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We look for best partitions of the unit interval that minimize certain functionals
defined in terms of the eigenvalues of Sturm—Liouville problems. Via I'-convergence
theory, we study the asymptotic distribution of the minimizers as the number of
intervals of the partition tends to infinity. Then we discuss several examples that fit
in our framework, such as the sum of (positive and negative) powers of the
eigenvalues and an approximation of the trace of the heat Sturm—Liouville operator.
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1. Introduction

We consider new minimization problems for the eigenvalues of Sturm-Liouville
operators in bounded intervals. Throughout the paper, we assume we are given:

— The unit interval I := (0,1) C R.

A constant 1 < 3 < +o0.
— A function ¢ € L*°(R) such that 0 < ¢(z) < § for a.e. € R.

— Two functions p,w € L>®(R) such that 1/ < p(z) < fand 1/6 < w(x) < B. Tt
is also convenient to introduce the function s € L>°(R) defined by

@)=\ o)

, (1.1)
(note that 1/8 < s(x) < ).

— A function ¢: [0,+00) — [0, +0o0] strictly convex, lower semicontinuous and
with non-linear growth, such that

et p(t)
T T TR

€ {0, +o00},

i.e., its recession factor is either null or infinite.

© 2019 The Royal Society of Edinburgh
2155

https://doi.org/10.1017/prm.2019.1 Published online by Cambridge University Press


mailto:paolo.tilli@polito.it
mailto:davide.zucco@polito.it
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2019.1&domain=pdf
https://doi.org/10.1017/prm.2019.1

2156 P. Tilli and D. Zucco

Under these assumptions, for any open bounded set A C R (A # ()) we may define
the first eigenvalue of the Sturm—Liouville operator with coefficients p, ¢, w, via its
variational characterization

/p(m)u/($)2d$+/ q(z)u(x)? dz
AA) = min A A )
M [ @) as

The first eigenfuction u,4 is a non-negative function (unique, up to a multiplicative
constant, when A is connected) which minimizes this quotient and, in particular,
solves (in a weak sense) the Sturm-Liouville equation

(1.2)

—(puy) + qua = AM(A)wuy, in A

with the boundary Dirichlet condition u4 = 0 on JA (see [7] and also [1,19] for
extended presentations on the Sturm-Liouville theory). As usual, when A = () we
set A(A) := +oo.

Moreover, for any positive integer n we introduce the class

Cri={{L}=1: Ij = (zj-1,7;) with x;_y < z; for all j, o := 0 and z,, := 1}

of partitions of the unit interval I made up of n open intervals (notice that some
intervals may be empty, while the non-empty ones are necessarily disjoint). Then,
to any interval I; of a partition in C,, we may associate the real number A(I;),
corresponding to the first eigenvalue of the set I; as defined in (1.2) by choosing
A = I;, and build up minimization problems with functionals defined in terms of
these eigenvalues. More specifically, for a given natural number n we study the
minimization problem

min % 3 ¢<A(Ij)1/2>: {I,}eCn . (1.3)

1<isn

namely we are interested in the best partition of the unit interval, by means of n
intervals, so as to minimize a cost functional defined in terms of the eigenvalues
of a Sturm-Liouville operator. Any partition {I;} € C,, can be induced by a set
of n —1 (not necessarily distinct) points in I and one may equivalently regard
(1.3) with points as unknowns. Therefore, according to whether one wishes to
optimize among partitions or points, problem (1.3) is a matter of optimal parti-
tion or of optimal location (see [5,6,11] for some optimal partition problems with
cost functionals depending on the eigenvalues of the Laplacian in higher dimen-
sion and [2,4,13,15,16] for some optimal location problems of non-spectral cost
functionals). Problem (1.3) can also be seen as a one-dimensional version of the
problems introduced in [12, 17, 18], where the issue was how to best place a Dirich-
let boundary condition in a two-dimensional membrane in order to optimize the first
eigenvalue of an elliptic operator.

Some possible physical interpretations of problem (1.3) are as follows. In acous-
tics, I represents a non-homogeneous string (of density w, Young modulus p and
subjected to the potential ¢) fixed at its endpoints with a frequency of vibration
proportional to the first eigenvalue A(I)'/2. By adding n — 1 extra points (nails)
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in the middle, where the string will be supplementarily fixed, the whole string
will then vibrate according to the n independent substrings I;. Therefore, we are
asking where best to locate the points so as to reinforce a string by optimizing
suitable combinations of the frequencies of vibration of each substring (actually
we consider reciprocal frequencies, namely periods). Moreover, in the framework
of quantum mechanics, the Sturm—Liouville operator with p = w = 1 reduces to
the Schrodinger operator. The first eigenvalue A(I) corresponds to the ground state
of a quantum mechanical system is its lowest-energy state, namely it represents
the lower energy level, in atomic units, of a quantum particle with a potential ¢
which becomes infinite outside I. Therefore, we wonder how to best trap quantum
particles in n subregions I;’s to optimize their ground states.

The existence of an optimal partition for (1.3) follows from the lower semicon-
tinuity of ¢ and the definition of C,. Moreover, by strict convexity of ¢, every
optimal partition is necessarily made up of n distinct open intervals, i.e., it has
no empty intervals (but we do not expect uniqueness of the minimizer for arbi-
trary data p, g, w and ). It is however not clear if there is some monotonicity with
respect to n. This also motivates the aim of the paper: analyze the asymptotic
distribution of the sets I; inside the unit interval I as n — oco. As n increases, any
information concerning the density, i.e., number of intervals of I;’s for unit length,
is lost. For optimal location problems (see for instance [2,4]) a common strategy
used to retrieve this information is to prove a I'-convergence result in the space
of probability measures, identifying each set of n — 1 points with the sum of n — 1
Dirac deltas supported on this set of points. In our setting a natural choice would
be to associate a Dirac delta centred at any interval of the partition. However, as
we will see in the proof of the I'-convergence result (see §3), it is more convenient
to associate a probability measure that is concentrated on the whole interval I. For
this reason to any partition {I;} € C,, we associate the probability measure

1 1

1<j<n 1<j<n

Tj-1<Zj Tj—1=Tj
where L is the Lebesgue measure and d, the Dirac delta at x. Namely, we define
a measure which has constant density 1/£(I;) on every interval I; of the partition
(when the length of the interval is zero thls has to be meant as Dirac delta).
The normalization factor n=! in (1.4) provides a probability measure. Moreover,
rescaling by n in (1.3) serves to prevent loss of information in the limit; indeed the
outer rescaling has the effect of averaging the sum of the n terms, the inner one to
balance intervals for which the eigenvalue grows as n? (this happens for instance
when the partition is equidistributed inside I).

The main result of the paper is then the following.

THEOREM 1.1. As n — oo the functionals F,,: P(I) — [0,+00] defined as
Z w( A 1/2) if 1= sy as in (1.4), for {I7} € Ca,

1<j <n
400 otherwise,

F.(p)

(1.5)
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I'-converge, with respect to the weak* convergence in the space of probability
measures P(I), to the functional Fs: P(I) — [0,400] defined as

S\r [e%e] S(T

Pl = [0 (Z525) 1o dn b oL = 0D+ eO D, (10
I mf(z)

where p = fL + p° is the decomposition of u with respect to the Lebesgue measure

(fL with f € L*(I) is the absolutely continuous part of u and p® its singular part)

and the function s(x) defined by (1.1).

With an abuse of notation, the I'-limit (1.6) can be shortly written as

Foo(p) = /Tw <:;2)> dp(z),

where the integration with respect to the measure p has indeed to be intended as
(1.6). Note that when ¢(0) = 400 the I'-limit is finite only for absolutely continuous
measures whereas when ¢ is superlinear, i.e., ¢*° = +o0o0 the I'-limit is finite only
for measures with positive densities over all 1.

Now, by classical results of I'-convergence theory (see [8]) combined with Jensen
inequality we obtain the following information on the asymptotic behaviour of the
minimizing sequences of (1.3).

COROLLARY 1.2. As n — oo, if {I}'} is a minimizing sequence of problem (1.3),
then the probability measures pqrny converge in the weak* topology on P(I) to the

probability measure jio, absolutely continuous with respect to the Lebesgue measure,
with density given by

o) = 2
/ s(t) dt
I

with s(x) the function defined in (1.1). In particular, for every open set A C I,

(1.7)

I”ﬂA) H({j'x”EAandngl:x”})

i - — 1 — o , (1.
lim Y- + - /A Foolz)dz, (1.8)

1<j<n
Tj-1<T;

n _ n n
where 17 = (x}_y,2}) and

i d 5 (i) o 2 o).

1<j<n

By (1.8), we deduce that the number of intervals of an optimal partition that
intersect A, rescaled by n, converges to the density f.,. This means that in order to
reinforce a non-homogeneous string it is asymptotically convenient to concentrate
the partition in those regions of the string at higher density w and lower Young
modulus p, with a density f., given by (1.7), namely proportional to \/w/p (when
the string is homogeneous, as expected, one finds in the limit the uniform distri-
bution). Observe that the limiting measure f,,dz is absolutely continuous with
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respect to the Lebesgue measure and that it neither depends on the potential ¢ nor
on the convex function ¢, reflecting the fact that in all cases minimizing sequences
exhibit the same asymptotic behaviour as n — co. However, the convex function ¢
appears in the limit of the cost functionals.

Some comments on the assumptions on ¢ are in order. For theorem 1.1 strict
convexity can be relaxed to convexity. The strict convexity is just needed for the
uniqueness of the minimizer of (1.6), that is used in corollary 1.2 (otherwise a
similar statement holds up to subsequences). Moreover, the positivity of ¢ can
easily be replaced by a lower bound on ¢, that is by requiring the minimum of
© on [0,400) to be possibly negative but finite. Moreover, the case where ¢ has
linear growth, i.e., 0 < p>° < 400, deserves deeper inspections (lemma 2.3 is a first
attempt in this direction). Indeed when the function ¢ is linear the analysis becomes
more complicated since the I'-limit should also depend on some convezxity of the
coefficients p and w and on the potential ¢q. At least when p and w are sufficiently
regular (C!(R) would be enough) and {f =0} is an open interval we conjecture
the following dichotomy to hold. The second term in the T-limit (1.6) should be
replaced with:

— > /A{f = 012 when wh"” + gh > 0 over {f = 0};
— (¢ /7) f{f:o} s(x) dz when wh” 4+ gh < 0 over {f = 0};

where h = ¢/pw. Notice that, in the case of constant coefficients and ¢ = 0 these two
terms coincide (see also the comment at the end of Example 1. in §4). In general,
when the coefficients are only measurable and f vanishes on a generic measurable
set, it is not clear what the explicit representation of this term should be. It is worth
noting that this dichotomy is interestingly connected to the following inequality a
la Brascamp-Lieb [3]:

1 1 - 1
A((0,x))1/2 * A(z, 1)1/2 7 X(1)1/?

for every z € I.

We therefore want to throw down a gauntlet and ask what are sharp conditions
on the coefficients p, ¢, w for the validity of this estimate (in the case of constant
coefficients p, ¢, w it is always true when ¢ > 0, but becomes false as soon as ¢ is
allowed to be negative).

We finally notice that theorem 1.1 can easily be extended to a finite union of
intervals. For the case of an unbounded interval (for some particular choices of
data p, ¢, w) some extra difficulties emerge but the problem can be of interest as
well (this is somehow related to the case of unbounded non-negative data, which
corresponds to letting § = +00).

The plan of the paper is the following. In § 2 we prove some preliminary results on
the eigenvalues of Sturm-Liouville operators. In § 3 we prove I'-convergence results,
in particular theorem 1.1 and corollary 1.2. In § 4 we show several concrete examples
for which theorem 1.1 and corollary 1.2 apply.
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Notation

Here and henceforth f and £ denote respectively, the counting measure and the
Lebesgue measure. Integration with respect to the Lebeasgue measure will be sim-
ply denoted by dz. The usual abbreviations w.r.t. and p-a.e. stand for ‘with respect
to” and ‘almost everywhere with respect to the measure p’. If no measure is spec-
ified it has to be intended w.r.t. the Lebesgue measure. We adopt the following
conventions ¢(400) = 400 and ¢/(+00) = 0 for all constants ¢ > 0. We denote by
f4f:=1/L(A) [, f(x)dz the mean value of a function f € L'(A) on some open
set A C I. When J C R is a non-empty open interval and z € R with lim;, we
mean the limit as J shrink toward x. With some abuse of notation if € P(I) then
by n(J) we always mean n(J N I).

2. Preliminaries on the eigenvalues of Sturm—Liouville problems

We introduce some preliminary results that will be used for the proof of the main
theorem. In this section J C R will denote a non-empty bounded open interval.
Then when p, ¢, and w are constants the eigenvalue defined in (1.2) with A =J
admits the following explicit expression:

2

AMJ) = e (2.1)

where we recall that, by definition (1.1), s = w/p. We point out that the Sturm-
Liouville problem reduces to the pure Laplace problem when the coefficients are
p=w=1 (thus s =1) and ¢ =0. In general, when the coefficients are not nec-
essarily constants, the eigenvalue (1.2) cannot be explicitly computed in terms of
geometrical quantities. However the eigenvalue of an interval is related to the recip-
rocal of its length squared. More precisely, the assumptions on the coefficients p, g
and w provide the following global bounds:

2 2

P zap <) <Py

+ 52 (2.2)

Locally, we can be more precise: we prove that its local behaviour is the same as
when the coefficients are constant.

LEMMA 2.1. Let xg be a Lebesgue point for p and w. Then

}llrxrt MDE)” = s(xg)?’

Proof. We first prove upper and lower bounds by means of a classical change of
variables (see, e.g., [7, p. 292]). For the lower bound, if J = (a,b) the function
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¢1:J — J, defined for every z € J as

(@) = —— [ witydt+a,
][Jw/a

allows to change variable y = ¢1(x) in (1.2) and obtain

AJ) = mi <]€ w) 2/Jp1(y)w1(y)u’(y)z dy+/](q1(y)/w1(y))u(y)2dy

u 1
€y () | o ay

)

where we set

() =p(e7 W), @(y) =qlor'¥), wily) = w(ey (y))

Then, by testing the minimum with the first eigenfunction u; of the Laplacian
in J, normalized as [, ui(y)*dy =1 (e.g., when J = (0,b) take v(z) = ui(x) :=
\/2/bsin(rz /b)), together with the trivial estimates p;(y)w:(y) < S, (prwn) +
Ip1(y)wi(y) — f,(prw:)| and g1 (y)/wi(y) < ? for a.e. y € J allows to obtain

M) < g (e [ w2y
<][Jw> <J J J

+ 2

m@mmw—f@mn

J

mwmg

By (2.1) we have [, u}(y)*dy ==?/L(J)?, and since sup;(u})* = 27%/L(J)* we
find
) + 2.

Exploiting the change of variables given by ¢; one obtains the following

p1uwn —]l(leﬁ
J

AMJ) < 5?5)2 <][1w>2 (f](plwl) +2]1J
J

Mﬂ<ﬁwgiw%ﬂiw2imau+ﬁ (2.3

s
J

For the lower bound, we use instead the function ¢5 : J — J, defined for every
xeJas

bo(x) 1= — /z 1/p(t) dt + a,

][Jl/p

https://doi.org/10.1017/prm.2019.1 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.1

2162 P. Tilli and D. Zucco
to change variables z = ¢o(z) in (1.2) and obtain

. (f]1/]7)_2/Ju’(z)2d2+/Jpg(z)qQ(z)u(Z)?dZ
) = u%%g]) /pg(z)wg(z)u(z)Q ds
J

3

where here we set

p2(2) =p(637(2),  @2(2) = a(y'(2),  wa(2) = w(¢y' (2)).

Now, if u; is the minimizer of the above quotient with [ ( J U J d =1, the trivial
estimates pa(2)q2(z) = 0 and pa(2)wa(2) < f,(p2w2) + |p2(z — £, (p2w2)| for

a.e. z € J yield
/uf,(z)2 dz
J

<][J 1/p) b (f](P2w2)+L|p2(z)w2(z) _]é(pgw)mj(zy dz>.

By using first at denominator the one-dimensional Poincaré inequality sup ;(u.)? <

J) [;(u;)*dz and then for the numerator [,(u/;)*dz > n2/L(J)? [,(us)?dz
(recall the eigenvalue of the Laplace problem (2.1) in the case p = w = 1 and ¢ = 0)
we obtain

A(J) =

A(J) =

71'2

<]€ 1/19)2 (]é(pzwz) - wz]{ [paws —]{(pngﬂ) L(J)?

and now, exploiting the change of variables given by ¢2 we obtain

)

7.‘_2

(w) |
(l[]l/p) ][J(w)—l—wgl[] w;[‘{l/p; L(J)?
J

The result stated in the lemma then follows by combining (2.3) with (2.4), thanks
to Radon-Nikodym theorem (see [14]). O

AJ) =

We now prove an asymptotic result for the sum of reciprocal eigenvalues. For this
we need the following definition.

DEFINITION 2.2 (Accumulation point). Let {I}'} € C, for all n € N. We say that a
point x € I is an accumulation point of the partitions {IJ”} if for every n € N there

exists an index j, with x € 7;; and I7! € {I}'} such that
lim L(I})=0.

n—oo

We denote by I the set made up of all accumulation points of the partitions {IJ”}
and by I® = I'\ I* its complement.
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For instance, if I7 = ((j —1)/(2n — 2),j/(2n —2)) for all j = 1,...(n — 1) while
I =(1/2,1) then I* = (0,1/2] and I, = (1/2,1). In other words a point belongs
to I if there are no sequences of intervals shrinking toward it. This implies that I°
is made up of union of open intervals and so it is an open set; then both I® and I°
are measurable sets.

LEMMA 2.3. Let {IJ"} € C, and J C R be a non-empty bounded open interval. Then,
up to subsequences,

L(ITNJ) 1
f TSR = - e+ e £(I°N T
nl_f%o Z )\(If)l/zﬁ(lf) = /Iam] s(x) T+ cy ( ),

1<jsn
Tj—1<xj

where ¢y is a constant possibly depending on J such that 1/(fv72 + 1) < ¢y < /7.

Proof. To compute the limit we split the sum w.r.t. those indeces inside and outside
the set of accumulation points, i.e., we write

LIrNJ LIrNnIienJ
Z /\FS i/zE ;n - Z /\(Ijn 1/2E In)+ Z
1<j<n ( j) ( j) 1<ji<n ( j) ( j) 1<5<n
zj_1<z; zj_1<z; zj_1<z;

LIFNIPN.JT)
— . (2.5)
AIP)M2L(IT)
Since a.e. point in R is a Lebesgue point for p and w, by definition 2.2 and lemma 2.1
with the Lebesgue density theorem

s(x)

i Z LUFNINJ) (@) Ay
im — Y (x) = —= ae x€ \
e 2o ey Y

zj_1<z;
Notice that the set of points of I, for which the Lebesgue density theorem does
not apply is at most countable (indeed every such bad point is surrounded by two
open subintervals of I, and by definition I, is at most countable). Moreover, by
the lower bound in (2.2),

LIrNIenJ)
li B i AV, <
L Z AIM2L(I7)2 Xy (2)

1<gsn

ae.xel*NJ.

A

Then the Lebesgue dominated convergence theorem implies that the limit of the
first term in the right-hand side of (2.5) exists and

crnIi*nJ) 1
lim ——— = f/ s(z) da.
n—ee 1<]Z<n )‘(Ij )1/2’C(Ij ) T Jiang

For the second term in the right-hand side of (2.5) we use (2.2) with J = I7* and
the trivial estimate £(/7') <1 for all j to bound it as follows:

1
Bvm2+1

LIF NI N.T) - éﬁ(IbmJ)

arnDs 2 N <«

1<j<n

Therefore, up to subsequences, also this term converges as n — +o0o and what
claimed in the lemma holds. (]
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The previous lemma can be thought of as a first result for the asymptotics in
the linear case where p(x) = =z with 0 < > < 4o00. In this case the difficulty
relies on the computation of the second term, which depends on the coefficients
p,q and w.

We conclude these preliminaries with some local estimates for the set of all
accumulation points (and consequently for its complement).

LEMMA 2.4. Let {I}'} € Cy, such that the measures pirey as defined in (1.4) weak*

converge to a measure p € P(I). If wg € I is a Lebesque point for the Radon-
Nikodym derivative f € L*(I) of p w.r.t. the Lebesgue measure with f(zg) >0
then

LN ) .
1 — 2 =1 d 1 -~ /=
e~ L)) S FI W)

Proof. Fix 0 < € < f(xg). Then for every J sufficiently small around =y we have
L{z e J:[f(x) = fzo)] > €}) < eL(J)
and then, passing to the complementary set,
Lz e J:[f(x) = flwo)l < e}) = (1 —€)L(J).
Since the inclusion {x € J : |f(x) — f(z)| < €} C I* N J holds up to negligible sets

then (1 —e€) < L(I°NJ)/L(J). Letting J | xg we obtain the claim, thanks to the
arbitrariness of e. O

3. I'-convergence

We start by proving the I'-liminf and the I'-limsup inequalities.

PROPOSITION 3.1 (I-liminf inequality). For every probability measure ji € P(I) and
every sequence {pn} C P(I) such that p, —* p it holds

limiann(Mn) = Foo(,u)~ (3'1)

n—oo

Proof. For a given u € P(I) let u = fL + p* be the Lebesgue decomposition of
w.r.t. the Lebesgue measure, where f € L'(I) with f > 0 and u° its singular part.
Given {u,} € P(I) such that p,, —* u, without loss of generality, we may consider
an arbitrary subsequence {u,} (not relabelled) for which, by (1.5),

. . 7 1 n
lim inf £ (un) = Jim 2 3 (ww)

1<gsn

exists, is finite and such that each p,, has the form (1.4) for some partition {I}'} € C,,
(since the inequality (3.1) is trivial along sequences {fi, }, for which the energy is
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always +00). The Radon measures v,, defined on I as

1 n 1 1
= 2 “0<Au;’>1/z> Zapy o @Et g 2 w0,

1<i<n 1<j<n
Tj—1<%j 17T

satisfy sup,, v, (I) = sup,, Fy,(pun) < 400. This implies (see [10, §1.9]) the exis-
tence of a positive Radon measure v defined on I and of a subsequence {v,} (not
relabelled) for which v, —* v; in particular, since the measures are concentrated
in I,

liminf F, (py,) = lim v,(I) = v(I) > /ge(x)due, (3.2)
n—oo n—oo T

where g, is the density of v w.r.t the measure . := (f + ¢)L + u* for some ¢ > 0,
see [10, §1.6] (adding e saves possible regions where f vanishes). It is then enough
to estimate from below the density ge pe-almost everywhere. To do this, we fix
an open interval J C R such that its boundary 9d.J is not charged by p, namely
u(J) = pu(J). This is equivalent to require that 9.J is not contained in the countable
set where the pure point part of u is concentrated (note that this does not inquire
constraints on the length of J). By p,, —=*

lim 1, (J) = (J) = u(T), (3.3)

n—oo

and by v, —* v we have

L(IrnJ) n k -
. L -1 < )
lim sup E n./:,(]]’-‘) ©® </\(I}1)1/2> + ngo(()) hTILILS;IDPVn(J) <v(J), (3.4)

where £ is the number of intervals I7"’s in J such that z;_; = z;. Since by (1.4)

Nn(‘]) = Z

1<j<n
Tj—1<%j

LUFNJT)  k
i B
nL(I7) * no

Jensen inequality yields

L(Irn.g) ( n ) k
—p - + —»(0)
Z nC(I7) XIM2 )
Tj—1<%;

1 LIrNJ)
> 1y, (J - I S
ine | T 2 T PE

(3.5)

Up to subsequences, we can assume the limits as n — oo of (3.5) and lemma 2.3
to exist. Therefore, by letting n — oo in (3.5), and by combining (3.4), (3.3), and
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lemma 2.3 with the continuity of ¢ on (0, 4+00), we obtain

v(7) > (u(]) + 5L (W}r [ stadsseeqtn J>) e

where 0 > 0 is sufficiently small and serves to avoid vanishing quantities. Now,
dividing by p.(J) (which is always positive by definition) and letting J shrink
towards a p-Lebesgue point xg € I for g, from Radon-Nikodym theorem we can

face three different situations:

(1) If zq is also a Lebesgue point for p, w and f with f(xg) > 0 then by lemma 2.4,
recalling the uniform bounds on the constant c¢; in lemma 2.3,

f(xo) +6 ( s(zo) ) .
fwo) + €7 \m(f(x0) +9) ’

96(1'0) >

and letting § — 0

(o) s(zo)
o) > e (F5mg) - )

(2) If instead xq is also a Lebesgue point for p,w and f with f(xzg) =0, up to
subsequences as J | xg, the right-hand side in lemma 2.3 rescaled by £(J)
converges to some constant ¢ > 0 such that 1/(8vn2 + 1) < ¢ < /7, thanks
to inequality (2.2) and lemma 2.1. Then

ge(wo) = g<p (g) — €

and letting § — 0, from the fact that ¢>° is either 0 or +00, we now obtain

1
ge(T0) = E@OO — €. (3.7)

(3) If at 2o the measure p has Radon-Nikodym derivative f(zg) = 400 then
ge(w0) = ¢(0) —e. (3.8)

Therefore, since a.e. rg € I is a Lebesgue point for p,w and f, while at p*-a.e.
point xg € I the Radon-Nikodym derivative f is not finite (see [14, theorems 7.10
and 7.15]), we can use (3.6), (3.7) and (3.8) inside (3.2) to obtain

lim inf P (j1n) > / . < 5(@) ) F(e)dz + o L({f = 0) + o) (T) — epelD),

nhoe 7] ()

that is (3.1), thanks to the bound p(I) < 1+ € and the arbitrariness of e. O

For the I'-limsup inequality, we need to introduce a special class of measures.

DEFINITION 3.2 (Piecewise constant measure). We say that a probability measure
w € P(I) is piecewise constant if it is absolutely continuous w.r.t. the Lebesgue
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measure, with a density f(z) > 0 constant on every interval J; := ((¢ — 1)/m,i/m),

with ¢ = 1,...,m, for some m € N. In formulae,
p=fL, fl@)= Y axs(e), L) =1/m (3.9)
1<i<m

where the constants «; > 0 satisfy (since pu(I) = 1) the normalization condition

E Q; = M.

1<i<m

Moreover, we also denote by My the set of indeces corresponding to those intervals
with a; = 0 and mg = f(My) its cardinality.

Then to any piecewise constant measure we associate the following sequence.

DEFINITION 3.3 (The recovery sequence). Consider a piecewise constant measure
1, with the same notation as in definition 3.2. We say that a sequence of probability
measures {u,} in P(I) is a recovery sequence for p, if for every n > m (recall that
m is the characteristic parametric of u defined in (3.9)) the following conditions are
satisfied:

(i) pn has the form (1.4) for some partition {I]'} € C, with z;_; <z; for all

j=1,...n and
U oo U o
1<j<n 1<i<m
(ii) when i € Mo there is only one interval of the partition {/7'} in J; of (3.9)
with I3 = J; (note that there are mg of such intervals of the partition), while

when i ¢ My all the intervals of the partition {/'} in J; have the same length
and the number k; of them is
a;

ki = ki(n) == {E(n—mo)J A (3.10)

where 4 is a corrector factor, that is 0 if the quantity a;n/m is an integer
else 0 or 1 accordingly to guarantee the condition

Z ki:n—mo.

i¢ Mo

PROPOSITION 3.4 (T-limsup inequality). For every measure ju € P(I) there exists
a sequence {pn} in P(I) such that w, —* u and

lim sup F, (ptn) < Foo(p). (3.11)

n—oo

Proof. We first prove the result when p is piecewise constant according to
definition 3.2 and consider a recovery sequence {u,} for p as in definition 3.3.
For every n > m the measure p,, has the form (1.4) for some partition {/7} € C,
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which covers all the boundaries of the intervals J;’s. For every i € My we have
pn(J;) =1/n ~ 0= p(J;) as n — oo while if ¢ ¢ My by (3.10) with (3.9) yields

ki (67 -
pn (i) = T u(J;) asn — oo,

and this guarantees that the probability measures u,, —* pu as n — oo. Moreover,

by (1.5),
1 n
s Fyn) = limsup - 5 3 ( i 1/2) +3 2 o (sym)
ig¢ Mo 1<5<k; i€ My v
(3.12)
Note that, by (3.9) and (3.10) again, for every i ¢ My and j =1,...,k;
1 1
L(I}}) = as n — 00. (3.13)

mk;  a;(n —mg)

To estimate the first term in the right-hand side of (3.12), fix i ¢ My and consider
the functions g,, defined for every = € I as

1
Z 90( In 1/2) ﬁ(IZ)XI:;(i)

GGk

By combining lemma 2.1 and (3.13) with the Radon-Nikodym theorem yields

lim g,(x) = a;p <s(:1c)) , a.e.x € J;,

n—00 T

and, by the Lebesgue dominated convergence theorem (notice that by (1.1) the
function ¢(s(z)/ma;) is of course in L'(J;)) we obtain

) o1 n B s(x)
i [ gu(e)de = Tm o B e (W) = /ﬂ (m,; ) aide. (3.14)

1<5<k

Now to estimate the latter term in (3.12), fix i € My and let n — oco. Since @™ is
either 0 or 400 we have

1 Z ( 1/2) - (%) o>, (3.15)

zGM

Therefore, summing ¢ from 1 to m (3.11) follows by combining (3.14) with (3.15),
thanks to the fact that p is a measure with a density f(z) piecewise constant
according to (3.9).

Now, the passage to general u is standard. By classical results of I'-convergence
theory it is enough to prove the density in energy of the measures with piecewise
constant densities in the space of probability measures, namely that for every p €
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P(I) there exists a sequence {/,, } such that s, is as in definition 3.2 for some {17},
L —* @ and

lim sup Foo (ttn) < Foo (). (3.16)
Indeed, if (3.16) holds, from the lower semicontinuity of the T-limsup functional
Fi:P(I) — [0,+0c0] defined for every p € P(I) as Fy(u) := inf{limsup F,, (i) :
pin —* p1} (see [8, proposition 6.8]) and (3.11) just proved for piecewise constant
measures, it follows that given p € P(I) there exists a sequence {p, } such that u,
is as in definition 3.2, p, —* p and

Fi(p) <liminf Fy (p,) < limsup Foo (pn) < Foo ()

This proves the validity of (3.11) for an arbitrary measure u € P(I).

Therefore, we only have to prove the density in energy of the piecewise constant
measures in P(I). Consider an arbitrary measure p € P(I) with density f € L*(I)
with respect to the Lebesgue measure. Keeping the notation of definition 3.2, we
construct the measure j,, € P(I) as follows:

Hn = fn(x)['a fn(m) = Z a?XI{L (CC), 'C(I;n) = 1/”

1<ign

where the numbers o are chosen as to satisfy the conditions

<ol < L)) Z al' =n. (3.17)

Note that, for fixed n, the {I]'}’s are a partition of I, and since u, is, by con-
struction, a sort of sampling of u, it is easy to see that u, —"pu as n — co.

Moreover,
T Y a?w(i((g)m(x)=<p<:;2)>f(x) ac.z € {f >0}

1<ign

For every z € {f>0} and every sequence of intervals IN{f>0}]
x as n—oo, by (3.17) we have lim, .. a? = f(z) >0 and moreover
lim,, JCI."m{f>0} s(y) dy = s(z). Therefore, by the continuity of ¢ there exists a
constant C' > 1 such that for every n sufficiently large

0 s(x)) C
al@(wa? ) (J{?ﬂ{f”}f)@

which by Jensen inequality, recalling (1.6), yields

[ w/rw)wi
r0{f>0}

/ f(y)dy
Irn{f>0}

i <S(x)> <C o) @ < ) > fy) dy < CFoo(p).-

g mf(y)

7
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Now, if Fs (1) = 400 the inequality (3.11) is trivial. Otherwise Fi (1) < 400 and
by the Lebesgue dominated convergence theorem

o 3 o [ o (5a) o= e () 10000 <t

1<ign

and (3.11) holds again. The proposition is then proved. O

Proofs of Theorem 1.1 and of Corollary 1.2. Theorem 1.1 follows immediately by
propositions 3.1 and 3.4, see [8, proposition 8.1]. corollary 1.2 is then a consequence
of general results of I'-convergence theory. Indeed the space of probability measures

P(I) is compact w.r.t. the weak* convergence. Moreover, by Jensen inequality it
holds that

1/7 /{f>0} s(x) dz

/1 f(z)dz

and equality holds if and only if ¢ is linear on {f > 0} or u is absolutely continuous
w.r.t. the Lebesgue measure with a density f =cs(z)xe(z) for some measurable
set £ C I and constant 0 < ¢ < 1/ fE ) dx. By strict convexity of ¢ the latter
condition holds. Therefore, by plugging thls function into the right-hand side of the
above inequality one gets the following lower bound

1/m | s(z)da
Fo(p) 2 ¢ //E() C/ s(z)da + 9@ L(I\ E) + p(0)us(I).  (3.18)
c | s(z)dz B
B

Fool) > ¢ / f(@)da + g L({f = 0}) + p(0)us (D),

Then we have to choose the set £ and the constant ¢ to minimize this lower bound.
We have to face several situations

If ¢(0) < +o0 the fact that p*(1) =1 — [, f(x) dz allows to write (3.18) as
1
Fuli) > (%) - ¢<o>) [ s+ LUNE) + o0, (319

Moreover, if also @™

(3.19) becomes

= 400 then necessarily E =1 (up to a negligible set) and

Fuli) > (¢ (72) = 0 ) mer. [ sta)da-+ 410) (3.20)
T T J;
where the right- hand side represents (up to the supplementary constant factors

©(0) and 1/7 [, s(x) dz) the slope of the secant line passing through the points with
coordinates (0, ¢ (0 )) and (1/(mc), ¢(1/(mc))). By convex1ty this is clearly minimized
when c¢ is as large as possible, namely when ¢ =1/ [, s( 8(x)dw.

If instead ¢°>° = 0 (still under the assumption ¢(0) < +oo), by convexity ¢ must
be non-increasing. Then (¢(1/(em)) — ¢(0)) < 0 for all admissible constant c. By
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(3.19) it is again convenient to choose FE as large as possible, i.e., E =1 (up to a
negligible set). Therefore, (3.20) holds and as in the previous case we arrive to the
same deduction ¢ =1/ [; s(z)dz.

Now, it remains to consider the case where (0) = +o00. In this case p*(I) = 0,
then ¢ [}, s(x) dz =1 and (3.18) becomes

Fu) > ¢ (3 [ soyae) + <0\ ).

If also > = +o0 then E = I (up to a negligible set). If instead ¢>° = 0 then ¢ is
non-increasing and as noticed above the minimum is reached for £ =1 (up to a

negligible set).
In conclusion, the T-limit (1.6) is uniquely minimized by the measure f.£ with
density as in (1.7). Therefore, by applying [8, corollary 7.24] we obtain the claim.
O

4. Examples

The general framework introduced before applies to several concrete examples.
We illustrate some of them in the following list, focussing on the different
representations of I'-limits.

(1) Optimal location problems. Let p=w =1 (then s = 1) and ¢ = 0. By (2.1)
problem (1.3) can be written as an optimal partition problem of the lengths
of the connected components of the partition, namely

min % 3 (,0(”575]]’)): (I} €Cn

1<5<n

This is also related to the so-called optimal location problems, see for instance
[15,16] where the points have to be located in order to minimize some cost
functional depending on the size of the partition. In this setting the I'-limit
(1.6) becomes

Pl = [1#(757) F0) e + (0 = 0] + 00D

and thus, as expected, one finds the uniform distribution as minimizer (see
(1.7)). We point out that in this particular situation it should not be difficult
to extend the validity of theorem 1.1 also to functions ¢ with linear growth,
i.e., the case where 0 < ™ < +00.

(2) Minimal partitions for positive powers of eigenvalues. Let r € (0,4+00) and
consider ¢(z) = 1/2?". Then the minimization problem (1.3) reduces to

7 tmind Y NI {L}EC p,

1<gsn
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where by homogeneity of ¢ the quantity n=2"~! can be factorized. In this

case ¢ = 0 and ¢(0) = +oo thus the I'-limit (1.6) takes the following form
2r+1
ﬂ'zr/&dx, if u=fL with f e LY(I),
Foo(p) = ros(x)?
+o00

otherwise.

(3) Minimal partitions for powers of reciprocal eigenvalues. Let r € (1,400) and
consider ¢(z) = 2. Then the minimization problem (1.3) becomes

2r—1 _ - 1 .
n min Z L) {I;} eC, ;,

IESE

1

where as before by homogeneity the quantity n?"~' can be factorized. Now

since > = + oo and ¢(0) = 0 the I'-limit (1.6) is

1 s(x)?r
/ @™
T2r I f(x)Qrfl
Notice that this expression encodes the non finiteness of the I'-limit when f
vanishes somewhere, on a set of positive measure.

Foo(p) =

(4) Minimal partitions for non-monotone convex functions. Let p(x) = (x — a)?
+ b for suitable constants a,b > 0 (such that the assumptions on ¢ stated in
the introduction are satisfied). Then the minimization problem (1.3) becomes

mind — )" ()\(I:L)I/Q—a>2+b: (I} ec,

1<j<n

Namely, we would all the eigenvalues {\(I;)} be as close as possible to (n/a)?,
but the fact that the I;’s must be a partition of I imposes a supplementary
constraint to the optimization problem. However, still in this case the asymp-
totics is not affected by the function ¢, which now has a minimum inside
(0, +00). Moreover, since > = 400 and ¢(0) = a? + b, the I-limit (1.6) is

1 [ (s(x) —anf(x))? 2 87
Foouzf/ da +a*p®(I) + b,
) 2 Jr f(z) @)
and again the fact that f =0 somewhere implies the divergence of the

integral.

(5) The trace of the heat operator. If p(x) = e'/7* then problem (1.3) becomes

1
min { — Z AN/ {I;} €C,

1<j<n

Solutions of this problem can be seen as good approximations of the trace
of the heat Sturm-Liouville operator near the origin (see [9]). Since > =0
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and ¢(0) = +o0, by theorem 1.1 one obtains that

[, eI @ @A f(r) da, if p= fL with f e LY(I),

F =
(1) 400 otherwise.
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