, we show that we can compute,
given A, ui.....u, € V\{0} and g, h,ay,....a,, by, ..., by, afinite set of elements

C1.....cy € m, such that it is enough to check the inclusion for the subspaces X}, 4.
where p = rad(¢; V') and q = rad(c; V).

DEerINITION 4.13. Let ¢t € m. Denote by p, the smallest prime ideal containing ¢.

Note that, for any 1 € m, the ideal p, exists since the ideals of a valuation domain
are totally ordered and note that p, is exactly the radical of ¢V

DEerINITION 4.14. Suppose x,y € V. If x divides y in V', write y/x for the
quotient in V. We define <x, y> as

if x|y,
<X, y> = v/ W
x/y otherwise.

If V' is effectively given then this function is computable.
We have split the proof of the following proposition into two lemmas. The first
dealing with normal points and the second with abnormal points.

ProproOSITION 4.15. Letn € N, 1 € V\{0}, g. h € m and for each natural number
1 <i<nletyu € V\{0}, a;,b; € m. The following are equivalent:

(1)

n
Wijgn © U Wiiaibi-
i=1

(2) Forallp =tad(tV) and q = rad(sV)

n
Wl‘/l.g.h N Xp«q g U Wlwﬂiwai‘bi N Xp,qs
i=l

where s.t € <T.T>Nm and
T :={wab; . pu; |1 <i<n}U{l,A.g.h,lgh}.

Lemma 4.16. Let n € N, 2 € V\{0}, g.h € m and for each natural number 1 <
i <nletu; € V\{0},a;,b; € m.If thereexists (I,J) anormal point such that (I.J) €
Wisgn and (LJ) ¢ \Ui_; Wiy, ar ;- then there exists a point (K. L) € W\ ;¢ and
(K.L) & U Wi s.ap, such that K* = p,, L* = p, where r = <x,y> € m and
§ = <u,w> € mandx,y,u,w are taken from the set

{uiaib[,ui|lgign}u{l,l,g,h,lglz}.

PrOOF. By definition, a normal point (1.J) is such that (LJ) ¢ W . if
and only if either u € IJ, uab ¢ 1J, a ¢ I*# or b ¢ J¥#. Therefore, if (I.J) ¢
Uy Wi ap,. then for each 1 < i < n, either u; € IJ. p;a;b; ¢ 1J. a; ¢ I or
bi ¢ J*.

Suppose (1.J) € Wy ;o is normal and (1.J) ¢ U/_; Wi s a0, -

Let p; € {}.,,u,'a,'b,' | /,Liaib[ ¢ IJ} be such that 4 divides D1 and if yiaibi ¢ 1J,
then w;a;b; divides p;. Note that, since (1.J) normal and (I.J) € Wi ¢4. A ¢ 1J.
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Thus, p; ¢ IJ. Moreover, for any ideal K < V', p; ¢ K implies 4 ¢ K and if
/,ciaib,» ¢ 1J, then /,ciaib,» ¢ K.

Let py € {Agh. u; | u;i € IJ} be such that p, divides Agh and if u; € IJ, then p,
divides ;. Note that, since (I.J) € Wi jgn- Agh € 1J. Thus, p, € IJ. Moreover,
for anyideal K < V', p» € K implies Agh € K and if u; € 1J then u; € K.

Since p; ¢ IJ and py € IJ, py = pit forsomet € V and ¢t € (1J)* = I* nJ# by
definition of (1J)¥.

Note that if @; ¢ I*, then a; ¢ pg U p,, since p, Up, C I# and if b; ¢ J¥, then
bi ¢ P Ups, since prUpe C J#~

We now split the proof into two cases.

CASE 1. pgUp, # Py Ups. or pe Up, = pj Up, and (pg Up,)? = pg Ups.
The point (p, U p,. p1(ps Up,)) is a normal point (see lemmas 4.12 and 4.9) and

(pg Ups) - (pr Ups) = (pg Upy) N (ps Upy).

Sot e (pgUps) - (pr Up).

The point (p; U pr. pi(pn U pr)) € Wisgn since g € pg Ups h € py Ups
p1 & pilpg Up) - (pr U p,) implies 2 ¢ pi(pg Up) - (pp Up,) and pr = pit €
pi(pg Up,) - (pi Up,) implies Agh € pi(pg Up,) - (pr U py).

It remains to show (pg U p,. p1(ps Ups)) & Wiy a, forall 1 <i < n.

As remarked above, if a; ¢ I*, then a; ¢ (p, Up,) and if b; ¢ J¥, then b; ¢
(pn U ps). Since pr ¢ pilpg U po) - (py U p). if paib; ¢ IJ. then wia;b; ¢
pi(pg U ps) - (py U p). Since pa € pilpg Upy) - (py Upy). if w; € IJ. then
i € pilpg Upe) - (pr U p,). Therefore, since (pg U p. pi(ps U p,)) is a normal
point, forall 1 <i < n. (pg Ups. pr(ps Up:)) & Wi pan b

CASE2. p:=p,Up, =ppUp; and p* # p.

Since p # p%, if K <1 V is such that K¥# = p, then K = ap for some a € V'\{0}.
So. by proposition 4.11 (i), any point (K, L) with K#¥ = L# = p is necessarily
abnormal.

First suppose that Agh € pip?. Since p; ¢ pip. we have 2 ¢ pip. So ip D pip 2
p1p?. By definition of p, g. h € p. By lemma 4.10. (p, p1p) € Wi g4

As in the first case, if a; ¢ ¥, then a; ¢ pandifb; ¢ J¥# thenb; ¢ p. If u; € 1J,
then, since py € pip. u; € pi1p and hence pip?> D w;p. If wya;b; ¢ 1J, then, since
p1 ¢ pip. wia:b; ¢ pip. and hence p;a;b; ¢ pip*. So. forall 1 < i < n, either
a; ¢ p.b; ¢ p. wia;b; ¢ pip*or p1p?> O wp. Thus, by lemma 4.10, forall 1 <i < n,
(P,Plp) ¢ Wl,,u,v,a,gb,--

Now suppose that Agh ¢ pip?. Since h € p. Ag ¢ pip. Thus p 2 ip 2 pip.
Therefore p; € p.

Therefore, by proposition 4.11 (iii), there exists an abnormal point (K, L) with
K# = L* =pand KL = pp.

Since pa € pip, Agh € pip. We have already noted that Ap D pip. So, since
g.h € p. lemma 4.10 implies that (K, L) € W) ;¢ 5.

Since py € pip, if u; € IJ, then u; € pip. Since p; ¢ pip, if w;a;b; ¢ IJ, then
uiaib; ¢ KL. So, forall 1 <i < n,eithera; ¢ p. b; ¢ p. ua;b; ¢ p1p or u; € pip.
Thus, by lemma 4.10 forall 1 <i <n.(K.L) ¢ Wi 4, a.,-
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Finally note that p, Up, = p, and p, U p, = p, for some r = <x,y> and
s = <u,v> where x, y, v, u are taken from the set:

{1.2,g.h}U{u;. wab; |1 <i<n}. 4

LeEmMA 4.17. Letn € N, 1 € V\{0} and g.h € m and for each natural number
1 <i < nlet yy € V\{0} and a;.b; € m. If there exists (I,J) an abnormal
point such that (1.J) € Wy ;. gn and (I1.J) & \U7_; Wi uy.a; 1, then there exists a point
(K.L) € Wi o and (K. L) ¢ \U"_; Wiy a6, such that K* = p, L* = p,. where
r=<x,y>ands = <u,w>and x, y, u,w are taken from the set

{uiaib[,ui|lgign}u{l,l,g,h,lglz}.

ProOF. First note that since (7,J) is abnormal, by lemma 4.9, I# = J#. Let
p =17

We now choose u.d € V as follows:

Suppose there exists 1 < i < n such that (1,J) ¢ Wi 4, 00. Let u = uj, for some
1 < iy < n such that (1, J) ¢ Wl,ﬂ[0<0,0 and y;, divides u; for all 1 <i < n such that
(L) & Wi 00

It is easy to check that if a.b € V\{0} and al|b, then Wi 00 € Wi400- So.
for any pair (K.L) ¢ Wi 00. if 1 < i < n is such that (I.J) ¢ W, 00 then
(K. L) ¢ W1 4:.0.0- Ifforalll <i <n, (I,J) € Wi 400 let u = 0.

Suppose there exists | < i < n such that y;a;b; ¢ IJ. Letd = u,,a,,b;, for some
1 < io <n such that ,u,'OCl,'Ob,'0 ¢ 1J and /,ciaib,» divides /,cioa,»obio for all /,Liaib[ ¢ 1J.
Note, this means for any ideal K, if d ¢ K and 1 < i < n is such that y;a;b; ¢ 1J,
then ,u,-a,-bi ¢ K. Ifforall 1 <i <n, ,uiaib,- elJ. letd =1.

If u € IJ, then set p; := Aif d|4 and p; := d otherwise. Set p, := Agh if Agh|u
and p, := u otherwise. Then proceed as in the proof of lemma 4.16. Otherwise,
u ¢ IJ and (1.J) ¢ Wi u00. Thus up O IJ and by lemma 4.10 1J O up. Thus
Ap D up=1J O AghV and u # 0. Note that u € p, since p 2 Ap D up.

We now choose t € V' and y € V as follows:

Let t € V be such that 4 = At and y € V such that Agh = uy. Let q =
p, Up, Up, Upy. Note that2.9.g.4 € p. So p O q. By proposition 4.11 and since
i € q. there exists an abnormal point (K, L) such that KL = uq. Since u € Aq.
Aq 2 pq. Further Agh € uq. g € qand i € q. Thus, (K. L) € Wy ¢s.

If a; ¢ p, then a; ¢ qand if b; ¢ p, then b; ¢ q. Since d ¢ IJ = up, we have
that d ¢ uq. Thus, if g;a;b; ¢ IJ. then p;a;b; ¢ wq. Finally, (K. L) ¢ Wi 400
So. if (I.J) ¢ Wi 00. then (K. L) ¢ Wi 4 .00. Thus (K. L) ¢ Wi 4, 4,5 for all
1 <i<n. -

We now reinterpret the inclusion

n
Wisen N Xpg € Wisab N Xpq
i=1
in terms of inclusions of intervals in the following order.
DEerFINITION 4.18. Let a,b € V and p <0 V' be prime. We write
a <y bifandonlyif b € ap.
a =, b if and only if ap = bp and
a <p bifandonlyifa <, b ora =, b if and only if bp C ap.
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REMARK 4.19.

(i) If X, , contains normal points, then V" together with the order <,, is dense.
(i) If 7 <V and I* =p.thent ¢ I and s € I implies 7 <, s.
(iii) Let (1,J) € X, be abnormal. Let a € p be such that IJ = ap. Let g, h € p.
Then (I.J) € Wy 45 if and only if 1 <, a <, Agh.

PROOF.
(i) Since X, , contains a normal point p?> = p (see proposition 4.11 (i) and note

that if (/#)* # I* then I = al* for some a € V). Suppose a <, b. Then
b € ap. Let y1,y2 € p such that b = ay;y,. Then b € ayp and ay; € ap.
Soa <, ayr < b.

(i) Suppose I#* = p.t ¢ I and s € I. Let r € V be such that tr = 5. By
definition of 7#, r € I*. Thus s € 1p. So 1 <, 5.

(iii) Suppose (1.J) € X, , is abnormal. Then, by proposition 4.11 (iii) IJ = ap
for some a € p. So by lemma 4.10 (I.J) € W) ., means exactly that
Agh € IJ and Ap D IJ. Thus, Aigh >, a and a >, 4. 4

DEerFINITION 4.20. Let p < V be prime, ¢ € V and s € p. We define
(t.st)y :={reV|t<pr<,st}, and
[t.st)y :={reV|t<,r<,st}

ProrosiTION4.21. Let V be an effectively given valuation domain. Supposeyp. q<iV’
are prime ideals and that p # q. Suppose 2, u1,...,un € V\{0}, g.a1.....a, € p
and h, by, ....b, € q. Then

[4.Agh)qnp C Ui [ui. piaibi)gnp
if and only if

n
Wiien N Xpg € Wisab 0 Xpag-
i=1
PrROOF. Because (1.J) € Wy, 4, if and only if (J.1) € Wy .. Wwe may assume
without loss of generality that p C q.
Note that, by lemma 4.9 all (1.J) € X,, 4 are abnormal since p # q.
Suppose
[2.Agh)y C UL [pi. wiaibi)y.
We may assume that U?_, [u;. #;a;b;), is an irredundant union.
By reordering, we may assume,

uiaib; <p pi1ai1big

forl <i<n.

From the irredundancy of U?_, [u;. p;a;b;), and the reordering, we get that u; <,
tiv1. 1 <p Aand Agh <, pna,b,.

Take (1,J) € Wi g1 N Xpq. S0 A ¢ IJ and Agh € 1J. We now need to show that
there exists | < k < n such that u; ¢ IJ and urapby € 1J.

Since u <, 4 and Agh <, u,anb,. 1 ¢ 1J and p,a,b, € 1J.

Let k be least such that uaibr € IJ. Then either k = 1 or uy_yax—1br—1 ¢ 1J.
If k = 1. then, since p1 ¢ 1J. (1.J) € Wiy ay,- If piic ¢ 1J then (L.J) € Wi 4, a5, -
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Suppose for a contradiction that ux € IJ and k > 1. Then 1 <, u.
Ui—1ak—1be—1 <p g and pp_jax_1bp_y <, Agh. since A ¢ IJ. ur € 1IJ.
lukflakflbkfl ¢ 1J and lgh ell.

Thus thereexistsd € V suchthatd <, d <, Aghand ux_1ar_1br—1 <, d <p uy.
Since d <, ui.d <, w; foralli > k. Since ux_1ax—1bx—1 <, d. pia;b; <, d for
alli <k —1.Sod ¢ (ui. piaib;] for all 1 < i < n. But, since A <pd<yigh.de
[, Agh). This contradicts our assumption. Thus, ux ¢ 1J. So (L.J) € Wi 4 4 by -

Now suppose that

n
Wl‘/l.g.h N Xpsq g U Wl‘,uiwai,bi N Xp«q'
i=1
Suppose d € [4, Agh). Then A ¢ dp and Jgh € dp. Note that dpq = dp. The point
(dyp. q) isnormal (lemma 4.9). since (dp)* = p # q. Thus, by theorem 4.7, (dp.q) €
Wi sgn N Xp.q- Thus (dp.q) € Wi a6, N Xp.q forsome 1 < k < n.So, ux ¢ dp
and uraiby € dp. Thus, ui <, d and d <, prarbi. Sod € UL |[u;. piaib;)y.
COROLLARY 4.22. Let V be an effectively given valuation domain. Supposep, q<1 V'
are prime ideals such that p # q. Suppose there is an algorithm that given a € V,
answers whether a € p and an algorithm that given a € V', answers whether a € q.
Then for any n € N there is an algorithm that given 1, uy,...,u, € V\{0} and
gha...., a,, by, ....b, € m, answers whether

n
Wl,i,g,h N Xp‘q g U Wl,,u,uu,ubf N Xp,q~
i=1

PrOOF. If ¢ ¢ porh ¢ q.then Wy ;54 N Xpq = 0. SO Wijen N Xpq C
Ulr'lzl Wi a0 Xp.g-

Suppose g € p and i1 € q. Then (p.Aq) € Wy, 4. since g € p. 2 ¢ Jq and
Ah € jq.1f forall 1 <i <n.eithera; ¢ porb; ¢ q.then ', Wi 40,6, N Xp.q = 0.
Hence. Wizgn 0 Xp.g & Uicy Wia b 0 Xpg-

Now suppose g € p and & € q and there exists 1 < i < n such that a¢; € p and
b; € q.Let J be theset of all 1 <i <nsuchthata; € pandb; € q. Then Wy ; o4 N
Xpq €U Wigans N Xpq if and only if Wi 00 N Xp.q € Ures Wians, 0 Xpaq-

By proposition 4.21. Wi N Xpq € Uics Wiy N Xp.q if and only if
[/17 j-gh)pﬂq c Uiej[lu“ ,uiaibi)pﬁm

The existence of an algorithm which, given ¢ € V', answers whether ¢ € p N g
means, since V is effectively given, there exists an algorithm which, given a,b €
V', answers whether a € b(p N q). Therefore, there is an algorithm which given
At ke € VN\{0} and g.h,ay,...,ar.by.....by € p N q. answers whether

[;Lvlgh)pﬂq - Uiej[:uia,uiaibi)PFW' B
PROPOSITION 4.23. Suppose p < V' is prime, n € N, L, uy, ..., u, € V\{0} and
g hoay,....ay,by,....b, €p. Then the following are equivalent:
n
(4. Agh), C U(ﬂiaﬂiaibi)p~ (2)
i=1
n
Wien N Xpp © U Wi a6 N Xpp- (3)

i=1
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PrOOF. (1)=-(2) Suppose (I.J) € Wi o5 N Xpp is normal. Suppose, for a
contradiction, that (1.J) ¢ W , 4., forall 1 <i <n.

LetS:={1<i<n|welJ}.LetT :={1 <i<n|uab; ¢ IJ}. Thus, since
(LI.J) & Wi a0, forall 1 <i < n, we have that either u; € IJ or u;a;b; ¢ 1J for
alll <i<n.SoSUT=A{L1.2,...,n}.

First, we show that neither S nor 7 is empty. Suppose S is empty. Then u;a;b; ¢
IJ forall 1 <i < n, because SUT = {1,2,...,n}. Since Agh € IJ, by remark
4.19 (ii), w;a;b; <, Agh forall 1 < i < n. This contradicts (1). Suppose 7" is empty.
Then u; € IJ, forall 1 <i < n. Since . ¢ 1J, by remark 4.19 (ii). 2 <, u; for all
1 <i < n. This contradicts (1).

Take z; maximal with respect to the <, order such that z; = u;a;b; for some
i € T. Take z, minimal with respect to the <, order such that z, = u; for some
i€ S.Thusz ¢ IJ and z; € 1J. So z1 <, z3. Since A ¢ IJ, A <, z. Since
Agh € 1], z1 < Agh.

By remark 4.19 (i), there exists d € (z1,z2) N (4. Agh). So, using (1), d €
(@i piaib;) for some 1 < i < n. But, then z; <, d <, w;a;b; and y; <, d <, 2.
Thus, MHi ¢ 1J and ,u,-a,-bi e lJ.

Thus (2) holds when restricted to normal points. That (2) holds for abnormal
points too follows straightforwardly from remark 4.19 (iii).

(2)=-(1) This follows directly from remark 4.19 (iii). 4

COROLLARY 4.24. Let V be an effectively given valuation domain. Suppose p < V'
is a prime ideal. Suppose there is an algorithm that given a € V', answers whether
a € p. Then for any n € N there is an algorithm that given 1, uy,...,u, € V\{0}
andg. h.ay,...,a,, by,..., b, €m, answers whether

n
W],X,g,h N XP«F’ g U Wlwﬂiwai,bi N Xp,p-
i=1

ProOF. Almost exactly as in corollary 4.22. -

LemMa 4.25. Letn € N. Let V be an effectively given valuation domain such that
there exists an algorithm which, given a,b € V, answers whether a € rad(bV'). Then
there exists an algorithm which, given a.b. o, i € V\{0} and g, h,y:,0; € m for
each 1 < i < n, answers whether

n
Wu,bgﬁ c U Wa;,ﬂn}'iﬁi'

i=1

Proor. First note for any a.b € V\{0} and g.h € m. Wopen = Wiabgn-
Supposen € N, A, y; ¢ V\{0} and g.h,a;,b; e m. Let T = {<u.v> € m|u,v €
{1.A,g.h,uab;,u; |1 <i<n}} Note that T is a finite set and there is an
algorithm which, given A, g.h and u;.a;.b; for 1 < i < n, computes 7 since the
function <, > and multiplication of ring elements are recursive.

Then in order to check whether

n
Wl/&gih c U WL/I:’;(li,bi
i=1
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by lemma 4.16 and lemma 4.17 it is enough to check

n
Wl‘/l.g.h N Xp«q g U leﬂi,ai‘bi N Xp,q
i=1

for p = rad(¢V') and q = rad(sV) for each ¢, s € T. Note that p C q if and only if

s ¢ rad(¢V).
By corollary 4.22 and corollary 4.24 there exists an algorithm determining the
truth of the above statement. -

THEOREM 4.26. Let V' be an effectively given valuation domain with an algorithm
which, given a,b € V. answers whether a € rad(bV'). Let n € N. Then there is an
algorithm which, given ¢/ w a pp-pair and 9; /£; a pp-pair for each 1 < i < n, answers
whether:

n
(w/w) < | @i/c).
i=1
PrOOF. By lemma 4.2, given a pp-pair ¢/w we can effectively check whether
(¢/y) is non-empty.
Again using lemma 4.2, given a pp-pair ¢/, if (¢/w) is nonempty we can
effectively find a;,b; € V'\{0} and g;. h; € m such that:

(p/w) = U Wa»,-,b»,-,gj‘h»,-
J

and for each i, if (¥;/¢;) is non-empty we can effectively find a; ., S € V'\{0} and
Vik»0ir € msuch that:
(ﬂf/éi) = U Wi -Buacvia diac-
ik
Therefore it is enough to check for each j whether:

Wajkb/\gj,h/' - U Waix Bix s dis-
ik
By lemma 4.25, there exists an algorithm which determines the truth of the above
statement. -

§5. Duality. In this section, we will discuss the duality map for the Ziegler spec-
trum of valuation domains. The results in this section are used in section 6. It is
unnecessary to invoke duality in the sense that the results of this paper may be
obtained by more elementary methods. These elementary methods involve calculat-
ing the size of pp-quotients in certain uniserial modules (see [2]). Considering the
duality map means that we have to do fewer of these computations.

A duality between the lattice of right pp-n-formulae and the lattice of left
pp-n-formulae was first introduced by Prest [6, Section 8.4], and then extended
by Herzog [4] to give an isomorphism between the lattice of open sets of the left
Ziegler spectrum of a ring and the lattice of open sets of the right Ziegler spectrum
of a ring.

DErINITION 5.1. Let ¢ be a pp-n-formula in the language of right R-modules of
the form 37 (%, 7)H = 0. where ¥ is a tuple of n variables, j is a tuple of / variables,
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H = (H' H")T and H' (respectively H") is a n x m (respectively / x m) matrix

with entries in R. Then Dy is the pp-n-formula in the language of left R-modules
=G ()
0H" ) \z ’

Similarly. let ¢ be a pp-n-formula in the language of left R-modules of the

form 3y H (;) = 0 where X is a tuple of n variables, y is a tuple of / variables,

H = (H' H") and H’ (respectively H") is a m x n (respectively m x [) matrix
with entries in R. Then Dy is the pp-n-formula in the language of right R-modules

- (1 O
3z2(x.2) (H’H”) =0.

Note that the pp-formula a|x for a € R is mapped by D to a formula equivalent
with respect to T to xa = 0 and the pp-formula xa = 0 for a € R is mapped by
D to a formula equivalent with respect to Tk to a|x.

TaeoREM 5.2 ([6, Chapter 8]). The map ¢ — D induces an anti-isomorphism
between the lattice of right pp-n-formulae and the lattice of left pp-n-formulae. In
particular, if .y are pp-n-formulae, then D(p + y) is equivalent to Do N\ Dy and
D(p A ) is equivalent to Dy + Dy .

This gives rise “at the level of open sets” to a homeomorphism from the left
Ziegler spectrum of R to the right Ziegler spectrum of R. To be precise:

THEOREM 5.3. [4] The map D given on basic open sets by

(p/w) — (Dy/Dy)

is a lattice isomorphism from the lattice of open sets of Zgy (respectively rZg) to the
lattice of open sets of rRZg (respectively Zgy). Moreover,

D?: Zgp — Zgp

is the identity map.

It is unknown whether this lattice isomorphism always comes from a homeomor-
phism or even if this map always comes from a homeomorphism between Zg, and
rZg after identifying topologically indistinguishable points in both spaces.

For a commutative ring R, we identify the left and right Ziegler spectra.

In the case of valuation domains, we are in the lucky position of having a very
canonical homeomorphism which give rise to this map.

PROPOSITION 5.4. Let V' be a valuation domain. The map t : 2g, — Zg, :
N(I1.J) — N(J.1I) is a welldefined homeomorphism. Moreover, t induces the lattice
isomorphism D given in theorem 5.3.

Proor. First, we note that ¢ is welldefined, since (I.J) ~ (K, L) if and only if
(1) ~ (L.K).

Cram: For any a,b € V\{0}. g.h € m and pair of ideals (1, J). (I.J) € Wapen
if and only if (L. 1) € W ang-

Suppose (1.J) € Wapgn. Then there exists (K, L) such that (1.J) ~ (K, L) and
a ¢ K.ag € K.b ¢ Landbh € L. Therefore, (L.K) € Wy pgand (L. 1) ~ (L. K)
80 (L. 1) € Wh e The reverse direction is by symmetry.

https://doi.org/10.1017/jsl.2014.1 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2014.1

DECIDABILITY FOR THEORIES OF MODULES OVER VALUATION DOMAINS 699

Therefore, ¢ is a homeomorphism and
N(IL.J) € (xag =0 Ab|x/xa = 0+ bh|x) if and only if

N(JLI) € (xbh =0Aa|x/xb =0+ ag|x).

Since 7 is a homeomorphism, it induces an automorphism ¢’ on the lattice of
open sets of Zg,,. From the fact that D and ¢ are equal on a basis of the lattice of
open sets of Zg,, (by a basis of a lattice L we simply mean a subset B of L such that
every element of L can be written as a supremum of elements in B), we get that ¢/’
and D are the same automorphism. -

We call a homeomorphism from Zg, to gZg. which gives rise to the lattice
isomorphism in 5.3 a duality homeomorphism for Ziegler spectra.

The following result is essentially due to Herzog [4] (although it is not explicitly
stated).

THEOREM 5.5. If D : Zgn —r Zg is a duality homeomorphism for Ziegler spectra.
@/ is a pp-pair and N is a pure-injective indecomposable (right) R-module then

e(N) | _ | Dy(DN) |
}I//(N)‘ ‘Dw(DN)}

ProOF. If |p(N)/w(N)| and |Dy(DN)/De(DN)| are always either 1 or infinite
for all pp-1-formulae ¢, ¥ then the statement is true by definition.

Suppose |[p(N)/w(N)] is finite but not equal to 1 for some pp-pair ¢/w. Then
there exists a pp-pair /7, which is N-minimal i.e. 5(N) 2 ©(N) and for all pp-1-
formulae 0, ¢(N) 2 0(N) D ©(N) implies either ¢(N) = O(N) or O(N) = =(N).
Then N is reflexive in the sense of Herzog [4, page 51], that is, there exists a pp-pair
/7 such that for all indecomposable pure-injective modules U in the closure of N
(with respect to the Ziegler topology), /7 is either U-minimal or y(U) = «(U).
So. now by [4, Theorem 6.6] and the modularity of the lattice of pp-formulae,

e(N) | _|le+yw)(N)| _|__ Dy(DN)
“P/\V/(N)‘ ‘ w(N) ‘ ‘(DwADW)(DN)'

Putting this together with proposition 5.4 we get that:

PROPOSITION 5.6. Let V' be a valuation domain. For all proper ideal I,J <1V and
all pp-pairs o/ w we have that

lo(N(.J))/w(N(LT))| = |Dy(N(L1))/Dp(N(J.1))| .

86. Finite invariants. We start by recalling some useful results from the model
theory of modules over valuation domains.

A module M is called uniserial if its lattice of submodules form a chain. Clearly
every submodule and quotient module of a uniserial module is also uniserial. Less
obviously, we have the following theorem due to Ziegler.

THEOREM 6.1 ([9]). Every indecomposable pure-injective module over a valuation
domain is the pure-injective hull of a uniserial module and the pure-injective hull of a
uniserial module is indecomposable.
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Despite pure-injective modules over valuation domains not in general being unis-
erial, they are uniserial as modules over their endomorphism ring (see [8]). and thus
we get the following theorem and corollary:

THEOREM 6.2 ([8. Corollary 11.5]). If M is an indecomposable pure-injective
module over a valuation domain, then for any two pp-formulae o(x), w(x) either
(M) C w(M)ory(M) C p(M).

COROLLARY 6.3. Let N be an indecomposable pure-injective module over a valua-
tion domain V. If ¢ =Y. @; and y = Njy ;, where ; and y j are pp-formulae then
o (N)/w(N)| = max, o (N) /yr; (V)]

Bearing in mind that we have effective procedures for rewriting pp-formulae in
the form >, (xa; = 0 A b;|x) and A7_, (xa; = 0+ b;|x) (lemma 4.1). it is enough

(xag=0)AbY) | ~ 1) \where a.b € '\{0}

to consider invariant sentences of the form | —2—">——<
(xa=0)+(bh|x)

and g.h € m.

If V' is a valuation domain with infinite residue field then the only finite V-
module is the zero module. Since [5] already dealt with finite invariant sentences for
valuation domains with dense value groups, we won’t include results for this case.
Thus, in this section, we will focus on valuation domains with nondense value group
and finite field residue field.

Let R be a commutative ring. For every indecomposable pure-injective module
N, the set of r € R whose action on N is not bijective is a prime ideal of R (see for
instance [9. Theorem 5.4]). We call this prime ideal the attached prime of N.

For a valuation domain V. the attached prime of N (1, J) is I* UJ#. This follows
easily from lemma 4.3, the reformulation of the equivalence relation ~ just after
lemma 4.3 and the definition of /# and J*.

Lemma 6.4. Let V' be a valuation domain with finite residue field. Let .y be
pp-1-formulae and let I,J < V. If ‘ WE%E%;; ‘ is finite and not equal to 1, then either

v
I =morJ# =m

ProoF. Suppose ‘%‘ is finite and not equal to 1. There exists a pp-1-formula
v’ such that o(N) 2 w/(N) D w(N) and ¢/y’ is an N-minimal pair. Since ‘M‘

w(N)
f,(g\,))‘ is finite and ‘%‘ is not equal to 1 because @(N) D w'(N).
Suppose N has attached prime p not equal to m. Then, for all » € p and all nonzero
x € N. xr has strictly greater pp-type than x by [6, Chapter 4 section 4.4]. Hence,

if x € p(N), then xr € y'(N). Therefore, f'({zvv)) is an V/p-module. All r ¢ p act
as automorphisms on N. Hence, lf,({]VV)) is a V,/p-module (i.e. vector space). and

therefore infinite or the zero module, since V/p is of infinite size.

is finite,

Therefore, if ‘ % ‘ is finite and not equal to 1 then its attached prime is m. Thus,
I*#* U J#* = m. Therefore, either I* = m or J# = m. 4

For a valuation domain ¥ with dense value group and finite residue field the
situation is significantly simpler. If o(N (1, J))/w (N (I,J)) is nonzero and finite for
some pp-pair ¢/, then either I = am and J = hm for some non-zero a,b € V or
I =aV and J = bV, for some nonzero a,b € m (see [3. Section 7]).
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A valuation domain having nondense value group exactly means that its maximal
ideal is principal. It is easy to derive from this that /# = mifand only if / is principal.
Thus, for all 7 <1 V' with I# = m, there exists ¢ € m such that (I : @) = m. Thus
we need only consider finite invariant sentences for indecomposable pure-injective
modules of the form N (Z.m), N(m,J) and N(m,xV), where x € m\{0}, /#* Cm
and J# C m.

LEMMA 6.5. Let V' be avaluation domain with residue field consisting of q elements.
Then any finite nonzero module is of size ¢" for some n € N.

PrOOF. Suppose M is a finite nonzero V' -module. Let
M=M 22 M2 M 20=M

be a chain of submodules of M such that each quotient M, /M, is cyclic. Every
finite cyclic (nonzero) module is isomorphic to ¥/m® for some w € N and V/m"
has ¢ elements. -

Note that the above lemma implies that for any pp-pair ¢/ and any V'-module

o(M)

M‘ ‘—q forsomeneNoor‘ WD

‘ is infinite.

LEMMA 6.6. Let V be a valuation domain with nondense value group and finite
residue field. Let ¢ be the pp-1-formula (xag = 0 A b|x) and let y be the pp-1-
Sormula (xa = 0+ bh|x), where a,b € V\{0} and g.h € w. If x € m is such that

N(m,xV) € (p/y), then
abV

s~ {lwl |7
w(N(m. xV))

PrOOF. The type p(x¥V.m) is realised by 1 in the module V/xV. Since V/xV is
uniserial, N (x¥, m) is isomorphic to the pure-injective hull of V/xV. Thus, V/xV
and N(xV.m) are elementary equivalent. So we need only calculate the size of
Fial

Note that, by proposition 4.11 (i) the point (x¥,m) is an abnormal pomt since
m is principally generated, and thus xV = ¢m for some ¢ € V'\{0} and m? # m.
Note that abm 2 xm if and only if ab ¢ xV . So, by lemma 4.10 the condition that
N(m,xV) € (p/y) means that ab ¢ xV and abgh € xm. Thus bV 2 (xV : a)
and bhV C (xV :ag).

The solution sets of the formulae xag = 0, b|x, xa = 0 and bh|x in V/xV are
(xV :ag)/xV.,bV/xV . (xV :a)/xV and (bhV + xV')/xV respectively. Thus

abghV

xV‘

e(V/xV) — min (xV :ag)| |(xV :ag) bV bV
w(V/xV)| (xV:a) | | bhV N(xVoia)| bRV |
Since V' is a domain, <(‘V”g)) ~ V/gV, (‘V“g vy = abV/xv
and 22 = V/hV . 2

PROPOSITION 6.7. Let V' be a valuation domain with nondense value group and
finite residue field consisting of q elements. Let o be the pp-formula (xag = 0 A b|x)
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and let y be the pp-formula (xa = 0 + bh|x), where a.b € V\{0} and g.h € m.
Suppose I < 'V is a proper ideal such that I* C w. Then

1, ifabelorabgh¢Iorg¢I*;
‘— q°. ifab ¢ I, abgh € I, g € I¥ and hV = m";

00, otherwise.

m)

PrOOF. By lemma 6.5, if ‘ig%%m);’ is finite, then it is either of size 1 or ¢ for

some v € N.
From theorem 4.7 and lemma 4.9, we have that N(/,m) € (¢/w) if and only if

ab ¢ I.abgh € I and g € I*. So ‘;’;E%E;z;g‘ = lifand onlyif ab € I or abgh ¢ I
org ¢ I*.

We now assume that ab ¢ I, abgh € I and g € I*.

Note that the pp-type p(I, m) is realised by 1 + 7 in the uniserial module ¥/I. The
pure-injective hulls of uniserial modules are indecomposable (theorem 6.1) and thus
the pure-injective hull of V/I is isomorphic to N (1, m). Every module is elementary
equivalent to its pure-injective hull. Hence

e (V/D)/w(V/I)| = [p(N(Lm))/y(N(Lm))|.
The pp-subgroup defined by (xa = 0 + bh|x) in V/I is

(I :a)+bhV
—
Note that bV 2 I since ab ¢ I. The pp-subgroup defined by (xag = 0 A b|x) in
V/I is
U:ag)nby
7 .
Thus the pp-quotient defined by ¢/ in V/I is
(I:ag)nbV
(I :a)+bhV'
Since V//I is uniserial,
(I:ag)nbV | . (I:ag) (I:ag) bV bV
(I:a)+bhV| (I:a) bhV (I:a)| |bhV ||~
Thus
(I:ag)nbV abV 4
T a)+bhvV |~ abghV I | ||

Note that any finite nonzero uniserial module is cyclic and further isomorphic
to V/m” for some n € N. Thus, since 7 is not principally generated, the first three
quotients are infinite. Thus

(I:ag)nbV| |V
(I:a)+bhV| |hV
ifand only if 2V = m". o

v

=
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Using section 7 we get the dual statement as a corollary. This statement could
alternatively be proved by elementary, but tedious calculations (see [2]). This corol-
lary will not be used later, but we include it to show explicitly how the duality
works.

COROLLARY 6.8. Let V' be a valuation domain with nondense value group and
finite residue field consisting of q elements. Let v € N, let ¢ be the pp-formula
(xag = 0 A b|x) and let y be the pp-formula (xa = 0 + bh|x), where a.b € V\{0}
and g.h € wm. Suppose J <V is a proper ideal such that J# C m. Then

1, ifabelorabgh¢Iorg ¢ I*;
=<4q" ifab¢ J,abghecJ. hecJ? andgV =m";

0o, otherwise.

ProoF. By proposition 5.6

‘tp(N(mJ)) ‘ _ ‘DW(N(J,m))‘
w(N(m.J)) Do(N(J.m))

Note that Dy is (ag|x + xb = 0) and Dy is a|x A xbh = 0. Thus, proposition
6.7 gives the required statement. -

By a boolean combination of conditions on an ideal we mean a boolean combina-
tion A of conditions of the form r € I and s € I'*#, where r, s € V. We will say that
an ideal J < V satisfies A if when we replace the symbol I by J, the statement is
true. We will write | for the condition on an ideal which is false for all ideals. In
what follows, when V" is an effectively given valuation domain with nondense value
group, k will denote a fixed generator for the maximal ideal of V.

PROPOSITION 6.9. Let V' be an effectively given valuation domain with nondense
value group and finite residue field consisting of q elements.

(i) There exists an algorithm which, given v € N and p, w pp-1-formulae, produces
A a boolean combination of conditions on an ideal, such that for all I < V. I
satisfies A if and only if I* C m and

‘ @(N(I.m))
y(N(L.m))
(i) There exists an algorithm which, given v € N and ., y pp-1-formulae, produces

A a boolean combination of conditions on an ideal, such that for all J 1V, J
satisfies A if and only if J* C m and

w(N(m,J))}> .
w(Nm.J))| — 7

=

PrOOF. (i) We start with the special case where ¢ is xa = 0 A B|x and y is
xy =04 9d|x, forsome o, f,7y,0 € V.
First note that if &« ¢ ym, 0 ¢ fm.y = 0 or f = 0, then for all ¥-modules M,

‘%‘ = 1. We can effectively check if & ¢ ym, 0 ¢ pm, y = 0 or f = 0. In this

situation let A =1
Otherwiseleta =y, b= f. g =a/yand h =J/p.
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By proposition 6.7, if I# C m, the following statements are equivalent:

W) | _
“W&Mﬁﬂ— °

(2) abgh € I,ab ¢ I,g € I* and h = m".
The condition 4V = m" is equivalent to kv divides 4 and kV*! does not divide /.
This can be effectively checked. So, if m¥ £ AV, let A=1L.Ifk"V = hV, let A be

(abgh € I) A (ab ¢ 1) A (g € T#) A (k ¢ T7).

Now suppose that ¢ and y are arbitrary pp-1-formulae. By lemma 4.1, we can
effectively rewrite ¢ as 37, ¢; where ¢; is (xa; = 0 A b;|x) and v as A\, y;.

where w; is (xc; = 0+ d;|x). Then by corollary 6.3, for any pure-injective
module N N N

M‘_maxiij{ #i(N) }

y(N) w;(N)

We can now use the above special case to effectively produce an appropriate
boolean combination of conditions on an ideal.

(ii) Taking the dual of a pp-formula is clearly effective. Thus, we may now use
section 5 to get the dual statements. B

PROPOSITION 6.10. Let V' be an effectively given valuation domain with an algo-
rithm which, given a,b € V, answers whether a € rad(bV'). There exists an algorithm
which, given a boolean combination of conditions on an ideal A, answers whether there
is an ideal J <V satisfying A.

ProOOF. In order to show that we can effectively decide whether there exists an
ideal J < V' satisfying a given boolean combination of conditions on an ideal, it is
enough to show that we can effectively decide whether there exists an ideal J <1 V'
satisfying a condition of the following form:

m

k i n
(%) Nreed /\</\sh¢J>/\</\ti€J#>/\ Nuj¢J*
g=1 h=1 i=1 j=1

where k,l.m.n € Nand rg. 5. t;,uj € Viorl <g <k 1<h</[ 1<i<mand
1<j<n

Since V' is a valuation domain, any finite set of ideals has a smallest and a largest
element. Letr € {ry |1 <g <k}l te{ti|1<i<m},se{s |1 <h<I[}and
u € {u;|1<j<n} besuch that r generates the ideal Zif:l re V', t generates the
ideal Z:":l t; V. s generates ﬁi:lsh V' and u generates ﬁ’}:lu V. The elements r, s. ¢
and u can be found effectively.

Note that J <1 V satisfies () if and only if r € J, s ¢ J, t € J# and u ¢ J*.

Cramv: For any r,s,¢,u € V, there exists J <t V such thatr € J, s ¢ J, t € J#
and u ¢ J* if and only if s divides r, u ¢ rad(¢V') and u ¢ rad((r/s)V).

Suppose J <V andr € J,s ¢ J,t € J* and u ¢ J*. Since J# is prime and
t € J¥ rad(tV) C J*. Therefore, u ¢ rad(¢V). Clearly s divides r. Let y = r/s.
Then s ¢ J and ys € J soy € J#. Therefore, rad(yV) C J# so u ¢ rad(yV).

Suppose s divides r, u ¢ rad(¢V) and u ¢ rad((r/s)V). Let y = r/s and
J = s(rad(¢V) Urad(yV)). Then J# = rad(tV) Urad(yV) so ¢t € J#* and u ¢ J*.
Clearly s ¢ J and y € rad(yV ) sor = sy € J. —|

https://doi.org/10.1017/jsl.2014.1 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2014.1

DECIDABILITY FOR THEORIES OF MODULES OVER VALUATION DOMAINS 705

By a boolean combination of conditions on an element we mean a boolean com-
bination A of conditions of the form x € rV, where r € V. We will say that an
element w € V satisfies A if when we replace the symbol x by w the statement is
true. We will write L for the condition on an element which is false for all elements.

LEMMA 6.11. Let V be an effectively given valuation domain with nondense value
group and finite residue field consisting of q elements. There exists an algorithm which,
givenv € Nand o, y pp-1-formulae, produces A. a boolean combination of conditions
on an element, such that for all x € V', x satisfies A if and only if x € m and

‘ @(N(m. xV))
y(N(m.xV))

ProoF. Westart with the special case where ¢ is xae = 0Af|x and y is xy = 0+J|x
for some a, . 7,0 € V.

As in proposition 6.9, if « ¢ ym,d ¢ fm,y = 0or = 0, then for all -modules
M, ‘%‘ = 1. We can effectively check if @ ¢ ym. o ¢ fm,y =0or f = 0. In this
situation let A =1,

Otherwise, leta =y, b =f, g =a/yand h =d/f.

For x € m, N(m.xV) is an abnormal point since m*> # m (see proposition
4.11 (i)). Thus, N(m,xV) € (¢/y) is equivalent to abm 2 xm and abgh € xm
since g, 7 € m. Note that since m is finitely generated, abm 2 xm if and only if

-

ab ¢ xV.
By lemma 6.6, if N(m,xV) € (¢/w) then
w(N(m, xV))
if and only if
[V/gV|>q", |V/hV|>q" . |xV]/abghV| > q" . |abV/xV| > q".

Note thatif ¢,d € V withd € ¢V, then |cV/dV| > ¢ if and only if d € cm”. If
g ¢ m¥orh ¢ mY, then let A =1 (note that this can be effectively checked).
Otherwise, let r = g/k? (we can effectively calculate r). Note that the condition
x ¢ abrhkV is the same as abrh € xV, which is the same as abgh € xk"V .
Let A be
X € abk®V A x ¢ abrhkV.

For arbitrary pp-formulae use lemma 4.1 and corollary 6.3 as in proposition
6.9. =

LemMmA 6.12. Let V' be an effectively given valuation domain. There exists an
algorithm which, given A a boolean combination of conditions on an element, answers
whether there exists x € V satisfying A.

PrOOF. In order to show that we can effectively decide whether there exists x € V'
satisfying a given boolean combination of conditions on an element, it is enough to
show that we can effectively decide whether there exists x € V" satisfying a condition

of the form:

A:/\(xer,-V)/\ (x ¢s;V).
=1

3

i=1 J
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wheren.m € Nandr;.s; € Vforl <i<mnand1 < j <m.Since V is a valuation
domain, N?_,r; V' is generated by one of the r;s, say r. Note that we can effectively
find such an r. Again, since V' is a valuation domain, we may effectively find s € V'
amongst the s;s which generates U7 ;s; V.

There exists x satisfying A if and only if there exists x € V' such that x € rV
and x ¢ sV if and only if sV C rV if and only if s € rm. Given any r,s € V we

can effectively answer whether s € rm. -

87. Main theorem.

THEOREM 7.1. Let V be an effectively given valuation domain. The following are
equivalent:

(i) The theory of V-modules, Ty . is decidable.
(ii) There exists an algorithm which. given a.b € V , answers whether a € rad(bV').

Proor. For the cases where V' has infinite residue field or dense value group we
refer the reader to the proofs of Theorem 6.2 and Theorem 8.2 of [5]. where the
only missing ingredient for valuation domains with nonarchimedean value groups
is an algorithm for answering whether one Ziegler basic open set is contained in a
finite union of others (we produced such an algorithm in section 4).

Let V' be an effectively given valuation domain with finite residue field and
nondense value group such that there is an algorithm which, given a.b € V
answers whether ¢ € rad(hV'). First note that since V is effectively given, Ty is
recursively axiomatised. Hence, we have an algorithm which produces a list of all
sentences true in all J'-modules. In order to show that 7'y is decidable, it is enough
to effectively produce a list of sentences which are true in at least one V' -module. The
Baur-Monk theorem means it is enough to show that there is an algorithm which
given a conjunction of invariant sentences and negations of invariant sentences y,
answers whether there exists a module M satisfying y. Suppose y is a conjunction
of the following sentences:

2

1 3
; . P y (2

(1) 9011 =q", (2 ]2 >q%,  (3) ‘_lg =1,
Vi Vi Vi

where /,m,n € Nandforall | <i <[, 1<j<m, 1<k <n ol yl <pf t//f PP,
l//i are pp-1-formulae and v;, w; € N.

It is enough to consider sentences of this form as any finite J'-module is either
the zero module or has ¢” elements for some v € N, by lemma 6.5.

If 7 is a conjunction of invariant sentences like those in (1), (2) and (3). then we
call S v; the exponent of the statement.

We proceed by induction on Zle v;.

First consider the situation when Zﬁ:l v; = 0, thatis, (1) is empty. Suppose there
exists a module M satisfying y. We may assume M = P werm Nu- for some finite
indexing set M. Therefore, for each 1 < j < m, there is ¢ € M such that

SOJZ'(N,u)
w3 (Ny)
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and forallu € Mandalll <k <n,

9013 (N,u)
W}i(Nﬂ)
Hence. for each 1 < j < m. there exists N, such that N, € (¢?/y?) and

N, ¢ (¢}/w}) forall 1 <k < n.Foreach1 < j < m, let N; be such a module.

t
Then there exists ¢ € N such that (@;":l N j) satisfies (2) and (3).

Hence, there exists a module M satisfying (2) and (3) if and only if for all
1<j<m

(V3/v}) ¢ U (wi/vi) -

Theorem 4.26 asserts that there exists an algorithm to check this, so we are done.

Now suppose L := Zle v; > 0, s0 (1) is not empty and that for any conjunction
® of invariant sentences and negations of invariant sentences with exponent strictly
smaller that L, there is an algorithm which answers whether there exists a module
M satisfying ©.
. Supposg there.: exists M satisfying X We may assume M = @ﬂ eM N « Where M
is a finite indexing set and each N, is an indecomposable pure-injective module.
Hence, there exists 4 € M such that

1
g < ‘M <"
40 (N, ;t)

and forall u € M, foralll <i </andforalll <k <mn

1 3
ol (N pL (N
‘M < q'Ui and M =1

l//,'l(N,u) W}%(N,u)
Let U be the set of functions u : {1..... [+m} — NoU{oo}such that 1 <u(l) <

v, forall2 <i <1,0 <u(i) <wv;andforall 1 < j <m,either0 < u(l+ j) < w;,
or u(l + j) = oco. Note that { is a finite set.

We now show that for each u € U we can effectively answer whether there exists
an indecomposable pure-injective V' -module satisfying the following sentences for

alll1 <i<l,1<j<mandl <k <m
u(i)

1
Pi

(i) | =4
(i) Mfu(j+1) +# oo, % = ¢“U+D)_ Otherwise % > qvi.
J J
3
oo el ]
(iii) V =1.

Since 1 < u(1), by lemma 6.4 if I,J <1 V are such that N (/. J) satisfies (i), (ii)
and (iii) then either I* = mor J# = m. So, if N (1. J) satisfies (i), (ii) and (iii), then
we may assume either / = mand J = xV for some x € m, I = mand J# C mor
J =mand I¥ C m.

Therefore, it is enough to show how to answer the following 3 questions effectively:

QUESTION 1. Does there exist x € m such that N(m.xV) satisfies (i). (ii)

and (iii)?
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By lemma 6.11, given any sentence ‘%‘ > ¢, where ¢, w are pp-1-formulae and
v € N we can effectively produce Q a boolean combination of conditions on an

ati F ; . (NV(m.xV))
element such that x € V satisfies Q if and only if x € m and ‘W‘ > q".

Lemma 6.11, lemma 6.5 and the fact that the statement x € m is expressed by
a boolean combination of conditions on an ideal imply that given any sentence

‘%‘ = ¢", where ¢, v are pp-1-formulae and v € Ny we can effectively produce Q

a boolean combination of conditions on an element such that x € ¥V satisfies Q if

; N(mxV) | v
andonlylfxemand‘% =q".

Hence, we can effectively produce a boolean combination of conditions ® on an
element x € V such that x satisfies ® if and only if x € m and N (m. xV') satisfies
(1), (ii) and (iii).

By lemma 6.12, we can effectively decide whether there exists x € V satisfying ©.

QUESTION 2. Does there exist I <1V such that I* C m and N(I.wm) satisfies (i).
(ii) and (ii1)?

Note that /¥ C m can be expressed by a boolean combination of conditions
on an ideal. Use proposition 6.9(i) to produce ® a boolean condition on an ideal
such that I < V satisfies © if and only if /# C m and N (/. m) satisfies (i), (i) and
(iii). By proposition 6.10, we can effectively decide whether there exists 1 <1 V
satisfying ©.

QUESTION 3. Does there exist J <\ V such that J* C m and N (m.J) satisfies (i).
(i) and (ii1)?

Same as question 2 replacing proposition 6.9(i) by proposition 6.9(ii).

Let U* be the set of u € U such that an indecomposable pure-injective N exists
satisfying (i).(ii) and (iii). If &/* is empty. then there does not exist a module M
satisfying (1), (2) and (3).

For each u € U*, we effectively produce a new list of sentences (1)¥, (2)* and
(3)“. For each u start with (1)* and (2)% empty. and (3)“ containing all sentences
in (3).

1 .
For each 1 < i </, if u(i) < v;, add the sentence %‘ = ¢u0) to (1), If

u(i) = v;, add the sentence ’%‘ =1to(3)*. Foreach 1 < j <m,ifu(l+j) <w,.

add the sentence

";12' wi—u(l+j) u
V,Z_‘zq/ to (2)".

Now there exists a module M satisfying (1), (2) and (3) if and only if there exists
a module M’ satisfying (1)*. (2)* and (3)* for some u € U*.

Note that for each u € U/* the exponent of the conjunction of conditions in (1)¥
is strictly smaller than L = Zle v;. Hence by the induction hypothesis, for each
u € U* there is an algorithm which answers whether there exists a module satisfying
(1)%, (2)* and (3)~.

The other direction is lemma 3.2. -

88. An effectively given valuation domain with undecidable theory of modules. In
this section, we sketch how to construct a valuation domain with infinite Krull
dimension which has decidable theory of modules with respect to one effective
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presentation and undecidable theory of modules with respect to another. We do
this by constructing a recursively presented totally ordered abelian group I' (which
is classically isomorphic to ®,,7Z) such that the relation < on I', given by ¢ < b
if and only if n|a| < |b| for all n € N, codes up a recursively enumerable. but not
necessarily recursive set. We then construct an effectively given valuation domain
V' out of fractions of polynomials with exponents in I" such that the < relation on
I' becomes the radical relation on V.

In contrast, we show that valuation domains with finite Krull dimension have
decidable theory of modules with respect to any effective presentation.

Group construction: Let /' : N — N be an injective recursive function. Let " be
the free abelian group generated by the set { N;|i € N} U{e;|i € N} with the relation
& = nN; holding for n € Nif and only if f(n) = i. Note that for n;, m; € Z

t t
Zi’liN,' + Zmié‘[ =0
i—1 i—1

if and only if
}’liN,' + mieg; = 0

foralll <i <t Now, fori €N,
niN; +m;e; =0
ifand only if n; = m; =0, or, m; # 0, —n;/m; € N and
—n;/m;N; = &
if and only if n; = m; = 0, or, m; # 0, —n; /m; € Nand f(—n;/m;) = i. So we can
compute equality of elements in our group.

We now put an order on I'. Set 0 < nN; < N; foralln € Nand i < j. Set
ne; < Njforallm € Nand all i < j. Set nN; < ¢ if i ¢ {f(1)..... f(n)}. Note

that /
t t
Zi’liN,' + Zmié‘[ >0
i=1 i=1

if and only if there exists a 1 < j < ¢ such that for all i > j
n;N; +mje; =0 and n;N;+mje; > 0.

Thus there is a recursive presentation of I" as a totally ordered abelian group
such that the sets {N; | i € N} and {¢ | i € N} are recursive. Let this recursive
presentation be given by a bijective map 4, : N — I'. Now i/ ¢ im/" if and only if
N; < ¢;. So if the image of [ is recursive, then the relation < is recursive and if
the image of f* is not recursive, then the < relation is not. Note that this group is
classically isomorphic to @,,7Z lexicographically ordered.

Valuation domain construction: Let F be any recursive field. Let 7y : N — FI bea
recursive presentation of the group ring FI' such that the map vy : FI' — T'U {oo}
given by

00, if > cragts =0

g€er
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induces a recursive function via 7o and 1 ;. The field of fractions F (") of the group
ring FT may be coded up by pairs in FT (since we can decide whether two pairs are
equal we may take representatives in order to get a bijection). Let 7 : N — F(T) be
such a presentation. The map v : F(I') — I'U{oo} given by v(a.b) = vo(a) —vo(b)
now induces a recursive function from N to N via 7 and 4.

Note that v defines a valuation on the field F (I") and is recursive. Thus v defines
a valuation domain V' as a recursive subset (via ) of F(I'). Therefore, we may now
define a recursive presentation u of V' so that v restricted to V' is recursive via u
and /. There is a function 7 from I'>¢ to ¥ such that vt(g) = g forall g € I'sg
which is recursive via g and 4 (simply define 7(g) to be r € V' such that £~ (r) is
least such that v(r) = g).

Suppose g./1 € T'>g. Then ng < h for all n € N if and only if 7(g)" ¢ t(h)V for
all n € N, which is if and only if 7(g) ¢ rad(z(k) V). Thus, the radical relation on
V' is recursive if and only if the < relation on I is recursive. So. if we take f in our
group construction to have recursive image. then J” has decidable theory of modules
with respect to u. On the other hand, if we take f/ with nonrecursive image, then
V' has undecidable theory of modules with respect to u.

The same construction would still work if we replace @,Z lexicographically
ordered by @®,,Q lexicographically ordered. Thus, nondensity of the value group is
not important.

The following proposition shows that the phenomenon described above cannot
happen when the Krull dimension of V' is finite.

ProOPOSITION 8.1. Let V' be an effectively given valuation domain with finite Krull
dimension. Then the theory of 'V -modules is decidable.

PROOF. Suppose V' has prime ideals
Pmi=m 2 22 2P 2 po:=0.

For 0 < i < m fix b; such that rad(b;V') = p; and let b,,;1 = 1. We describe
an algorithm which given ¢ € V outputs 0 < i < m + 1, such that rad(aV) =
rad(b; V). If a = 0, then output 0. Now assume that ¢ € m is nonzero and find
0<i<m+1suchthata € b;;;V anda ¢ b; V. Such an i exists, since ¢ is nonzero
and we can do this effectively, since V is effectively given. Thusrad(a V') = rad(b; V')
orrad(aV) = rad(b; 11 V). Now a € rad(b; V') if and only if there exists an n € N
such that ¢" € b;V and b, ;| € rad(aV) if and only if there exists an n € N such
that b} | € al/. Exactly one of these two possibilities must occur. Thus, in order
to check whether rad(a V') = rad(b; V') or rad(aV') = rad(b;,1 V') we must for each
n € Nask whether b | € aV ora" € b; V.

Now if we are given a,¢ € V we may effectively find 0 < i,j < m such
that rad(aV) = rad(b;V) and rad(cV) = rad(b; V). So i < j if and only if
a € rad(cV). 4
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