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Abstract

We define representations for downward-closed subsets of a rich family of well-quasi-orders, and more
generally for closed subsets of an even richer family of Noetherian topological spaces. This includes the
cases of finite words, of multisets, of finite trees, notably. Those representations are given as finite unions
of ideals, or more generally of irreducible closed subsets. All the representations we explore are com-
putable, in the sense that we exhibit algorithms that decide inclusion, and compute finite unions and finite
intersections. The origin of this work lies in the need for computing finite representations of sets of suc-
cessors of the downward closure of one state, or more generally of a downward-closed set of states, in a
well-structured transition system, and this is where we start: we define adequate notions of completions
of well-quasi-orders, and more generally, of Noetherian spaces. For verification purposes, we argue that
the required completions must be ideal completions, or more generally sobrifications, that is, spaces of
irreducible closed subsets.

Keywords: Well-structured transition systems, well-quasi-orderings, downwards-closed subsets, Noetherian topological
spaces, finite computable representations, ideal completions.

1. Introduction

Well-structured transition systems (WSTSs) are a paradigmatic class of infinite-state transition
systems on which many properties of interest in verification are decidable (Abdulla et al. 1996;
Finkel 1987; Finkel and Schnoebelen 2001). They include Petri nets, affine counter systems, lossy
channel systems, data nets, and many more.

Briefly put, a WSTS is a triple (X, —, <) where < is a well-quasi-order on the (possibly infi-
nite) state space X, and — is a monotonic transition relation on X. (We define well-quasi-orders in
Section 3.1.) To simplify things slightly, by monotonic we mean strongly monotonic, namely that if
x — x" and x < y, then there is a state y such that x'< y’ and y — y’. The set of one-step predeces-
sors Pre(E) = {x € X | 3x’ € E, x — x'} of any upward-closed subset E is then upward-closed again,
where E is upward-closed if and only if x € E and x < y imply y € E. Similarly, the sets Pre*(E) of
k-step predecessors, Pre=F(E) of at-most-k-step predecessors, and Pre*(E) = | oy Pre=F(E) of
iterated predecessors of the upward-closed set E are upward-closed. The fact that < is a well-
quasi-order implies (see Section 3.1 again) that every upward-closed subset is the upward closure
1 A of a finite set of points A (a basis of the set). This implies that Pre*(E) = Pre=K(E) for some
k € N: write Pre*(E) as 1+ A with A = {x1, ..., xy,}, realize that for each i, x; must be in Pre=K(E)
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for some k, and take the largest of these ks. In particular, there is a simple algorithm that decides
coverability in WSTS, namely, which decides whether, given x € X and a basis for an upward-
closed subset E, whether one can reach an element of E in finitely many — steps starting from x
(Abdulla et al. 2000): compute Pre=C(E) = E, iterate using Pre=**1(E) = E U Pre(Pre=K(E)) until
Pre=k*1(E) C Pre=K(E), at which point Pre=K(E) = Pre*(E), then test whether x € Pre*(E). For
this to work, we need the WSTS to be effective, which means that we can compute Pre(E) for E
upward-closed, and we can test inclusion.

This was generalized to topological WSTS by the second author (Goubault-Larrecq 2010); the
algorithm is the same, but X must now be a Noetherian space (see Section 3.3), the sets E are
required to be open, and — is a lower semi-continuous relation. Topological WSTS include
WSTS, but also some other infinite-state systems, among which the class of lossy concurrent poly-
nomial games is probably the most interesting new instance — see Section 6 of Goubault-Larrecq
(2010).

The algorithm described above works backward, but sometimes we would prefer a forward
algorithm that would compute |, Post*({x}), where | denotes downward closure, Post(E) = {x €
X |3x € E, x — x'} is the set of one-step successors of E and Post™(E) = (e PostX(E). The set
1 Post*({x}) is called the cover of x and can be used to decide coverability as well: one can reach
4 E from x if and only if | Post*({x}) intersects E.

However, although the backward procedure always terminates, it is often slow. Forward proce-
dures, when they exist, may fail to terminate: on lossy channel systems, any terminating forward
procedure would enable us to decided boundedness, which is undecidable (Mayr 2003). But they
often give results faster in practice. For this reason, only the non-terminating forward procedure
is implemented in the tool TREX (Abdulla et al. 1998).

The cover also provides more useful information than the set computed by the backward algo-
rithm. For example, the cover is a good first approximation of the reachability set Post™({x}),
and the original reachability algorithms for Petri nets rely on the computation of covers (Kosaraju
1982; Lambert 1992; Mayr 1981). This can also serve as a first step toward model checking liveness
properties, as in Emerson and Namjoshi (1998) and more recently in Blondin et al. (2017a,b).

For Petri nets, the cover can be computed by the so-called coverability tree algorithm of
Karp and Miller (1969). Part II of this paper generalizes this to a large class of WSTS (Finkel
and Goubault-Larrecq 2012). Part III of this paper defines and studies very-WSTS, a subclass of
WSTS, for which the cover is computable and for which linear temporal logic (introduced in
Pnueli 1977) model checking is decidable. The present part I deals with an important preparatory
step: characterizing downward-closed subsets of well-quasi-ordered sets X. We shall see that such
downward-closed subsets can always be written as the downward closure of finitely many points in
a completion X of X. In fact, we start by defining the possible relevant completions from a verifica-
tion perspective and realize that the smallest possible one is the ideal completion or equivalently
(in the more general, Noetherian case) the sobrification of X. We shall then explore concrete
computer representations for elements of X, for a large class of Noetherian spaces X (in particular,
well-quasi-orders) that includes most of the spaces needed in the verification of WSTS today.

This paper is an extended version of Finkel and Goubault-Larrecq (2009). Before this paper,
and except for some partial results (Emerson and Namjoshi 1998; Finkel 1990; Geeraerts et al.
2006), a general theory of downward-closed sets was missing. This may explain the scarcity of
forward algorithms for WSTS. Quoting Abdulla et al. (2004b): “Finally, we aim at developing
generic methods for building downward-closed languages, in a similar manner to the methods
we have developed for building upward-closed languages in Abdulla et al. (2000). This would
give a general theory for forward analysis of infinite-state systems, in the same way the work in
Abdulla et al. (2000) is for backward analysis.” Our contribution is to provide such a theory of
downward-closed sets.
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2. Related Work

The coverability for general WSTS was shown decidable using a backward algorithm presented in
1996 (Abdulla et al. 1996); this algorithm was an abstraction of the coverability algorithm for lossy
channel systems (Abdulla and Jonsson 1993). Coverability for vector addition systems with resets
had been shown decidable by Arnold and Latteux (1978, Theorem 5, p. 391). Interestingly, the
latter algorithm is an early instance of the backward algorithm presented in Abdulla et al. (1996)
and applied to N".

While this paper is not about algorithms, it is worth recalling that the inspiration for our line
of work, which culminates in part III (Blondin et al. 2017a,b), comes from Karp and Miller’s
celebrated finite coverability tree algorithm (Karp and Miller 1969) for Petri nets. This arguably
computes a finite representation of the cover | Post*({x}), and we expand on that in Finkel and
Goubault-Larrecq (2012, Section 4.1) and in Blondin et al. (2017a,b). Further related work on this
issue can be found in that paper. What matters to us here is that, while the state space of a Petri
net is N¥, Karp and Miller’s finite representation is given by finitely many points in the completion
N(]f), where N,, is N plus a fresh, infinite element w.

The focus of this paper is on finite representations of downward-closed subsets of well-quasi-
ordered sets and more generally of closed subsets of Noetherian spaces. In computer speak, we
focus on data structures rather than algorithms. Mathematically, we shall need to define the right
notion of completion X for well-quasi-ordered sets, resp., Noetherian spaces X - these will be the
familiar constructions of ideal completion, resp. sobrification — and to study finite representations
of their (downward-)closed subsets.

Data structures are a prerequisite to define algorithms. In our context, one may argue that
what we need is the so-called adequate domain of limits (ADLs), as defined by Ganty, Geeraerts,
Raskin, and van Begin (Ganty et al. 2006; Geeraerts et al. 2006). An ADL is an axiomatization of
a data structure on which the authors’ expand, enlarge, and check procedure, which computes the
cover, works. Alternatively, an ADL is an axiomatization for a relevant completion X. We shall see
that these completions have strong ties with the ideal completion, resp., sobrification, mentioned
above.

In the special case of finite words, such finite representations were developed by Abdulla et al.
(1998) as specific regular expressions called SREs (simple regular expressions) and word-products.
In their case, the alphabet is finite, with equality as well-quasi-order. Similar representations also
apply to certain more complex well-quasi-ordered sets of letters, as demonstrated in Abdulla et al.
(2004b) for example. More generally, it had been shown by Kabil and Pouzet that this represen-
tation is in fact valid for any arbitrary well-quasi-ordered set of letters (Kabil and Pouzet 1992).
We improve on this slightly by showing that this even works for all Noetherian sets of letters
(Section 7). Interestingly, one of the key notions we use in the proof is that of an irreducible
(closed) subset, which comes from topology. This is also a central concept in Kabil and Pouzet’s
proof, narrowed down to well-quasi-orders.

We define finite representations for (downward-)closed subsets of a large class of Noetherian
data types, including tuples of natural numbers or finite words, as mentioned above, but also many
more. Some of them are representations of (downward-)closed subsets in well-known well-quasi-
orders, as in the case of finite multisets (Section 8), or of finite labeled trees (Section 11, by far the
most technical part of this paper. The fact that the right completion for languages of trees can be
described as certain regular tree languages was also observed by Wies, Zufferey, and Henzinger,
for finite sets of labels (Wies et al. 2010). They did not characterize what kind of regular tree
language is required precisely, which we do). Some others are representations of closed subsets of
Noetherian spaces that do not arise from well-quasi-orders. For instance, we deal with polynomial
ideals in Section 6, with finite words again but with a different topology, the prefix topology, in
Section 9.
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3. Preliminaries

We shall borrow from theories of well-quasi-orderings (wqos), as used classically in WSTSs
(Abdulla et al. 2000; Finkel and Schnoebelen 2001), from domain theory (Abramsky and Jung
1994; Gierz et al. 2003) and from topology (Goubault-Larrecq 2013). We recap most of what we
need. The purpose is not to give a crash course on these three fields, rather to fix notations and
notions.

3.1 Order

A quasi-ordering < is a reflexive and transitive relation on a set X. It is a (partial) ordering iff it is
antisymmetric. A set X equipped with a partial ordering is a poset.

We write > for the opposite quasi-ordering, & for the equivalence relation <N >, < for the
associated strict ordering (< \ &), and > for the converse (> \ &) of <. The upward closure 1 E
of a set E is {y € X | 3x € E, x < y}. The downward closure || E is {y € X | Ix € E, y < x}. A subset
E of X is upward-closed if and only if E = 4 E, that is, any element greater than or equal to some
element in E is again in E, which was the definition we gave in the introduction. The notion of
downward-closed sets is defined similarly. When the ambient space X is not clear from context, we
shall write | y E, 1y E instead of | E, 1 E. We also write 1 x instead of 1{x} and | x instead of | {x}.

A quasi-ordering is well-founded iff it has no infinite strictly descending chain, that is, xo >
X1 >--->x;>---.An antichain is a set of pairwise incomparable elements. A quasi-ordering is
well if and only it is well founded and has no infinite antichain.

There are a number of equivalent definitions for wqos. One is that, from any infinite sequence
X0» X1 - - -5 Xi» . . ., ONE can extract an infinite ascending chain x;) <x; <--- <x; <---,withip <
i <---<ig<---.Another oneis that any upward-closed subset can be written 1 E, with E finite.
Such a finite E is called a finite basis for the upward-closed set. In a wqo, every upward-closed set
has a minimal finite basis, composed of the subset of its pairwise incomparable, minimal elements.
We shall see another, topological, characterization of wqos below.

There is a rich supply of wqos. First, for any k€ N, N¥ is a wqo in the product ordering
(15 o5 xk) <15 - -5 pp) i x; < y; for every i, 1 <i<k): this is Dickson’s Lemma (Dickson
1913). N* is the set of configurations of Petri nets, or more generally, of counter machines.

For every well-quasi-ordered alphabet ¥, £* with the embedding (a.k.a. scattered subword,
a.k.a. divisibility) quasi-ordering is wqo: this is Higman’s Lemma (Higman 1952). This is instru-
mental in the backward analysis of lossy channel systems (Abdulla and Jonsson 1993). Under
the same assumptions, the collection of finite trees labeled with elements from X, with the tree
embedding quasi-ordering, is wqo: this is Kruskal’s tree theorem (Kruskal 1960).

A map f from a quasi-ordered set X to a quasi-ordered set Y is monotonic if and only if x < x’
implies f(x) < f(x'), for all x, x" € X. (We write < for the underlying ordering of any poset, unless
mentioned otherwise.) We call it a quasi-order embedding if and only if x <X is equivalent to
f(x) < f(x'). The order embeddings are the injective quasi-order embeddings; there is no difference
between the two notions when X is a poset. An order isomorphism is a surjective (hence bijective)
order embedding. Hence, f: X — Y is an order embedding if and only f is an order isomorphism
onto its image.

Given any quasi-ordered set X, the order quotient of X is defined as the set of equivalence classes
[x] of elements x € X under =, quasi-ordered by letting [x] be below [y] iff x < y. (We then write
[x] < [y].) This is well defined and a partial order.

We shall say that a set is well ordered by < iff it is well-quasi-ordered by < and < is an ordering.
The well-ordered posets are exactly the order quotients of wqos.

In a quasi-ordered set X, an upper bound of a family (x;);c; of points of X is an element x € X
such that x; < x for every i € I. A least upper bound is one that is less than or equal to all other
upper bounds of the same family. If X is a poset, then the least upper bound of a family is unique
if it exists at all.
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3.2 Domain theory

Domain theory is, prima facie, concerned with certain posets, called directed-complete partial
orders (dcpos), where certain least upper bounds exist, and so-called Scott-continuous maps,
which are not just monotonic but also preserve these least upper bounds. Over the years, domain
theory has revealed itself as having firm grounds in general topology as well. Let us start with the
order-theoretic view.

A directed family in a poset X is any non-empty family (x;);c; such that, for all i, j € I, there is a
k € I'with x;, x; < xi. A dcpo is a poset X in which every directed family (x;);c; of points of X has a
least upper bound sup;; ;.

A map f from a poset X to a poset Y is Scott-continuous if and only if it is monotonic and pre-
serves least upper bounds of directed families, that is, if (x;);c; is a directed family in X with least
upper bound x, then f(x) is the least upper bound of the (necessarily directed) family (f(x;)); ;-

An element x € X is finite iff, for every directed family (z;);c; that has a least upper bound
z > x, then z; > x for some i € I already. The poset X is algebraic iff the family of finite elements
below any given element x is directed and admits x as least upper bound. The finite elements
are often much simpler to describe than arbitrary elements and act as approximants to the
latter.

Let us give a few examples. The power P(X) of a set X is a dcpo, in fact a complete lattice, under
inclusion C. Its finite elements, in the sense above, are the finite subsets of X, in the usual sense
of the word, and P(X) is algebraic. We write IPg,(X) for the set of finite subsets of X, ordered by
inclusion.

Neither P(X) nor P4, (X) is wqo under inclusion, unless X is finite. N, with its natural ordering,
is an algebraic poset, which is also a wqo. N is not a dcpo, since N itself is a directed family without
a least upper bound. However, N, obtained by adjoining a new top element w to N, is a dcpo. Its
finite elements are the elements of N, and N,,, is algebraic.

Some dcpos fail to be algebraic, for example, the only finite element of [0, 1], with its natural
ordering, is 0. However, [0, 1] is continuous, in the following sense.

Define the way below relation < on a poset X by x < y iff, for every directed family (z;);¢;
that has a least upper bound z > y, then z; > x for some i € I already. So, in particular, the finite
elements are those that are way below themselves.

Note that x <« y implies x <y, and that ¥’ <x < y <y implies ¥’ < y'. However, < is not
reflexive or irreflexive in general. Write AE= {reX|IxeE x Ky}, JE= {reX|3IxeE y<x}

The poset X is continuous iff, for every x € X, $x is a directed family, and has x as least upper
bound. More finely, call a basis (not to be confused with the finite bases of upward-closed subsets
of wqos) any subset B of X such that any element x € X is the least upper bound of a directed
family of elements way below x in B. Then, X is continuous if and only if it has a basis, and in this
case X itself is the largest basis. On the other hand, every algebraic poset is continuous and has a
least basis, namely its set of finite elements.

An essential property of continuous posets is interpolation (Mislove 1998, Lemma 4.16): if
x <y, then x € z K y for some z € X. We may even choose z to be in any prescribed basis B.
For example, in [0, 1], x < y iff x < y or x =0, and we may choose B to be, say, the set of rational
points in [0, 1]. Interpolation fails in general, non-continuous posets, even non-continuous dcpos.

Any finite product of dcpos is a dcpo, where product is taken in the order-theoretic sense, that
is, with the product ordering. Then, any finite product of algebraic (resp., continuous) posets is
again algebraic (resp., continuous).

Given a poset X, which might fail to be a dcpo, there is a canonical way to obtain a comple-
tion, called the ideal completion I(X) of X. An ideal I of X is any downward-closed set that is also
directed. I(X) is defined as the poset of all ideals of X, ordered by inclusion. I(X) is then a dcpo,
where directed suprema are computed as unions, and X order-embeds into I(X) through the func-
tion n': X — I(X) that maps x to |, x. For example, I(N) consists of all the ideals | #, n € N, plus
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Order Topology
Upward-closed Open
Downward-closed Closed
Monotonic Continuous
wqo Noetherian
Ideal Irreducible closed

Ideal completion I(X)  Sobrification S(X)

Figure 1. Informal, order versus topology glossary.

a fresh element above all others, which we write w and, as an ideal, is just the whole of N. In this
sense, I(N) is the completion N,, we have already mentioned in the context of the Karp-Miller
algorithm.

I(X) is the free dcpo over X, meaning that for every monotonic map f from X to a dcpo Y
extends to a unique Scott-continuous map g from I(X) to Y - namely, f = g o ', see Goubault-
Larrecq (2013, Exercise 5.5.3, or comment pages 175-176). I(X) is also an algebraic dcpo
(Goubault-Larrecq 2013, Proposition 5.1.46), with the elements of X forming a basis.

3.3 Topology

A topology O on a set X is a collection of subsets (the opens) of X that is closed under arbitrary
unions and finite intersections. In particular, considering empty unions and empty intersections,
both ¥ and X itself are open. We say that X itself is a topological space, leaving O implicit. The
complements of opens are the closed sets. The largest open contained in A is its interior and the
smallest closed subset cI(A) containing it is its closure.

A famous topology in domain theory is the Scott topology on a poset X. Its opens, the Scott
opens, are all upward-closed subsets U such that every directed family (x;);c; that has a least upper
bound x in U intersects U, that is, x; € U for some i € I. In other words, the closed subsets of
the topology, namely the Scott closed subsets, are the downward-closed subsets F that are stable
under taking least upper bounds of directed families of elements of F. The non-empty Scott closed
subsets of [0, 1] are the intervals [0, t], 0 <t <1, and its Scott-open subsets are the half-open
intervals (¢, 1], 0 <t < 1, plus [0, 1] itself.

A topology is coarser than another iff it contains less opens. Conversely, a topology if finer than
another iff it contains more opens.

For example, consider the Alexandroff topology of a quasi-order X whose opens are all upward-
closed subsets. This is finer than the Scott topology and in general strictly finer: on [0, 1], [1/2, 1]
is Alexandroff open but not Scott-open. On N, the Scott and Alexandroff topologies agree, and the
non-empty opens are of the form 4 n, n € N. The discrete topology is the finest possible topology,
where all subsets are open. Note that this is also the Alexandroff topology of the equality ordering.

The Alexandroff topology converts a quasi-order into a topological space and suggests a glos-
sary of generalizations of order-theoretic notions as topological notions, see Figure 1. We have
just explained the first row: the upward-closed subsets of a quasi-order are the opens in the
Alexandroff topology. We shall explain the other rows below.

We shall write X, for X with its Scott topology, and X, for X with its Alexandroff topology. It
is easy to see that the downward-closed subsets of X are exactly the closed subsets of X,, and we
shall use this fact several times. This is the second row of Figure 1.

A map f from a topological space X to a topological space Y is continuous if and only if f =1 (V)
is open in X for every open subset V of Y. When both X and Y are posets equipped with the
Alexandroff topology, a map f: X — Y is continuous if and only if it is monotonic. This is the
third row of Figure 1. When X and Y are posets equipped with their Scott topology, then f is
continuous if and only if it is Scott-continuous.
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A homeomorphism is a topological isomorphism, that is, a continuous, bijective map whose
inverse is also continuous.

Given any collection C of subsets of a set X, there is a smallest (coarsest) topology containing all
elements of C. This is the topology generated by C, C is then called a subbase for the topology, and
the elements of C are subbasic opens. Their complements are the subbasic closed subsets. Any open
in the topology is then a (possibly infinite) union of finite intersections of subbasic opens. If any
open can be written as a union of elements of C, then one says that C is a base of the topology,
and the elements of C are basic opens. This occurs typically when C contains X and is closed under
binary intersections.

In a continuous poset, }x is Scott-open for all x, and every Scott-open set U is a union of such
sets, viz. U = |,y 1 (Abramsky and Jung 1994), that is , the subsets $x form a base of the Scott
topology. Note that the subsets 1 x form a base of the Alexandroff topology instead.

Every topology comes with a specialization quasi-ordering <, defined as x < y iff every open that
contains x also contains y; equivalently, iff x € cl{y}. It is easy to see that every open is upward-
closed with respect to <. The converse need not hold. A subset A of X is saturated iff A equals the
intersection of all opens U containing A, equivalently iff it is upward-closed with respect to <. The
specialization quasi-ordering of both the Scott and Alexandroff topologies of a poset X ordered
by < is < again.

In fact, the Alexandroff topology is the finest having this property. The coarsest is called the
upper topology; its opens are arbitrary unions of complements of sets of the form | E, E finite. And
the Scott topology is somewhere inbetween. The sets |, E, with E finite, will play an important role
and we call them the finitary closed subsets. These are closed in the upper, Scott, and Alexandroff
topologies.

Paralleling the notations Xy, X,, we write X,, for X with its upper topology.

A topological space X is Ty iff for any two distinct points x, y € X, there is an open subset
containing x but not y, or conversely. X is Ty if and only if its specialization quasi-ordering < is a
partial ordering, that is, x < y and y < x imply x = .

A subspace of a topological space X is a subset A of X with the so-called subspace topology,
whose opens are AN U, U open in X.

The product [[;c; X; of a family (X;);c; of topological spaces is the space of tuples X = (x;);c;
where each x; is in Xj, and with the product topology. The latter is the coarsest that makes the
projection maps 7;: X > x; continuous. In other words, the sets ni_l(U), i€, UopeninXj form
a subbase of the product topology. The binary product of X and Y is written X x Y, and the open
subsets of the product topology on the latter are the unions | J;.; Ui x Vj, where I is an arbitrary
index set, U; is open in X, and V; is openin Y.

A topological embedding f of X into Y is a map from X to Y that is a homeomorphism of X
onto the image f[X] = {f(x) | x € X} of f, seen as a subspace of Y. Equivalently, f is a topologi-
cal embedding if and only if it is injective, continuous, and almost open in the sense that every
open subset U of X is the inverse image f~!(V) of some open subset V of Y. A trivial example
is the canonical injection i: A — X of a subspace A of X into X. Up to homeomorphism, these
are the only topological embeddings: any topological embedding f: X — Y is by definition the
composition of the canonical injection of f[X] into Y with the homeomorphism f: X — f[X].

Given an equivalence relation = on a topological space X, we can form the quotient space
X/=. Its elements are the equivalence classes of elements of X modulo =. The map q: X — X/=
sending every element to its equivalence class is called the quotient map, and X/= is then given
the quotient topology, defined as the finest topology on X /= that makes q continuous. Explicitly,
the opens of the quotient topology are exactly the subsets V of X /= such that g~!(V) is open in X.

A crucial notion in topology is compactness. A subset K of X is compact ift every open cover
(Ui)je; (a family of opens U; whose union contains K) contains a finite subcover. Alternatively, K
is compact iff, for every directed family (U;);c; of opens (directed with respect to inclusion) such
that K C | J;; Ui, then K C Uj for some i € I already.
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A topological space X is Noetherian iff every open subset of X is compact (Grothendieck 1960,
chapitre 0, § 2). A less intimidating definition is that X is Noetherian if and only if its lattice of open
subsets has the ascending chain condition: every properly ascending chain Uy CU; C--- C U, C
of opens must be finite (Goubault-Larrecq 2013, Proposition 9.7.6).

There is a strong link between Noetherian spaces and wqos: a poset X is wqo if and only if X
is Noetherian in its Alexandroff topology (Goubault-Larrecq 2013, Proposition 9.7.17). So wqos
are a special case of Noetherian spaces, yielding the fourth row of Figure 1. But there are more
Noetherian spaces. We shall see a few of them in this paper, and we only mention two examples
for now.

One of the simplest examples, although somehow artificial, is N with the cofinite topology,
whose closed subsets are N plus all finite subsets of N. This is Noetherian, because every properly
descending chain of closed sets must be finite; by taking complements, every properly ascending
chain of open sets is finite. If that were a wqo with the Alexandroff topology of some quasi-
ordering, that quasi-ordering would have to be the specialization quasi-ordering of the space,
which is equality. However, equality on N is not wqo, since N itself is an infinite antichain. In
fact, the Alexandroff topology of = is the discrete topology, which is much finer than the cofinite
topology.

The primary example of a Noetherian space, CX with its Zariski topology (Goubault-Larrecq
2013, Exercise 9.7.53), is far from arising from a wqo as well: its specialization quasi-ordering is
equality = again, and the whole space is an infinite antichain. This is one of the ingredients used
in the study of the lossy concurrent polynomial games mentioned in the introduction.

3.4 Sobriety

For this section, we refer to Abramsky and Jung (1994, Section 7.2.1) or to Chapter 8 of Goubault-
Larrecq (2013).

A closed subset C of a topological space is irreducible if and only if C is non-empty, and when-
ever C C F; U F, with Fj, F, closed, then C C F; or C C F,. Equivalently, if C is included in a finite
union of closed subsets Fy, ..., F, (whatever n € N), then C C F; for some i, 1 <i<n.

The finitary closed subset | x = cl({x}) (x € X) is always irreducible. (When we write | x in a
topological space, this is relative to its specialization quasi-ordering.) A space X is sober iff every
irreducible closed subset C is the closure of a unique point, that is, C= | x for some unique x.
Every sober space is Ty, and every continuous dcpo is sober in its Scott topology, see Abramsky
and Jung (1994, Proposition 7.2.27) or Goubault-Larrecq (2013, Proposition 8.2.12 (b)).

Much as we could complete a poset X to a dcpo I(X), we can complete a topological space to
its sobrification S(X). The elements of S(X) are the irreducible closed subsets of X. Its opens are
the subsets of the form ¢U ={C e S(X) | CN U # ¥}, U open in X. (This is a topology, not just a
subbase.)

As an example, in a poset X with its Alexandroff topology, not only all sets of the form | x are
irreducible closed, but every ideal is irreducible closed, too. We let the reader check this, and also
that the converse holds: the ideals of a poset X are exactly the irreducible closed subsets of X, lead-
ing to the fifth row of Figure 1. This goes much further: by Hoffimann’s theorem (Hoffmann 1979b),
for a poset X, the sobrification S(X,) coincides with the ideal completion I(X) exactly (Goubault-
Larrecq 2013, Fact 8.2.49). This means that the points are the same, but also the topologies, that
is, the topology of S(X,) is the Scott topology of I(X). This justifies the sixth row of Figure 1.

S(X) is always sober, and the map n}?: x+> | x is a topological embedding of X inside S(X)
as soon as X is Ty, that is , up to isomorphism, any Ty space can be seen as a subspace of its
sobrification S(X), equating x € X with | x in S(X).

The sobrification S(X) of X can be thought of as X together with all missing limits from X.
Note in particular that a sober space is always a dcpo in its specialization ordering, see Abramsky
and Jung (1994, Proposition 7.2.13) or Goubault-Larrecq (2013, Corollary 8.2.23).
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A topological space X is Noetherian if and only if S(X) is Noetherian (Goubault-Larrecq 2013,
Lemma 9.7.9). This is clear from the fact that, up to natural order isomorphism, X and S(X)
have the same opens, see Gierz et al. (2003, Proposition V-4.7(i)) or Goubault-Larrecq (2013,
Lemma 8.2.26). Actually, S(X) is the free sober space above the topological space X, meaning
that every continuous map f from X to a sober space Y extends to a unique continuous map g
from S(X) to Y, in the sense that f =g o 77)‘%, see Gierz et al. (2003, Exercise V-4.9) or Goubault-
Larrecq (2013, Theorem 8.2.44). This is a form of extension by continuity theorem and is the
proper categorical way of saying that S(X) is X plus all missing limits.

S(X), as a space of specific closed subsets of X, embeds into the Hoare powerdomain Hy(X),
namely the space of all non-empty closed subsets of X. Let also Hy(X) | be the lifted Hoare pow-
erdomain of X, which one can see either as Hy(X) plus a fresh bottom element L added, or as the
set of all closed subsets of X, including the empty set. The topology of both Hy(X) and Hy(X) |
is the so-called lower Vietoris topology whose subbasic opens are QU = {F € Hy(X) | FN U # )},
U open in X. With this topology, S(X) can be considered a subspace of Hy(X) and the latter as a
subspace of Hy(X) . We use a slightly different symbol QU here, compared to the open subsets
oU of S(X): although they denote very similar sets (and oU = QU N S(X)), the sets QU only form
a subbase of the lower Vietoris topology on Hy(X) and Hy(X) 1, while the sets oU are exactly all
the open subsets of S(X).

Remarkably, Hy(X) and Hy(X)) are Noetherian for every Noetherian space X (Goubault-
Larrecq 2013, Exercise 9.7.14), even though their specialization quasi-ordering, which is inclusion,
is in general not wqo.

4. Completions of wqos

We have announced that the proper completion X of a wqo, or more generally of a Noetherian
space X, would be its ideal completion, or more generally its sobrification. Before we compute
finite representations, it is in order to vindicate this choice.

A rational way to define a completion is to state the properties we need for it first and then
derive what it should be. In our case, there are various properties we might want for a comple-
tion, depending on the point of view we take. In the conference version of this paper (Finkel and
Goubault-Larrecq 2009), we had explored several of these points of view.

Let us concentrate on just one: Geeraerts et al.’s axiomatization of so-called ADLs for well-
quasi-ordered sets X, used in their expand, enlarge, and check forward procedure (Geeraerts et al.
2006). We stress that this notion is independent of their algorithm, and of any particular algo-
rithm: adequate domains of limits are merely an axiomatization of some basic requirements on
the representability of downward-closed subsets. These requirements are also needed in our own
approach (Finkel and Goubault-Larrecq 2012).

An ADL (Geeraerts et al. 2006) for a well-ordered set X is a triple (L, <, y) where L is a set
disjoint from X (the set of limits); (L) the map y: LU X — P(X) is such that y (z) is downward-
closed for all ze LU X, and y(x) = | x x for all non-limit points x € X; (L,) there is a limit point
T € Lsuch that y(T)=X; (L3) forallz,z e LUX, z <7 ifand only if y (2) C y(2); and (L4) for
any downward-closed subset D of X, there is a finite subset E C L U X such that y(E) = D. Here
?(E) = UzeE y(2).

No explicit construction for such adequate domains of limits is given by Geeraerts et al., and
they have to be found by trial and error. Our first result, below, is that there is a unique least (weak)
ADL of X, and this is I(X) = S(X,) minus X. This not only gives a concrete construction of such
an ADL but also shows that we do not have much freedom in defining one: any other one must
contain S(X,).

The definition of ADLs above is slightly awkward. Let us simplify it.

Requirement (L) in Geeraerts et al. (2006) only serves to ensure that all closed subsets of L U X
can be represented as | ;y E for some finite subset E: the closed subset L U X itself is then exactly
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J1ux{T}. However, (Ly) is unnecessary for this, since L U X already equals | x E by (L3), where E
is the finite subset of L U X such that (E) = L U X as ensured by (L4). We will not need (L,) either
in our own subsequent work (Finkel and Goubault-Larrecq 2012) and shall call weak adequate
domain of limits (WADLs) any triple (L, <, y) satistying (L;), (L3), and (L4).

Even so, this definition remains awkward. First, the real space of interestisnot L,but Z =L U X;
L can always be recovered as Z \. X. Then y (z) should be downward-closed for every z € Z, that
is, it should be closed in X,;. The space of downward-closed subsets is the Hoare powerdomain
Hy(Xa)1. As a consequence, (L) can be expressed more succinctly by requiring that y be a
map from Z to Hy(X,)1, and that every subset of the form |y x, x € X, is obtained as y(x).
Requirement (L3) means that y is a quasi-order embedding. In other words, the elements z of
Z can be thought as syntax for particular elements y (z) of Hy(X,) 1, and we define < on syntax by
z 47 iff y(z) C y(2). So we may safely omit < from the definition and remove requirement (L3).

The only important requirement is (L4), which states that every downward-closed subset of X
should be describable as a finite union of representable subsets, that is, of elements of the form
y(2), z € Z. (L1) also requires all elements of the form | x x, x € X, to be representable. However,
this is a consequence of (L4): | x x is a finite union of representable subsets y (z1), ..., ¥ (z4); then
x € y(z;) for some i, 1 <i<n, from which we deduce that y(z;) = | x x.

We therefore arrive at the following definition.

Definition 4.1 (ADL, WADL). Let X be a quasi-ordered set. AWADL, on X is a pair (Z, y) of a set
Z and a map y: Z — Hy(X,) 1 (the representation map) such that every downward-closed subset
of X is a finite union of representables. A representable subset of X is by definition one of the form
y(2) for some z € Z.

(Z,y) is an ADL iff, additionally, the whole set X is representable.

In any case, the limit points of Z are those z € Z such that y (z) is not of the form | x x, x € X.

We check the formal relationship with Geeraerts et al.’s conditions. The easy proof is left to the
reader.

Lemma 4.2. Let X be a quasi-ordered set.

If (L, 9, y) satisfies (L), (L3), and (Ls), then (LU X, y) isa WADL.

If (L, 9, y) satisfies (L), (Lz), (Lz), and (Lg), then (LU X, y) is an ADL.

Conversely, if (Z, y) isa WADL (resp., ADL) on X, then (L, <, y’) satisfies (L), (resp., and (Lp)),
(Ls), and (Ly) where L is the set of limit points of Z, < is defined by z 1z’ iff y'(z) C y'(), and y’
is defined by y'(z) = y(2) ifz€ L, y'(x) = | x xifx € X.

Definition 4.1 displays a tension between mathematical practice and computer science needs.
That every downward-closed subset of X be a finite union of representables y(z;), ..., y(zn)
means that we can represent any downward-closed set by finitely many pieces of information z;,
..., zy. However, from a computer science perspective, we have not (yet) put any computability
conditions on WADL. We repair this now.

Definition 4.3 (Effective WADL). A WADL (Z, y) on X is an eftective WADL iff the relation <
on Z, defined by z <z’ iff y (z) C y(2'), is decidable.

This naturally assumes that Z is a domain of objects representable on a computer, for example, a
word, or a natural number.

From a mathematical standpoint, on the other hand, one usually reasons up to order quotients
and order isomorphisms. Then y and Z are useless in Definition 4.1, and the only relevant part of a
WADL is the collection of representable subsets, that is,a WADL is, up to these details, a collection
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of downward-closed subsets, the representable subsets, such that every downward-closed subset
is a finite union of representables.

We can then bound precisely all WADLSs between two well-known spaces of downward-closed
subsets (i.e., closed in X,).

Lemma 4.4. Let X be a poset and (Z, y) be a WADL on X. The set y [Z] of representable subsets is
such that:
S(Xa) CyI[Z] S Hu(Xa) L

Proof. We must show that S(X;) € y[Z], the other inclusion being by definition. Let C € S(X,),
that is, assume C is irreducible closed. C must be a finite union of representables | J!_, y (z;) by the
definition of WADLs. So C C y(z;) for some i, 1 <i < n, by irreducibility (and since each y (z;) is
closed in X,). It follows that C = y(z;), hence C € y [Z]. O

So, up to order quotients and order isomorphisms, there cannot be any WADL smaller than
the sobrification S(X,). We shall see later that the latter is effective in a large number of practical
cases.

Naturally, the statement of Lemma 4.4 does not require any topology. Purely order-
theoretically, Lemma 4.4 states that the collection of representable subsets must lie between the
collection of ideals (I(X) = S(X,)) and the collection of all downward-closed subsets (Hy(X,) 1 ).

The interest in using topology is in the proof of Lemma 4.4: the point is that the key notion
is irreducibility, a topological notion. In turn, these notions and proofs will generalize to the
topological, Noetherian case with no effort later.

When X is a wqo, the ideal completion I(X) = S(X,) is not just a lower bound below any
WADL, it is itself a WADL. This follows from the following more general topological statement.

Proposition 4.5. Let X be a Noetherian space. Then S(X) is the least collection C of closed subsets
of X such that every closed subset of X can be expressed as a finite union of elements of C.

Proof. First, if C is as above, then S(X) € C. The proof is as in Lemma 4.4, which is in fact a
topological proof: every element C of S(X,;) must be written as a finite union of elements of C, and
by irreducibility it must equal one of them.

Conversely, we need to show that every closed subset of X is a finite union of irreducible closed
subsets, provided that X is Noetherian. This is a well-known fundamental result and occurs as
part of Goubault-Larrecq (2013, Theorem 9.7.12). We give an elementary proof of it in Lemma 4.6
below, for the sake of completeness. O

Lemma 4.6. In a Noetherian space, every closed subset is a finite union of irreducibles.

Proof. By taking complements, in a Noetherian space X every properly descending chain Fy D
F12---2F,D--- ofclosed subsets must be finite, in other words Hy(X,), ordered by inclusion,
is well founded. Imagine there were a closed subset C that cannot be written as a finite union of
irreducibles. By well-foundedness, we can choose C minimal. C is not empty, since the empty set
can be written as a finite union of irreducibles, namely none. C cannot be irreducible either, so
there are two closed subsets F; and F, such that C C F; U F,, but C € F; and C £ F,. Because of
the latter, C N F; and C N F; are strictly smaller than C. By the minimality of C, CN F; and CN F,
can be written as finite unions of irreducibles, so C=(CN F;) U (CN F,) is also a finite union of
irreducibles: contradiction. O

As a special case, we obtain that every downward-closed subset of a wqo X is a finite union of
ideals. This can also be deduced from the observation by Erdés and Tarski (1943) that a poset has
no infinite antichain if and only if every downward-closed subset is a finite union of ideals.
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Remark 4.7. Generalizing the above cited result of Erdds and Tarski to the topological setting, we
have the following: a topological space has no infinite discrete subspace if and only if every closed
subset is a finite union of irreducibles (Goubault-Larrecq 2019).

Proposition 4.5, once toned down to wqos, translates to the following.

Corollary 4.8 (Least WADL). Let X be a wqo. The ideal completion I(X) = S(X,) is the least
WADL, in the sense that:

(1) for any WADL (Z, y) on X, every element of S(X,) is representable;
(2) (S8(X,), 1) is itself a WADL, where i is the canonical injection of S(X,) into Hy(Xg) 1.

In other words, up to the coding function y, there is a unique minimal WADL on any given
wqo X. We contend that S(X,) is, in all practical cases, the sole WADL worth considering and will
in particular be effective.

Our treatment so far uses topology for no particular good reason apart from mathematical
elegance. Our presentation, however, lends itself to the following natural topological extension of
WADLs. We have claimed that the additional generality obtained by shifting focus from wqos to
the larger class of Noetherian spaces was useful in Goubault-Larrecq (2010). Notably, the class
of polynomial concurrent programs introduced there is naturally seen as a topological WSTS,
that is, as a pair (X, —) where X is Noetherian space (instead of a wqo) and — is a lower semi-
continuous binary relation - this is the natural generalization of WSTS to a topological setting.
Using Noetherianness, and algorithms and proof arguments that are variants of WSTS arguments,
it was shown in that same paper that the reachability of sets of states defined by so-called forbidden
patterns is decidable for polynomial concurrent programs. Note that the latter are not WSTS. In
that context, studying topological WADLs instead of WADLSs is the logical next step.

Definition 4.9. Let X be a topological space. A topological WADL on X is a pair (Z, y) of a set Z
and a map y: Z — Hy(X) | (the representation map) such that every closed subset of X is a finite
union of representables. A representable subset of X is by definition one of the form y(z) for some
zelZ.

So WADLS are topological WADLSs, in the special case where X comes with the Alexandroft topol-
ogy of some quasi-ordering. We have just seen (Proposition 4.5) that, when X is Noetherian, S(X)
is the least topological WADL. We state it as follows.

Proposition 4.10 (Least topological WADL). Let X be a Noetherian space. The sobrification S(X)
is the least topological WADL, in the sense that:

(1) for any topological WADL (Z, y) on X, every element of S(X) is representable;
(2) (8(X), i) is itself a topological WADL, where i is the canonical injection of S(X) into Hy(X) ..

5. S-representations

We shall devote the rest of this paper to describe completions D = S(D) for those datatypes of
Figure 2. As we shall see, these datatypes include most of the datatypes encountered in the litera-
ture on WSTS (e.g., Petri nets and more generally counter machines, lossy channel systems, data
nets) and contain several new ones.

All the datatypes in this figure are Noetherian spaces, as can be gathered from Section 9.7
of Goubault-Larrecq (2013). We also state the relevant theorem is in each case. Stars indicate
constructs that, while preserving Noetherianness, do not preserve well-quasi-orderedness. What
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D= (finite poset; Theorem 5.3)
| N (natural numbers; Theorem 5.4)
| Dy xDyx---xD, (product; Theorem 5.5)
| Di+Dy+---+D, (coproduct; Theorem 5.6)
| S(D) (sobrification; Theorem 5.7) *
| P(D) (powerset; Theorem 5.11) *
| P*(D) (non-empty powerset; Theorem 5.11) *
| Hy(D) (Hoare powerdomain; Theorem 5.8) *
| Hy(D)y (lifted Hoare powerdomain; Theorem 5.8) *
| Spec(R) (spectrum of ring R; Proposition 6.1) *
| D* (finite words; Theorem 7.15)
| D¥® (finite multisets; Theorem 8.7)
| [>:,r:f D, (words, prefix; Theorem 9.10) *
| T(D) (finite trees; Theorem 11.36)

Figure 2. An algebra of Noetherian datatypes.

the values of these types are and what their topologies are (and associated specialization quasi-
orderings) will also be made precise in each corresponding section.

The completion process is modular: the completion Dofa type D, built from Dy, ..., Dy, will
be defined lasa function of Dl, .. D In each case, we shall show that if Dl, .. D are effective,
then so is D.

As a result, all the datatypes defined in Figure 2 will be effective. This is important:
Definition 4.3, applied to the WADL X=8 (X,) (when X is wqo), requires us to decide the order-
ing (i.e., inclusion) on S(X). We shall require — and obtain - more: we shall be able to compute
finite intersections of closed subsets (i.e., downward-closed subsets in wqos) as well.

We consider topological WADLs - for example, the starred rows in Figure 2 - for added gener-
ality, but also because the topological approach, relying on the notion of irreducibility, provides a
unifying perspective on the matter. This leads to the following notion of an effective, finite repres-
entation of irreducible closed subsets. The closed, not necessarily irreducible, subsets are all finite
unions of irreducibles (Lemma 4.6) and can therefore be represented as finite sets of codes. Below,
this is how we represent the closed sets X (item D) and [a]] N [&] (item E).

Definition 5.1 (S-representation). Let X be a topological space. An S-representation of X is a tuple
S [ <, T, A) where:

(A) Sis a recursively enumerable set of so-called codes (of irreducible closed subsets);

(B) [_] is a surjective map from S to S(X);

(C) <is a decidable relation such that, for all codes a, b € S, a < b iff [a] < [b];

(D) t is a finite subset of S, such that X =, [a];

(E) A isacomputable map from S x S to the collection Pf;,,(S) of finite subsets of S (and we write
a A b for A (a, b)) such that [a] N [b] = .canp [c]-

We call A the intersection map.

The idea is that codes represent irreducible closed subsets, through the semantic function [_], that
< implements inclusion, T denotes the whole set X, and A implements intersection.

We justify this now, in a more precise way. We represent closed subsets F through finite sets
{a1,...,am} of codes. The denotation of such a finite set is the union |J!”, [a;]. Since [_] is
surjective, and using Lemma 4.6, every closed subset of a Noetherian space X can be represented
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this way. This is in particular true for the whole set X (item D) and the intersection [a]] N [¢] in
item E.

While < allows us to test two (codes of) irreducible closed subsets for inclusion, one can extend
the inclusion test to arbitrary closed subsets: this is what we show now.

Lemma 5.2. Given irreducible closed subsets Cy, ..., Cy, C,, ..., C,, of a topological space X, the
following are equivalent:

— CQU---UCCSCU---UCy;
— {C1,...,Cu} S (C}, ..., C.), that is, for every i (1 <i<m), there is a j (1 <j<n) with
C;icC.
- ]

Proof. CiU---UC,, CSCyU---UC, if and only if for every i, C; is included in C{ U ---UC;,.
Since C; is irreducible, the latter is equivalent to the existence of j such that C; C CJ/-. O

In general, < is the Hoare quasi-ordering on subsets, also called the domination quasi-ordering:
A <’ B iff for every a € A, there is a b € B such that a <b. We will use <" for various quasi-
orderings < and will accordingly use the notations C” as above, or <I” later.

Given an S-representation, we can then test two closed sets for inclusion: given two finite sets
{a1,...,am} and {by, ..., by} of codes, | JI, [ai] is included in U}’zl [b;] iff for every i, there is
ajsuch that a; < b;.

Finite intersections are computable, too, using A: the intersection of two closed sets represented
by finite sets {a1, ..., an} and {by,.. ., bs} of codes is UL, [ai] NUL, [4] =U;; [ai] N [4]
and is therefore represented by the finite set _J; ; @ A bj. Finite unions are, of course, easily
computable as well.

Our purpose is to show that every space X that occurs as the space of values of some type D
in Figure 2 has an S-representation. In each case, we will actually define an S-representation of
D as a function of given S-representation of its constituent datatypes, and we shall use a uniform
presentation: each result will be given in the form of a proposition of the following shape.

“Proposition XXX (S-representation, datatype D) Let X; be Noetherian spaces, and (S;, [_];, <is
Ti, Ai) be an S-representation of D; for each i. Then (S, [_]", <, 7/, A’) is an S-representation of
D, where:

(A) Sis...

(B) [---] is defined as ...

(C) <’ isdefinedas...

(D) 7’ isdefined as ...

(E) A isdefinedbya A’V =...

We start with the easiest cases. The more difficult cases will be dealt with in separate sections.
Our first instance is trivial: in a finite quasi-ordered set A, irreducible closed subsets, that is, ideals,
are all of the form | x, x € A, so A = §(X,;) = I(X) is isomorphic to A.

Theorem 5.3 (S-representation, finite quasi-orders). Let A be any finite quasi-ordered set. An
S-representation of A is (S, [_], <, T, A) where:

(A) Sis A itself,

(B) [_] is the identity map,

(C) <is the given ordering on A,

(D) t is the set of maximal elements of A,

(E) a A bis the set of maximal lower bounds of a and b.
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All this is computable, by just maintaining all needed information in tables. As a particular case,
one finds the finite sefs: these are the posets whose ordering is equality. In particular, the above
provides an S-representation for finite sets Q of control states of various kinds of machines. In
this case, 7 = Q,a A b={a} if a=0b, and a A b = {J otherwise.

The next case is an easy exercise.

Theorem 5.4 (S-representation, N). An S-representation of N is (S, [_], <, T, A) where:

(A) S=N,,

(B) [_] mapsnto | nandwtoN,
(C) <is the usual ordering on N,
(D) T ={w},

(E) m An={min (m,n)}.

Theorem 5.5 (S-representation, products). Let X1, ..., X, be n Noetherian spaces, X =X x - - - X
Xy, and (S;, [_]; > i i, Ai) an S-representation of X; for each i, 1 <i<mn. Then (S, [_], <, 7, A) is
an S-representation of X, where:

(A) S=8; x -+ xS

(B) [(a1,...,an)] =[a1] x - - - x [an];

(C) (a1,...,a,) <(by,...,by)iffar <y byand... and a, <, by;
(D) t=11 X+ X Ty;

(E) (a1,...,an) A (b1,...,by) = (a1 A1 b1) X -+ X (ay Ay by).

Proof. The elements of S(X) are the products C; x - - - x C, of irreducible closed subsets C; of
X1, ..., Cy of X, (see Lemma A.2 in the Appendix), which justifies items A and B: we represent
Cy X - -+ x Cy as the n-tuple of codes for Ci, Cy, ..., Cy. The if direction of item C follows from
the fact that product is monotonic with respect to inclusion. Conversely, if [ [, [a:] < [T, [bi],
then [a;] € [b;] for every i: since [a;] is non-empty, we can pick an element x; from [a;j] for
every j # i; then, for every x € [a;], the tuple (x1, ..., Xi—1, X, Xit1,. .., X,) is in [[1_; [a:], hence
in [T, [bi], showing that x is in [b;]. Items D and E are clear. O

So, for example, an S-representation for Nk, the datatype of configurations of Petri nets,
and more generally, of counter machines, is as expected: S = N’Lf), (my,...,mg) <(ny,...,ng) iff
m; <njforeveryi,1 <i<kt={(w,...,w)},and (my,...,m) A (n1,...,n;) ={min (m, ny),

.., min (my, ng))}.

Theorem 5.6 (S-representation, coproducts). Let Xy, ..., X, be n Noetherian spaces, and X =
Xy + -+ Xp. Then S(X) is homeomorphic to S(X;) + - - - + S(X,).

Let (S;, [_]l; » <i> Ti» Ai) be an S-representation of X; for each i, 1 <i<mn. Then (S, [_], <, T, A) is
an S-representation of X = Xj + - - - + X,,, where:

(A) S={(i,a)|1<i<nacS}

(B) [(i,a)] = [al; (up to the homeomorphism between S(X) and S(X1) + - - - + S(X,));
(C) (1,a) 2@, b)iffi=janda <; b;

(D) T =L i) x T

(E) G,a) A(j,b)=0ifi#j, (i,a) A (i,b) ={(i,¢) | c€ a A; b}.

Proof. For the first part, see Goubault-Larrecq (2013, Fact 8.4.3), which states that S commutes
with coproducts (in fact with all colimits, since S is a left adjoint). The rest is clear. ]

https://doi.org/10.1017/50960129520000195 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129520000195

Mathematical Structures in Computer Science 767

A trivial case of S-representation is provided by sobrifications themselves, because S(S(X)) is
canonically isomorphic to S(X). Indeed, Y = S(X) is sober, and for every sober space Y, 778 is
an isomorphism between Y and S(Y) (Goubault-Larrecq 2013, Fact 8.2.5). It follows that any S-
representation (S, [_], <, 7, A) for X yields an S-representation for S(X) with the same set S of
codes and the same operations <, 7, and A, namely (S, r])‘? o], <, 1, A):

Theorem 5.7 (S-representation, sobrifications). Let X be a Noetherian space, and X' = S(X). Let
(S, [_], <, 7, A) be an S-representation of X. Then (S, [_]", <, ', \) is an S-representation of X'
where:

(A) §'=S;

(B) foreveryaes, [a] = |y [a];

(C) a<' biffa<b;

(D) v/ =1;

(E) aN'b=aAnb.

Let us deal with the Hoare powerdomain Hy(X) of X and its lifted version.

Theorem 5.8 (S-representation, Hoare powerdomains). Let X be a Noetherian space, and
X' =Hy(X) ) (resp., X' =Hy(X)). Let (S, [_], <, 7, A) be an S-representation of X. Then (S,[_]’,
<, v/, N') is an S-representation of X' where:

(A) S =Pg,(S) (resp., ' = IF’;;n(S));

(B) foreverya €8, [a'] = | x{Upew [al}i

(C) a <V iff d <PV, where a <PV iff for every a€ d, there is a be b such that a<1b
(compare Lemma 5.2);

(D) ' ={t}

(E) anNb = {Uaea’,beb’ ((}l A b)}

Proof. By Lemma 4.6, every element F of Hy(X), is a finite union of irreducible closed sub-
sets, which are each of the form [a] with a € S by assumption, since [_] is surjective. So [_]’ is
surjective.

Next,a’ <" iff [a'] € [b'], iff U ep [a] € Upey [b], iff @’ <° ¥/, by Lemma 5.2.

We must check that X' = [@']. The right-hand side is [t]" = |y {U,.e, [a]} =
LX) =X

Finally, let us compute [a']" N [&']". Thisis | x/{U,cr [a]} N L xAUper [01} = 4 x{U e [a] N
Ubeb’ [[b]]} = l«X/{Uuea’,beb’([[a]] n [[b]])} = \LX’{Uaeu’,heh’Ucea/\h [[Cﬂ} = \LX/{UCGUaea/,beb/ (anb) [[Cﬂ}

= [[Uaea’,beb’ (a A b)]]/ O

Let P*(X) be the set of non-empty subsets of X. We topologize X’ = P(X) (resp., X' = P*(X)) by
the lower Vietoris topology, generated by the subbasic opens QU ={A € X' | AN U # @}, where
U ranges over the open subsets of X. (Although there is a risk of confusion with the lower Vietoris
topology on Hy(X) | , we shall see that the two are strongly tied.)

It is worth to point out that A is below B in the specialization quasi-ordering of those spaces if
and only if cI(A) C cl(B). This is well known and appears for example as part of Proposition 7.3 of
Goubault-Larrecq (2007). We include the proof for completeness.

aet’

Lemma 5.9. The specialization quasi-ordering of P(X), resp. P*(X), is inclusion of closures.
Proof. Let us temporarily write < for that specialization quasi-ordering.

If A < Bin P(X) (resp., P*(X)), then consider the (open) complement U of cI(B). Since A < B,
if A€ QU then B € QU. However, B does not intersect U, since U is the complement of cl/(B), so
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Bis notin QU. It follows that A is not in QU either. This means that A does not intersect U, and
therefore that it is included in its complement, cl(B). Since cl(B) is closed, contains A, and cl(A) is
by definition the smallest closed subset of X containing A, cl(A) is included in cI(B).

In the converse direction, we use the standard fact that, for an open subset U of X, cl(A) inter-
sects U if and only if A intersects U. Let us assume that c/(A) C cI(B). Let U = ¢, ﬂje i OUj
(where each J; is finite) be any open subset of P(X) (resp., P*(X)) containing A. Then, for some
i€, A intersects Uj; for every j € J;. The larger set c/(B) must then intersect each Uj; as well.

Hence, (see standard fact) B also intersects each Uj;. It follows that B is in ¢/. Since U is arbitrary,
A =<B. O

When X is equipped with the Alexandroft topology of a quasi-ordering <, c/(A) =] A and
cl(B) = B, and therefore the specialization quasi-ordering of P(X) and P*(X) is the familiar
Hoare quasi-ordering <” in that case.

Even when < is wqo, <" fails to be wqo in general. However, P(X) and P*(X) are Noetherian
for X Noetherian, as first remarked in Goubault-Larrecq (2007). This stems from the following
result, and the fact that sobrifications of Noetherian spaces are Noetherian.

Lemma 5.10. For a topological space X, Hy(X) 1 is the sobrification of P(X), and Hy(X) is the
sobrification of P*(X), up to homeomorphism.

Proof. We deal with the first claim, by exhibiting a homeomorphism [J between Hy(X); and
S(P(X)). To distinguish closure in X and closure in IP(X), let us write clx for the former and clp(x)
for the latter.

For every closed subset C of X, clp(x)({C}) is the closure of the point C in P(X), and that is
equal to the downward closure of {C} with respect to the specialization quasi-ordering of P(X). By
Lemma 5.9, this is the set of subsets A of X such that clx(A) C clx(C). Since clx(C) = C, and since
clx(A) € Cis equivalent to A C C (since C is closed in X), clp(x)(C) is therefore just the set [JC of
subsets of C.

The notation UC is justified by the fact that it is the complement of QU where U is the com-
plement of C. (Admittedly, we could also have written it as | C.) Since [IC is equal to clp(x)({C}),
it is in particular irreducible closed. This defines a map [: Hy(X) | — S(P(X)).

Conversely, let Z be an irreducible closed subset of P(X). As a closed set, we can write it as
Nier Ujej, DCij» where each Jj is finite and each Cj; is closed. For each i € I, T <  J;¢;, LG, and
since 7 is irreducible, there is a j; € J; such that Z C [ICy;,. Therefore Z C (;.; JC;;, and as the
right-hand side is clearly included in Z, this inequality is in fact an equality. It is easy to see that
0 commutes with arbitrary intersections. As a consequence, Z is of the form JC, where C=
Micr Ciji- It follows that [J is surjective.

Note furthermore that C is unique: if Z = [IC, then C is necessarily the largest closed set that is
an element of 7. Hence, the map [1: Hy(X) — S(IP(X)) is bijective.

To show that a map is continuous, it is enough to show that the inverse image of a subbasic
open is open. A subbase of opens of S(P(X)) consists of the sets of the form ¢QU, U open in X,
because the outer ¢ commutes with all unions and finite intersections. (Both ¢ and ) commute
with unions; we let the reader check that the outer ¢ also commutes with finite intersections, as a
consequence of irreducibility.)

To show that [J is continuous, it therefore suffices to show that O~ (o U) is open for every
open subset U of X. For every C in Hy(X) 1, C € 7! (¢QU) if and only if (IC intersects O U, if and
only if some closed subset C’ of C intersects U, if and only if C itself intersects U. So O~ Ye0U) =
QU, showing that [ is continuous.
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Conversely, the inverse image of (U by the inverse map (1! is ©Q U, showing that (171, too,
is continuous. Therefore [J is a homeomorphism. O

This not only shows that P(X) and P*(X) are Noetherian for X Noetherian, but also that they
have the same sobrifications as Hy(X) and Hy(X), respectively, hence can be given the same
S-representations:

Theorem 5.11 (S-representation, powersets). Let X be a Noetherian space, and X' = P(X) (resp.,
X' =P*(X)). Let (S,[_], <, 7, A) be an S-representation of X. Then, (S,[_],<',t/,N) is an
S-representation of X' where:

(A) §' =Pg,(S) (resp., ' = IPJ’,;n(S));

(B) foreverya €, [a] = | x{Uuex [al}:

(C) a/ ﬂ/ b/ lffa/ S]b b/,'

(D) v’ ={z};

(E) a NV ={U e per (@anb)}.

6. Completing Ring Ideals

The primary example of Noetherian spaces, historically, are the spectra of Noetherian rings.
Mentioning them is therefore mandatory. The non-algebraically inclined reader is invited to
proceed to finite words (Section 7).

Let R be a commutative ring (with unit). Recall that an ideal I is any additive subgroup of R such
that for any r € I, v’ € R, the product rr’ is in I. A prime ideal p is an ideal that does not contain
the multiplicative unit 1 of R (equivalently, which is different from the whole of R), and such that
whenever 7’ € p, then r or ' is in p. The spectrum Spec(R) of R is the set of all prime ideals of R. It
is equipped with the Zariski topology, whose closed subsets are F; = {p € Spec(R) | I C p}, where I
ranges over the ideals of R.

Union and intersection is computed on such sets by F; N\ Fy = Fr,p,where [+ ' ={r 41" |r e
I, T'/ € I/}, and F[ U FI/ = FIﬂI’-

A ring R is Noetherian ift every C-increasing sequence of ideals [y CI; C---CI, C--- in
R is stationary: for some n e N, all the ideals I, I,;+1, ..., are equal. For example, the ring
K[Xj, ..., Xk] of all polynomials over the variables X3, ..., Xj with coefficients in K is Noetherian
for any field K, in fact even for any Noetherian ring K. For any Noetherian ring R, Spec(R)
is a Noetherian topological space (Grothendieck 1960, corollaire 1.1.6, p. 81). The specializa-
tion ordering of Spec(R) is reverse inclusion 2 (Grothendieck 1960, corollaire 1.1.7, p.81). By
Grothendieck (1960, proposition 1.1.10, (i), p. 82), the sets Spec(R) \ | (r) form a base of the
Zariski topology, where (r) is the (prime) ideal generated by r € R, so that | (r)={p|p2 (1)} =
{p | r € p}. In particular, the Zariski topology coincides with the upper topology of 2 (even when
R is not Noetherian).

There are in general several ideals I that yield the same closed set Fj. In fact, two ideals yield
the same closed set if and only if they have the same radical; the radical /1 is defined as {reR|
Jk>1,r%el).

Whatever the ring R, Spec(R) is always sober (Grothendieck 1960, corollaire 1.1.14, (ii), p. 82).
It follows that its irreducible closed subsets are exactly its subsets of the form F,, p a prime ideal,
which are exactly the downward closure (with respect to 2) of p. When Spec(R) is also Noetherian,
it follows from Lemma 4.6 that every closed subset Fj of Spec(R) is a finite union of irreducible
closed subsets Fy, U - - - U F), . Since the latter is equal to Fy,n...np, V1= /p1 - pp, and the
latter equals p; N - - - N p;, since radical commutes with intersections and since ,/p = p for every
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prime ideal p. So, every radical ideal I in a Noetherian ring is the intersection of finitely many
prime ideals: this is Kaplansky’s theorem (Faith 1999, Theorem 14.34). Applying this to the closed
subset Fj, N Fy, where p and p’ are prime ideals, we obtain that F, N Fy = Fj,y is a finite union
of irreducible closed subsets Fy, U - - - UF,, by Lemma 4.6. So /p +p’=p1 N --- N p,. Applying
this to the whole space Spec(R) = F{g}, we obtain that /{0} = {0} = p; N - - - N p,, for finitely many
prime ideals p1, ..., pu.

We therefore obtain an S-representation for Spec(R), with enough computability assump-
tions on the ring R. The following proposition is almost vacuous and only reflects our needs for
S-representations at the level of rings.

Proposition 6.1 (Spec(R)). Let R be a Noetherian ring and assume that the set Spec(R) of prime
ideals of R is recursively enumerable that the relation < defined by p Qp" iff F, C Fy iff /p 2
/P’ is decidable, and that given p,p’ € Spec(R) one can compute a finite set p A p' of elements
P1>- - ->Pn € Spec(R) such that \/p+p' =p1N---Npy. Let also T be a finite set of prime ideals
whose intersection is {0}.

Then (Spec(R), idspec(r), <, T, A) is an S-representation of Spec(R).

An important special case is given by taking the polynomial ring K[X,...,X;] for R,
where K is a Noetherian ring. For the purpose of computability, we shall even concentrate on
QI[X1,. .., Xg]. The latter is an interesting space as far as verification of so-called polynomial
programs is concerned (Miiller-Olm and Seidl 2002): such programs have k rational-valued vari-
ables, and the only allowed operations are 4+, —, x, assigning an arbitrary value to a variable
non-deterministically, and testing for non-equality. The natural state space for such programs is
Q*. However, Q% embeds into Spec(Q[X1, . . ., Xi]), by mapping every tuple (vi, . .., vg) of val-
ues to the prime ideal generated by the polynomials X; — v1, ..., X — . While Miiller-Olm and
Seidl computed with polynomial ideals directly (Miiller-Olm and Seidl 2002), one can alterna-
tively notice that polynomial programs form a topological WSTS, where the state space Q has
the subspace topology from Spec(Q[Xj, . . ., Xi]) (Goubault-Larrecq 2010).!

To satisty the requirements of Proposition 6.1 for Spec(Q[Xj, . .., X]), we represent poly-
nomial ideals using Grobner bases (Buchberger and Loos 1983, Section 11), which are certain
finite sets of polynomials u={Py,...,P,} representing the ideal (u) ={QiP; + -+ QuPy, |
Q1,...,Q, €Q[Xy,...,Xk]}. Given a Grobner basis u, one can decide whether () is a prime
ideal: see Adams and Loustaunau (1994, Algorithm 4.4.1, p. 244) or Grieco and Zucchetti (1989,
Section 5, end). So the set S of all Grobner bases u such that (1) is prime is recursively enumerable.

We can now define [u] as F).

Given two Grobner bases u and v, it is easy to check whether (1) O (v). It suffices to check
whether P € (u) for every P € v, and this proceeds using the polynomials of u as rewriting rules
and checking whether P rewrites to 0 (Buchberger and Loos 1983, Section 11). However, one needs
to decide whether /(1) 2 +/(v), equivalently, /() 2 (v), that is, to decide whether P € /() for
every P € v. The easiest way to decide this is to use the Rabinowitch trick (Rabinowitch 1929):
Pe/(u)iff1 € (uU {1 — YP}), where Y is a fresh variable.

It is clear that one can take T = {{0}}, the ideal generated by 0, or equivalently by the empty
family of polynomials, since {0} is a prime ideal in Q[X, . .., Xi], and in fact the minimal prime
ideal, so Fy) is the unique largest element of Spec(Q[Xj, . . ., X]).

The really tricky part is in defining the intersection map A, that is, to give an effective version
of Kaplansky’s theorem. The algorithms that allow us to do this are too complicated to even give a
glimpse of here. One may consult Laplagne (2006).

Theorem 6.2 (S-representation, spectrum of a polynomial ring). An S-representation
S [ S, 7, A) of Spec(QIXy, . . ., Xi]) in its Zariski topology is given by:
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(A) S is the collection of Grébner bases u on Q[X1, . . ., Xy] such that (u) is a prime ideal.

(B) [u] = F.

(C) u<viffl e (wU {1l — YP}), where Y is a fresh variable, for every P € v.

(D) T={{0}}.

(E) uAv is a finite collection of Grobner bases uy, ..., u, such that (uy), ..., (u,) are prime
ideals and Ju+v=(u1) N - - - N (u,), computed by Laplagne’s algorithm (Laplagne 2006).

An alternative S-representation of Spec(R) is given using for S the set of all those finite sets u of
polynomials such that (u) is a primary ideal, instead of a prime ideal. A primary ideal p is such that
whenever rr’ is in p, then r € p or some power of 7’ is in p. Every prime ideal is primary, but the
converse fails. The radical ,/p of a primary ideal is always prime. Given a set u of polynomials, one
can decide whether (1) is primary (Grieco and Zucchetti 1989, Theorem 3.2), and in fact one can
compute a Grobner basis for /(1) in this case. So S is again, in particular, recursively enumerable.
We define again [u] as F,). Since F,) = F No) and +/(u) is prime, F(y) is certainly an irreducible
closed subset. Next, < and 7 are defined as above, while A is now based on a computable vari-
ant of the Lasker-Noether theorem, instead of Kaplansky’s theorem. This states that every ideal I
in a Noetherian ring R can be written as the intersection of finitely many primary ideals. When
R=QIXj,...,Xg], then one can even compute a finite collection of Grobner bases wy, ..., wy,
such that (u +v) = (w1) N - - - N (wp) and (w1), ..., (Wy,) are primary ideals, see Sturmfels (2002,
Chapter 5). Now given u,v €S, [u] N [v] = Fw) N F) = Fu+v) = F sz7)- One can compute a

finite collection of Grobner bases wy, ..., wi such that /(u+v)=+/(w;)N---N/(w) and
(w1), ..., (wg) are primary ideals. Then, [u] N [v] =F mmU---U Fm =Fu)U---UFy,y =

Uf;l [wi]: define u A vas {wy, ..., wg}.
To sum up

Theorem 6.3 (S-representation, spectrum of a polynomial ring, alternate). An S-representation
S [_] <, T, A) of Spec(QIXy, . . ., Xi]) in its Zariski topology is given by:

(A) Sis the collection of Grébner bases u on Q[X1, . . ., Xy] such that (u) is a primary ideal.

(B) [u] = F).

(C) uviffl e (wU {1l — YP}), where Y is a fresh variable, for every P € v.

(D) t ={1}.

(E) u A v is a finite collection of Grébner bases uy, ..., u, such that (1), ..., (u,) are primary
ideals and Ju +v = (u1) N - - - N (u,), computed as in Sturmfels (2002, Chapter 5).

We finish this section by mentioning an issue with our polynomial program example. We really
think of the state space as QK, not the larger space Spec(Q[Xj, . .., Xk]). To make things formal,
this means equipping Q with the subspace topology, whose closed subsets are exactly those sets
of the form Z(u) = {x € Q% | VP € u, P(X) = 0}, for u an ideal in Q[X, ..., X}]. That topology
is usually called the Zariski topology on Q¥ and makes polynomial programs topological WSTS.
Whether we use QF or Spec(Q[Xj, . .., Xk]) is of little consequence if we use the backward algo-
rithm mentioned in the introduction, because the only thing it cares about is open subsets, which
can be encoded as complements of sets Z(u), namely as ideals u.

The situation is different with S-representations, since S-representations do not encode closed
sets, but irreducible closed subsets, and Spec(Q[Xj, ..., X]) contains many more irreducible
closed subsets than Q. This boils down to the fact that we do not know an S-representation
for QF with its Zariski topology: the situation for the apparently more complex space
Spec(Q[Xj, . . ., Xg]) is simpler.

The situation is the following: we have two spaces X = QFand Y= Spec(Q[X, ..., Xk]), and
X is a subspace of Y; we know of an S-representation for Y, can we infer one for X?
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Proposition 6.4. Let X be a subspace of a topological space Y. Then, S(X) embeds into S(Y), that
is, every irreducible closed subset of X can be equated, in a canonical way, with some irreducible
closed subset of Y.

Proof. Let m: X — Y be the inclusion map. Then, S(m) is a topological embedding (Goubault-
Larrecq 2013, Lemma 8.4.11). In other words, every irreducible closed subset C of X can be
equated with S(m)(C), namely the closure of C in Y, and that is irreducible closed in Y. O

In our case, this means that an S-representation for Q consists in a subset of either set of codes
considered in Proposition 6.2 or in Proposition 6.3. Characterizing those codes remains to be
elucidated.

7. Completing Words

If X is a wqo, then X* is a wqo again under the embedding quasi-ordering by Higman’s Lemma.
This is often used when X is a finite alphabet X, with equality as quasi-ordering, but more general
wqos are sometimes needed. For instance, Abdulla et al. (2004b) need to use X* where X = £®,
the set of finite multisets on a finite alphabet X. (We will deal with multisets in Section 8.) In that
case, X itself is infinite. That paper is also one where a suitable theory of downward-closed subsets
was first developed, on (£®)*, and our constructions will generalize theirs. Data nets (Lazi¢ et al.
2008) are transition systems on a state space of the form X* with X = N, for some k € N, and
again X is infinite in this case. More recently, Leroux and Schmitz have analyzed the question of
reachability in Petri nets (Leroux and Schmitz 2015) and required to work on ideals in the space
of runs of Petri nets, which is a subspace of (Nk)*.

We work at the more general level of Noetherian spaces. In that context, the analog of
Higman’s Lemma reads: for every Noetherian space X, the set X* of finite words over X taken
as alphabet is Noetherian again, with the so-called word topology (Goubault-Larrecq 2013,
Theorem 9.7.33). (The converse also holds.) The latter topology is generated by basic open sub-
sets X* U1 X*Up X* - - - X*U,X*, where n € N and Uy, ..., U, are open subsets of X. We write AB
for the sets of concatenations ww' of words w € A and w' € B and equate subsets of X such as U;
with the set of one-letter words whose letter is in U;. So X*U; X*U,X* - - - X*U,X* is the (open)
subset of words containing a not necessarily contiguous word aa; - - - a, with a; € Uy, a; € U,
...» Ay € Uy,. We stress that such subsets form a base, not just a subbase:

Lemma 7.1. Let X be a topological space. Call elementary open of X* any subset of the form X*U,
X*UpX* - - - X*U,X*, with all U; open in X. Every finite intersection of elementary opens can be
expressed as a finite union of elementary opens. In particular, the elementary opens form a base of
the word topology.

Proof. This is Exercise 9.7.28 of Goubault-Larrecq (2013). An empty intersection is just X*,
and the intersection of X*U1 X*U,X* ... X*U,X* and X*V 1 X*V,X* ... X*V,X* is computed
by induction on m + n using the auxiliary formulae X*NV =V, UNX*=U, and X* U/ N
X*Viy=X*UyUNX*VIV)UX*ViX*UiUNV)UX(U N V)UNY). O

If < is the specialization quasi-ordering of X, then the specialization quasi-ordering of X* is
the standard embedding quasi-ordering <*, a.k.a. Higman’s divisibility quasi-ordering (Higman
1952): w <* w' iff, writing w as the sequence of m letters aja; - - - a,,, one can write w’ as woa) wy
aywy - - W_1a,,w,, with ay <aj,a <a, ..., a, < a,,. Higman’s Lemma states that if X is well-
quasi-ordered by <, then X* is well-quasi-ordered by <* (Higman 1952). The fact that X* is
Noetherian if and only if X is Noetherian is a natural generalization of Higman’s Lemma: the
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latter can be obtained as a special case by considering Alexandroff topologies (Goubault-Larrecq
2013, Exercise 9.7.34).

The completion S(X*) is well known in case X is wqo. As mentioned in the introduction, this
is due to Kabil and Pouzet (1992). Kabil and Pouzet also look at the (ideal) completion of spaces
of finite words over more general ordered sets X. We explore another direction, that where X
is Noetherian. This will include the result by Kabil and Pouzet in the wqo case as a by-product.
Additionally, we give a simple, dynamic programming algorithm for deciding inclusion between
irreducible closed subsets, and computing intersections, retrieving formulae that were known in
the case where X is finite (Abdulla et al. 1998).

To study the completion S(X*), we start by examining the shape of closed subsets of X*. For
any subset A of X, let A* denote the set of all words aja; - - - a, with aj,a;,...,a, €A, neN
(n is possibly equal to 0). Let A® be A U {¢}. We delegate the proof of the following Lemma to
Appendix B, and similarly for a certain number of other results of this section. Our aim is to avoid
disrupting the flow of arguments and to proceed as fast as we can to the final result.

Lemma 7.2. Let X be a topological space. The complement of X* U1 X* U, X* - - - X*U,X* (neN,
Ui, Ua, ..., Uy openin X) in X* is ) when n=0, and F’I*X?FgX? . ~X?F271X?F,’1k otherwise, where
Fi=X~Uy,...,.F,=X\U,.

If X is Noetherian, then this complement can be expressed as a finite union of sets of the form
FTC;F;‘C; . C?n_lF:, where Cy, Cy, ..., Cy—1 range over irreducible closed subsets of X.

Definition 7.3 (Word-product, word-SRE). Let X be a topological space. Call a word-product P
on X any expression of the form eye; - - - e,, where n > 0, and each e; is an atomic expression, that
is, either F} with F; closed in X, or F: with F; irreducible closed in X. The components of P are the
closed sets Fy, ..., F,. Word-products are interpreted as the obvious subsets of X*. When n =0, this
notation is abbreviated as € and denotes the one-element set {¢}.

Call word-SRE any finite sum of word-products, where sum is interpreted as union.

There is no harm in requiring F; non-empty in addition, in atomic expressions F;: indeed
@* = {e}, so such atomic expressions can simply be erased.

This definition is inspired from the products and SREs of Abdulla et al. (2004a). Indeed, we
get back the latter from Definition 7.3 in the case where X is a finite alphabet ¥, with the discrete
topology (hence its specialization quasi-ordering is =). Then each closed subset F; is just a finite
subset, and each irreducible closed subset C; is just a singleton.

Lemma 7.4. Let X be a topological space. For every closed subset F of X, for every closed subset F
of X*, F' F is closed in X*.

Lemma 7.5. Let X be a topological space. For every closed subset F of X, for every closed subset F
of X*, F*F is closed in X*.

Corollary 7.6. Let X be a topological space. For every word-product, every word-SRE is closed in X*.
We can in fact say more:

Lemma 7.7. Let X be a topological space. Every word-product is irreducible closed in X*.

It is instructive to see how X* embeds in its completion S(X). Recall that the topological closure
n)‘?(x) of a point x € X is also its downward closure | x, for the specialization quasi-ordering of X.
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Lemma 7.8 (Embedding). Let X be a topological space. The closure 773?* (x1x2 - + - %) of the word
X1%) - - - X in X* is the word-product n;?(xl)?n)‘?(xz)? cee n)‘?(xn)?.

Proof. The latter is easily seen to be the downward closure of x1x; - - - x,, with respect to <*, which
is the specialization quasi-ordering of X*. O

We shall see that the converse of Lemma 7.7 holds the irreducible closed subsets of X*, that is,
the elements of S(X*) are exactly the word-products when X is Noetherian. The following lemmas
will serve to show this, as well as to give some ways of computing on word-products. We do not
make an explicit distinction between syntax and semantics, on purpose, so as to avoid excessively
formal notation.

Lemma 7.9. Let X be a topological space. Inclusion between word-products can be checked in poly-
nomial time (precisely in time proportional to the product of the lengths of the two word-products),
modulo an oracle testing inclusion of closed subsets of X.

Explicitly, we have € C P for any word-product P, P £ € unless all the atomic expressions in P are
syntactically equal to ¥, and for all C, C' € S(X), for all F, F' € Hy(X), and for all word-products
P, P:

— Cc'pccip ifand onlyif CC C' and PC P, or CZ C and c'pcpPp.

— C'PCF*P ifandonlyif CCF and PC F*P',or CZ F and C'PC P..

— F*PC C*P ifand only if F is empty and P € C'*P', or F is non-empty and F*P C P’
— F*PCF*Pifand onlyif FCF and PC F*P,or FZ F and F*'P C P'.

The above formulae lend themselves immediately to a dynamic programming algorithm, mod-
ulo an oracle O testing inclusion of closed subsets of X. Assume that we wish to test whether
PC P, where P=eje;---ey and P =eje; - - - e,. We create an (m+1) x (n+ 1) array A=
(aij)OsiSm,Osjsn‘ At the end of the algorithm, a;; will be true if and only if e 1 - - - e C €41 - - - €n.
We initialize A by letting a,,; be true for every j, 0 <j < n. For every i, 0 <i < m, we set aj, to
false, unless et 1, ..., e, are all equal to ¥*, in which case a;, is set to true; explicitly, we initialize
a flag b to true, and enumerating i from m — 1 to 0, we do the following: if e;1; is not of the form
F*, or is of the form F* with F  {) (which we can decide using the oracle O), then set b to false,
otherwise leave b unchanged, then set a;, to b. This completes the initialization phase. Then, using
two nested loops on i and j, one enumerating i from m — 1 to 0, the other one enumerating j from
n —1to 0 (for each value of ), we set a;; to true if and only if:

— ey is of the form c, ej+1 is of the form o ?, and either C € C’ (which we decide using the
oracle O) and a(;41)(j+1) is true, or C Z C and aj(j+1) is true;

— oreiy is of the form C', ej11 is of the form F'*, and either C C F' and a(j1); is trueor C Z F/
and aj(j1 1) is true;

— or e;y is of the form F¥, ej; is of the form C’ !, and either F is empty (which we decide
using O on F and @, as in the second part of the initialization phase) and a(;); is true, or F
is non-empty and a;(j1 1) is true;

— or ey is of the form F*, ej1 is of the form F”*, and either F C F' and agiy1)j is true, or
F & F'and aj(j1 1) is true.

Otherwise, we set a;; to false. At the end of the nested loops, we return ag, which is true if
and only if PC P'. Alternatively to dynamic programming, we may use a directed recursive
implementation, with memoization (Michie 1968).

We can rephrase the equations of Lemma 7.9 in the slightly more synthetic, following form.
This happens to be the inclusion of products as specified in Abdulla et al. (2004a), in the case
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where X is a finite set. The fourth case is not needed if we first remove all atomic expressions ¢J*.
We will refer to this specific formulation in the proof of Lemma 11.22, and in Definition 11.31.

Lemma 7.10. Let X be a topological space. Given two atomic expressions e, and €}, and two word-
products Py and P\, letting P = e, Py and P’ = €| P}, then P C P' if and only if:

(1) e1 Z € cmdPQP/l?,

(2) ore; =C°, ey=C"',CcC and P, CP|,

(3) ore}, =F" eiC ¢} and P, C P,

(4) orey =W* and Py C P

The relation = on atomic expressions is defined by: C* C c’ if and only if CC C'; F* C F'* if and
only if FC F'; C' T F* ifand only if C C F'; and F* C C'* if and only if F is empty.

Corollary 7.11. Let X be a topological space. Inclusion between word-SREs can be checked in
polynomial time, modulo an oracle testing inclusion of closed subsets of X.

Proof. By Lemma 5.2, and since word-products are irreducible closed (Lemma 7.7), inclusion
of word-SREs Py U---UP, and P{ U---U P, reduces to mn inclusion tests P; C P]’- between
word-products, which we decide using the dynamic programming algorithm mentioned after
Lemma 7.9. O

We can also compute intersections of word-products.

Lemma 7.12. Let X be a topological space. Any finite intersection of word-products is expressible
as a finite union of word-products. Specifically, the intersection of two word-products is given by:
€ N P =€ for every word-product P, and by the recursive formulae:

— C'PNC'P =(CPNP)UPNCP)U(CNC)(PNP);
— C'PNF*P =(CNF(PNF*P)YU(C'PNP);
— F*PNF*P =(FNF*PNF*P)UFNF)(FPNP).

Recall that the components of a word-product P=eje; - - - e, are the components of each e;,
where the component of C? is C, and the component of F* is F. Lemma 7.12 yields the follow-
ing, more computation-oriented description of the intersection algorithm for word-products. Our
particular way of presenting it will be helpful in Theorem 7.15, in Lemma 11.26, and in the proof
of Lemma 11.34.

Lemma 7.13. Let X be a Noetherian space. Define the finite set Meet® (P, P') of word-products as
follows, where P and P" are word-products, and the oracle € maps pairs (F, F') of a component F of
P and a component F' of P’ to a finite set of irreducible closed subsets of X.

First, let Meet® (¢, P') = {€}, Meet® (P, €) = {€}. Then, let

Meet (C'P,C'*P') = [C"'P" | C" € £(C, C)), P € Meet® (P, P)}
U Meet® (C'P, P') U Meet® (P, C''P/)
{C"*P" | C" € E(C,F),
Meet® (C'P,F*P)) = P" € Meet® (P, F*P')} U Meet® (C'P, P') if E(C, F') # #,
Meet€ (P, F*P') U Meet€ (C'P, P') otherwise
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{C//?P// | C’ e &(F, C/),
Meet€ (F*P,C'*P)) = P’ € Meet® (F*P, P')} U Meet® (P, C'*P') if E(F, C') # 0,
Meet€ (F*P, P') U Meet€ (P, C/?P’) otherwise

Meet®(F*P,F*P)={( | J C")P"|P" e Meet®(F*P,P)) U Meet® (P, F"P')}.
C"e&E(F,F)

If € computes intersections of closed subsets of X, that is, is such that for any component F of P and
any component F' of P', E(F, F') is a finite family of irreducible closed subsets of X whose union is
ENF, then Meet® (P, P') is a finite family of word-products whose union is PN P,

Note that the map (F, F') > E(F, F') is well defined, by Lemma 4.6. We will later require to be able
to compute it.

Proof. The lemma is a simple consequence of Lemma 7.12.
In the first case, if CNC' is non-empty, we conclude since (CNC’ Y(PNP)= UC”eS(C,C’)

C’ ?(P N P’), PN P is the union of the word-products in Meet€ (P, P'), and unions distribute over
concatenation. There is a subtle issue when C N C’ is empty. In that subcase, (C N C) (PN P')

is equal to PN P', and that is different from (Jorcg(c,c)C” ‘(PN P'), which is empty; however,
(CcNnC)(PNP)is equal to (PNP)U (C'PNPHYUPN C’?P/), hence also to (C'PNP)U(PN
c'p ), because PN P’ is included in C'P NP’ (or in PNC’ ‘P ), and that justifies the indicated
formula again. In the second case (and symmetrically, the third case), we rely on (CNF')
(PNF*P) = Ucﬁeg(c,F’)C//?(PmF/*P/)) which is valid if £(C, F') is non-empty. If £(C, F') is
empty, then CN F' is empty, and then (CN F')* is not equal to Ucreg(c ) C", rather to {e}; so
(CNEY(PNF*P)=PNF*P in that (sub)case. In the final case, we use the fact that FNF =
Ucreem C"-

Finally, the definition of Meet® (P, P') is well founded, by induction on the number of atomic
expressions in P and P'. ]

Proposition 7.14. Let X be a Noetherian space. The closed subsets of X* are the (languages of)
word-SREs, and the irreducible closed subsets of X* are the (languages of) word-products.

Proof. Lemma 7.7 states that every word-product is irreducible closed.

Conversely, we observe that, in a Noetherian space Y with a base B3 of opens, every open is a
finite union of elements of B. This is an easy consequence of the fact that every open, which is a
union of elements of 5, is also compact.

Consider Y = X*, B consisting of the subsets of the form X*U; X*U,X* - - - X*U,X*, where
each U; is open in X (Lemma 7.1). Taking the complements of finite unions of such basic opens,
and using Lemma 7.2, one obtains that every closed subset of X* is a finite intersection of finite
unions of word-products. Distributing unions over intersections, and using Lemma 7.12, we
conclude that every closed subset F is expressible as a word-SRE, that is, as a finite union of
word-products.

If F is also irreducible, it follows immediately that F is one of these word-products. O

We now state the final S-representation we obtain, in a way that we hope will be readable. The
pedantic, formal statement is given in the Appendix (Proposition B.2).

Theorem 7.15 (S-representation, words). Let X be a Noetherian space, X' = X*, and (S, [_],
<, T, A) be an S-representation of X. Then, (S, L], <, t,N)isan S-representation of X', where:
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(A) S is the collection of all word-products over the alphabet S, and [_]|' is defined in the obvious
way.

(B) < is defined using the procedure of Lemma 7.9, where inclusion of finite sets of elements
of S is tested by: u is included in u' iff for every a € u, there is an a’ € u' such that a <da’
(Lemma 5.2).

(C) t/is{t*}).

(D) A is implemented by the procedure Meet® of Lemma 7.13, where the oracle £ is defined by
Eu,u') = Uaeu,a’eu’ (ana).

Note that [_]’ is surjective, as required: the irreducible closed subsets of X’ are the word-products
by Proposition 7.14.

8. Completing Multisets

If X is a wqo, then the space of finite multisets X® of elements of X, with a quasi-ordering <®
to be defined below, is a wqo again. This is again typically used when X is a finite alphabet X: the
multiset language generators of Abdulla et al. (2004b) are the ideals of such a wqo ®.

Beyond finite alphabets, branching vector addition systems with states (BVASS) are a gen-
eralization of Petri nets with a form of branching, with applications in security (Verma and
Goubault-Larrecq 2005), in linear logic (de Groote et al. 2004), in structured databases (Bojanczyk
et al. 2009; Jacquemard et al. 2016), and are a rediscovery of Rambow’s multiset-valued linear
indexed grammars (Rambow 1994) in computational linguistics, see Schmitz (2010). BVASS, and
some of their extensions, can be conveniently represented as transition systems on the space (N¥)
of finite multisets of k-tuples of natural numbers (Jacobé de Naurois 2014). Note that the alphabet
(N*) is infinite in this case.

As a final example, the synchronous polyadic 7 -calculus processes investigated in Acciai and
Boreale (2012) are encoded as trees, which can be seen as nested multisets, with bounded nest-
ing depth. Encoding processes by trees of this form was pioneered by Meyer (2008). Precisely,
for a finite set X, which consists of channel names and so-called unit processes in that case, let
75®(E) be defined recursively as the set of finite trees f(m) where f € ¥ and m is a finite multi-
set of elements of 76®(E), quasi-ordered by the universal relation (s <q t is always true). Define
77(?1(2‘), for every k € N, as the set of finite trees f(m) where f € ¥ and m is a finite multiset
of elements of 7;@(2), quasi-ordered by <y, defined by f(m) <y f'(m’) if and only if f =’
and m( <; )®m’. All processes are encoded as elements of 7;@(2) for some k € N. Equivalently,
7;<®(E) SETX(TX(T X% (T XxYD¥D...)® where there are k nested uses of _®, and
Y =T2(2).

We again turn to a more general topological setting. Given any topological space, let X® be the
set of all finite multisets on X. We shall write {xi, ..., x,[ for the multiset containing exactly the
elements x1, ..., x,. We write @ for the empty multiset, and m & m’ for the multiset union of m
and m'.

On the order-theoretic side, we quasi-order X®, not with the multiset extension <"/ of the
specialization quasi-ordering < of X, rather with the following quasi-ordering.

Definition 8.1 (Sub-multiset). The sub-multiset quasi-ordering <® is defined by: {x1,x2, . . .,
Xml <®Ay1, ¥2, - . ., yul if and only if there is an injective map r: {1,2,...,m}— {1,2,...,n}
such that x; < y,;) for every i, 1 <i <m.

When < is just equality, this quasi-ordering makes m <® m’ if and only if every element of m
occurs at least as many times in 7’ as it occurs in m: this is the < quasi-ordering considered, on
finite sets X, by Abdulla et al. (2004b, Section 2).
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The multiset extension gm”l of < is more mainstream than <®. One usually defines m 5”’”1 m’

if and only if one can obtain m from m’ in finitely many steps, repeatedly replacing one element
by finitely many strictly smaller ones.

Clearly, m <® m' implies m <"/ m’. It turns out that <® is wqo for every wqo <. This implies
that < is wqo, too: any infinite sequence of multisets 11, n € N, is such that there are indices
i < j such that m; <® m;, and therefore m; <mul m;.

On the topological side, we simply observe that multisets are equivalence classes of finite words
up to permutation. Accordingly, we topologize X® with the quotient topology (Goubault-Larrecq
2013, Exercise 9.7.35). The quotient map W: X* — X® sends every word x1x; - - - X, to the mul-
tiset {x1,x2,...,x,[ and is sometimes called the Parikh mapping (Parikh 1966). We have the
following results.

Proposition 8.2. For every Noetherian space X, X® is Noetherian.

A base of the topology on X® is given by the sets (Uy, Ua, . .., Uy) with Uy, U, ..., U, open
in X. The set (Uy, Ua, . .., Uy) is defined as containing all multisets that contain one element from
Uy, another one from U,, ..., another one from U,, or more precisely all multisets of the form
{x1, %0, .. ,xpl Wmwithxy € U, xp € Uy, ..., x, € Uy,

The specialization quasi-ordering of X® is <®, where < is the specialization quasi-ordering of X.

If X has the Alexandroff topology of <, then X® has the Alexandroff topology of <®.

If < is wqo, then <® is wqo.

Proof. If X is Noetherian, then X® is, too, since every quotient of a Noetherian space is Noetherian
(Goubault-Larrecq 2013, Proposition 9.7.18 (v)).

The inverse image W~!((Uy, Ua, ..., Uy,)) is equal to the union over all permutations 7 of
{1,2,...,n} of the opens X*Ur(1)X™ - - - X*Upr(,X™, hence is open in X* (see Section 7). For
every subset V of X®, V is open (in the quotient topology) if and only if ¥~!(V) is open,
so (Uy, Uy, ..., Uy) is open in X®. To show that these sets form a base, take a multiset m
and an open neighborhood V of m in X®. Write m as W(w) for some word w € X*. Since
we W~(V), and we know of a base of the topology of X* (Lemma 7.1), we can find open sub-
sets Uy, Uy, ..., U, of X such that w € X*U; X* Uy X* - - - X*U,X* C W~1(V). Then m = W (w) is
in V[ X*U X*UpX* - - - X*U,X*] = (Uy, Uy, . .., Uy,), which is included in V.

If m <® m/, then every basic open subset (Uy, Us, . . ., U,) that contains m also contains m/, so
m is below m’ in the specialization quasi-ordering. Conversely, we shall show that the downward
closure |® m’ of m’ with respect to <® is closed: if m is below m’ in the specialization quasi-
ordering, then m will be in the closure of #/, hence in |® m/, and this will imply that m <® m'.
To show that |® m’ is closed, it is enough to show that U ~1( |® m') is closed in X*, since W is
quotient. Write m’ as W(w'), where w’ is the word x1x; - - - x,. Then W~1( [® m) is the union
over all permutations 7 of {1,2, ..., n} of the sets (| xn(l))?( J xﬂ(z))? el xn(n))?, which are
closed by Lemma 7.7.

Assume now that X has the Alexandroff topology of <. The upward closure of a multiset
m={x1,%2, ..., %, in X® is equal to the open subset (1 x1, 1 x2, . . . 1 x,,). Every upward-closed
subset is the union of the upward closures of its points, hence is open, too, so X® has the
Alexandroff topology of <®,

In particular, if < is wqo, then X with the Alexandroff topology of < is Noetherian, so X® is
Noetherian, too. Since X® has the Alexandroff topology of <®, the latter is wqo. O

Our candidates for (irreducible) closed subsets of X® are the Parikh images of word-products
and word-SREs. Write F| Cy, Cy,. .., C, for the family of all multisets that one can obtain by

picking at most one element from C; (possibly zero), at most one from C,, ..., at most one from
Cy, and as many as we wish from F. We think of the enumeration C;, C, ..., C, as a multiset
itself, hence invariant under permutation. Formally, m € F | Cy, C, . . ., C, if and only if one can
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write m as mo W {x; | i € I}, where all the elements of mg are in F, I is a subset of {1, 2, ..., n} and
for each i € I, x; is in C; (implicitly, up to permutation of the x;, or equivalently of the C;).

Definition 8.3 (m-product, m-SRE). Let X be a topological space. Call an m-product on X any
subset of the form F | Cy, Cy, ..., Cy,, where n €N, F is a closed subset of X, and Cy, Cy, ..., Cy
range over irreducible closed subsets of X.

When F is empty, we shall also write this as simply | C1, Cy, . .., C,. When n=0, we just write
F|, and when n = 0 and F = (), we write this |.

An m-SRE is any finite union of m-products.

The proof of the following Proposition, as well as for most other results of this Section, are to
be found in Appendix C.

Proposition 8.4. Let X be a topological space. Then, the m-SREs are closed in X®, and the
m-products are irreducible closed.

If X is Noetherian, then every irreducible closed subset of X® is an m-product, and every closed
subset of X® is an m-SRE.

Again, it is instructive to see how X® embeds in its completion S(X®).

Lemma 8.5 (Embedding). Let X be a topological space. The closure nf;@ {x1, x2, .. ., xn | of the

multiset {x1, X2, . . ., Xu|} in X® is the m-product | 77;‘5;(361), 7]}5;(362), e n)é;(xn).
Proof. By Proposition 8.4, | n}‘%(xl), n}‘%(xz), R n}?(xn) is (irreducible) closed and is clearly the
downward closure of {x1, x2, . . ., X, |} with respect to <®. O

One can decide inclusion between m-products using W again. This leads to the following
algorithm.

Lemma 8.6. Let X be a topological space. Inclusion between m-products can be checked in
polynomial time, modulo an oracle testing inclusion of closed subsets of X.

Explicitly, let P=F|Cy,Cy,...,Cp and P'=F |C},C,,...,C, be two m-products. Let
I={i1, i3, ..., i} be the subset of those indices i, 1 <i <m, such that C;  F'.

Then, P C P’ if and only if F C F' and there is an injective map r: [ — {1,2, ..., n} such that
C; C C;(l.)for every i € I - in other words, {C;,, C,, ..., Ci } C® {C|, C), ..., C,.

It may not be immediately obvious why this leads to a polynomial time algorithm. The reason
is the following observation, due to Simon Halfon (Halfon 2018, Corollary 7.14). Let G be the
bipartite graph whose vertex set is the disjoint union of I and of {1, 2, .. ., n}, and such that there
isanedgefromieltoje{l,2,...,n}ifand onlyif C; C CJ{. Finding r means finding a matching
of G that covers all the vertices in I. Let N(G) be the number of edges in any maximum matching
of G. N(G) can be computed in polynomial time, say by the Ford-Fulkerson algorithm (Cormen
et al. 2001, Section 26.2), and r exists if and only if N(G) > k, where k is the cardinality of I.
We now turn to S-representations.

Theorem 8.7 (S-representation, multisets). Let X be a Noetherian space, X' = X®, and (S, [_],
<, 7, A) be an S-representation of X. Then, (S',[_]", <, t/, A') is an S-representation of X', where:

(A) §' is the collection of all m-product notations, that is, of all expressions of the form A | u,
where A is a finite subset of S, and u is a multiset of elements of S. When u={b1, ..., by|,
we also write A | by, ..., by for Alu.
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(B) [A1b1,....bn] = (Ugea [a]) | [01] 5 - - ., [ba].

(C) Alu< A’ | ifand only if A <° A’ and uy <® u' where u is the subset of those elements
acusuchthata<d fornoa €A

(D) t'is {t | @}.

(E) N is defined as follows. A matching f: {1,...,m} — {1,..., n} is any bijection from some
subset of {1, ..., m} (the domain dom f) to some subset of {1, . . ., n} (the codomain cod f).
Then, (Al ay,...,am) N (A" |4a),...,a,) is the collection of all m-product notations of the
form A" | myp & myp W myp, where:

— A" =aea (and);
/ A/

— f ranges over all matchings from {1,...,m} to{l,...,n};
— myy ranges over all multisets of the form {c; | i € dom f|} where ¢; € a; A a}(i) for every
i€ domf;

— mys ranges over all multisets of the form {ci|1<i<m,i¢domf}, where c;€
Ugea (@ind') foreachi,1 <i<m,i¢domf;

— may ranges over all multisets of the form {]c]’- |1<j<mn,jé&codf}, where c]’- € Ugea (@an
a})foreachj, 1<j<mn,j¢codf.

As a final note to this section, Abdulla et al. (2004b) required a completion of (A®)*, for some
finite set A. We note that the elements of S((A®)*) are exactly their word language generators,
which we retrieve here in a principled way.

9. Completing Words, Prefix Topology

The word topology is not the only interesting topology on X* that makes it Noetherian, assuming
X Noetherian. The prefix topology is another (Goubault-Larrecq 2013, Exercise 9.7.36), and its
specialization quasi-ordering is a form of the prefix ordering. We mention that topology because
its specialization quasi-ordering is never a wqo, unless X is trivial. Also, this is the topology needed
to decide reachability of sets defined by forbidden patterns in the so-called oblivious k-stack
system model of Goubault-Larrecq (2010, Section 5).

The prefix topology is defined not just on X*, but more generally on sets of heterogeneous
words, that is, words whose letters are taken from possibly distinct spaces, depending on their
position. This of course includes the case of words in X*, but heterogeneous words are a natural
generalization to consider, and incur no additional difficulty.

Let X, X3, ..., Xp, ... be countably many topological spaces. A heterogeneous word over these
spaces is any tuple (x1, X2, . . ., Xp) in X1 X X5 X - -+ X Xy, m € N. We write it as x1x; - - - X, and
call m = |w| the length of the form w =x1x; - - - Xp,.

A telescope on (Xy),>1 is a sequence U = Uy, Uy, ..., Uy, ... of opens, where U, is open in
[T, X; for each n € N, and such that U,X,,+1 € U, for every n € N. (We write U, X+ instead
of Uy x Xy+1. When n =0, ]_[?:1 X; just contains the empty word ¢, so that ]_[?:1 X is just {€} in
that case, with the only possible topology. Uy must be open in that, and that means that Uy must
be empty or equal to {€} itself.)

A telescope is a wide telescope iff U, =[]/_, X; for some n € N - equivalently, for all suffi-
ciently large n € N. Given any telescope U = Up, Uy, ..., Uy, ... on (Xy),>1, let [U) be the set of
heterogeneous words w over X1, X», ..., Xk, ..., such that w € Uy,

We write D:ﬁ‘f X, for the space of all heterogeneous words over (X,),>1, that is, the disjoint
union of all spaces []'_, X;, n € N, with the prefix topology, which is given by the trivial open ¥,
plus all subsets of the form [/), U a wide telescope on (X},),,>;. One checks easily that those form
a topology, and we shall say so explicitly in Proposition 9.1 below.

The point of the definition of the prefix topology is that its specialization quasi-ordering is the
prefix quasi-ordering, defined by aja, - - - a,, <" b1b, - - - by, where a;, b; € X; for all 4, iff m <n,
a1 <by, ay <b,, ..., and a,, <by,,. (Here, a; < b; means that a; is less than or equal to b; in
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the specialization quasi-ordering of X;.) This is part of the following result, which appears as
Goubault-Larrecq (2013, Exercise 9.7.36).

Proposition 9.1. Let X, X3, ..., Xy, ... be countably many topological spaces. The prefix topology
on D> X,, is indeed a topology. Its specialization quasi-ordering is the prefix quasi-ordering <”.
If X1, X2, ..., Xy, ... are all Noetherian, then l>n+§‘f X, is Noetherian.

Proof. Let us abbreviate X1 X, - - - X;, as All,, for each n € N. When n =0, Ally = {&}.

It is easy to see that given wide telescopes U; = Uip, U1, . . ., Uin, . . ., i € I, the sequence | J;o; U;
defined as | J;c; Uio» Uier Uits - - -» Ujeg Uins - - - is an infinite sequence of empty sets (if I is
empty), or a wide telescope (if I # #) and [|J,c; Ui) = ;1 Ui); moreover, if I is finite, then the
sequence [ \;c; U; defined as ();c; Uio, (ies Uit - - -» [ \ieg Uin» - - - is also a wide telescope (when
I =, this is the wide telescope Ally, Ally, ..., All,,,...), and [[;c;Ui) = ;s Ui). Therefore,
the prefix topology, as we have defined it, is indeed a topology.

Write C temporarily for the specialization quasi-ordering of >} X,,. For every telescope
U=Uy, U,..., Uy .. ifaray---ay € |U),and aray - - - ay < b1by - - - by, then by1b, - - - by, is
in Uy, since Uy, is open hence upward-closed in <,,,. Since U, X € Uy, by the definition of tele-
scopes, b1by - - - by by is in Up,41, and by an easy induction, by by - « - by bty - - - by is in Uy. So
U is upward-closed in <”: w <" w' implies w C w'.

Conversely, assume w C w/, where w = aja; - - - apy and w = b b, - - - by,. We shall examine var-
ious wide telescopes U such that w € [U) and draw consequences from the fact that w' € [U).
Considering the telescope ¥, . .., 0, Ally,, All 41, . . ., one sees that m < n. Considering the tele-
scopes B, ..., ¥, Uy, Allyyi1, Allyya, . . ., where Uy, is an arbitrary open set of X" of which wis a
member, one sees that b1b; - - - by, isin Uy, so aja; - - - ap is less than or equal to by b; - - - by, in the
specialization quasi-ordering <j; X <; X - -+ X <, of X; X3 - - - X;y. As a consequence, w <" w'.

Let us show that X = D:ﬁ‘f X, is Noetherian, assuming that X;, X5, ..., X,, ..., all are. For
every non-empty wide telescope U = Uy, Uy, ..., Uy, ..., there is a least number m such that
Uy, is non-empty, and a least number n such that U, = All,. Moreover, m <n. Call m the
small end m(U) of U, n its big end n(Uf). If |U) C V), then m(U) > m(V) (consider any word
of length m(U) in [U)), and n(Uf) > n(V) (otherwise, consider any word of length n(l/) that is
not in [ V)). It follows that, in any infinite ascending chain |[U;) C [Uh) S--- C [Ug) S-- -, all
small ends coincide, and all big ends coincide, for all k large enough, say k > p. Let m be this
common small end, n be the common big end. Then, for each k> p, Uy is a telescope of the
form @, ..., @, Ukm»> Ukmt1)s - - - » Uk(n—1)> Ally, Ally 11, . . . In addition, for each j with m <j < n,
Upp CSUpt1)j S-S+ U S+ -+ isan infinite ascending chain of opens in X1 Xj - - - Xj. The lat-
ter is Noetherian, so the chain stabilizes, say at k; > p. Therefore, [U;) C [U) C--- C [Uy) S - --
stabilizes at max (p, ki, kim+1, - - . » ku—1). This holds for ascending chains of opens that exclude

20 X, is Noetherian. O

the empty open subset; the general case is easy. It follows that >3

When X; =X, =---=X,=--- are the same space X, we write X* for the space l>n+icf X
Although it has the same elements as X*, it has a definitely distinct topology, for example, while
<*is wqo when the specialization ordering < of X is, <* is well founded but not well, as soon as X
contains two incomparable elements a and b. Indeed, in this case a, ba, bba, bbba, . . . is an infinite
antichain.

In order to characterize the completion S( l>n+:°<1> X,), we define the subset [FiF; - - - Fy) of
l>:lr:f Xy, where k € N and each F; is closed in Xj, as the set of all heterogeneous words aja; - - - am
of [T%, Xi such that m <k, a; € F, a, € Fs, ..., ay € Fyy. (When k=0, [F1F, - - - Fy) is just {€}.)
The following, as well as other results of this Section, are proved in Appendix D.
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Proposition 9.2. Let X1, X2, ..., Xy, ... be countably many topological spaces. The sets of the form
[F1F, - - - F,), where each F; is closed in X, form a subbase of closed sets for l>n+;xl’ X,: these sets are
closed, and every closed subset is an intersection of finite unions of such sets.

Lemma9.3. Let Xy, X», ..., Xy, ..., be countably many topological spaces. The subsets of the form
[C1Cy - - - Cp), where C; is irreducible closed in X; for each i, 1 <i <mn, are irreducible closed in
>+ X,

el Xn-

This is enough to state how > X, embeds in its completion.

Lemma 9.4 (Embedding). Let X;, X, ..., Xy, ..., be countably many topological spaces,
and Y =D X,. The closure n‘}g(xlxz---x,,) of the word x1x;---x, in X=D10X, is
MR Gen)ng (x2) - - - 1§ ().

Proof. By Lemma 9.3, M;?(xl)n;?(xz) . n)‘?(xn)) is irreducible closed and contains x1x; - - - x,;, SO
must contain n‘?(xlxz -+ xp). Conversely, every element of [n)‘?(xl)n}?(xz) ce n}‘%(xn)) isa(<”-)
prefix of x1x; - - - x,, and must therefore be in n‘?(xlxz CeeXp). O

There is just one extra irreducible closed subset in > X,,, unless some X,, is empty:

Lemma 9.5. Let X1, Xa, ..., Xy, ..., be countably many non-empty topological spaces. The whole
space >12S X,, is irreducible closed in itself.

So we obtain the following description of all irreducible closed subsets.

Lemma 9.6. Let X1, X5, ..., Xy, ..., be countably many non-empty topological spaces. The only
irreducible closed subsets ofl>:§? X, are DIE X, itself, and the subsets of the form [C1Cy - - - Cy),
where C; is irreducible closed in X; for each i, 1 <i<n.

This suggests that S( l>i=°<1J X,,) coincides with l>:=°<f S(Xy), with a new top element T added,
at least up to isomorphism. For any space Y, let Y be the space obtained by adding a fresh
element T to Y, and whose closed subsets are those of Y, plus Y T itself. The specialization quasi-
ordering of YT is given by: y < yiffy,y’ € Y and y </, or y = T, where < is the specialization
quasi-ordering of Y.

Proposition9.7. Let X1, X, ..., Xy, ..., be countably many non-empty topological spaces. The map

i (D> S(Xn))T — S(D>1 X,,) that sends T to > X,, and the word C,C, - - - C, (where
Ci € S(X;) foreach i) to [C,Cy - - - Cy,) is an order isomorphism and a homeomorphism.

To complete the picture, we examine the case where some of the spaces X, are empty. Taking
n to be the largest index such that X, ..., Xj, are non-empty (and 0 if every X; is empty), we
then write X1 > X, & - - - & X, or >, X, instead ofl>,'c":°i> Xk. Since there cannot be any (1 + 1)st
letter, this is a space of words of length at most n. Clearly as well >}_, X then does not depend
on the actual spaces X;,41, Xy+2, ..., provided X, is empty, which justifies the notation.

Lemma 9.8. Let X, X, ..., X, be non-empty topological spaces. The only irreducible closed subsets
of D>, X are the subsets of the form [C\C; - - - Cy,), where C; is irreducible closed in X; for each i,
1<i<m,andm<n.

We then obtain an isomorphism as in Proposition 9.7, without the need to add a top element T.

https://doi.org/10.1017/50960129520000195 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129520000195

Mathematical Structures in Computer Science 783

Proposition 9.9. Let X1, X, ..., X, be non-empty topological spaces. The map i: D>}_, S(Xi) —
S( l>,’<’:1 Xi) that sends the word C\Cy---Cy (where k<n and C;e S(X;) for each i) to
[C1Cy - - - Cy) is an order isomorphism and a homeomorphism.

We therefore obtain

Theorem 9.10 (S-representation, prefix). Let X1, Xp, ..., Xy, ... be countably many Noetherian
spaces, X' = I>Jroo Xy, and (S, [_]; » <i> Ti» Ai) be an S-representation of X; for each i > 1. Assume
that the disjoint sum ]_[i:1 Si is recursively enumerable that a <; b is decidable in a, b, i, that t; is
computable in i, and that a A;j b is computable in a, b, i.

Then (S, [_]", <, t/, A) is an S-representation of X', where:

(A) S is the set of all heterogeneous words over S1, S, ..., Sy, ..., plus a fresh element w in case
no Sy, is empty (i.e., no X, is empty).
(B) [a1as - - an] = [ail; [a2], - - - [an],) where a1 €81, az €Sy, ..., an €Sy, and [w] =

>0 X, (if no X, is empty)

(C) <is deﬁned by: u < w forallue S and w <" u for no word u# w in §' (in case no X, is
empty) andajay - - ap < alay - ayiffm<n,ay <1 a), ap <y d, ..., and ay 1y ay,.

(D) v is {w}ifno X, is empty, {a1a2 c-aplar €T1,a2 €To, ..., ay € Ty} otherwise, where n is
the largest index such that X,, is non-empty.

(E) N is defined by: o N/ ={u'}, unN w={u} (if no X, is empty), and ayay - - - am N
a/la/z T a; ={c1c2*** Cmin (mn) | €1 € a1 A1 a/p 2 E€ay N2 a/2> -+« Cmin (m,n) € Amin (m,n)

/
Amin (m,n) Fpin (m,n)}‘

Proof. Follows easily from Proposition 9.7 in case no X, is empty, or from Proposition 9.9
otherwise. O

When X; =X, =... =X, =...are all the same space, one can drop the subscripts to S, <, 7,
A. Then, u <" 4/ is decidable in polynomial time modulo an oracle for <.

Remark 9.11. We have already seen an example of spaces that are Noetherian, but not wqo in
their specialization preordering, for example, P(X) where X is Noetherian. The construction X~
is another example: while X* is Noetherian for X Noetherian, the prefix ordering <” is not wqo,
even if < is wqo.

10. Completing Finite Trees in a Simple Case

The case of finite trees is by far the most complex one. We start with a simple case: that of ranked
trees, whose vertices are decorated by function symbols from a finite set, with equality as order-
ing. The ordering on trees is the so-called homeomorphic embedding <, a wqo by Kruskal’s tree
theorem (Kruskal 1960). In that case, the topology will be the Alexandroff topology, and irre-
ducible closed subsets will be ideals. We shall also take advantage of the assumptions to give short,
automata-theoretic proofs of some of our results.

The completions of sets of trees over a finite set of function symbols were already considered in
Wies et al. (2010), where it was used to decide coverability for depth-bounded processes without
requiring one to know the depth bound in advance, and in Goubault-Larrecq and Schmitz (2016),
where it was used to decide piecewise testable separability of regular tree languages.

The more general case of unranked trees with function symbols taken from a Noetherian space
will be dealt with in Section 11. This will definitely be more complicated but will share many
similarities with the present case — apart from the fact that we will not be able to use automata-
theoretic methods.
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Let X be a finite signature, namely a finite set of so-called function symbolsf, g, ..., each coming
with a natural number called its arity. Let X, be the subset of those elements of X that have arity
exactly r.

The set 7(X) of terms over ¥ (Baader and Nipkow 1998) is the smallest such that, for every
feX,forallty,....t,eT(X),f(t1,...,t,)isin T(X). By f(t1, .. ., t,), we mean the tree whose
root is labeled f and has a list of  subtrees t1, ..., t,, from left to right.

Our terms are ground: there is no variable involved here, although one may code variables as
specific constants, that is, as specific function symbols of arity 0.

The embedding ordering < is defined by s < t if and only if:

— either t=g(t1,...,t,) and s < tj for some j, 1 <j<m;
— ors=f(s1,...,Sm) t=g(t1,..., tn), f =g (hence, m=mn)and s; <ty,..., sy < ty.

Since the canonical S-representation for finite words under the word topology (or the <* quasi-
ordering) consists in certain regular expressions, we shall similarly define an S-representation for
T(X) as certain tree regular expressions (Comon et al. 2004, Section 2.2).

We define simple tree regular expressions (over X), a.k.a. STREs, by the following abstract

syntax: B
S:=0|P|S+S Pu=f%S,...,S) | €%
Ci=0]A|C+C A:x=f(So,...,.SO) So=x=S8|0
where f € ¥, in f';(Pl, ...»Py)and in f(Sgy, - . ., SOr), the sum operation + is associative and

commutative (we shall sometimes write Z:’; L Pi for Py 4 - - - 4 Pp,) with 0 denoting the empty
sum, and [J ¢ ¥ is a placeholder called the hole. Note that [J is not meant to denote a family of
placeholders, rather a single one. The extended trees over the signature ¥ U {{J}, where [J has
arity 0, are called contexts.

The standard notations for ? and ¥ are ? and *. We want to distinguish ? visually from 2, since
we will need both in Section 11, and similarly for % and x.

The STREs of the form P are called tree pre-products. Among them, the tree-products will
be our notations for ideals. They will satisty additional constraints, which we shall define later
(Definition 10.5).

To define the semantics of STREs, we write ¢ € S as an abbreviation for “f is in the language
of §” and define this language by structural induction on S.

Accordingly, tef?(Sl, ...,Sy) if and only if either ¢ is of the form f(t;,...,t,) with t; € S;
for every i, 1 <i<mn, orif t € | J_, Si. The latter is necessary for S to denote a downward-closed
language.

As the notation suggests, for S= Py + - - - + P, t € S iff t € P; for some j, 1 <j <m, and the
language of 0 is empty.

The productions of &, A, and S serve to form iterators ¢*.S. The language of A = f(Sgy, . - -
Son) consists of those contexts in 7 (X U {{J}) of the form f(cy, . . ., ¢4) where ¢; € So; for every i.
In turn, ¢ € SO if and only if either S = [J and ¢ is the trivial context [J, or S is an STRE S, cis a
tree tin 7(X), and t € S. The language of € = A; + - - - + A, is the union of the languages of A;,
1<j<m.

Intuitively, the language of €*.S should consist of all trees obtained by applying contexts in €,
repeatedly, until one reaches a tree in S. For example, (f (O))*.a” will recognize all trees of the form
f™(a), n € N. There are however two catches.

(1) The first one has to do with patterns A where [J occurs more than once: as usual with
tree regular expressions, in replacing [1 by a tree from §, several occurrences of [] can

be replaced by different trees from S. Hence, (f([J, 0))*.(a’ + b) consists of all binary-
branching trees with inner nodes labeled f and leaves labeled a or b, including f(f(a, a), a)
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and f(f(b, b), b) but also f(f(a, b), a)) or f(f(b, b), a) among others. (We assume f binary,
and a and b of arity 0.) For a context ¢, and a set of trees S, accordingly, we shall write
c[S] for the set of trees obtained from ¢ by replacing each occurrence of [1 by a (possibly
different) tree in S.

(2) The second catch has to do with downward closure. It is tempting to define the trees of xS
asthosein cy[ -« - [ck[S]] - - - ], for some k € Nand some cy, . . ., ¢ € €. However, there are
cases where that language would fail to be downward-closed, for example, (f(a’, ())*.b°
would contain f(a, b) but not a, according to that semantics.

We repair that as follows. For A =f(Smy, . . ., SOy), define args A, the argument sup-
port of A, as the set of trees t € T(X) such that some context f(---,¢,---) (ie, with
one of its arguments equal to ) is in the language of A. Alternatively, if those St
1 <i < n, that are different from [J define non-empty languages, then args A is the union
of those languages; if some Sm; # [ has an empty language, then args A = . Hence,
for example, args f(L1, 0J) =, argsf(a?, 0O)= al = {a}, and argsf’(a?, [1,0)=¢. For € =
Ay + -+ Ay, letargs €= 1L args A;.

For every c € €, let us write c?[S] 7for c[S]US. We are now ready to define the language of ¢*.S, as

the language of trees in c?l[ ce [c,?c[S Uargs €]] - - - ], for some k € N and some ¢y, ..., ¢ € € - in
writing S U args €, we equate the STRE S with the language it defines.

Proposition 10.1. Every STRE defines a downward-closed language of T (X) with respect to <.
Conversely, every downward-closed language of T(X) with respect to < is the language of some
STRE.

Proof. For the first part, we use induction on the size of the STRE, and the main point consists
in checking that if t € €*.S then any smaller tree s (w.r.t. <) is also in €*.S. By induction hypoth-
esis, S is downward-closed. We use a secondary induction on the k used in the definition of the

language of ¢*.S as c?l[ . [c?k[S Uargs€]]--- . If k=0, then t € SU args €, hence s € SU args €
as well since both § and args € are downward-closed - args € is downward-closed by the outer

induction hypothesis. Otherwise, k> 1. If  is in 5?2[ e [cl'?c[S Uargs €]] - - - ], then we conclude
by the inner induction hypothesis directly. Otherwise, one of the summands in ¢; is of the
formf(Sgl, T San)> and t =f(t1,. .., t,). If s is smaller than some ¢;, then either Sg; = and

ti € c?z[ . [c?k[S Uargs €]] - - - ], which allows us to conclude by the inner induction hypothesis;
or So; is of the form P and is downward-closed by the outer induction hypothesis. If instead
s=f(s1,...,5,) where s; is smaller than ¢; for each i, we conclude similarly that s; € €*.S for each
position i such that Sg; = [J. For all other positions i, So; is an STRE, which is downward-closed
by the outer induction hypothesis, so s; € S;. Hence, s is in ¢;[€*.5], and therefore in €*.S.

For the converse direction, let L be a downward-closed language. The complement 7 (X) \ L
of L is upward-closed, and since < is a wqo, 7(X) ~ L can be written as the upward closure
Mt ta, . . ., ty) of finitely many trees. For each i, 1 ¢; is easily seen to be recognizable by a finite
(bottom-up) tree automaton. Since finite unions and complements of recognizable languages are
recognizable, L is recognized by some finite tree automaton A.

We now convert A to an STRE. In general, we describe a procedure that converts any (e-free)
finite tree automaton A to an STRE whose language is the downward closure |, L(A) of the
language recognized by .A. This is best explained on an example: see Figure 3(a), where there is
one transition a of arity 0 (from no state) to state g;, one binary transition f from the pair of states
q1> 92 to g3, and so on. In textual form, we write these transitions as rewrite rules (Comon et al.
2004): a — q1, f(q1, q2) = g3, h(q3, q4) = g2, d = g3, £(q4) = qa, b — qa. A tree t is recognized
at a state s if and only if t —* s, using the rewrite rules of A. There is a set of final states, marked
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@ = Figure 3. Converting tree automata to STREs. (a) Initial tree
automaton. (b) e-strongly connected components.

with an outgoing arrow with dangling end: in our example, just q3. The language L(A) of A is the
set of trees recognized at some final state.

We first extend our automaton with e-transitions. An e-transition from s to s’ will be drawn as
a dashed arrow, see Figure 3(b), and is just a rewrite rule of the new form s — s'. This implies that
every tree recognized at s is also recognized at s'. For each transition, say f(s1, 2, . . ., $y) = s, of
A, we add n e-transitions s; — s, s — s, ..., s, — 5. (To make things clear, we are assuming that
A does not originally contain any e-transition.) Call the resulting automaton |, .A. It is an easy
exercise to show that L( | A) = | L(A).

There is a graph underlying | A, whose vertices are the states of | .A, and whose edges are the
e-transitions. Build its strongly connected components: on Figure 3(b), they are shown against
a gray background. By construction, any two states in the same strongly connected component
C recognize exactly the same trees, so it makes sense to talk of the language Lc( | A) of those
trees recognized at any state of C. Let C — C’ if and only if s — ¢ for some se€ C,s' € C', C#£ C.
The strict ordering < defined as the transitive closure —* is well founded, and we shall build an
STRE Sc¢ whose language is Lc( | A), by induction along <.

If C is a trivial strongly connected component (one state s, no self-edge), then enumerate
its incoming non-¢ transitions f(si1, s, - - ., Sin;) = s, 1 <i<m. Let S; be an STRE whose
language is the set of trees recognized at s;, which is given by induction hypothesis. Then

Se=>1", ff(sila Si2> - - - » Sin;) is the desired STRE. For instance, the set of trees recognized at the

leftmost state g is the language of a’.

If C is a non-trivial strongly connected component, then enumerate the non-¢ transitions
fi(sit>si25 - - Sin;) = i, 1 <i <m whose end state s; is in C. For each pair i,j, if s is in C,
then let Spy;; = [; otherwise, let Sg;; be an STRE whose language is the set of trees recognized
at s, which we obtain by induction hypothesis. It is not too hard to see that Sc=(} 2,
fi(Soi> Sais - - > SDini))¥.0 is an STRE that suits our needs. For example, the rightmost strongly
connected component {qa4} yields the STRE Sy = (b + g(D));.O. One might have expected an STRE
of the more intuitive form (g(CJ))*.b%; however, note that they define exactly the same language.

Finally, | L(A) is the union of the languages of the strongly connected components containing
a final state; in our example, the strongly connected component in the middle yields the final

STRE (d + f(a’, ) + h(, S4)).0. O
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(R1) P+P —, P ifPCP

(R2) A+A =1 A ifACA

(R3) 0+P —; P

(RA4) 0+A —; A

(R5) 0.8 —1 S

(R6)  (€+ f(S1,---,Su)).S —1 € .(S+f(S1, - ,5n))

(R7) (51,0 52) —1 0

(R8) 17 (51,S+S’ ) =1 f1(81,8,8) + £1(51, 8, 5h)
(Rg) f(SDl,O SDQ) —1 0

(RlO) f(SDhS-l—S sz) —1 f(§m,S7 §|:|2) +f(§D17SI,§D2)
(R11) ¢0 =1 0 if¢=>3", fi(0,---,0)and no f; has arity 0
(R12) . (S+8) —1 €584 %5 if Cis O-linear

Figure 4. The rewrite relation —;.

We characterize the STREs that define ideals of 7 (X) with respect to <. Let us define a rewrite

relation —; on STREs that moves all + signs to the outside: for a —;-normal STRE S=P; +

-+ + P,,, each P; will be irreducible, hence S will be an ideal, that is, an irreducible closed subset,
if and only if m = 1. (Recall that S(P,;) = I(P) for every poset P.)

The rewrite relation — is defined in Figure 4. Recall that + is understood modulo associativity
and commutativity. Letters matter, too: S, S, Sy, ..., S, are STREs, while P, P’ are those special
STREs of the form f*(Sy, .. ., S,) or €*.S, etc. In particular, rule (R6) applies provided the pattern
f(S1,...,8y) does not contain (] at all. Similarly, in rule (R10), S and §’ cannot contain .

For rule (R12), we need some auxiliary definitions.

Definition 10.2. A pattern A=f(SOy, . . . > SO,) is O-linear if and only if at most one Spy; is the
hole L.

Writing € as Ay + - - - + Ay, we say that € is U-linear if and only if every non-empty A; is
O-linear.

The [I-linearity restriction imposed on the last rule is needed for the following to hold.
Lemma 10.3. IfS —7 S then S and S’ define the same language. O
Lemma 10.4. Every STRE S has a normal form with respect to — 1.

Proof. Using Bachmair and Plaisted’s associative path ordering > 45, (Bachmair and Plaisted 1985)

on a precedence where 4 is minimal, f > f* for each symbol f, and the (_)*._ operator has
lexicographic status, we see that — is even a terminating relation: every sequence of rewrite
steps terminates. (Bachmair and Plaisted’s ordering has been improved upon many times but is
sufficient in the case of just one associative commutative symbol +.) O

Definition 10.5. A tree-product is any —-normal tree pre-product P.

Lemma 10.6. Every ideal, that is, every irreducible closed subset of T(X) is the language of some
tree-product.

Proof. By Proposition 10.1, an ideal I is the language of some STRE S. S has a —-normal form by

Lemma 10.4, write it Py + - - - + Py,. Since I is non-empty, m > 1, and since I is irreducible closed,
it is included in, hence equal to, the language of some P;. O
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Conversely, we check that the language of every tree-product is irreducible closed. In the special
case that we are in, it is easier to show that they are directed sets.
Let us introduce some additional notation.

Definition 10.7. A pattern A =f(Sqy, . ..,SO,) is U-generated if and only if at least one Sm; is
the hole [J; it is empty if and only if some Sp; is different from [ and has an empty language.

Writing C as Ay + - - - + Ay, we say that C is [-generated if and only if every non-empty A; is
UO-generated and is empty if and only if every A; is empty.

By inspection of the rules defining — ;, we see

Lemma 10.8. The tree-products are exactly the STREs of the form:

— f?(Pl, ..., Py) where Py, ..., P, are tree-products;

— or €*(Py+---+P,) where neN, Py, ..., P, are pairwise incomparable tree-products,
=31, fi(Poi- .., Pam), m=>1, each summand fi(Poyj,. .., PO,) is incomparable
with any other, each pattern Ppy; is either a tree-product or the hole U, € is U-generated,
and one of the following conditions is satisfied: (a) € is not O-linear and n > 1, or (b) € is not
U-linear, n =0, and Py;; # U for some i, j, or (c) € is U-linear and n < 1.

Proof. A tree pre-product of the form f?(Sl, ...»8y) is —-normal if and only if Sy, ..., S, are
— 1-normal and neither (R7) nor (R8) applies. The latter means that each §; is a tree-product P;.

Next, consider a tree pre-product of the form ¢*.S. Write € as Z:’;l Ajwhere A; =fi(Sgip> - - -
SCin,)» and S as a sum of tree pre-products Py + - - - 4 Py,.

If €*.S is —1-normal, then (R5) does not apply, so m > 1. Since (R1) and (R3) do not apply
(and + is understood modulo associativity and commutativity), Py, ..., P, are pairwise incompa-
rable (and different from 0, but that is implied). Similarly, since (R2) and (R4) do not apply, each
summand f;(P0;1, - - - » POin,) is incomparable with any other. Additionally, (R9) and (R10) do not
apply, so each Srj; is either equal to [J or equal to some tree-product. Henceforth, write Stj;; as
Pgyjj. If € were not [-generated, then for some non-empty A;, P;; would be different from [ for
every j, then rule (R6) would apply. We now prove that (a), (b), or (¢) holds depending on the
shape of €. If € is not [-linear but (a) does not hold, then n = 0. Since (R11) does not apply, some
Pryj; is different from [, or some f; has arity 0. However, if some f; has arity 0, then A; would just
be fi(), and (R6) would apply, so (b) holds. It remains to consider the case where € is [-linear.
Since (R12) does not apply, it must be that n < 1, so (c) holds.

Conversely, it is easy to check that if the conditions listed in the statement of the lemma for
¢*.(Py + - - - + P,) are satisfied, then €*.(P; + - - - + P,) is — ; -normal. O]

Lemma 10.9. IfSy, ..., S, are directed STREs, then so isf?(Sl, S,

Proof. Non-emptiness is clear, since Sj, ..., S, are non-empty. Let t,t be any two trees in
f?(Sl,...,Sn). Ift=f(t1,...,t,) and ¥ f(tl,... ) with t;, t} € S; for every i, then we can find
t! >t;, t;in S;, and then f(t], ..., 1) > t,t"is in f(S1,...,Sy).

If t is in some §; and t'=f(t),....t,) with t;€S; for every i, then build the tree
s=f(s1,... s Si—1s by Sjtls - - - ,Sn), where s; is an arbitrary tree from the non-empty set S;, i #j.
Clearly, sis inf?(Sl, .. .»8n), so, by reduction to the previous case, there is a tree ¢’ ef?(Sl, oSy
such that s, ¥ < ¢’. Since t < s, we obtain that t, ¢ < ¢".

Similarly if #’ is in some Si, we build a new tree s'=f(sp- 8ot 85 g0+ - - 5,) and conclude
by a similar argument that there is a tree t” ef?(Sl, ...»Sy)suchthatt < <t"andt<t¢t’. O
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The case of STREs of the form ¢*.S is more complex. The three cases (a), (b), and (c) in the
lemma below match those of Lemma 10.8, second item.

Lemma 10.10. Let €= A + - - -+ Ay, be a sum of patterns A; = fi(Sqit, - - - » Sin;)» Where each
Smjj that is different from L1 has a non-empty language. If any of the following conditions is satisfied,

then €*.S is directed:

(a) €isnot -linear, and S has a non-empty language, or
(b) € isnot O-linear, and some Soij is different from [, or
(¢c) €isU-linear and [I-generated, and S is irreducible.

Proof. The fact that €*.S is non-empty is an easy exercise: in case (a), €*.S contains S; in case
(b), it contains S;j; and in case (c), it contains S, which, as an irreducible subset, is necessarily

non-empty. Let ¢ and ¢’ be any two trees in €*.S.

In case (a), some non-empty A; is of the form f(Sgy, . . ., Sgy), where [ occurs at least twice,
say at positions j and j', j # j'. For every k, 1 < k <n, define a tree f; as follows: if Sy = and
k #j (including the case k =), let ty = t, if k = j thenlet ty = ¢/, and if Smx # [J then pick any tree
for t; from the language of S, which is non-empty by assumption. We check that f(t1, .. ., t,)
isin €*.5,and t = tj, t' =ty both embed into f(t1, . . ., t).

Case (b) reduces to (a), since if Soi # U, then €*.S defines the same language as C*(S+ S[\ij).

In case (c), every non-empty A; is of the form f(--- ,[J, - - - ) with a unique occurrence of [J.
In that case, the language of €*.S can be described more simply: it consists of those trees of the
form ci[ca[ - - - ck[s] - - - 1], where k € N, each ¢ is a context in the language of €, with just one
occurrence of (] each, and s is a tree in S U args €. For short, say that a context c is in €* if and
only if it is of the form ¢;[c2[ - - - ¢,[[]] - - - 1], where k € N and each ¢ is in €. Such contexts have
exactly one occurrence of [J. Hence, the language of €*.S consists of those trees c[s] where c is in
¢* and s € S U args €. Given any two such trees ¢ = c[s] and ' = ¢'[s'], we find a tree ¢’ € €*.S in
which both t and ¢’ embed, as follows.

If both s and s’ are in S, then by directedness there is an s” € S such that s, s’ < s”: we define t’
as c[c'[s"]].

If se S and s" € args €, then there is an A; =fi(Sgj1, - - . » SOin,) and a position j', 1 <j' < n;,
such that Sy # [ and the language of St contains s'. The unique position j at which Sr;; = O
is different from j'. Let u = fi(uy, . . ., u,) where: uj=s, Uy = s, for every position k # j, i/ uy is an

arbitrary tree from St By construction, u € €*.S, hence so is t” = c[c’[u]]. Additionally, since s
and s’ both embed in u, t and ¢’ both embed in ¢”.

The same argument applies when s € args € and s’ € S. Finally, we consider the case where s
and " are both in args €. Then, s € args A; for some i, say A; = f;(Sgi1 - - - » Sin,)» SD,-j/ #[Jand
s in in the language of Soj;. Since S is irreducible, it is non-empty, hence we can pick a tree s
from it. Let uy =s, uj = so where j is the unique position where S;; = [J and pick u; from the
non-empty language St for every k # j, j'; define u = fi(uy, . . ., uy,), a tree from €*.S in which s
embeds. Similarly, since s’ € args €, s is in the support of some Ay, say Ay = f7(Sgi1, - - - » S0irn, )
Sy #Uand s is in the language of Sy Letvyr = s’ (instead of s in our previous step), vj» = u
(instead of sp) where j” is the unique position where Sgjyj» = [J and pick vy from the non-empty
language Sp;y for every k #j”,j”. The tree v=fy(v1,...,v,,) is again in €*.S, and now both s
and s’ embed into it. Finally, we define " as c[c'[v]]. O

Theorem 10.11. The ideals, that is, the irreducible closed subsets of T (X) are exactly the languages
of tree-products.

https://doi.org/10.1017/50960129520000195 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129520000195

790 A. Finkel and J. Goubault-Larrecq

Proof. One direction is Lemma 10.6. In the other direction, we show that the language of every
tree-product P is directed by structural induction on P, using Lemma 10.9 or Lemma 10.10,
depending on its shape, as given by Lemma 10.8. In doing the proof, one needs to observe that
any —-normal STRE S=P; + - - - + P, (where the language of each P; is an ideal by induction
hypothesis) has an empty language if and only if m = 0 - because ideals are never empty. O

Exceptionally, let us dispense with the traditional shape of our S-representation theorem, and
let us just state the following.

Theorem 10.12 (S-representation, finite ranked trees). Let ¥ be a finite signature. There is an
S-representation (S, [_], <, T, A) of T(X), where S is the collection of all tree-products over X.

Proof. Tree-products are regular tree languages. Hence, inclusion (J) is decidable (Thatcher
and Wright 1968, Section 2), see also Comon et al. (2004). Since 7(X) is equal to the language
of (ZfeEf(D> ...,[0))*.0 (where each f € ¥, is applied to a list of r boxes), we obtain 7 by
normalizing with respect to —;. To compute finite intersections (A) of two tree-products, we
first convert those tree-products to tree automata, compute their intersection, convert the result
back to an STRE by the construction of Proposition 10.1, and normalize it by — to obtain its
expression as a sum of tree-products. O

The above procedures are not optimal, and notably the inclusion procedure takes exponential
time. As in the word case (see Lemma 7.9), there is a polynomial time inclusion test, but it is
complex, and its correctness proof is difficult. We shall study it — by necessity - in the general case
of unranked trees over a Noetherian signature. (See Corollary 11.33.) We let the interested reader
do the required modifications to adapt it to the finite, ranked case.

Anticipating on that general case, the ranked trees in 7 (%) embed into the set of all (unranked)
trees over the finite set ¥ (seen as a Noetherian space, with the discrete topology). Proposition 6.4
tells us that the sobrification of the former can be be seen, up to isomorphism, as a subspace of
the sobrification of the latter. We leave it as an exercise to check that this embedding S+ S° is
defined by:

— ifS=Py+---+ Py, thenS°=P) +---+Pp;

— Py, P =1 (P - PT); )
- ((Z:nzlﬁ(P\jll’ ] PDin,‘))*'S)O = (Z:ilﬁ(PC‘J:‘?ll T POD?ini))*'SO
— O =0

Combining this with the polynomial time inclusion test we shall see in Definition 11.31, this
provides us with a polynomial time inclusion test for the tree-products and STREs over X.

11. Completing Finite Trees: the General Case

For every set X, let 7(X) denote the set of all (ground, first-order) terms built using function
symbols from X. Function symbols are now unranked and may be applied to arbitrarily long lists
of arguments. Since lists can be seen as finite words, 7 (X) =X x 7 (X)*. The leaves of such terms
are the constants f(), formed from a function symbol f € X and an empty list of arguments; we

shall also simply write f instead of f(). In general, a term  will be written as f(f1, £, . . . , t4). When
we wi§h to stress that the list t1, f2, . . ., t, is a word, we shall also write f(tt - - - t,) or f(¢) for a
word t € T(X)*.

Again, our terms are ground. We shall later use the notation 7 (X, {{J}) to refer to the set of
terms with exactly one variable [J. These are the terms of 7 (X U {{1}) where [J is always applied
to the empty list of arguments.
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The subterms of a term t are defined inductively as usual: writing ¢ as f(t1, .. ., t,), they are ¢
itself plus all subterms of #;, 1 <i <n.

Given any quasi-ordering < on X, the embedding quasi-ordering << on T (X, V) is defined by
induction on the sum of the sizes of the terms s, t, by s << t iff:

— either t =g(f1,. .., 1) and s << fj for some j, 1 <j < n;
— ors=f(),t=g(f),f <gandS =i F

where we recall that <% is the embedding quasi-ordering on words, understanding that the letters
(which are terms themselves here) are quasi-ordered by << (this is a recursive definition). As
with several other notions here, we reuse freely some notations and some notions that we had
introduced in the special case considered in Section 10.

Kruskal’s tree theorem - in a more complete form than stated earlier — states that << is wqo on
T (X) iff < is wqo on X.

The latter extends to a topological setting: for a topological space X, 7 (X) is Noetherian iff X
is Noetherian (Goubault-Larrecq 2013, Theorem 9.7.46). For this to make sense, we need to put a
topology on 7 (X), and this is the tree topology (Goubault-Larrecq 2013, Definition 9.7.39), defined
as follows. For short, let Y = 7 (X). The simple tree expressions on X are given by the grammar
w:=QU(my | - - - | my) where U is open in X, and n € N. (The base case is obtained when n=0.)
Such a sim_Ple tree expression denotes the set of terms ¢ that have a subterm of the form f (f) with
feUandteY*m Y* .. Y*r,Y* Thesimple tree expressions generate a topology, called the tree
topology.

Here are a few basic facts about the tree topology. These can be found in Goubault-Larrecq
(2013, Exercises 9.7.40, 9.7.43). The proof of the following proposition, and of most subsequent
results, can be found in Appendix E.

Proposition 11.1. Let X be a topological space. Every finite intersection of simple tree expressions
can be rewritten as a finite union of simple tree expressions. In particular, the simple tree expressions
form a base of the tree topology.

Letting < be the specialization quasi-ordering of X, the specialization quasi-ordering of T (X) is
the embedding quasi-ordering <<.

The reader might be under the impression that the tree topology is far removed from the
embedding quasi-ordering <. Not so: the situation is exactly as for words (Proposition 8.2),
and when X is a poset, then the tree topology is the Alexandroff topology of <<:

Proposition 11.2. Let X be a set quasi-ordered by <. The tree topology on T (X,) is exactly the
Alexandroff topology of << on T (X).

Proof. This is the first part of Exercise 9.7.48 of Goubault-Larrecq (2013). We give a proof just
before Section E.1 in Appendix E. O

This means, as for most other cases studied in this paper (except the case of rings, of words
under the prefix ordering, and of powersets), that in the familiar case where X is a poset, the

completion 7{()?) is both the sobrification of 7 (X) with the tree topology, and the ideal completion
of T(X) with the << quasi-ordering. (Recall Hoffmann’s theorem that for a poset Y, S(Y,) =I(Y)
Hoffmann 1979b.) The present section is therefore merely an extension of Section 10 to a more
general format of trees, and more general spaces of function symbols.

11.1 Tree steps

To characterize S(X), we rely again on specific forms of regular tree expressions, this time for
terms. We start with regular expressions based on the ? operator, which we call tree steps.
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Definition 11.3 (Tree step) Let X be a topological space._

For every word-product P on T(X), the support supp p of Pis defined as the set of terms t such
that the one-element sequence t is in the language ofP Equivalently, when P=ee,---ep supp P=
UL, supp e;, where supp S* = S and supp P* = P.

For every closed subset F of X, let F*(P) denote the union of supp P with the set of all terms of the
form f(i), f €F, i€ P.

The tree steps are the expressions of the form C* (P) where C is irreducible closed in X and P is a
word-product on T (X).

For example, when C = {f}, P= {a}{b})’, then C';(13) is the set of all terms f(a, b), f(a), f(b), f(),
but also the terms a and b from supp P.

Lemma 11.4. Let X be a topological space. For every closed subset F of X, and every word-product
Pon T(X), supp Pand F?(f)) are closed in T (X). If moreover F = C is irreducible, then so is the tree
step C?(13).

Proof. See Appendix E, as for most other results of this section. O

11.2 Tree iterators

We turn to the needed generalization of tree regular expressions of the form €*.S. Recall that
T(X,{O}) is the set of terms of 7(X U {(J}) where [J is always applied to the empty list of
arguments — [] acts as a hole, meant to be replaced by terms.

Definition 11.5 (Context). Let X be a topological space, and [ be an element called the hole, and
assumed not to be in X. A context is a term of T (X, {LJ}).

Given any context C, and any subset S of T (X), C[S] denotes the set of all terms in T (X) obtained
by replacing each occurrence of 1 in C by (possibly different) terms from S.

The hole [J can be replaced by different terms, for example, when S = {a, b}, f({J, [J)[S] denotes
{f(a,a),f(a,b),f(b,a), (b, b)}. Notice that terms without the hole are also considered as contexts:
take C = f(c) for example, then C[S] contains just f(c), for any subset S.

By extension, where t is a single term, C[¢] denotes the unique term obtained by replacing every
hole O in C by t. One should beware that C[S] is not in general equal to the set of all terms C[t],
t € S, as the example S = {g, b}, C =f([J, J) demonstrates.

Given two contexts C and C’, the notation C[C’[S]] makes sense: this is C[S'], where §' =
C'[S]. One can also read this as C[C'][S], where C[C'] is the context obtained by replacing each
occurrence of [J in C by the (same) context C'.

Given a single hole [J, we equip {{J} with the only possible topology and write 7 (X) + {{J} for
the topological coproduct. Its open subsets are the sets of the form U or U U {LJ}, where U is open
in T(X), and similarly for closed subsets. Its irreducible closed subsets are the irreducible closed

subsets of 7 (X), and {(1}.

Definition 11.6 (Tree iterators). Let X be a topological space, and OJ be a distinguished element
outside X, called the hole.

The tree iterators are formal expressions of the form €*.S, where € is a closed subset of
X x (T(X) 4+ {O})*, and S is a closed subset of T(X). We equate pairs (f, u) in € with the contexts
¢ = f(i1) - such contexts are elementary contexts, in that (] can only occur directly under f.

Call argument support args € of € the set of all terms t € T (X) such that f(t) € € for some f € X.
(Equivalently, such that some term of the form f( ..., t,...) belongs to €.) Then, €*.S denotes the
smallest set of terms in T (X) such that:
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(1) every termin Sis in xS B
(2) every term in args € is in €*.§; B B
(3) for every elementary context ¢ € €, c[€*.S] is included in €*.S.

For example, let € = {f} x {{J}*. Its argument support is the set of all terms ¢ € 7(X) such that
t € {{J}*, that is, t = [J: this is impossible since [J is not a term of 7 (X). So args € is empty. Let
S=1{a, b}. ¢*.S is the following set of terms. First, there are the terms from S, namely a and b.
Then, there are the terms obtained from the latter by applying the elementary contexts ¢ € € to the
above terms. These contexts are f(), f(LJ), f(J0), etc. So we obtain the terms f, f(a), f(b), f(a, a),
f(a, b), f(b,a), f(b, b), etc. In a third step, we find the terms obtained by applying the contexts f(),
f(0), £(d0), etc., to the latter terms: we obtain f(f), f(f(a)), f(f (D)), f(f(a, a)), ..., f(a, f(a)), etc.
Continuing this way, we realize that €*.S is the set of terms whose non-leaf nodes are labeled with
f>and whose leaves are labeled by aor b ... or f.

For a more complex example, take € = {f} x {c}{0}*. Now args € = {c} - c is the only part of
{c}*{0}* that does not contain the hole [J. Take S = {a, b} again. Then, €*.S is the following set
of terms. First, we find the terms from S, namely a and b. Second, we find the terms from args €,
that is, c. Third, we find the results of applying contexts of the form f(), f(c), (D), f(c0J), f(JOJ),
f(c00), £(B00), etc., to the above terms: these are the terms of the form f(, 2, . . ., t,) where
each t; is in {a, b, c}. Continuing this way, we obtain that €*.S is the set of all terms built using f,

a, b, ¢, where a, b, ¢ are applied to no argument. In particular, €*.S is the same set as ¢’ * 8. where
¢ ={f} x {0}*,and §' = {a, b, c}.

Remark 11.7. One should beware that €*.S can be non-empty even when S is empty, and even
when args € is empty. For example, for € = {f} x {{J}*, €*.0 is the set of terms whose only func-
tion symbol is f, at all positions: f(), f(f()), f(f(),f()), ... This unexpected kind of non-empty
STRE will be used in case 3 of Lemma 11.11, and in the definition of 7" in Theorem 11.36,
notably.

The argument support args ¢ mimics the eponymous notion of Section 10. While we do not com-
mit yet to a specific syntax for closed subsets € of X x (7(X) + {{J})*, the case that will be of most
interest to us — and which will be the general case when X is Noetherian - is when € is of the form
U™, Ci x Q;, where C; is irreducible closed in X and each Q; is a word-product over 7(X) + {{J}
for each i, 1 <i < m. In that case, args € simplifies:

Lemma 11.8. Let € =J, C; x Q;, where C; is a closed non-empty subset of X and each Q; is a
word-product over T(X) + {0} for each i, 1 < i < m. Then, args € = Ji", supp Q; N T (X).
Each Q; is closed in T (X) + {{0}. In particular, args € is closed in T (X).

Proof. Let t € args €. For some i, 1 <i < m, there is a term f(¢) with f € C; and such that the one-
element word ¢ is in Q;. The latter means that t € supp Q;. Also, t € 7 (X) by definition. Conversely,
any element of supp Q; N 7(X) is a term (not the hole) t in supp Q;, that is, such that the one-
element word ¢ is in Q;. Since C; is non-empty, pick f from C;. Then f(¢) is in &, so ¢ is in args €.
For any space Y, the function i: Y — Y™ that maps any y € Y to the one-letter word y is con-
tinuous (Lemma B.1 in the Appendix). Since supp Q; =i~ '(Qy), it is closed in Y = T(X) 4 {(J}.
It follows that supp Q; N T (X) is closed in 7 (X), hence also args €. I

Lemma 11.9. Let X be a topological space, and (1 be a hole outside T (X). Every tree iterator €*.S
such that args € is closed in T (X) denotes a closed subset of T (X).
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The cases where tree iterators are irreducible require an analysis of the number of holes that
can occur in each context, which parallels the analysis we ran in Lemma 10.8, leading to three
cases (a), (b), and (c).

Definition 11.10. Let X be a topological space, and [ be a hole outside T (X). Let € be a subset of
X x (T(X) + {O})*. €isO-linear iff its elements have at most one occurrence of L1 each, that is, for
every elementary context f(f) € €, at most one element of t equals [. € is (-generated iff for every
() € € such that T does not occur in 1, one can split ti as a concatenation uy il so that f(i;Ouy)
isin €.

The [-generated closed sets ¢ are those such that every element in € contains the hole [J or
has a larger element in € that contains the hole. So, for example, € = {f} x {{J}* is [J-generated.
Indeed, its elements are the pairs (f,[1"), n € N; when n > 1, this contains [J, and when n=0,
(f, €) is below (f, ), which is inside € and contains [, that is, we apply the above definition,
picking U] = iy = €. € is not (-linear, since, say, (f, [JJ) is in it, and contains two holes.

On the other hand, {f} x {0} is both O-linear and [J-generated.

The tree iterators €*.S are easier to understand when € is (J-linear, just as in Section 10. Let
¢U* be the set of all contexts of the form ¢ leal -+ [ex] -+ - 1], where ke N,and ¢, ¢, ..., ¢ € €.
(When k = 0, this denotes [1.) Whenever € is [J-linear, all these contexts have at most occurrence
of 1. Then €*.S is the set of all terms obtained from a context ¢ in €9* by replacing the unique
occurrence of the hole [J (if any) by a term from S U args €.

Lemma 11.11. Let X be a topological space, and [ be a hole outside T (X), € be a closed subset of
X x (T(X)+{0O})*, S be a closed subset of T (X), and assume that args € is closed. Then, the tree

iterator €*.8 is irreducible in the following cases:
(1) if € is non-U-linear, and S is non-empty;
(2) orif € is U-generated and U-linear and S is irreducible;
(3) orif € is non-empty, [)-generated, and S is empty.

In case 3, ¢*0 is in particular non-empty. That should not be a surprise, considering
Remark 11.7.

Using these two forms of closed subsets — tree steps and tree iterators — one can express the
complements of all simple tree expressions.

Lemma 11.12. Let X be a topological space. The complement Crr of the open subset denoted by the
simple tree expression w = QU(my | 72 | - - - | ) is given by structural induction on  by:

— Cr=((F x {O}*) U (X x (En’f{D}?Cn’;{D}? e {D}?Bn:)))g.ﬂ if n> 1, where F is the com-
plement of U in X;
— ifn=0, then G = (F x {O}*)*.0.

Lemma 11.12 can be made explicit, especially when U= X and n=1:

Lemma 11.13. Let X be a topological space. The complement Cr of the open subset denoted by the
simple tree expression w1 = QU(my | w2 | - - - | 7wy) is given by structural induction on 1 by:

— ifU=X and n=0, then Cr is empty;

— ifU=Xandn=1, then Cr is X?(EJTT);

— ifU=Xand n > 2, then Cmr is (X x (Cnl*{D}?an*{D}? e {D}?Cn;“));.@;

— ifU# X and n=0, then Cr is (F x {O0}*)*.0), where F is the complement of U;
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— ifU# X andn=1, then Cr is ((F x {D}*))?X?(En{"), where F is the complement of U;
— if U#X and n>2, then G is ((F x {O}*) U (X x (Enf‘{D}?En;‘{D}? - AOYCr))* 0,
where F is the complement of U.

Proof. The case U=X, n=0 is clear. When U=X and n=1, Lemma 11.12 tells us that Cr =
(X x Cr§)*.0. This is by definition the smallest set A of terms containing Crr; = supp (X x Cr})
and such that for every elementary context f(u) € X x Enf, f (%) (which is a term, i.e., [J does not
occur in it) is in A. Thus, A =X?(C7T;k). When U # X and n=1, by Lemma 11.12 Cr = ((F x
(O U X x (Cnf)));ﬂ. The argument support of € = (F x {{J}*) U (X x (Cnf‘ ) is By, so the
elements of O are those of Crry, those of the form f(7) where f is arbitrary and 7 € Cx;* (hence,

all the terms of X*(Cz}")), and those obtained from the latter by applying any number of function
symbols from F. The other cases follow directly from Lemma 11.12. O

11.3 Checking inclusion
We start with tree step inclusion.

Lemma 11.14. Let X be a topological space, C and C' be two irreducible closed subsets of X, PandP'
be two word-products over T(X). Then C'(P) C C/?(13’) iffccc and PC P, or C'(P) C supp P.

We turn to the cases where one of the closed set to compare is of the form ¢*.S. For every closed
subset € of X x (T(X) + {{J})* and every closed subset S of 7 (X), we write €[S] for the set of pairs
(f, ©), where (f, i) ranges over € and where 7 is obtained from i by replacing each occurrence of
U by possible different terms from S.

Lemma 11.15. Let X be a topological space, C be an irreducible closed subset of X, P be a word-
product over T(X), € be a closed subset of X x (T(X) 4+ {O})* such that args € is closed in T (X),
where U is a hole outside T (X), and S be a closed subset of T (X).

Then, C?(IS) ce*S iff C x P C ¢[e¢*.S] and supp P C¢*S, or C?(f’) Cargs€US.

The expression €[€*.S] in Lemma 11.15 is arguably not syntactically smaller than €*.S, and this
would cause some problems in designing an algorithm for inclusion testing.

We shall show below that we can replace ¢C[e*.S] by €[C] for any irreducible closed set C con-
taining @*.S. The one that will suit us best is a set 75 (X), which we now define. While TH (X) is
semantically very large — larger than the set of all terms! -, one can think of it denoted by some
specific piece of syntax that one would naturally call the wildcard.

Definition 11.16 (Wildcard 72(X)). Let T2 (X) be the disjoint union of T (X) with a fresh element
[0, Its topology is described by letting the closed subsets of T (X) be those of T(X), plus T(X) itself.

That is, T (X) is obtained from 7 (X) by adding a new top element to it. Notice that the whole of
7 (X) is then irreducible closed in 7 (X).
TH(X) is different from 7(X) + {{J}. While both spaces have the same elements, the topology

of TH(X) is strictly coarser than that of 7 (X) + {{J}: the only closed subset of TH(X) that contains
O is TH(X) itself, while any set FU {{J}, F closed in 7(X), is closed in 7 (X) 4+ {{J}. In terms of

opens, every non-empty open subset of 7(X) contains [J, while any set U U {{1}, with U open in
T(X), is also open in 7(X) + {{J}.
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In the following, € [THEX0)] is just what it looks like it should be the set of contexts obtained by
instantiating a context from € by replacing some (but not necessarily all) of its holes by terms.

Lemma 11.17. Let X be a topological space, C be an irreducible closed subset of X, P be a word-
product over T(X), € be a closed subset of X x (T(X) + {T})* such that args € is closed in T (X),
where U is a hole outside T (X), and S be a closed subset of T (X).

Then C?(f’) ce*S iff C x P C C[TD(X)] and supp P C ¢*S, or C?(f’) CargsCUS.

Proof. Usmg Lemma 11.15, it is enough to show that if C x P - Qf[’TD(X)] and suppP CerS

then C x P C €[€*.S]. Indeed, let (f,7) be any element of C x P. By assumption, f(f) is in
Qf['TD (X)]. So there is an elementary context f (1) in € such that 7 is obtained from by replac-
ing those u; that are equal to [J by some terms t;, 1 < j < m. Since t; € supp P, tj € €*.8. So (f, 1)
isin C[E€*.S]. ]

One may wonder above why we used 75 (X) instead of, for example, 7/(X). This would work,
too. But using 7(X) will be what we shall need, in particular in the case where we need to
compare two tree iterators.

Let us refine our understanding of the construction €[S].

Lemma 11.18. Let X be a Noetherian space, and S be a closed subset of T2 (X). Let € be a closed
subset of X x (T(X) + {O))* of the form U, 1 Ci x Qj, where each C; is irreducible closed in X and
each Q; is a word-product over T (X) + {{J}.

Then, €[S] equals | Ji~, Ci x Qi[S], where for each word-product Q=eje;---e, Q[S]=
e1[Slea[S] - - - en[S], and for each atomic expression e, e[S] equals s ife= oy, It ife:I? for
some irreducible closed subset I of T(X), (F~{OHUS)* ife=F* and Oe F, F* ife=F*
andd & F. O

That is, €[S] is obtained from € by literally replacing UJ by S throughout. In particular, when
S=THX): {OV[TRX)] =TEX):, FITE(X)] =T when I is irreducible closed in 7(X),
F*[TH(X)] = F* when F is closed in 7(X), and F*[T2(X)] = T2 (X)* when O € F.

This allows us to give our final characterization of inclusion between tree steps and tree
iterators, in a way that will lend itself more directly to a recursive algorithm.

Lemma 11.19. Let X be a topological space, C be an irreduczble closed subset of X, P be a word-
product over T(X), € be a closed subset of X x (T(X) + {O})* of the form U, 1 Ci x Qj, where
each C; is irreducible closed in X and each Q; is a word-product over T (X) + {IJ}, where [J is a hole
outside T (X), and S be a closed subset of T (X).

szen C?(IJ) C xS iff either: suppi’ C¢*S, CCCiand P - Q,-[TD (X)] for some i, 1 <i<m;
or C?(i’) CargsCUS.

Proof. Lemma 11.17 applies since args € =J!_, supp QN7 (X) is closed. Then P is irre-
ducible closed (in 7H (X)*, not just in 7(X)*) by Lemma 7.7. So C x P is irreducible closed in
X x TH(X)*, whence C x PC ¢[TE(X)] =L, G x QITE(X)] iff C x PC C; x Q[TH(X)]
for somei, 1 <i<n,iff C C C; and P - Qi[TD(X)] forsomei, 1 <i<n. O

Let us now turn to the third case, where we compare tree iterators and tree steps in the other
order.
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Lemma 11.20. Let X be a topological space, C be an irreducible closed subset of X, P be a word-
product over T(X), € be a closed subset of X x (T(X) 4+ {0O0})* such that args € is closed in T (X),
where U is a hole outside T (X), and S be a closed subset of T(X). Assume also that there is an
elementary context f (1) in € such that O occurs as some element of .

Then ¢*.S C C*(P) iff €*.S C supp P.

Proof. Assume €*.S C Cl(P). By assumption, there is an elementary context f (i) in € such that [J
occurs as some element of 7. To make things simpler, obserye that this implies that f(0J) is in €.
For every t € CES, f(1) is then again in QF S. So f(t) is in C*(P). It follows that either f € C and
te suppP or f(t) e suppP Since suppP is closed, it is downward-closed in <<, so if f(t) €

supp P, then t e supp P.In any case, t € supp P. Since t is arbitrary, €*.S C supp P. The converse
inclusion is obvious. O

Note that the condition that there is an elementary context f(#) in € such that [J occurs as
some element of # is satisfied in all of the cases 1-3 where we proved €*.S to be irreducible
(Lemma 11.11), since € is not [-linear in the first case and [J-generated in the remaining cases.

Finally, we deal with the case where we try to compare two tree iterators. We do this in several
steps, and start, as above, with a lemma with no obvious algorithmic content, but which gives the
basic characterization we need. The proof of this heavily depends on irreducibility, as usual. Let @
be the application map from X x 7(X)* to 7(X). This sends (f, P to f (%) and is continuous (see
Exercise 9.7.47 of Goubault-Larrecq 2013, or Lemma E.6 in Appendix E).

Lemma 11.21. Let X be a topological space, € and €' be two closed subsets of X x (T(X) + {O})*
such that args € and args ¢ are closed in T (X), where O is a hole outside T (X), and let S, S’ be two
closed subsets of T (X).

Then €*.8 C €*.8 iff €[¢*.5] C @ args ¢’ US) U [TH(X)] and args CUS C ¢'* ..
Again, we need to make the above lemma clearer, in the case that is of primary interest to us.

Lemma 11.22. Let X be a topological space, € and €' be two closed subsets of X x (T (X) + {O})*,

where [ is a hole outside T (X), and let S, S’ be two closed subsets of T(X). Assume also that € is

of the form | Ji2, Ci x Q;, and that €' is of the form U};l C]/- X QJ(, where each C; and each C]/- is

irreducible closed in X, and Q; and Q]/- are word-products over T(X) + {0} for each i, 1 <i<m,

and each j, 1 <j < n. Assume finally that ¢*.S is irreducible, and that (] € Q; for everyi, 1 <i <m.
Then €*.5 C '*.8 iff

— either €*.8C argsg/ us,
— orargsCUSC ¢r*s, and for every i, 1 <i<m, thereisaj, 1 <j<mn, such that C; C C]/- and
QITHCOI € QT ]

Note that the assumptions that €*.S is irreducible, and that O € Q; for every i, 1 <i<m, are
satisfied as soon as any of the cases 1-3 of Lemma 11.11 hold.

11.4 Intersections of tree steps and tree iterators

We now compute intersections, and we start with tree steps. All missing proofs are in
Appendix E.6.

In the following lemma, recall that, by Lemma 7.13, the intersection of any two word-products
Pand P (here, on 7 (X)) can be expressed as a finite union of word-products 13]” .
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Lemma 11.23. Let X be a topological space. The intersection of two tree steps P = C'(P) and P’ =
o ';(1_5’ ) is equal to U]’?:l cnc )?(?’]{’ U (suppﬁ NP)U (PN supp P'), where PN P’ is expressed as
a finite union | J_, 1_5]” of word-products on T(X). If CN C' can be written as the union of finitely
many irreducible closed subsets C;, 1 < i < m, then PN P is also equal to the union of the tree steps
C?(f’}’) 1<i<nl1<j<m) ofsupp?ﬂP/, and ofPﬂsuppIJ/.

Lemma 11.24. Let X be a Noetherian space, and S be a closed subset of T(X). Let C?(ﬁ) be a
tree step, € be a closed subset of X x (T(X) + {})* of the form U;l:1 Cj x Qj, where each C; is
irreducible closed in X and each Q; is a word-product over T (X) + {(J}.

The intersection of the tree step P = C!(P) and of the tree iterator P' = €*.S is the union of

suppl_sﬂ P, of PN (SUargs €), and of (CN Cj)?(?’ NQP], 1<j<n
If, for each j, one can write CN C; as the union of finitely many irreducible subsets Cjj, 1 <i <
m;j, and 1fl3 N Q;j[P'] can be expressed as the union of finitely many word-products 13(1‘, 1<t=<g

then PN P’ is also equal to the union of supp PN P, of PN (SU args €), and of ij(f’gj), 1<j<n,
1§i§mj,1§Z§qj.

Lemma 11.26 below, which deals with intersections of tree iterators, is only valid if the word-
products Q; and Q]’- on 7 (X) + {UJ} are normalized. A normalized word-product on T (X) + {0} is
of the form eje; - - - e,, where each atomic expression e; is of the form P* (with P irreducible closed
in 7(X)), {0}, F* (with F closed in 7 (X)), or {{J}*. In other words, we forbid atomic expressions
of the form (F U {{J})* where F is a non-empty closed subset of 7(X). Note that the components
of a normalized product are either closed subsets of 7 (X) (not containing [J) or just {{J}.

Lemma 11.25. Let X be a Noetherian space, Q and Q' be two normalized word-products on T (X) +
{03, and P and P’ be two closed subsets of T(X). The intersection Q[P] N Q'[P] can be written
as a finite union | J_; Q;[P N P'], where each Q; is a normalized word-product over T(X) + {CJ}.
Explicitly, the set {Q; | 1 <i <n} is obtained as Meet®(Q, Q)), where, for all components F of Q and
F of Q, E(F, F') is a finite set of irreducible closed subsets whose union is:

— FNF ifFF #{0);
(O} ifF=F = (0O}
— PNFifF={0}and F # {0}
— FNPifF#£{O}and F = {}.

Moreover, for every i, suppQ; is included in (suppQNsupp Q) U (suppQNPHU(PN
supp Q) U {O}.

Proof. Since X is Noetherian, 7(X) is, too. By Lemma 7.13, Q[P] N Q'[P] is equal to the union of
the finitely many elements of Meet" (Q[P], Q'[P']).

For every set F that is either closed in 7 (X) or equal to {{J}, and every closed subset S of 7 (X),
we write F[S] for F if F # {{J}, for S otherwise. We observe that for all components F of Q and
F of Q, F[P] N F'[P'] is the union of the elements C[P N P'], where C ranges over the elements
of £(F, F'): indeed both are equal to FN F' in the first case defining £, to PN P’ in the second
case, to PN F' in the third case and to FN P’ in the fourth case. It follows, by induction on the
definition of Meet, that Meet"(Q[P], Q'[P']) is equal to (the union of the finitely many elements
of) Meet® (Q, Q)[P N P']. It is also easy to check that Meet® (Q, Q') consists of normalized word-
products only, because £ only returns (sets of irreducible) closed subsets of 7(X), or {{J}.

For the final part of the Lemma, supp Q; consists of unions of closed sets as returned by £(F, F')
on components F of Q and F’ of Q/, as inspection of the Meet® procedure reveals. If F, F' # {(J},
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Su:=0|P|S+S P:=C"(P)| ¢S

P .= €1ez - en e:=P
Au=C(Q)

Qu=0"| BO'BO’...0'B,

Cx=0] A| C+¢

Figure 5. STREs, tree-products (C € S(X),n>0,m > 1).

then E£(F,F)=FNF is included in supp QN supp Q. If F=F = {0}, then E(F, F') ={00}. If
F={0O} and F' # {(J}, then E(F, F') = PN F' is included in PN supp Q'. Finally, if F # {(1} and
F' = {00}, then £(F, F') = FN P’ is included in supp QN P'. O

Lemma 11.26. Let X be a Noetherian space and S and S' be closed subsets of T (X). Let also € (resp.,
') be a closed subset of X x (T(X) + {O}* of the form | JI_, Ci x Q; (resp., U};l C]’» X Q]/-), where

each C; and each C]’» is irreducible closed in X and each Q; and each Q]’. is a normalized word-product

over T(X) + {OJ}. For all i, j, write C; N C; as Uiil Cr/y/'k where each C;]’.k is irreducible closed in X,

and let Q;J/.[, 1 < ¢ < q;j enumerate the elements ofMeetg(Qi, Q]’.), where the oracle £ is defined in

Lemma 11.25. B B B
Then the intersection of the tree iterators P = €*.S and P' = €'*.S is the tree iterator ¢"*.S",

where €' =, ), Cii x Q;]/'e and where S" is the union of PN (args@ US') and of (args €U

ik
S NP. ’

11.5 STREs, tree-products

Assume X Noetherian. We now claim that the closed subsets of 7 (X) are exactly those denoted by
simple tree regular expressions (STREs), and those that are irreducible are exactly those denoted
by tree-products, which we now define.

The STREs S and the tree-products P are defined in Figure 5, with additional constraints that we
describe in Requirement 11.28 below. We understand those up to associativity and commutativity
for +, and the fact that 0 is neutral for 4. Hence, for example, every STRE S can be written as a sum
of finitely many tree-products Py, ..., P,, and those are unique up to permutation; in particular
S=0ifand onlyifn=0.

Those expressions have the obvious semantics, once we understand 0 as the empty set, + as
union, and in productions such as Q, [J as the set {{J}. The semantics of A = C(Q) is the product
of the semantics of C and of Q. We have:

Lemma 11.27. The languages of S and P are closed subsets of T(X), the languages of P are closed
subsets of T(X)*, the languages of € and A are closed subsets of X x (T(X) +{{1})*, and the
languages of Q are closed subsets of (T (X) + {{J})*.

Proof. By induction on syntax. If P = C’(P), then P is closed by Lemma 11.4. If P = ¢*.S, then
P is closed by Lemma 11.9, which applies since args € is closed, due to Lemma 11.8. The case
of S follows from the fact that finite unions of closed sets are closed. The case of P follows from
Corollary 7.6, and similarly for Q, noticing that {{J} is closed in 7(X) + {{J}. The case of A is
because products of closed sets are closed, and the case of € follows, again, from the fact that finite
unions of closed sets are closed. O
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Requirement 11.28. We say that A = C(Q) is syntactically O-linear if and only if Q is of the form
P\0*P,0° - - - [O'P,, with m <2, and is syntactically O-generated if and only if it is of this form
with m > 2, or Q = [J*.

¢=3"", Ci(Q) is syntactically [J-linear (resp., generated) if and only if every C;j(Q;) is
syntactically [-linear (resp., generated).

We require every subexpression €*.S to be such that € is syntactically [J-generated, € # 0, and
one of the following conditions hold:

(1) €isnot syntactically O-linear, and S # 0, or
(2) € issyntactically [J-linear and S is a tree-product P;
(3) orS=0.

Lemma 11.29. The language of every tree-product is an irreducible closed subset of T (X).

Proof. We first show that the language of every tree-product P is non-empty. If P is of the form
C?(i’), then its language contains f(), for any f in C. If P is of the form ¢*.S, where € = C;(Q;) +
-+ -+ Cu(Qy), then since € #£ 0, n is non-zero. (Remember that we reason up to the fact that +
is associative and commutative, and 0 is neutral for +.) In that case, pick f from C;, and we note
that f() is in the language of €*.S.

It follows that (x) for every STRE S such that S # 0, the language of S is non-empty.

We now prove the claim by induction on expressions. We need to show both that the language
of every tree-product is irreducible closed, and that every expression of the form Q is an irre-
ducible closed subset of (7(X) + {{J})*. The latter follows from Lemma 7.7 (every word-product
is irreducible closed). The fact that every expression of the form €*.S is irreducible closed follows
from Lemma 11.11, once we observe that every non-syntactically [J-linear context € has a non-
O-linear language, and using («) in case 1; and for the remaining cases, that every syntactically
O-linear context € has a [l-linear language, and similarly for [J-generatedness. Every expression

of the form C?(?’) is irreducible closed by Lemma 11.4. O

We shall see below that the converse holds.
An example of tree-products is given in the following result, which also serves to state how

—

T (X) embeds into its completion 7 (X) = S(7 (X)).

Lemma 11.30 (Embedding). Let X be a topological space. The closure n§—(X)(t) of thetermt in T (X)

is defined by structural induction on t by: if t =f(t1, t2, . . ., tm), then n;g-(x)(t) = (n)‘?f)?(n?(x)(tl)?
? ?

G0 () -+ 15 ) ).

Proof. By Lemma 114, (n3f) (5 1 (0)'nF ) (22)" - - - nF ) (t2)") is closed, since 75y, (11),
n%s-(x)(tz), ces n%x)(tﬂ) are closed by induction hypothesis. It also contains ¢, so it contains
the closure of t. Conversely, it is easy to see that whenever s € (773% (f ))?(n%X)(tl)?n%X)(tz)? ce
n?-(x)(tn)?), then s << t,so sis in n%x)(t). ]

We can define a syntactic inclusion test < as follows, following Lemmas 11.14, 11.19, 11.20,
and 11.22. We write semantic inclusion as C. The following notion of syntactic support is meant
to mimic the semantical notion of support of Definition 11.3 in the syntax, while the notion of
syntactic argument support mimics the argument support of Definition 11.6; accordingly, we use
the same notations supp Pand args C.
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Definition 11.31. Let the syntactic support of P=eje;---e, be supp P= YL supp ei, where
supp P* =P, supp S* =S
Let supp’ Q be 0 if Q=01%, Y™ | supp P; if Q= P\[I'P,[F - .. [I*P,,,. (This denotes the inter-
section of the support of Q with T(X).) The syntactic argument support args € of the context
=31, Ci(Qi)is Y oIy supp’ Qi
We define S<S, P<P, etc, by induction on the sum of the sizes of the two expressions
involved, by:
(1) for S=37, Piand §' =3 | P, S<S' if and only if for every i, there is a j such that
P; < P;
(2) forP= C?(f’) and P = C/?(f’/), P<Pifandonlyif CCC andP <P, orP< supp P;
(3) for P= C?(f’) and P' = ¢*.S with ¢ = >, Ci(Qi), P <P if and only ifsuppf’ <P and
CQC,-,TJE Qi forsomei, 1 <i<m,orP <argsC+S§;
(4) forP=¢*Sand P =C(P), P <P ifand only if P < supp P;
(5) forP=¢*SandP' = ¢S with® = >t Ci(Q) and € = Z]” 1 C/(Q/) P < P ifand only
ifP<args€ + S, orargs€+ S <P and for every i there is a j such that G c C’ and Q; <

Qj;
(6) Q < Q ifand only if Q is less than Q' as a word-product (see Lemma 7.10), comparing letters

by <, recursively, and considering U as a letter above all others. (This case subsumes tests of
the form P < Q as well, for instance, since any Pisa Q.)

One easily sees that S < § if and only if (the language of) S is included in §', P < P’ if and
only if P is included in P/, etc., by induction. One should pay attention to the fact that Q < Q' is
equivalent to the inclusion of Q[TD (X)] into Q’[TD (X)], as needed in cases 3 and 5 above. This
is why the comparison of expressions of the form Q assumes that [J is a letter outside 7 (X), and
above all elements of 7 (X) (see Item 6): indeed, [J denotes the whole set TH (X) there.

In case Item 6 of the definition is not clear enough, here is a complete explanation. This will
also help understand how the conditions P< Q; of Item 3 and Q; < Q; of Item 5 are checked. We
lete < Q forevery Q,Q<e€iff Q=¢,and, if Q=¢;Q; and Q' = ¢} Q], then Q < Q" if and only if:

(1) e1 Z€fand Q= Q;,

(2) or e is of the form EF, e} is of the form £, et Celand Q <Q,

(3) or e is of the form E’*, e; C ¢} and Q; < Q,

(4) ore; =0*and Q; < Q..
Additionally, C is defined by: pPCP iff P <P,P'Cfand O C O are always true, 'cp !
is always false; S*C° &' *iff S< 8, §* C [0* and [(I* = [0* are always true, 1* C & *is always false;
PPCS*iff P<S, PPC[0* and [IF C O0* are always true, fC S*is always false; S* C P! if and
only if § = {; similarly $* C [ if and only if S=¢); and [0* C P!, §*C O (with S non-empty),
O*C OF are always false. One should be conscious that, for instance, PP is always true (and
the converse inequality is false unless P = [), even when P contains further subexpressions with

occurrences of [, for example, (({f} x {D}*);.S)? cC .

Lemma 11.32. Let X be a Noetherian space. Then the language of P is included in that of P’ if and
only if P < P'. Similarly for S< . O

Corollary 11.33. Let X be a Noetherian space. Inclusion of word-products, resp. of STREs, on X,
can be checked in polynomial time modulo an oracle testing inclusion of closed subsets of X.
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Proof. Here memoization (Michie 1968) is easier to implement and analyze than dynamic pro-
gramming. We write a recursive program incl that takes two word-products P and P’ and returns
true if P < P/, false otherwise. This program maintains a table A, initially empty, that maps pairs of
word-products to Booleans. The program incl, applied to P and P, first checks whether (P, P') is
in A, and if so returns immediately the Boolean associated with it in A; otherwise, it tests whether
P < P/, depending on the shape of P and P, using the corresponding case (1 through 6), as given
in Definition 11.31; once this is done, it adds (P, P’) to A, associated with the Boolean value true
if P was found to be below P/, false otherwise. Each case, 1 through 6, involves further inclusion
tests between word-products, which are evaluated by calling incl recursively.

Instead of describing all cases, we will focus on case 3 below. It will be practical to con-
sider another program Incl, defined in mutual recursion with incl by: Incl(S,S’) is true,
where S=P; +---+ Py and ' =P| +--- 4 P;, if and only if for every i € {1, ..., m}, there is
aje{l,...,n}suchthat incl(P;, P]/.) returns true; Incl returns true on every pair whose second
component is [J, and false on every pair ((J, §') where §' is an STRE.

In case 3, then P is of the form C?(l_s) and P’ is of the form ¢*.S with € = >, Ci(Qj). Following
the definition of case 3, inc1 does the following.

(1) First, it tests whether supp P < P'. We refer to Definition 11.3 for the definition of supp p.
Accordingly, writing Pasejes - - - e, testing whether supp P < P’ means testing whether, for
everyie{l,...,n}:

— P” <P, in case ¢; is of the form P”?;

— or PJ’-/ <P’ foreveryje{l,...,m},in case ¢; is of the form §*, where S=P] +--- + P},
All the tests P” < P’ (in the first case), and PJ/-/ < P’ (in the second case) are done by calling
incl recursively.

(2) Ifitem 1 succeeded, incl then tests whether C C C; and P < Q; for some i, 1 <i<m. Thisis
done by enumerating the indices i € {1, . . ., m}, testing whether C C C; for each one (using
the given oracle that tests inclusion of closed subsets of X) and whether P< Q;. For the latter,
we use Item 6 of Definition 11.3: we need to compare P and Q; as word-products; this allows
us to use the dynamic programming procedure given after Lemma 7.9, fed with Incl as an
oracle. (You may wish to return to the explanation before Lemma 11.32 in order to better
understand where recursive calls to Incl are involved; namely in the < tests involved in the
definition of C.)

(3) Ifitem 1 failed, inc1 instead tests whether P < args € + S. In other words, using the fact that
Pisirreducible, it tests whether P < S (using Incl), or whether P < args €. For the latter, we
use Lemma 11.8, and therefore we test whether P < supp Q; N 7 (X) for some i, 1 <i <m.
Writing Q; as eje; - - - ey, this means testing whether P < supp ¢; for some j, 1 <j < n, such
that ej # (0, 0*. Finally, if ¢; is of the form P’ !, we test whether P < supp ej = P’ by calling
incl recursively on (P, P'), and if it is of the form S, we test whether P < supp ej=S5 by
calling Incl on (P, S).

All other cases are dealt with similarly. Up to a multiplicative constant, the time complexity a
memoized procedure such as incl on input (P, P') is bounded by the product of two values: the
first one is the number of pairs on which incl can be called recursively, and this is bounded by the
product of the sizes of P and P’; the second one is the time complexity of each case (such as case 3,
explained above), including table lookups and table updates on A, but counting the complexity
of each recursive call to incl (including those obtained through an intermediate call to Incl) as
one. Analyzing each case shows that the second value is also polynomial in the sizes of P and P/,
whence the conclusion. O
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Lemma 11.34. Let X be a Noetherian space. Given two tree-products P, P, one can express their
intersection as a finite sum of tree-products. If (S, [_], <, T, A) is an S-representation of X, then this
intersection can be implemented as a map N modulo an oracle that implements A.

Proof. Let |E| denote the number of subexpressions of E that are tree-products, for every kind
of expression in Figure 5. Explicitly: [0] =0, [S; + S| = |S1| + |S2], |[C'(P)| =1+ |P], |€*.8| =
L+ 1€+ IS, leres - - - eal = 201y leil, IP'| = 1P, [S*| = ISI, |€1 + €| = €1 + |2, |C(Q)l = [Ql,
|O* =0, |P,¥P,00° - - - [P, = Y |Pi].

The fact that PN P’ can be expressed as a finite sum of tree-products is by induction on |P| +
|[P’|. When both are tree steps, say P = C'(P) and P’ = C'(P'), we use Lemma 11.23, using the
subprocedure Meet® of Lemma 7.13 to compute the intersection of the word-products lé and P/
as a finite union ;’:1 P]/-’ , where £ merely computes the intersection of a component of P and of
a component of P, by induction.

When P is a tree step C'(P) and P’ is a tree iterator P’ =C*.S (or conversely), we use
Lemma 11.24 instead. Again, we use Meet® in order to compute PN Q [P'], where £ is inter-
section again. Note that the components of Q;[P'] are either components of Q;, which are finite
sums of tree-products that are strictly smaller than P’ or equal to P’ (at the positions where Q;
holds a (I or a [0*). In any case, £ is only ever applied to pairs of word-products (Py, P}) such that
|Po| < |P| and |Pj| <|P'|, so the induction hypothesis applies and £(Py, P;)) therefore computes
Py N Py, as desired. The fact that the induction hypothesis really applies is probably clearer with
an example. Imagine that P = PiS* and Q= Pi1*S300*P. Following Lemma 7.13, we compute
Meet® (13, Q [P']) as follows. We use the first clause that defines it, and we are led (among other
things) to compute £(Py, P,) - since |P;| < |P| and |P;| < |P|, the induction hypothesis applies -
and Meet€ (S*, (D?S’Z‘D*Pg) [P']). For the latter, we use the third clause, and we are led to compute
E(S1, P') - here |S;1] < |P| and the size of the second argument is equal to |P'[, so the induction
hypothesis applies again - and then Meetg(S’f, (S’;D*P;)[P’]) and Meet€ (e, (D?S;‘D*Pg)[P’]). The
latter is trivial. For the former, we are led to compute £(S;, S2) (by induction hypothesis, since
S1] < |P| and |S>| < |P'|) and then Meet (St, (0¥P%)[P']) and Meet® (¢, (S5L1*P5)[P']). The latter
is again trivial, so we look at the former. This requires us to compute £(S;, P') - and the induction
hypothesis applies again since |S;| < |P| and the size of the second argument is equal to |P'| — and
then Meet® (S*, (Pg)[P/ 1) and Meet® (e, (D*P;)[P’ 1). The last call to £ that we need has arguments
S1 and P, with |S1| < |P| and |P3| < |P/|. B

Finally, when P is a tree iterator €*.S and P’ is a tree iterator ¢’*.S’, we use Lemma 11.26. (Note
that the syntax of Figure 5 forces all word-products Q to be normalized, so that Lemma 11.26
indeed applies.) This involves calling Meet® again, where € is now the oracle of Lemma 11.25. The
latter is only ever applied to pairs of word-products (Py, Py) such that [Pg| < |P| and |Pj| < |P'|,
or such that |[Pg| < |P| and |Py| < |P’|, so that the induction hypothesis applies again.

However, the result €”*.S” given by Lemma 11.26 may fail to satisfy Requirement 11.28. We
repair this using a rewriting process akin to the relation —; of Figure 4. (This is very similar,
except that (R11) does not have an equivalent here, since there is no such thing as a function of
arity 0.) First, we split ¢” into a sum € + €7, where [J does not occur at all in € (hence, € is of

the form ), C/ (1_5“)) and [J occurs in each summand of &7 (so €/ is syntactically [J-generated).
We can then rewrite ¢*.8" as (ol * (8 + > .Ch ?(13“)) (mimicking rule (R6)). Modulo this rewrite,

we can assume that we have expressed PN P’ as ¢”*.8", where ¢” is syntactically U-generated. If
¢” = 0, then we simplify that to S”. Otherwise, if ¢ is syntactically [J-linear, then €”*._ distributes
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over + (as with rule (R12)): writing S” as ) _,, P;, we return ) _, " ;.P’b’ .In all other cases, we return

¢*.8”. Whatever the situation, the expression we return satisfies Requirement 11.28. O

Proposition 11.35. Let X be a Noetherian space. The closed subsets of T(X) are exactly the
languages of STREs, and the irreducible closed subsets of T(X) are exactly the languages of
tree-products.

Proof. One direction follows from Lemma 11.29. Conversely, we show that every closed subset of
terms is expressible as some STRE.

For every simple tree expression m, the complement of 7 can be expressed as an STRE,
by induction on (the syntax of) 7 and following Lemma 11.13. We deal with the second and
sixth items of that lemma; the other cases are similar. In the second case, the complement

of m is X* (Cnf‘) Since X is Noetherian, we can express X itself as a finite union of irre-
ducible closed subsets C;, 1 <i<m. By induction hypothesis, Cr; is expressible as some STRE
S. Then 7 is expressible as > ", C (§%). In the sixth case, the complement of 7 is equal to
(Fx{OF)UXx (Cnl*{D} Cn;{D} Oy Crr*)));@ where F is closed in X and n > 2. Write
F as a finite union of irreducible closed subsets C; of X, 1 <k <p, and each Crjy 1<j<n,
as some STRE §;. Recall that X =JiZ; Ci. Then 7 is expressible as the expression ¢,
where ¢/ = ZP C(O+ X, C,(S*D S*D -[0°S*) and §” = 0. Observe that this satisfies
Requirement 11. 28

Since X is Noetherian, and simple tree expressions form a base of the tree topology
(Proposition 11.1), every open subset of 7 (X) is a finite union of tree expressions. Therefore every
closed subset is a finite intersection of STREs, hence itself an STRE by Lemma 11.34.

Finally, given an irreducible closed subset of 7(X), expressed as an STRE S=)"" | P;, that
irreducible closed subset must be the language of some P; - by irreducibility. O

We can now conclude.

Theorem 11.36 (S-representation, trees). Let X be a Noethertan space, X' = T(X), and (S, [_],
<, T, A) be an S-representation of X. Then (S, [_], <',t/, \) is an S-representation of X', where
[[_]] is defined in terms of auxiliary maps that we write [_]°:

(A) S is the collection of all tree-products over the signature S;

(B) < is implemented using the procedure outlined in Definition 11.31, where the inclusions
between closed subsets of X are decided using < (and Lemma 5.2);

(C) t/is (31 ,C(O%))* .4, where t ={Cy,...,Cyk

(D) N is defined by the procedure of Lemma 11.34.

One should not be surprised of the shape of t/, which is non-empty despite the mention of the
empty set: see Remark 11.7.

12. Conclusion

We have developed the first comprehensive theory of (downward-)closed subsets, as required for a
general understanding of forward analysis techniques of WSTS. This generalizes previous domain
proposals on tuples of natural numbers, on words, on multisets, allowing for nested datatypes,
and infinite alphabets.

We have also done this on new domains such as trees, words under prefix, infinite powersets,
and Noetherian rings or Q.
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Each of these domains is effective, in the sense that each has finite presentations with a
decidable ordering.

We have also shown how the notion of sobrification S(X) was in a sense inevitable (Section 4).
In the special case of wqos, the latter coincides with the ideal completion of X, and it is important
to stress that we have, in particular, characterized the shapes of ideals in several wqos of interest
in verification (N¥, X*, X®, T(X)). Ideals in wqos are growingly appearing to be a central concept
in verification.

The natural generalization from wqos to Noetherian spaces was also naturally in order, not only
because it allows us to deal with extra constructions (words under prefix, rings, infinite powersets),
but also because the proofs, as well as the computations (witness Lemma 5.2) intimately rely on
irreducibility, a concept that occurs naturally from the study of sobrification.
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Note

1 The state space was erroneously claimed to be CF in that paper.
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Appendix A. Auxiliary Proofs on Irreducible Closed Sets
The results of this section are well known. We include their proofs for convenience.

Lemma A.1. For every continuous map f: Y — Z between topological spaces Y and Z, for every
irreducible closed subset C of Y, cl(f[C]) is irreducible closed in Z.

Proof. This is a direct consequence of the fact that S is a functor, in particular that S(f) maps every
C € §(Y) to an element of S(Z), and of the fact that S(f)(C) = cI(f[C]). Here is a direct argument.
Assume that c/(f([C])) is included in the union of two closed subsets F; and F, of Z. Then f[C] C
F1UF,, 50 CC f~Y(Fy UFE,) =f~'(F;) Uf~!(F,). Since C is irreducible, C is included in f ! (F;)
or in f_l(Fz). Assume without loss of generality that C gf—l(Fl). Then f[C] is included in Fj,
and since cl(f[C]) is the smallest closed set containing f[C], and F; is a closed set containing f[C],
cl(f[C]) is included in F;.

Lemma A.2. Let (X;);cs be any family of topological spaces. The irreducible closed subsets of | |;c; Xi

are exactly the products [ [;c; C; where each C; is irreducible closed in X;.
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Proof. This is Proposition 8.4.7 of Goubault-Larrecq (2013) and leads to Hoffmann’s theorem
(Hoffmann 1979a, Theorem 1.4) that the sobrification functor preserves products. We give a
direct proof. Let X = [],.; X;. This has a base of open sets of the form ﬂie] Jrfl(U,-), where |
is a finite subset of I and each Uj is open in X;.

We first note that a closed set C is irreducible if and only if it is non-empty, and whenever
it intersects two opens U; and U, then it also intersects their intersection U; N U,. (Just take
the contrapositive of the definition of irreducibility, with the complement of U; for F; and the
complement of U, for F;.)

If each C; is closed in X, then [[;; Ci is closed, being the intersection (7);¢; ni_l(C,-). If
additionally each C; is irreducible, we claim that C=[T;.; C; is also irreducible. It is certainly
non-empty.

Assume that C intersects two open subsets W and W’ of X. Write W as a union of basic open

subsets ij]k nj_l(Ujk), k € K, where each Ji is a finite subset of I, and each U is open in Xj. Then

C intersects (¢,

open subsets ﬂje I, JTj_l(Ujk/), k" € K’, where each J}, is a finite subset of I, and each Ujy is open in
Xj. Then, C intersects [);c .
we may assume that J; = ]]/(,: otherwise replace Ji, resp. ]]’{,, by Jx U ]]/(, and define the missing sets
Uik, resp. Uiy, as Xj. For every j € Ji, C; intersects Uy (at x;) and also Uy (at x]’-). Since C; is
irreducible, it therefore also intersects their intersection Uy N Ujy, say at y;. For every j € I \ Jj,

nj_l(Ujk N Ujr), hence

nj_l(Ujk) for some k € K, say at (x;);c;. Similarly, write W’ as a union of basic

nj_l(Ujk/) for some k' € K, say at (x7),_;. Without loss of generality,

define y; as some arbitrary point from C;. Then (yj)j o isin G, and in ﬂje n
inwWnw'.

Conversely, we claim that every irreducible closed subset C of X must be a product [ [;; C; of
irreducible closed subsets C; of X;. We define C; as cl(;[C]): by Lemma A.1, C; is irreducible
closed in X;. Clearly, C is included in [[;.; C;. Assume for the sake of contradiction that the
inclusion were strict: there is a point X = (x;);c; in [],; C; and not in C. Then X is in the open
complement W of C. By definition of the product topology, W contains a basic open subset

ﬂje ; nj_l(Uj) containing X, where J is a finite subset of I, and each Uj is open in X;. Since it con-

tains X, x;j is in Uj for every j € J. Since it is included in W, ﬂje J nj_l(Uj) is disjoint from C. Since C

is irreducible, if C intersected 71171 (Uj) for every j € ], it would also intersect ﬂje J ﬂjfl(Uj), which

is impossible, as we have just seen. Hence, C is disjoint from 7Tj71(U]') for some j € J. This implies
that 77;[C] is disjoint from Uj, hence that C; = cl(7;[C]) is also disjoint from Uj. (A set intersects
an open set if and only if its closure does.) However, since x € [ ];; C;, x; is in Cj, and x; is also in
Ui, contradiction. O

Appendix B. Proofs of Results on Words (Section 7)

Lemma 7.2 (recap). Let X be a topological space. The complement of X* U X* U X* - - - X*U,X*
(neN, Uy, Us,. .., Uy openinX)inX* is ) when n=0, and FTX?FZ‘X? . ~X?F:_1X?Fﬁ otherwise,
where Fi =X\ Uy,...,F, =X~ U,.

If X is Noetherian, then this complement can be expressed as a finite union of sets of the form
F}‘C?IF;‘C; . C;le:, where Cy, Cy, ..., Cy—1 range over irreducible closed subsets of X.

Proof. When n =0, this is clear: the complement of X*U; X*U,X* - - - X*U,X* is the empty set.
Soletn>1.

We first claim that the complement of X* Uy X*UpX* - - - X* U, X* is FfX'F;X' - - - X'F}_ | X'F}.
We show this by induction on n. If n = 1, then the complement of X*U; X* is the set of words that
contain no letter from Uj, that is, F’l|< If n> 1, let w be an arbitrary element of the complement of
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X*U X*UpX* - - - X*U,X*. Let w; be the longest prefix of w comprised of letters not in U;. Note
that wy is in F}. If w; = w, then certainly wis in F} C FTX?F’Z*X? ce X?F:_IX?F:. Otherwise, w is
of the form wyxw/, where x € Uy and w' is not in X*U,X* - - - X*U,X*. By induction hypothesis
w isin F;‘X? . ~X?F:_1X?F:;, hence again w is in FTX?F;‘X? . ~X?F:_1X?F:.

Conversely, let w be any word in FfX'F;X* - - - X'F}_| X'Fi. Let w; be the longest prefix of w
that lies in Fj. Then either w = wy, then w € F] cannot be in X*U X*U,X* - - - X*U,X", since
all the words in the latter set must contain at least one letter in U;; or w = wixw’ for some
x ¢ Fy, that is, x € Uy, and w' € F;X* .- X'F*_ X'F:. By induction hypothesis, w' cannot be
in X*Up,X* - - - X*U,X*. By construction, x would be the first occurrence of an element of U;
in w. If w=wyxw were in X*U1 X*U,X* - . - X*U, X*, then, some suffix w” of w would be in
X*UpX* - - - X*U,X*. Then w" <* w/, hence w' would be in X*U,X* - - - X* U, X*, which is open
hence upward-closed: contradiction.

By Lemma 4.6, X, as a closed subset of itself, is a finite union of irreducible closed subsets,
that is, there is a finite subset E of S(X) such that X = UCe g C. Distributing across the Ut opera-
tor and concatenation in the expression F X F;X* - - - X'F* | X*F} yields that the complement of
XU X*UpX* -+ - X*U, X" equals:

sk ¢ ok ~E 2 * ?
U FICIFZCZ'”Cn—ZFn—ICn—l
Ci,....Ch—1€E

from which the desired conclusion follows. O

Lemma 7.4 (recap). Let X be a topological space. For every closed subset F of X, for every closed
subset F of X*, F*F is closed in X*.

This is part of Exercise 9.7.29 of Goubault-Larrecq (2013), but the argument is non-trivial.
Here is a complete proof. This requires the following construction, which we shall also require in
the next Lemma. For any open U/ of X*, and any open U of X, define U//U as follows. If i/ = X*,
then U /U = §; otherwise, U is a union of basic opens of the form X*Uy X*UpX* - - - X* U, X*,
i€l, where n; > 1 for every i €I, then we let ¢/U be the union of all basic opens X*(U; N
U)X*UpX* - - - X*Ujp, X*. In all formality, ://U depends on a presentation of ¢/ as a union of
basic opens, not on U itself, but this will cause no problem in the sequel. Note that this definition
is made possible by the fact that X* U X*U,X* - - - X* U, X™* form a base, not just a subbase, of the
topology (Lemma 7.1).

Proof. If F is empty, then F* F is empty hence closed. Henceforth, we assume that F is non-empty,
so that the complement ¢/ is different from X*. Then, I/ /U is open. Also, X* Ul is open. We claim
that the complement of F*F in X* is X* XU/ U U /U, which will show the claim. We first make the
following remark. Let L; and L, be two subsets of X* that are downward-closed with respect to
<*. For any word w not in L} Ly, we can write w as w1 w'w,, where w) is the longest prefix of w in
Ly, w; is the longest suffix of w in L, and w' is not empty. Indeed, any prefix of a word in L; is
again in L;, and any suffix of a word in L; is in Ly, since both are downward-closed with respect
to <*. That remark applies, notably, to L; = F' and L, = F fit, in the second case because <* is
the specialization quasi-ordering of X* and every closed subset is downward-closed.

If F = X*, then the complement of F*F = X* is empty, so the claim is proved. Otherwise, write
U as the union of basic opens X* Uy X* UpX™ - - - X* U, X*, i€ I, n; > 1.

Assume w is in the complement of F'F and write w as wyw'w,, as above. Since w' is not
empty, it starts with some letter x € X. Then by the maximality property of w;, wy is in F’, but
wix is not. Again, by the maximality property of w,, w'w; is not in F, hence in U. If w; #e¢,
then w; is a single letter, so w is in XU € X*XU. If w) =¢, then x is not in F (otherwise w;x
would be in F?), hence is in U. So w'w; starts with a letter in U, since w'w; is in U, w'w; is in
X*UpX*UpX* - - - X*Ujp, X* for some i € L. If w'wy is in Up X*UpX™ - - - X* Uy, X*, then w'w, is in
(U n U,'l)X* U,'zX* & Uin,-X*> SO W =Ww; W’Wz is in X*(U N U,'l)X* U,'zX* S XE Uin,-X* g Z/{/ U;
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otherwise, w'w, is in UX* Uy X*UpX* - - - X* U, X*, s0 w = wiw'wy is in X*UX* Uy X*Up X* - - -
X* Ui, X* CX*UU C X*XU.

Conversely, assume w is in X*XU/ UU/U. If w e X*XU, then w contains a subsequence of
the form apaja; - - - a,,, for some i € I, where aq is arbitrary, a; € U, a € Up, ..., ay, € Uiy,
Note that ajay - - - ay, is in Uy Uj, - - - Up, S X*Un X*UpX* - - - X*Ujpp, X* CU. If w were in F'F,
then since F'F is downward-closed with respect to <*, apaja; - - - a,, would be in F'F; hence,
ajay - - - ay, would be in F: contradiction. (More slowly, from agaa; - - - ay, € F'F, we deduce
thatay € Fand aja; - - - a,, € F, or apaia; - - - au, € F, but the latter also implies aja; - - - ay, € F,
since F is downward-closed.) So w is in the complement of F* F. If, on the other hand, w € U/ /U,
then w contains a subsequence of the form aja; - - - ay,;, for some i € I, where a; e UN Uy, a2 €
Ui, ..., an; € Upy;. In particular, aiay - - - ay, isin Up Uy, - - - Uiy, © X*Up X*UpX* ... X* Uinl-X* -
U. If w were in F'F, then since F* F is downward-closed with respect to <*, ajay - - - a,, would
be in F* F. However, a; is in U, so is not in F, and this implies that aya; - - - a,, would be in F:
contradiction. So, again, w is in the complement of FFO ]

Lemma 7.5 (recap). Let X be a topological space. For every closed subset F of X, for every closed
subset F of X*, F*F is closed in X*.

More specifically, in the case where F is non-empty, let U be the open complement of F in X
and U be the open complement of F in X*. Then, the complement of F*F is X*UU UU /U and is
therefore open.

Proof. Write U is a union of basic opens of the form X* U;; X* Upp X* - - - X*U;,, X*, i € I, as above.

Assume w is in the complement of F*F and write w as wyw'w,, where wy is the longest prefix
of win F*, w, is the longest suffix of w in F, and w’ is not empty. Let x be the first letter of W
and note that w; € F* but wix is not in F*: so x is in U; and that w'w; is in U/, so w'w; is in some
basic open set X*Uj X*UpX* - - - X*Ujp, X*, i € I. Depending on whether the first letter x of w'w;
is in Uil or not, W/Wz is in (U N Uil)X* U,QX* S XE Uin;X* or in UX* UiIX* U,'zX* S XE Uin’.X*,
so that wis in X*UlU orinU/U.

Conversely, if w e X*UlU, then w contains a subword apa;a; - - - a, for some i €1, ap € U,
a1 € Upp, az € Up, ..., ap; € Uy, If w were in F*F, then apaja; - - - a,, would be, too: it is indeed
clear that F*F is downward-closed, since F* is and F is closed. Since ag € U, ag is not in
F, so apaiay - - - ay, is in F. Again by downward closure, aja; - - - a,, is in F: contradiction.
So w is in the complement of F*F. And if w e U /U, then w contains a subword of the form
ajay - - - ay,, for some i € I, where a; € UN Ujy, az € Up, ..., au, € Uiy, In particular, aja; - - - ay,
isin UpUj, - - - Upy, S X*Un X*UpX* - - - X*Ujp, X* CU. If w were in F*F, then so would be this
subword, and as a; € U is not in F, aja; - - - a,. would be in F: contradiction. So w is in the

1

complement of F*F. O

Lemma B.1. The concatenation function cat: X* x X* — X* is continuous. The function i: X —
X* that maps the letter x to x as a word is also continuous.

Proof. This is Exercise 9.7.27 of Goubault-Larrecq (2013). To show that i is continuous,
observe that i '(X*U X*UpX*--- X*U,X*)=U; if n=1, X if n=0, and @ otherwise. As
far as cat is concerned, cat ™ (X*U; X* U X* - - - X* U, X*) = UL, X*U1 X*UpX* - - - X*UX*) x
(X*U 1 XU X* - - - X*ULX™). O

Lemma 7.7 (recap). Let X be a topological space. Every word-product is irreducible closed in X*.

Proof. By induction on syntax, starting with the fact that the base case € denotes a one-element
downward-closed set, hence, is trivially irreducible closed. It suffices to show that sets of the form
F* and C' are irreducible closed, where F is closed and C is irreducible closed, and that if C; and
C, are irreducible closed and C;C; is closed, then C;C; is irreducible closed.
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1. Let us show that F* is irreducible closed in X*, for any closed subset F of X. Assume F* C
JF1 U F,, where Fi and F; are closed in X*. If F* was not contained in 7 or in >, then there
would be a word w; € F* \. F} and a word w, € F* \. F;. Then, w;w, would again be in F*,
hence either in 7 or in F,. Assume by symmetry that w;w; is in Fj. Since w; <* wyw», and
closed sets such as F; are downward-closed, we would have wy € F: contradiction. So F* is
irreducible.

2. We claim that C is irreducible closed in X* whenever C is irreducible closed in X. It is
enough to observe that C! = cl(i[C]) - recall that i is continuous by Lemma B.1 - and to use
Lemma A.1. The inclusion cl(i[C]) € C stems for the fact that C* is closed, and i[C] C C,
which is clear. The converse inclusion is obvious.

3. Finally, we show that whenever C; and C; are irreducible closed in X*, and C;C; is closed, it is
irreducible. Indeed, C; x C; is irreducible closed by Lemma A.2, and since cat is continuous
by Lemma B.1, cl(cat[C; x C;]) is irreducible by Lemma A.1. Then, cat[C; x C2] =C1Ca,
and since the latter is closed by assumption, it is equal to cl(cat[C; x C;]), hence irreducible
closed. O

Lemma 7.9 (recap). Let X be a topological space. Inclusion between word-products can be checked
in polynomial time (precisely in time proportional to the product of the lengths of the two word-
products), modulo an oracle testing inclusion of closed subsets of X.

Explicitly, we have € C P for any word-product P, P Z € unless all the atomic expressions in P are
syntactically equal to ¢*, and for all C, C' € S(X), for all F, F' € Hy(X), and for all word-products
P, P:

— C'PcC*P ifand onlyif CC C and PC P, or CZ C and C'PC P.

— C'PCF*Pifandonlyif CCF and PC F*P,or CZ F and C'PC P..

— F*PC C'P ifand only if F is empty and P < C"° P/, or F is non-empty and F*P C P’
— F*PCF*Pifand onlyif FCF and PC F*P,or FZ F and F*P C P'.

Proof. The cases € C P and P Z € are obvious.

We first examine when C*P C C'”*P’ holds. The if direction is easy. Conversely, assume C'P C
C'*P'. For every x € C, either x € C' or xw is in P’ for every w € P: indeed, when w € P, then xw €
C'Pc C'P, and if x ¢ C' this can only happen if xw € P’. This means that C is contained in
C'UF,whereF={xe X |VweP -xweP}=(,cpfy  (P),andf, is the map x — xw. Note that
fw(x) = cat(i(x), w), hence f,, is continuous. Using the fact that P’ is closed (Corollary 7.6), F is
closed. Since C € C' U F and C is irreducible, we have proved (x) either C C C' or C C F. We also
note that () P C P/, in any case, fixing some element x € C (recall that C is non-empty), for every
w e P, xwis in C'P, hence in C'* P, so w or xw s in P’; since P’ is closed and w <* xw, w must be in
P’ in any case. Using () and (), we now have two cases: either CC C'andPC P',orCZ C',CC
F,and P C P'. In the latter case, C C F entails CP C P’ by definition of F, so C'P=PUCPCP.

We now examine when C'PC F*P’ holds. This is similar. The if direction is obvious.
Conversely, if C'P € F'*P/, then for every x € C, either x € F' or xw € P’ for every w € P. So C C
F'UF, where F is the closed set {x € X | Vw € P - xw € P'}. Since C is irreducible, (x) either C C F’
or C C F. Also, (%) P C F'*P/, because PC C°'P C F*P'.If C Z F/, then C C F, hence CP C P’ by
the definition of F; since P’ is downward-closed, P is also included in P, so CCP=PUCP C P

Let us proceed to the case F*P C (' ‘P'. When F is empty, since F*P =P, the equivalence
between F¥*P C C’ ‘P and P cC ‘P’ is obvious. Otherwise, since F is non-empty, let x be some
element in F. For any w € F*P, xw is also in F*P, so is in C"P'. This implies that xw or wis in P’
But, as P’ is downward-closed, w € P’ in any case. So F*P C P’. The converse is again easy.

Finally, assume F*P C F*P". If FC F/, then P C F”*P/, since P C F*P. Otherwise, let x be in F
but not in F'. For any word w € F*P, xw is again in F*P, hence in F'*P’. Since x ¢ F’, xw must be
in P/, hence alsow e P'.So FFPC P'.

We obtain the desired algorithm (up to an oracle) by dynamic programming. O
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Lemma 7.12 (recap). Let X be a topological space. Any finite intersection of word-products is
expressible as a finite union of word-products. Specifically, the intersection of two word-products
is given by: € N P = € for every word-product P, and by the recursive formulae:

— C'PNC'P =(CPNP)UPNCP)YUCNC)(PNP);
— C'PNF*P =(CNF)(PNF*P)U(C'PNP);
— F*PNF*P =(FNF*PNF*PYJ(FNF)FPNP).

Proof. Let us deal with the first case. Any word w in C*PNCP' is either in PN P/, or is in
CP and in P, or in P and in C'P, or is of the form xw/, with xe CNC and w'€ePNP’. So
C'PNC'P' S (PNP)U(CPNP)UPNCP)UCNC) (PNP)=(C'PNP)UPNCP)U
(CNC)(PNP). It is easy to see that conversely, (C'PNP)U(PNC P)U(CNC)(PNP)is
included in C*PN C*P'.

Next, any word w in C*P N F'”*P’ is either in PN F"* P/, or is of the form xw’ with x € C, w’ € P,
and xw’ € F”*P’. In the latter case, eitherx € CNF and w' € PNF*P,sow e (CNF) (PNF*P)
or xe C, x is not in F' so w=xw is in P’, hence w is in C'PNP’. In any case, C'PNF*P C
(PNF*PYU(CNF)YPNF*PYU(C'PNP)=(CNF)(PNF*P)U(C'PNP). The converse
inclusion is clear.

Finally, for every word w in F*P N F'*P/, write w as w; w, where wy is the longest prefix of w in
F*,and w, € P; also, as w, w), where w/ is the longest prefix of w in F'*, and w}, € P'. If w; is shorter
than w/, then w; is also in F*P/, so we (FNF)*(PN F'*P'), otherwise w € (FN F)*(F*PN P).
So F*PNF*P' C (FNF)*(PNF*P)U (FNF)*(F*PN P'). The converse inclusion is obvious.

These formulae define the intersection of two word-products, by induction on the sum of the
number of atomic formulae in each of them. So the intersection of two word-products is a finite
union of word-products. The empty intersection, the space X* itself, is clearly a word-product. By
induction on the number of word-products, any finite intersection of word-products can then be
rewritten as a finite union of word-products. O

Proposition B.2. Let X beaNoetherian space, X' = X*, and (S, [_], <, T, A) be an S-representation
of X. Then (S, [_]", </, 7/, A') is an S-representation of X', where:

— § s the collection of all word-product notations, that is, of all expressions of the form
ejey - - - e, where each e; is either of the form u* where u is a finite subset of S, or of the
form a* where a € S. We write € for the empty word-product notation.

— Jerez---eq] =[er] [e2] - - [en] = {x1x2 - xp | x1 € [e1] s x2 €[], . . ., % € [en]'),
where [u*])" is the set of all finite words whose letters are in |, [a], and [a’] "is the set of
words containing at most one letter, and this letter is in [a];

— < is the relation star[ <], defined recurswely from < by: € <" w for every word- product
notation w, w <" € zﬁw— €, and for all a,a’ €S, for all non-empty finite subsets u, u’ of
S:

- dw< a‘w iffa<<ad andw < w, ora Qa’ and aw < w
- dw<' W iffa<d forsomea €u andw < u*w, ora<d fornoa €u anda‘w <’
w';
- ww < d'W iffuisempty and w < a’*w/, or u is non-empty and utw < w';
- w*w < "W iff either for every a € u, there is an a’ € u' such that a <a' and w <" u/*w/,
or there is an a € u such that a < a’ fornoa’ € v/, and w*w <" w/
— this{t*}.
— N is the map meet[ A ], parametrized by <, and defined recursively by: € N' w' = {e}, w A/
€ = {e}, and for all a, a’ € S, for all non-empty finite subsets u, u’ of S:

—awn a/?w’z{a/’?w” lad" cand,w ewN wiU@wnA w)UwnA a/?w’);
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? . .
—dwAuIW =" W' |d ed,a" cand, w ewnN uFWU @'wA W) if there is an
a e such that and #0, awAN U w =wAN u*w)U (@'w A W) otherwise; and
L ?
similarly for u*w A" a”*w';

*
- wrwA U W = {(U acu, aAa’) w W' e WwwA W)U wA u/*w’)}.
aeu

Proof. [_]' is surjective: the irreducible closed subsets of X’ are the word-products by
Proposition 7.14, that is, of the form [w] for some word-product notation w € X'.

The formulae defining star[ <] are obtained from Lemma 7.9. The formula defining 7’ is justi-
fied by the fact that | ,,, [w]' = [t*]'is the set of all words whose letters are all in | ., [a] =X,
this is, the whole set X*. The formulae defining A" are obtained from Lemma 7.13. O

Appendix C. Proofs of Results on Multisets (Section 8)

Proposition 8.4 (recap). Let X be a topological space. Then, the m-SREs are closed in X®, and the
m-products are irreducible closed.

If X is Noetherian, then every irreducible closed subset of X® is an m-product, and every closed
subset of X® is an m-SRE.

Proof. Consider any m-product P=F | Cy, Cy,. .., C,. We observe that W ~!(P) is the union over
all permutations 7 of {1,2,...,n} of the word-products F*C;(I)F*C;(Z)F* . -F*C;(n)F*. This
means that the words whose multiset of letters can be split as at most one letter from each of Cj,
Cs, ..., Cy, plus remaining letters from F, are just the words that are comprised of letters from F,
except for zero or one letter from C;, i € {1, 2, ..., n}, sprinkled here and there in some order. So
W~1(P) is closed in X*. Because W is quotient, P is closed in X®.

It also follows that any m-SRE is closed in X®.

Next we show that the m-products F | Cy, Cs, . . ., C, are indeed irreducible. By Lemma 7.7,
F*CiCY - - - CY is irreducible closed in X*. So the closure of its image by W is irreducible closed by
Lemma A.1. However, the image of F*C?1 C; . C?n by Wis F| Cy, Cy,. .., C,. We have seen that
it is closed, hence equal to its closure. Therefore, it is irreducible closed.

Now assume X Noetherian. Let F be any closed subset of X®. Since W is continuous, W ~!(F)
is closed in X*, hence a finite union of word-products, by Proposition 7.14. Since W is surjective,
F is equal to the image W[W~1(F)] of W~!(F) by W. So F is a finite union of subsets W[P;],
i € I, where each P; is a word-product. We calculate W[P;] as follows. Write P; as eje; - - - ey, and
since it will not change its image by W, reorder the atomic expressions ¢; in eje; - - - e, so that the
starred ones come first. Doing so allows us to write our word-product as FTF;‘ e F;C; C; . C;,
up to permutation of factors. Its image by W is the set of multisets obtained by picking at most
one element from Cj, at most one from C, ..., at most one Cj, then arbitrarily many from Fy,
arbitrarily many from F, ..., arbitrarily many from F,,. It follows that W[eje; - - - e,] = (F1 U F, U
- UF,) | C, Gy, ..., Cp. In particular, W[P;] is an m-product. Therefore, F is a finite union of
m-products, hence an m-SRE.

If F is also irreducible, then this finite union must be the union of a single m-product, hence is
an m-product. O

Lemma 8.6 (recap). Let X be a topological space. Inclusion between m-products can be checked in
polynomial time, modulo an oracle testing inclusion of closed subsets of X.

Explicitly, let P=F|Cy,Cy,...,Cp and P'=F |C},C5,...,C, be two m-products. Let
I={iy, i3, ...,i} be the subset of those indices i, | <i < m, such that C; Z F'.

Then, P C P’ if and only if F C F' and there is an injective map r: I — {1,2,. .., n} such that
C; C C;(i)for every i € I - in other words, {C;,, Ci,, ..., Ci. |} c®qc, Cl,...,Cyl.
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Proof. Assume P C P'.If F Z F/, then pick x € F \. F': the multiset consisting of n + 1 copies of x
is in P but not in P’: contradiction. So F C F'.

Let now I={i1,i3,...,i} be as above. Let D1 =C;, D,=C,,, ..., Dy =C;. Let also
Ey, E,,...,E,_; be an enumeration of those C;, 1 <i<mn, with i€ I. Consider the word-
product Py defined as E{E5 - - E! _, F*D{D} - - - D Note that P; € W~!(P), s0 P; € W' (P'). On

m—k
?

the other hand, W ~!(P’) is the union over all permutations 7 of {1,2,...,n} of F’*C;T(U‘F”k

C;T(z)?F’* .. .F’*C;T(n)?F/*. Since P; is irreducible (Lemma 7.7), there a permutation 7 of {I,

2,...,n} such that P; C F/*C;T ?F/*C;/T(z)?Fl* S FFC, P Using Lemma 7.9, and the fact

(1) 7 (n)
that Ey, Ey, ..., E,,,_x are contained in F', and F C F/, and recalling the definition of P, we obtain

that D} D} - - - D} is included in F*C,, , *F*C], , "F* - - F*C[, , 'F".

We show that there is an injective map r: I — {m (1), w(2),...,7w(n)} such that C; C C;(l.)
for every i € I, by induction on k + n. If k=0, the empty map fits. Otherwise, since D; € F/,

using Lemma 7.9, we must have D{D} - - D;( - C;T(l)?F/*C;T(Z)?F’* e F/*C;T(n)?F/*. Now we

have two cases, again following Lemma 7.9. In the first case D; = C;, C C;T(l) and D?2 ce D;( C

F/*C;(z)?F/* .. .F/*C;[(n)?F/*, so there is an injective map ' : {iz, ..., ik} = {7(2),...,7(n)}

such that C; C C;/(i) for every i € {iy, . .., ix}, by induction hypothesis. Then taking r(i;) = 7 (1)

and r(i) =r(i) for every i€ {i,...,i} fits. In the second case, DD} - - -D?k gF’*C;T(z)?F”k

S F *C;T(n)?F/ *, and we conclude directly by the induction hypothesis.
Conversely, if there is an injective map r: I — {1,2,. .., n} such that C; C C;(l.) for every i€ I,

it is clear that P C P'. O

Theorem 8.7 (recap). Let X be a Noetherian space, X' =X®, and (S, [_], <, 1, A) be an
S-representation of X. Then, (S, ], <, 7/, \) is an S-representation of X', where:

(A) S is the collection of all m-product notations, that is, of all expressions of the form A | u,
where A is a finite subset of S, and u is a multiset of elements of S. When u=1{by, ..., b,
we also write A | by, ..., b, for Alu.

(B) [[A | bl) e bnﬂ/ = (UaeA IICI]]) | [[bl]] P ] [[bl’lﬂ

(C) Alu< A’ | ifand only if A <° A’ and uy <® u' where u is the subset of those elements
a € usuchthata<d fornoa €A

(D) t’is {t | @}.

(E) N is defined as follows. A matching f: {1,...,m} — {1,..., n} is any bijection from some
subset of {1, ..., m} (the domain dom f) to some subset of {1, . . ., n} (the codomain cod f).
Then, (Al ay,...,am) N (A" |4a),...,a,) is the collection of all m-product notations of the
form A" | myp & myp W myp, where:

— A" =aea (and);
/ A/

— f ranges over all matchings from {1,...,m} to{l,...,n};
— myy ranges over all multisets of the form {c; | i € dom f[} where ¢; € a; A “}(i) for every
i€ domf;

— mys ranges over all multisets of the form {ci|1<i<m,i¢domf}, where c;€
Ugea (@ind') foreachi,1 <i<m,i¢domf;

— may ranges over all multisets of the form {]c]’- |1<j<mn,jé&codf}, where c]’- € Ugea (@an
a})foreachj, 1<j<mn,j¢codf.

Proof. First, [_] is surjective by Proposition 8.4. The formula for <’ is justified by Lemma 8.6.
The fact that X® = (), [A | 4] is clear: the union on the right-hand side is [z | 6]', which is

by definition the set of multisets whose elements are all in | ., [a] = X.
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To justify the formula for A/, finally, compute the intersection of [A|ay,...,au] =F|
[ai], ..., [am] (where F=J, 4 [a]) and of [A" |4}, ..., a/n]]/ =F|[d)],....[a,] (where F' =
Uaea [@']). Any multiset m in the intersection can be split into four parts: first, the multiset
my of those elements that are in F N F'; then, among the remaining elements, the multiset 7, of

those elements that are both in some [a;] and in some [[a]/-]]: reasoning on indices, there must
be a matching f: {1,...,m} — {1,...,n} such that m; is a multiset of elements x;, i € dom f,
where x; is in [a;] N |[ ag )H then, the remaining elements are obtained by taking at most one
element from each [a;], i € dom f, provided they are in F’, and at most one element from each
[[a’.]] ,j € cod f, provided they are in F. Let E be the set (F N F') | [a;] N [[a’ , ]], [a]NF,FN [[a’.]] .

] 1) ]
—_— ——

Y R Isjen
We have just shown that [A | a1,...,au] N [A"|d},...,a,] was contained in the union of all
Ef, when f ranges over the matchings from {1,...,m} to {1,...,n}. The converse inclusion is
obvious.
We then observe that:

— FNF = angﬁ, ([a]n[a])=U ach, [c] = Ucear Icl;

— foreachiedomf, [a;] N [[ f(z)]] cheatm [eils

— for each i, 1<i<m, i¢domf, [a OF =[ai] "Ugen [@]1=Ugyen ([a] N[a']) =
U aeA [cils
ci€ajNa

— and similarly, for eachj, 1 <j<wmn,j & codf, FN [[a;]] = aea [[c’-]].

J ! ]
ceana;

Finally, we notice that unions distribute over the | construction, meaning that F|AU B,
Cy,...,Cy is equal to the union of F|A,Cy,...,C, and F|B,Cy,.. ., C,. By distributing all
unions across the | construction, we obtain the indicated formula for A’ O

Appendix D. Proofs of Results on Words with the Prefix Topology (Section 9)

Proposition 9.2 (recap). Let X1, X3, ..., Xy, ... be countably many topological spaces The sets of
the form [F\F; - - - Fy,), where each F; is closed in Xj, form a subbase of closed sets for l> _1 Xn: these
sets are closed, and every closed subset is an intersection of finite unions of such sets.

Proof. We first observe that the complement of (FIFZ -+ Fy,) is the open set [, X1 \ F1, X1 X2
F1F2, oo ,X]Xz s -Xm AN F1F2 e F .. X1X2 X AN F1F2 Fn,XIXZ - X X?’H-l) . X1X2
o Xpo ) =10, U, U1 X, UX Uy, - -+ Uy X+ Xim1 UiXig - - s UL X Xim1 UiXiy
Xy, X0 X XXt X1 Xo o X e 0 ), where U, is the complement of Fj,1<i<n.
Conversely, we claim that every open in the prefix topology is a union of subsets of the form
mlViVa- - Viudn (0<m <n, V; open in X; for every i), where the latter denotes the set of all
words w of length at least m such that either |w| > n or the m-letter prefix of wisin V1 V5 - - - V.
Indeed, consider any wide telescope U = Uy, Uy, . . ., Uy, . . ., where Uy = ]_[f:1 X; for all k> n.
U certainly contains ,,| V1 V2 - -+ Vi), for any open rectangle V1V; - - -V, contained in Up,:
for any w € ,, | V1 V2 - - - Vi), either |w| > n, then w e ]—[l.g X;= Uy, or m < |w| < n, in which
case wisin ViVy .- VyuXpny1 - - - Xjw), hence in Uy, Xyt - - - Xjw), and therefore in Uy, by the
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definition of telescopes. We claim that ¢/ is equal to the union of all ,, |V V; - - - Vi), where
0<m<mn,and V1V, - -- V,,, ranges over the open rectangles contained in U,,. Indeed, given any
word w € |U), either |w| > nand we can take m =n, V1 =Xi, ..., Vi, = X,ii; or [w| = m < n, then
w is in some open rectangle V;V, - - - V},, contained in Uy, by definition of the product topology
on[[Z, U, whencew € [ V1Va - -+ Vi)

Finally, we observe that the complement of ,,,| V1V - - - V};;),, is the set of words w such that
either |w| < m, or m < |w| < n and for some i, 1 <i < m, the ith letter of w is not in V;. When
m =0, this is empty. When m = n, the condition m < |w| < n is always false, so the complement
of | V1Vy - - Vi) is equal to [X™~1). Finally, when m # 0 and m < n, write F; for the comple-
ment of V;, then the complement of ,,, | V1V, - - - Vi), is equal to [X™~1) U Uz, [X—1Fxn—i=ly

ifm>1.
So the complement of any open of the prefix topology is an intersection of finite unions of the
claimed subbasic closed sets, and we conclude. O

We need the following, which also appears in Goubault-Larrecq (2013, Exercise 9.7.36).

Lemma D.1. Let X1, Xo, ..., Xy, ... be countably many topological spaces. The map i,: X1 x
X X, — D:ﬁ? X, that sends each n-tuple (a1, aa, . . ., a,) to the word ayay - - - a,, and the map
cons: Xj X D:S X, — D:ﬁ‘f X, that sends a1, axas - - - a, to ajaas - - - a, are both continuous.

Proof. To show that i, is continuous, we note that the inverse image of the open subset [/), where
U is any telescope Uy, Uy, . .., Uy, . . ., is the open subset U,. To show that cons is continuous, it
is easier to show that the inverse image of a subbasic closed set [F1F, - - - F,,) (see Proposition 9.2)
is closed. Indeed, this inverse image is empty if # = 0 and equal to F; x [F; - - - F,) otherwise. [

Lemma 9.3 (recap). Let Xi, Xo, ..., Xy, ..., be countably many topological spaces. The subsets
of the form [C,C; - - - Cp), where C; is irreducible closed in X; for each i, 1 <i < n, are irreducible
closed in Djﬁ X,.

Proof. C; x Cy x -+ - x C, is irreducible closed in X; x - -+ x X, by Lemma A.2. The map i, is
continuous, so cl(i,[C; x Cy X - - - x C,]) is irreducible closed by Lemma A.1. We claim that the
latter is exactly [C;C; - - - Cp), and this will prove the lemma. Indeed, i,[C; x C; x --- x C,] is
contained in [C1C; - - - Cy), hence so does its closure. Conversely, any word in [C1C; - - - Cy,) is
also in the downward closure of i,[C; x C; X - - - x Cy] (with respect to <”), hence in the set
cl(i,[Cy x Cy x - -+ x C,)), since the latter is closed hence downward-closed. O

Lemma 9.5 (recap). Let X1, X3, ..., Xy, ..., be countably many non-empty topological spaces. The
whole space >0 X,, is irreducible closed in itself.

Proof. Passing to complements, it is equivalent to show that the intersection of two non-empty
opens is again non-empty. Any two non-empty open subsets of > X, are of the form |I)
and |U') for two wide telescopes U = (Up) ey and U’ = (U},),, .- For n large enough, U, = U,, =
[TiL, Xi, so any length n heterogeneous word is in [U/) N [U).

To show that there is no other irreducible closed subset, we rest on the following general-

purpose lemma.

Lemma D.2. Let Y be a topological space and B be a subbase of closed sets of Y. Assume that
any (possibly infinite) non-empty intersection of elements of B can be written as a finite union of
elements of B. Then every irreducible closed subset of Y is a member of B or equals Y itself.

Proof. Let C be an arbitrary irreducible closed subset of Y. As a closed set, C can be written as
Nier Uje],- Fjj, where I is some index set, J; is finite for every i € I, and F;; € B for all i,j. If I is
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empty, then C =Y. Otherwise, for each i € I, C is contained in Uje j; Fij» so C is contained in Fy;,
for some j; € J;, since C is irreducible. Since Fj;, is clearly contained in | J ey, Fij» C= (Mier Fiji- By
assumption, C can be written as a finite union UZ:I By of elements of B. Since C is irreducible,
again, C must equal some By, 1 <k <n, whence C € B. O

Lemma 9.6 (recap). Let X, Xo, ..., Xy, ..., be countably many non-empty topological spaces.
The only irreducible closed subsets of >+ X,, are D> X,, itself, and the subsets of the form

[C1Cy - - - Cy), where C; is irreducible closed in X; for each i, 1 <i<n.

Proof. Let B be the subbase of closed sets of the form [FiF,---F,). Any non-empty inter-
section of such sets is again of this form. In fact, whenever I is non-empty, the intersection
(Micr[FirFiz - - - Fin;) equals [(;c; Fit (Nier Fiz - -+ (Nier Fi minje; n;)- S0 Lemma D.2 applies the only
irreducible closed subsets of > 1 X,, other than >} X,, itself are in B.

Now assume [FiF, - - - Fy) is irreducible. Without loss of generality, no F; is empty: other-
wise, letting k be the smallest index such that Fy is empty, one can rewrite [F1F,---F,) as
[F1Fy - - Fx_1).

For each i, 1 <i<wn, since F; is non-empty, fix an element x; of F;. We claim that F; must
be irreducible for each i, 1 < i < n. Otherwise, there would be two closed subsets F' and F” such
that F; C F' U F”, but F; is contained neither in F' nor in F”. In this case, let x’ be an element of
F; outside F’, and x”" an element of F; outside F”. Then xjx; - - - xj_1x’ is in [F1Fp---F;---Fy)
but not in [F1F,---F ---F,) (where F' replaces F; at position i), and x1x; - - - x;_1x” is in
[F1F,---F;---F,) but notin [F1F, ---F"---F,) (where F” replaces F; at position i), although
[F1Fy---F;---F,) is contained in the union [F1F,---F ---F,)U[FF,---F"-..F,). This
would contradict the fact that [F1F, - - - F; - - - F,,) is irreducible. So each F; is irreducible. OJ

Proposition 9.7 (recap). Let X1, X2, ..., Xy, ..., be countably many non-empty topological spaces.
The map i: (B>} S(Xn))T — S(B>125 X,,) that sends T to D>} X, and the word C1C; - - - C,
(where C; € S(X;) for each i) to [C1C, - - - Cy) is an order isomorphism and a homeomorphism.
Proof. First, iis well defined, by Lemmas 9.5 and 9.3. It is surjective by Lemma 9.6.

The specialization quasi-ordering on ( l>;f;x1’ S (Xn))T isco T,

Notice that C; -+ C,, T Cy---C iff C1---Cy & C} - C iff m<nand C; CC}, ...,
Cm € C),,. We claim that this is equivalent to [C; - - - Cy,) S [C] - - - C;,). The only if direction
is clear. In the if direction, pick x; € Cy, ..., X € Cp: the word x1 - - - Xy, is in [Cy -+ - Cpy) ©
[C---C,)s0x1 €Cl, ..., Xm € Cp,. In particular, m < n; also, letting x1, ..., Xi—1, Xi41> .. .> Xm
remain fixed, but varying x; in C;, we obtain that C; C C;.

Notice also that T C> T C} - - - C;, never holds, and that l>n+;xf X, S [C]---C,) never holds
either, since > X,, contains words of arbitrary lengths.

D_Ei?tice lﬁnall){'l tl}éat Ci- - Cp®TT always holds, and correspondingly [C;---C,) C
_1 X, always holds.
n=1“*n

It follows that for every w, w' € ( D:ﬁ‘f S(X,) ,w<> T wiffi(w) Ci(w). In particular, i(w) =
i(w') entails w = w/, so that i is injective. Since i is surjective, it is bijective. This also shows that i
and its inverse are monotonic, so that i is an order isomorphism.

For each closed subset F of a space X, write LJF for the family of all irreducible closed sub-
sets C of X such that C C F. Alternatively, UF is the complement of the open subset U of S(X),
for U the complement of F in X. In particular, LF is closed in S(X), and all closed subsets of
S(X) are of this form. Since © commutes with arbitrary unions and finite intersections, [J com-
mutes with arbitrary intersections and finite unions, so given a subbase B of closed subsets of
X, the sets LIF with F € B form a subbase of the closed subsets of S(X). In particular, the sets
O[Fy, P, . . ., F,) with each F; closed in X; form a subbase of closed sets of S( D:;Xf X,). Their

)T
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inverse image by i is the set of words C,C; - - - C 1n [>+oo S(X,) such that [Cy,Cy, ..., Cyp) C
[Fi, F,, ..., Fy). This is equivalent to C; - - - Cy, € T F\Fy---F,, by an argument similar to one
we have already seen at the beginning of the present proof. (The difference is that Fy, F», ..., F, are
no longer irreducible, contrarily to C}, ..., C;, - but we never used irreducibility there.) Therefore,
i“YO[Fy, Fa, ..., F,))=[OF;,OF,,...,0F,). This shows that i is continuous.

Since i is bijective, let j be its inverse. We have just shown that j~!([OF;, OF,, . ..,0F,)) =
O[F1, Fy, . . ., Fy). The sets LIF;, for F; closed in Xj, span all the closed subsets of S(X;), since their
complements ¢U for U open span all the open subsets of S(X;). Using Pr0p031tion 9.2, the sets
[OF,,0F,,...,0F,) w1th all F; closed form a subbase of closed subsets ofl> 1 S(Xy). Together

with the whole set (B> n=1 S(Xn)) , they form a subbase of closed subsets of ( :;xf S(Xn))T,
whose inverse images by j are closed: either the closed set LJ[Fy, Fs, . .., Fy) or the whole space
S( [>+oo X,). Therefore, j =i~ Lis also continuous, hence i is a homeomorphism. ]

Lemma 9.8 (recap). Let X1, Xa, ..., X, be non-empty topological spaces. The only irreducible closed
subsets ofl>Z:1 Xy are the subsets of the form [C1C; - - - Cy,), where C; is irreducible closed in X; for
eachi,1 <i<m,and m <n.

Proof. The proof of Lemma 9.6, with minor changes shows that all irreducible closed subsets are
of this form, except possibly for the whole space >/_; Xi. We show that the latter cannot be
irreducible, unless it is itself of one of the above form.

Assume that I>}_ | Xj is irreducible, that is, any two non-empty opens have a non-empty
intersection. In particular, given any two non-empty open subsets Uy and Vi of Xj, the
open subset [#,...,0,X; - XU X1+ X1 UpXpr 15 - > X1 - - Xpm 1 Uk X1 -+ - X+ +)
and the open subset |[4,...,0,X; - Xp1 Vi X1 -+ X1 ViXor 1o -+ > X1 - Xt VX1 - -
Xy, - - - ) are both non-empty and must have non-empty intersection. Any word in this intersec-
tion must be of length at least k, and its kth letter must be both in Uy and in Vj. So any two
non-empty open subsets Uy and Vi of X must have non-empty intersection: Xy is irreducible.
Then, >}_, X; = [XiX, - - - X;,) is irreducible closed by Lemma 9.3, and we are done. ]

Proposition 9.9 (recap). Let X;, Xa, ..., X, be non- empty topological spaces. The map
ir D>, S(Xx) — S(B>{_, X) that sends the word C,C, - - - Cy. (where k < n and C; € S(X;) for
each i) to [C1Cy - - - Cy) is an order isomorphism and a homeomorphzsm.

Proof. The proof is as for Proposition 9.7, using now Lemma 9.8 instead of Lemma 9.6. O

Appendix E. Proofs of Results on Trees (Section 11)

It is sometimes convenient to be able to talk about subterms and positions p, together with the
subterm t|, of t at position p. A position is a finite word over N. The empty word € is always a
position in any term ¢, and tc = t. Whenever t|, is defined, and, ¢, is of the form f(t1,. .., t,),
then p i is a position in ¢ for every i, 1 <i < n, and fp; = t;. The size of a term is the number of its
positions. We write t[s], for the term ¢, except that the subterm at position p has been replaced by s.

The following generalizes the notion of simple tree expression: for U open in X and ¢/ open in
T(X)*, 1let QU - U be the set of all terms that have a subterm of the form f (f) with feUand fel.
We use them in proving the first part of Proposition 11.1:

Lemma E.1. Let X be a topological space. Every finite intersection of simple tree expressions can be
rewritten as a finite union of simple tree expressions. In particular, the simple tree expressions form

a base of the tree topology.

Proof. Let Y =T (X). The empty intersection is (¢X(), and it remains to compute binary inter-
sections. We do this in two steps. First, for all opens U and U’ of X, for all opens ¢/ and U’ of
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Y*, we show that the intersection of QU - U and QU’ - U’ can be expressed as the union of sim-
pler expressions of the form QU” -U". Next, in the special case where QU - U is a simple tree
expression QU(m | - - - | ), namely when U/ is of the form Y*m Y* - - - Y*7,,Y*, and similarly for
QU’ - U', we show that each of the simpler expressions QU” - U"” obtained in Step 1 can themselves
be expressed as finite unions of simple tree expressions.

Step 1. The intersection of QU - U and QU’ - U’ is the union of:

QU -UN(Y*OU - U)Y™),
QU - (U N(YHOU - U)Y™),
Lounu)-Unuh,
OX-(QU-ULOU - U
OX-(OU U QU - U.

Gl W N =

Indeed, the terms t of QU - U N QU’ - U’ are those that have a subterm tp= f (?) with f € U and
t € U and that have a subterm ty =f () with ' € U’ and ¥ € U/, for some positions p and p’. If p
is a proper prefix of p’ (we say thatf(?) is above f'(1')), then t is in QU - (U N (Y*(OU’ - U')Y*)
(case 1 above); if p’ instead is a proper prefix of p, then ¢ is in case 2; if p = p/, then ¢ is in case 3; if
p and p’ are incomparable, then ¢ is in case 4 if f (¥) is to the left of f (#) (i.e., the first element that
differs in p and p’ is less in p than in p'), and in case 5 if f(£) is to the right of f'(#). Conversely,
each of the opens 1-5 are clearly contained both in QU - U and in QU’ - U/'.

Note. The operator (V- commutes with finite unions, that is, OV - JiZ; Vi= UL, OV - Vi
This is easy: both sides are the set of terms such that there is a subterm f(f) with f € V and there
isani, 1 <i<m,such that € V;. We will use that freely below.

Step 2. Call an elementary open any open subset of Y* of the form Y*m Y*-..Y*mr, V",
where 71, ..., m, are simple tree expressions. We claim that, for all open subsets U and
U’ of X, for all elementary opens U and U’, QU -UNQOU’-U’ is a finite union of (denota-
tions of) simple tree expressions. We show this by induction over the size of the expressions
QU-U and QU'-U'. Write U as Y*mY*--- Y*r,,Y*, and U" as Y*m[Y* ... Y*m,Y*. Then
UNY*(QU - U')Y*) (case 1) is the union of all elementary opens of the form Y*m Y* - - - Y*m;_;
Y*(OU - UNY*;Y* -+ - Y, Y*, 1 <i <m+ 1, plus all opens of the form Y*m;Y*- .- Y*(z; N
QU -UNY* .- Y*r,,Y*, 1 <i<m. For each i, the latter is the (finite) union of the elemen-
tary opens Y*m Y* .- Y*7”Y* ... Y*r,,Y*, where 7" ranges over the (finitely many) simple
tree expressions given by the induction hypothesis, and whose union equals 7; N QU’ - U/'.
SoUN(Y*(QU'-U')Y*) is a (finite) union of elementary opens, say Uj, ..., Uy: then the open
QU - (UN((Y*(OU - U')Y*) of case 1 is the (finite) union Uf-;l QU - U;. Case 2 is symmetric.

Cases 4 and 5 are already in the form of simple tree expressions.

For case 3, we show that &/ N/’ is a finite union of elementary opens, by induction on m + n,
using the formulae that we have already used in the proof of Lemma 7.1. When m = 0 or n = 0, this
is clear. Otherwise, write = Y*m V, U’ = Y*r{V', soUd NU' is the union of Y*;(V N Y*7 V'),
of Y*r{(Y*m;VNV'), and of Y*(;r; N7;)(V NV'). By induction hypothesis, VN Y*7 V' is a
finite union of elementary opens, so Y*m1(V N Y*r; V') is, too, since unions distribute over con-
catenations. Similarly for Y*7{(Y*m;V N V). For Y*(r; N7}) (VN V'), my N} is a finite union
of simple tree expressions by induction hypothesis (the first one, on 7 and 7’), and VNV is a
finite union of elementary opens by induction hypothesis (the second one, on &/ and U"). We then
distribute unions over concatenations again to conclude. O

Lemma E.2. For every open subset U of X, for every open subset U of T(X)*, QU -U is open in
T(X).
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Proof. Let Y =T (X). Notice that U/ can be written as a union of opens of the form Y*U;
Y*...Y*U,Y*, where each U; is open in Y, because those form a base of the word topology
on Y* (Lemma 7.1). By Lemma E.1, Uy, ..., U, can all be written as unions of simple tree expres-
sions. Distributing unions over concatenations, { is then a union of elementary opens f; of Y*,
i €I (in the sense already used in Lemma E.1). Then, QU - U = Uid QU - U is a union of simple
tree expressions, hence is open. O

Lemma E.3. Letting < be the specialization quasi-ordering of X, every open subset of T(X) is
upward-closed with respect to <<.

Proof. This is Exercise 9.7.43 of Goubault-Larrecq (2013). For short, let Y denote 7 (X). We show
that whenever s << t and s € 7, then t € . This is by induction on the structure of w. Write 7 as
QU(my | ... | y). There must be a subterm, say at position p, of s, of the form f'(5'), with f" € U
and ¥ € Y*m, Y* ... Y*r,Y*. Let (*) be our induction hypothesis: whenever u << v and u € 7;
for some i, 1 <i<mn,thenvem;.

We show that t € 7 for any term ¢ such that s << ¢, whenever s contains a subterm at some
position p of the form f'(s'), with f' € U and s’ € Y*m; Y* ... Y*r,Y*, by a secondary induction
on the size of t. If s << t by the first case of the definition, that is, if t = g(f1, . . . , t,) and s X< ¢; for
some j, 1 <j < p, then by induction hypothesis ¢; € 7, from which ¢ € 7 follows immediately, by
definition of (the denotation of) 7.

So assume that s << t by the second case of the definition, that is, s=f(), t =g(?), f <g

-

and 5<% t. Write s as s152 . .. S, fas tity ... ty, so that there is an (injective) increasing map

h: {1, 2, .., m}—{1,2,...,n} withs; << th(1)> $2 2< th(2)> ++ > Sm =< th(m)-
If p=¢, then f'=f and ¥ =5, so s€ Y*m Y* ... Y*r,Y* Let s, ...s;, be a subword of s
satisfying s;; € 71, ..., i, € m,. Then ty)) € 1, ..., ty(i,) € Tn by (%), and ty)) - . . ty(,) forms a

subword of . So f € Y*mr Y* ... Y*n,Y*; since U is upward-closed, g € U;so t € 7.
Finally, if p # ¢, then f'(s') must be a subterm of some s;, 1 <i<m. Since s; << ty(;), by
induction hypothesis, t;; is in 7, from which ¢ € 7 follows immediately.

Lemma E.4. For every open subset U of X, every open subset U of T(X)*, and every open subset V
of T(X), let QU -U // V be the set of all terms containing a subterm f(t) € V withf e U and t e U.
Then QU -U /] V is open in T (X).

Proof. This is the first part of Exercise 9.7.44 of Goubault-Larrecq (2013). Let Y = 7 (X). We first
note that QU - U // V is open if V is (the denotation of) a simple tree expression 7 = QU (n] |
...|my)inthat case QU -U // m =Q(UNU) - UN Y m Y* ... Y'Y )UQU - UNY*m Y™).
This is open by Lemma E.2. In the general case, by Lemma E.1, we can write V as a union of simple
tree expressions 1, i € I. We conclude that U - U // V =J,;; OU - U // 7 is indeed open. [

Lemma E.5. For every closed subset F of X, and all closed subsets F1, F», ..., Fn of Y =T (X),
let F?(ff]:z? - -}",?1) denote the union of Fi, Fa, ..., Fn with the set of those terms f(?) such that
feFandie FLFL .. FL. (Recall the word-products of Section 7.) Then F?(fffz? -~ FL)is closed
in Y:let U=X\F, V be the complement of Fy UF,U---UF, in Y, U be the complement of
.7-'1?]-'2? .. ..7-",3 in Y*, then F?(.Fl?}'z? - -]-',3) is the complement of (OX -U [/ V) U (QU - Y* // V).

Proof. This is the second part of Exercise 9.7.44 of Goubault-Larrecq (2013). Let us characterize

the complement of F?(fl? .7-"2? ... F%). Note that U and V are open by definition, while 2/ is open
by Corollary 7.6. Then OX - U // V and QU - Y* // V are open, as we have seen in Lemma E.4.
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Let t be a term outside F?(]-'l?]-'z? o .7-",3). Since t is not in F?(]-'l?]-'z? o ]-'n?), we first observe that
tisin V, otherwise it would be in /1 U F, U ... U F,. Write t asf(?). If f € F, then  cannot be in
FIFL ... FE Recall that U is the complement of F{.F} ... F}. So,if f € F, then tisin OX - U // V.
If on the other hand f ¢ F, then tisin QU - Y* // V.

Conversely, consider any element t of (OX-U // V)U(QU - Y* )/ V). We claim that ¢ can-

not be in F?(}"l?]-"z? o }'fl). Notice first that any subterm of a term in F?(}'l?}"z? .. .]-'r?l) is again
in F?(}'l? ]-'2? - .7-',3): this follows easily from the definition, and the fact that 7/ U/, U ... U F,,

being closed, is downward-closed with respect to << (as a consequence of Lemma E.3), hence
is closed under taking subterms. Now let t be both in (0X-U / V)U(QU-Y* // V) and in

F?(fl?]'—z? o ]—":l). If t is in OX -U // V, then t has a subterm f(?) €V with f €. Since t is in
F (]—'?}'? ]-' ), its subterm f(?) is in F° (}'?]-'? }') too. But since 7 € U, ?¢}'?}'2? .. .}'fl,
o) f(t ) must be in F; UF, U. ..U F,; but this would contradict the fact that f(t) e V. If ¢ is

instead in QU - Y* // V, then t has a subterm f(£) € V with f € U, that is, f ¢ F. Again f(f) is in
F£f1}-z o ]-'n) and f ¢ F entails that f(t) must be in F; U F, U. ..U F,, again contradicting
f(t)eV.

So F?(]-'l?]:z? .. .]—',3) is the complement of (OX-U // V)U (QU - Y* // V). Since the latter is
open, the former is closed. O

Proposition 11.1 (recap). Let X be a topological space. Every finite intersection of simple tree
expressions can be rewritten as a finite union of simple tree expressions. In particular, the simple tree
expressions form a base of the tree topology.

Letting < be the specialization quasi-ordering of X, the specialization quasi-ordering of T (X) is
the embedding quasi-ordering <<.

Proof. The first part is Lemma E.1. For the second part, let < denote temporarily the specialization
quasi-ordering of 7(X). Using Lemma E.3, t << ¢’ implies t < ¢'. Conversely, we show by struc-
tural induction on ¢’ that its downward closure | - _ ¢’ in << is closed: write t' as f(, t}, .. ., t},),

then | - _ t' is equal to ( ¢Xf)?(( b= t’l)?( b= té)? c (< t;)?), which is closed by Lemma E.5
and the induction hypothesis. So, if t < ¢ then ¢ is in the closure of {t'}, hence in the closed set
i’ﬁs ', whence t < t. O

Proposition 11.2 (recap). Let X be a set quasi-ordered by <. The tree topology on T (X,) is exactly
the Alexandroff topology of << on T (X).

Proof. Any upward-closed subset A of Y =7 (X) is the union of 1y s, s € A, where upward clo-
sure is taken relative to <<. We claim that 1y s is obtained recursively by 1y s = 0(+x f)( 1y s1 |
.| 1y $m), where s—f(sl, ...>Sm). Indeed, let t=g(t;,...,t,) be any term. We first show
that if tetys, that is, if s<-1t, then te O(1txf)(Tys1 | .|ty sm): s clearly belongs to
O(tx)(tysi]... 11y sm) and since open sets are upward-closed in the specialization quasi-
ordering, which is << by Proposition 11.1, tis also in O(1x f)( Ty si|... | Ty sm). Conversely, if
teO(Mx N tysil... |1y sm), theneithert = g(t) is itself the subterm such thatg € 1 f and te
Y*(tys)Y* ... Y*( Py sm)Y*, sof <gands <% %,in particular s << ;or tjisin O( 1 x f)( 1y s1 |
| 1y sm) for some j, 1 <j<n,sos =< tjby 1nduct10n hypothesis, therefore s << t.
It follows that 1y s is open in the tree topology for every s € A, so 1y A is also open in the tree
topology. Conversely, every open subset if upward-closed in << by Proposition 11.1. So the tree
topology is the Alexandroft topology of <<. O

E.1 Tree steps
Lemma E.6. The application map @: X x T(X)* — T(X), which sends (f, 1) tof(?), is continuous.
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Proof. This is the first part of Exercise 9.7.47 of Goubault- Larrecq (2013). Let Y =T (X), and
7 =0U(my,...,m,) be a simple tree expression. We show that @1 (rr) is open @ () is the
union of the open U x (Y*m Y™ ... Y*7,Y*) with X x (Y*n Y*) indeed, f(t) € 7 iff either f € U
and? e Y*m Y*...Y*n,Y* (case where the needed subterm of f(t) that witnesses the fact that f 6
is in 7 is f( ) 1tself) or some element of the sequence tisinm.So @ !(n) is open, and therefore
@ is continuous. O

Lemma 11.4 (recap). Let X be a topological space. For every closed subset F of X, and every word-
product Pon T(X), supp Pand F?(P) are closed in T (X). If moreover F = C is irreducible, then so
is the tree step C?(P).

Proof. LetY = 'T( ). The first part of the Lemma is a slight extension of Lemma E.5.

First, supp P is just i~ (P), where i: Y- Y* is the continuous map such that i(¢) is the word
with just one letter, t. By Corollary 7.6, Pis closed, so supp P is closed too.

Let ¢ be a term outside F*(P). Let V be the complement of supp P. We have just seen that V
is open. Moreover, since t is not in F(P), t is not in supp P, so t is in V. Write ¢ as f@.Iff €F,
then 7 cannot be in P. Let ¢/ be the complement of P in 7(X)*. This is open. So, if f € F, then ¢ is
in OX - U // V, which is open by Lemma E.4. If on the other hand f € F, then tisin QU - Y* // V,
where U is the complement of F in X; therefore, t € (OX -U // V)U(QU - Y* // V).

Conversely, consider any element ¢ of (0X - U // VIU(QU-Y* // V). We claim that ¢t cannot
be in F* (P) Notice that any subterm of a term in F’ (P) isagain in F (P) this follows easily from the
definition, and the fact that supp P, being closed, is downward-closed with respect to <<, hence is
closed under taking subterms. So let t be both in (0X -U // V) U (QU - Y* // V) and in F?(P). Ift
isin OX -U // V, then t has a subterm f () € V with f € U. Since t is in F?(P) its subterm f (¥ is in
F(P), too. But since f € U, t & P, so f(f) must be in supp P; this contradicts the fact that fiev.
Iftisinstead in QU - Y* // V, then t has a subtermf(t) € Vwith f € U, that is, f ¢ F. Again f(7) is
in F(P), and f & F entails that () must be in supp p, again contradicting f(£) € V.

So F? ( ) is the complement of (OX-U // V)U(QU - Y* // V). Since the latter is open, the
former is closed.

Let us now assume that F = Cis irreducible. .

By Lemma 7.7, the word-product P over 7 (X) is irreducible closed in 7 (X)*. So C x P is irre-
ducible closed in X x T(X)*, since the product of two irreducible closed subsets is 1rreduc1ble
closed (Lemma A.2). Since @ is continuous (Lernma E.6), one concludes that cl/(@[C x P]) is
irreducible closed in 7(X) (Lemma A.1). Since C* (P) is closed and clearly contains @[C x P], it
contains c/(@[C x P]). Conversely, the latter contains {f 6 |feC, te P} and is downward-closed
in <<, so is closed under taking subterms, whence cl(@[C x P]) contains C? ( ). Therefore, the
latter is the closure cl(@[C x P]) and must then be irreducible. O

E.2 Tree iterators

We need the following lemma to show that tree iterators define closed sets. A relation R from
a space X to a space Y is a subset of X x Y. It is lower semi-continuous iff Pre’R(V) = {x € X |
Jy e V- xRy} is open for every open subset V of Y. It is upper semi-continuous iff Pre"R(V) =
{xeX|Vy -xRy=ye V}isopen for every open subset V of Y. It is continuous if and only if it is
both lower semi-continuous and upper semi-continuous.
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Lemma E.7. Let Z be a topological space, [ be a hole outside Z, and inst-of be the relation from Z*
to (Z 4+ {O})* defined by winst-of W' iff w is obtained from w' by replacing each occurrence of [J by
(possibly distinct) elements from Z. Formally, iff w and w' have the same length and for every index
i, the ith letter of W' is either [J or equal to the ith letter of w.

Then inst-of is continuous.

Proof. For short, let Y be Z + {(J}.

Lower semi-continuity. Consider any basicopen V=Y*V Y* ... Y*V,,Y*of Y. Let U; = V; C
Z if 0 & V;, U; = Z otherwise. Then, Pre? inst-of (V) = Z*U, Z* - - Z* UnZ* is open. Since every
open subset of Y is a union of basic open sets, and since Pre? inst-of commutes with unions,
Pre? inst-of (V) is open for every open subset V of Y*.

Upper semi-continuity. We first observe that, for every word-product P=¢eje;---e, on Y,
Pre” inst-of (P) is a word-product on Z. Indeed, Pre? inst-of (P) is equal to Pre? inst-of (e;)
Pre” inst-of (e;) - - - Pre? inst-of (e,), while Pre inst-of (F?) equals Z° if ) € F and F’ otherwise,
and Pre? inst-of (F*) equals Z* if (] € F and F* otherwise. Call a monotone Boolean combination
of word-products any finite union of finite intersections of word-products. Lemma 7.12 shows
that any finite intersection of word-products can be rewritten as a finite union of word-products.
So the monotone Boolean combinations of word-products are the finite unions of word-products
U™, Pi. Now Pre? inst-of commutes with unions, so Pre? inst-of (F) is a finite union of word-
products on Z (hence closed in Z* by Corollary 7.6) for every monotone Boolean combination F
of word-products on Y.

Using Lemma 7.2, the complement of any monotone Boolean combination U of basic opens
of Y* is a monotone Boolean combination of word-products. So Pre¥ inst-of (U), which is the
complement of Pre? inst-of (F), assuming that F is the complement of U, is open in Z*.

Consider now any open subset U of Y*. U is a union of basic opens, hence a directed union
Uics Ui where each Ui is a finite union (in particular, a monotone Boolean combination) of basic
opens. We observe that Pre" inst-of commutes with directed unions. This is because each word
w (say of length m) in Z* only has finitely many images w1, wa, ..., wom, namely the 2 words
obtained from w by replacing each letter by [J, or not: if w € Pre” inst-of ( |_;; U;), then for every
j»1<j<2", thereisan i€ I such that w; € U;; we may take the same i for every j, by directedness,
whence w € Pre” inst-of (U;); the converse direction is obvious. So Pre” inst-of (U) is the directed
union | J,; Pre” inst-of (U;) and is therefore open: inst-of is upper semi-continuous. O

Lemma E.8. Let X an Z be topological spaces. The relation idx x inst-of that relates (f, f)eX x Z*
with (f, ) € X x (Z+ {O}* if and only 1ft inst-of u is continuous.

Proof. Let Y =Z + {[J}, and fix an arbitrary open subset VV of X x (Z 4 {{J})*. Write V as a union
of open rectangles | _J;.; U; x W; (where every U; and every W; is open; this is the definition of the
product topology).

Lower semi-continuity. Pre?(idx x inst-of )(V) is equal to | ;¢ Ui x Pre? inst-of (W;), hence
is open.

Upper semi-continuity. We must show that i/ = Pre” (idx x inst-of )(V) is open. For that, fix
(f, 1): it is enough to find an open rectangle containing (f, 1) t and included in /. As in Lemma E.8,
note that there are only finitely many elements 7 such that ¢ inst-of z. List them as 7y, ..., ti,. For
each one, (f, #;) is in some U; x W;: plck one such 7 and call it i;. Our desired open rectangle is
U x V where U=(; Uj and V = Pre" inst-of ( (UL, Wi). By construction, (f, f)isin U x V.
For every element (g,5) of U x V, by definition every element (g, u) that is related to (g,s) by
idx x inst-of is such that g € Uand u € [ J;Z; Wj;. Let j be such & € Wj. Since g € U, g is in Uj, so
(g,ﬁ)isinleW cu. O

]
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LemmaE.9. Let C*.S be a tree iterator such that args € is closed. Any subterm s of a term t in €*.S
is again in C*.S.

Proof. This is proved by structural induction on ¢. If ¢ is in S, then any subterm s of t is such
that s << ¢, hence s € S. If t € args €, we argue similarly, since € is closed (this is the first place
where we need this assumption). Otherwise, either s = t and the claim is obvious, or s is a proper
subterm of ¢. In the latter case, there is an elementary context ¢ = f(uju, - - - u;,) € € such that ¢
is obtained from c by replacing those uj, 1 <j < m, that equal [J by terms from €*.S, that is, f can
be written f(t1, ta, . . ., t), where tj = u; if u; £, t; € @*.S otherwise. For some j, s is a subterm
of #j. If uj = [J, then #j € €*.5, so that s € €*.§ by induction hypothesis. Otherwise, we claim that
tj is in args €. Indeed, c = f(ujuz - - - ) € €, so the smaller f(u;) is in &, too, since € is closed in
X x (T(X) + {J})*, hence downward-closed. Since u; =t;, f(t;) is in €, so t; € args €. It follows
that t; € €*.S. Since s is a subterm of #;, by induction hypothesis s € €*.S O

Lemma 11.9 (recap). Let X be a topological space, and [J be a hole outside T (X). Every tree iterator
€*.S such that args € is closed in T (X) denotes a closed subset of T (X).

Proof. Let V be the complement of SUargs € in 7 (X); this is open, since both § and args €
are closed. Let also V be the open complement of € N (X x (args € 4 {{J})*) in X x Y*, where
we let Y abbreviate 7(X) + {{J}. Using Lemma E.8, the binary relation idyx x inst-of between
X x T(X)* and X x Y* is continuous, hence upper semi-continuous. Therefore, i = Pre”(idx x
inst-of )(V) = {(f, t) 1) | Vit inst-of it = (f,u) € V} is open.

Write U as a union of open rectangles | J;; U; x W;. We claim that the complement of €*.§ is
Uic; QUi - Wi // V. It will follow that €*.8 is closed.

Let t be any term not in €*.S. Consider a minimal subterm f () of t that is not in €*.S. By
minimal, we mean that all its proper subterms are in €*.S. Since f( t) is notin €*., it is in particular
not in SUargs €, hence itis in V. For any tuple i € Y* of which 7 is an instance, that is, such that
finst-of u, and such that the components of u that are different from [ are in args € (i.e., ue
(args € + {(0})%), (f, &) cannot be in €: otherwise f(f) would be obtained from f (i) by replacing
each occurrence of [] by some components of the tuple £, which are all in €*.S, so f (f) would again
be in €*.S, which is impossible. Another way of stating this is that whenever (f, 1) (idx x inst-of )
(f, ), then either # is not in (args € + {{J})* or (f, %) is not in €. That s, (f, 1) is in 2. It follows
that, for some i € I, f € U;, and € W;. Recall thatf(t e€V.SotisinQU;- W; J/ V.

Conversely, assume thatt € QU; - W; // V, for some i € I. That is, t has a subterm f (t) in V, with
f € U;and f € W;. Assume, for the sake of contradiction, that ¢ is in €*.S. By Lemma E.9, f(£) is also
in €*.S. Since f eV, f (t) is neither in S nor in args €, so there is an elementary context f(i1) in €
such that 7 is obtained from 7 by replacing the [J elements in # by some terms in €*.S. Since f (i)
isin €, the components of u that are different from (J are in args €, by definition of the argument
support. So # is in (args € + {{J})*, hence (f, u) € €N (X x (args € 4 {O0})*), the complement of
V. However, (f, 1) (idy x Inst of ) (f, u), so (f, ) 1) cannot be in ¢ = Pre"(idx x inst-of )(V). This
contradicts the fact that (f, ) t isin U; x W;.

This concludes our proof that the complement of ¢*.S is | J,.;, OUi - W; // V, so that €*.8 is
closed. O

Lemma 11.11 (recap). Let X be a topological space, and [1 be a hole outside T (X), € be a closed
subset of X x (T(X) + {00})*, S be a closed subset of T (X), and assume that args € is closed. Then,
the tree iterator €*.S is irreducible in the following cases:

(1) if € is non-U-linear, and S is non-empty;

(2) orif € is U-generated and U-linear and S is irreducible;

(3) orif € is non-empty, [)-generated, and S is empty.
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Proof. (1) € is non-U-linear, and S is non-empty. Since S C €*.S, €*.S is non-empty. Since € is
non-[J-linear, in particular there is an elementary context f(i1) € € such that # has at least two
occurrences of [J. More precisely, there is an element of the form f(i1;Ji1,003) in €, that is, one
where [J occurs at least twice. If €*.S is included in the union of two closed subsets §' and S”, but
notin & or §”, then p1ck t' in €*.S outside §', and ¢’ in €*.S outside S”. Pick some term ¢ in €*.S
(e.g., ' ort”),and let t1, tz, t3 be obtained from u;, i1, 3, respectively, by replacing all occurrences
of O by t. Clearly f(f,t't,t"13) is in €*.S, hence in §' or in §”. Assume without loss of generality
that it is in §'. Then its subterm ¢’ is in §', contradiction. So ¢*.§ is irreducible.

(2) € is O-generated and U-linear, and S is irreducible. Assume that ¢*.S is included in the
union of two closed subsets S’ and S”, but not in §’ or in S”. We claim that there is a context

¢’ € €%, with exactly one occurrence of [J, and a term ¢’ € S U args €, such that ¢/[#'] is not in §'.
Indeed, since € is [I-linear, there is a context c=ci[cy[ -+« [ck] - - 1], k € N, where each ¢; is in
¢, and such that one obtains a term outside §" by replacing the unique occurrence of OJ (if any)
in ¢ by a term from SU args €. If [J actually occurs (once) in ¢, let ¢ = ¢, and the term outside §’
obtained above can be written ¢'[#'] for some ¢’ € S U args €. Otherwise, some ¢; does not contain
an occurrence of [1. Pick i minimal: so [J occurs (once) in ¢y, ¢3, ..., ¢j_1, but not in ¢;; moreover,
c=clel - [cicile]] -+ - 1] is a term (i.e., where [J does not occur) outside §'. Write ¢; as f(ii).
Since € is [J-generated, one can split u as w1 so that f(u1004,) € €. Pick any term ¢’ from S:
this is easy since irreducible sets are non-empty. Let ¢’ = ¢;[ca[ - - - [ci—1 [f(#110u2)]] - - - 1]. Then
ci =f(hn) << f(Ou)[t'] = f(U1t'1h2), so c << ¢'[t']. Since cisnotin §, ¢'[¢'] is not in §’ either.

In any case, there is a context ¢ € €%, with exactly one occurrence of [, and a term ¢’ €
SUargs €, such that ¢'[¢'] is not in §. Similarly, there is a context ¢’ € D with exactly one
occurrence of [J, and a term ¢ € SU args €, such that ¢[¢] is not in §”. Note that both ¢/[#'] and
¢’[t"] are in €*.S.

Examine the case where ¢’ or t” is in args €, say ¢’ by symmetry. So f(¢') € € and OJ does not
occur in ¢, for some f € X. Since € is (-generated, f(#'0J) or f((Ot') is in &, too, say f(¢#'0J). The
term ¢ [f(#'0)[c’[¢"]]] is then in €*.S, hence in §' or in 8", say §'. However, the terms ¢/[t'] and

c"[t"] are below the latter term in the << ordering, since [J occurs in ¢’. So they are both in §/,
since §' is closed hence downward-closed. But precisely, ¢'['] is not in §', contradiction.

Then examine the case where ¢’ and t” are both in S. We recall from Lemma E.6 that @ is
continuous, and from Lemma B.1 that i: Y — Y* and cat: Y* x Y* — Y* are continuous. By a
simple induction on ¢/, the function that maps each term ¢ to ¢’[¢] is then continuous. Similarly,
the function that maps t to ¢”'[#] is continuous. Consider the map f that sends each term ¢ € T (X)
to ¢ ["[t]] = [¢”][t]: f is continuous. Since ¢'[¢"] is in eU, every t € S is such that ¢'[¢”][t] is in
€*.S, hencein ' U S”. So Sisincluded in f~1(S' US") =f~1(S)Uf~1(S"). The latter is a union of
two closed sets, since f is continuous. Since S is irreducible, S is included in f ~(S) or in f ~1(S”). If
SC (), then 1npart1culart ef~1(S), thatis, c'["[t']] € S'. However, ¢ ['] << ¢'[¢"[t]], since
Ooccursin ¢”. So ¢'['] isin &', a contradiction. Similarly, S € f~1(S”) also leads to a contradiction.

So ¢*.Sis in fact included in §' or in §”. We conclude that €*.§ is irreducible.

(3) ¢ is non-empty, [-generated, and S is empty. Since € is non-empty, it contains an elemen-
tary context f(u). Since € is closed, hence downward-closed in < x <<, f() is also in €, so f is in
@*.S. Let §' be the closure of fin T(X). Since ¢*.Sis closed, it contains §'. So €*.8 D ¢*.5'. The con-
verse inclusion follows since S = ¥4, whence ¢€*.§ = ¢*.9'. By construction, §' is irreducible closed.
If ¢ is (-linear, then €*.§ = €*.§ is irreducible by case (2). If € is not [J-linear, then C*S=0*9
is irreducible by case (1). O

Lemma 11.12 (recap). Let X be a topological space. The complement Crr of the open subset denoted
by the simple tree expression w = QU(my | w2 | - - - | ) is given by structural induction on 1 by:
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— Cr=((F x {O}*) U (X x (Un’f{D}?Cn’;{D}? e {D}?Bn:)))g.ﬂ if n> 1, where F is the com-
plement of U in X;
— ifn=0, then G = (F x {O}*)*.0.

Proof. We first deal with the case n = 0. The terms ¢ that are not in QU() are those such that no
function symbol occurring in ¢ is in U. So they are the terms whose function symbols are all in F,
that is, the terms in (F x {{J}*)*.4.

Next, we deal with the case n>1. Let 1 =QU(my | 2 | - - - | wy). Let us explain the nota-
tion first. Notice that {{1} is irreducible closed in 7(X) + {{J}. So {{J}* and Cn*{D}?C *{D}?
{D}?Cn;‘ are word-products on 7 (X) + {{J}, hence are closed in (7 (X) + {{J})*, by Corollary 7.6.
Write € = (F x {{J}*) U (X x (Cn {ay an oy - (o)} CJT*)) We must show that 0w = ¢* 0.
Notice that args € = Crm; ULy U---UCm,, so args € is closed.

For every term t € T (X), we show, in one dlrectlon, that if ¢ is not in 7, then t is in €*.0, by
structural induction on t. Write ¢ as f t) where t— 1ty - by Necessarlly, t1, 2, ..., b are out-
side 7 as well. So 11, t, ..., ty are in €*. @ Moreover, f &’ U or tgz‘ Y*m, Y™ Y*rrn Y*, where
Y=TX).Iff¢U, thenfeF ) t—f(t) is obtained from the context f(0™), in F x {ay*,
by replacmg the holes by terms from €*.0. Therefore, t is itself in €*.@. Otherwise, t is in

CJTI*Y Cr;Y*- - YCry¥, by Lemma 7.2. (Recall that n> 1.) So one can write f as a sequence
[ Cr}, followed by zero or one term sy, followed by a sequence he Enz, followed by zero or
one term s, ..., followed by zero or one term s,,—1, followed by a sequence t, € C*. When there

is indeed a term s; between #; and l‘z+1, say that s; exists. Note that those terms among s, s2, ...,
Sn—1_ that do exist are in €*.¢J, since they form a subsequence of £ (use the induction hypothesis).
Let # be the sequence obtained by concatenating t1, i 5 exists (and nothing otherwise), z,, [J

if 5, exists, £, ..., (] if 5,_; exists, and ,. One obtains tby replacmg the occurrences of [J in f (1)
by terms in C*.(ZJ, and f(u) is in X x (Cnf‘{D} Cn Oy - Oy’ Bn:) by construction, so t € €*.¢J
again.

Conversely, we claim that no term in €*.¢ can be in (the language of) . We start by proving
the following claim (a): for every j, 1 <j<n, no term in Crj can be in 7. Indeed, if t € Cr; is

int =QU(my |72 |- - - | ), then ¢ has a subterm s € 7r;. Then s << t, to t € 7rj since opens are
upward-closed: contradiction. B
We then show that whenever t € €*.(J, then t cannotbe inw = QU(my | 2 | - - - | 7wy), by struc-

tural induction on ¢, following the definition of €*.¢J. Assume that t € 7r: there is a subterm s = g(s)
of t such thatg € UandSisin Y*m Y* - - - Y7, Y*. (Again, Y = 7 (X).) Note that s itselfis in 7. By
Claim (a), f cannot be in Cr; UCm, U -+ - U Enn =args €. It follows that t = f () must be obtained
from some elementary context f(u) in Qﬁ by replacing the occurrences of the hole [J by terms,
themselves from €*.(). Write 7 as f1£5 - - - £y, 14 @S U1ty - - - Uy There are two cases, corresponding
to the definition of €. If (f, &) € F x {{J}*, then f ¢ U, so s = g(5) must be different from ¢ (since
g € U), hence s must be a subterm of some tj, 1 <j < m. Moreover, u; is a hole, so tjisin ¢ 0. By
induction hypothesis ¢; cannot be in 7, hence its subterm s < ¢ is not in 7 either. This is impos-
sible since s is in 7. The other case is when (f, &) is in X x ([:71’1 {ay EJZZ*{D} . {D}?Cn:). Then
fisin CJTI Y? CJT;Y - Y Cn;f, that is, not in 7 (X)*m, T (X)* - - T(X)*rrnT(X)*, by Lemma 7.2
(recall that n > 1). So again s must be different from ¢, hence be a subterm of some ¢;, 1 <j < m.
Either tj is in some Cri, 1 <i<mn (when uj # ), or uj = O and tj is in ¢* (. However, Cr; is
included in args €, hence in €*.¢1. So in any case ¢ is in €*.¢). Since t; contains s = g(5) as a sub-
term, s << t; and therefore t; is also in 7 = QU(sry | 2 | - - - | 7). This is impossible by induction
hypothesis. Having reached a contradiction in each case, we conclude. O
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E.3 Checking inclusion between tree steps
Lemma 11.14 (recap). Let X be a topological space, C and C' be two irreducible closed subsets

ofX P and P be two word- -products over T (X). Then C'(P) c’ (P) ) iff CC C and PCP,or
C'(P) Csupp P

Proof. The if direction is obvious, noting that supp P’ € C'*(P'). Conversely, assume C’(P) C
c(P). .
For every pair (f, 1) ? eCxDb, since f/( () e C’ (TJ) c C'*(P), either (f>. feC x P, or (f,1) is in
={(f, DeXxTX If(t) € supp P'}.So C x Pisincluded in (C' x P)) US. Slnce @ is continu-
ous (Lemma E.6) and supp P’ is closed (Lemma 11.4), S is closed. By Lemma 7.7, P is irreducible,
so C x P is irreducible. Also, C' x P’ is closed, since P’ is closed by Corollary 7.6. So C x P is
included in C’' x P/ orin S.

IfC x PC S, then C'(P) C supp P'.Indeed, all the terms f(f)withf € Candf e Parein supp P,
by the definition of S. And for every t € supp P, fix an arbitrary f € C (since C, being irreducible,
is non-empty) to obtain that f(t) € C(P) hence f(t) € supp P; since suppP is closed, hence
downward-closed in <, t € supp P.

If C x PC C' x P on the other hand, then clearly C C C’ and P C P, since neither C nor P is
empty. O

E.4 Checking inclusion between tree steps and tree iterators
Lemma E.10. Let Z be a topological space, L] a hole outside Z, and F a closed subset of Z. Let
inst-ofg be the relation from Z* to (Z + {{J})* defined by w inst-ofp w' iff w is obtained from w' by
replacing each occurrence of L1 by (possibly distinct) elements from F.

Then inst-ofg is upper semi-continuous.

Proof. For short, let Y be Z + {{J}. For every word-product P=eje;--- e, on 'Y, Predinst-ofp(P)
is equal to Preinst-ofr(e;)Prelinst-ofg(e;) - - - Preinst-ofr(e,), and for each atomic expression
ej, Preainst—ofF(ej) is computed as follows: Preainst—ofF(F’?) is (F~{OhHu F)? ifeF and F’
otherwise, Predinst-ofp(F'*) is (F' ~ {O0}) UF)" if 0 € F’ and F’* otherwise. (Notice that F' \
{0} = F' N Zis closed in Z.) The rest of the proof is as in Lemma E.7. O

Lemma E.11. Let X and Z be topological spaces, F be a closed subset of Z. The relation idx x
inst-of that relates (f, t) € X x Z* with (f, ) € X x (Z + {0})* if and only if t inst-ofp & is upper
semi-continuous.

Proof. As for Lemma E.8, using Lemma E.10 instead of Lemma E.7. O

Lemma E.12. X be a topological space, 1] a hole outside T(X), € be a closed subset of X x
(TX) + {O1)*, and S be a closed subset of T(X). The set €[S], defined as the set of all pairs (f, )
where t is obtained from T by replacing each occurrence of [ by possibly different terms from S, for
some u such that (f, u) € €, is closed in X x T (X)*.

Proof. €[S] is just Pre?(idx x inst-ofs )(¢), then use Lemma E.11. O

Lemma 11.15 (recap). Let X be a topological space, C be an irreducible closed subset of X, P be
a word-product over T (X), € be a closed subset of X x (T(X) +{O }) such that args € is closed in
T (X), where O is a hole outside T (X), and S be a closed subset ofT

Then, C ( P)c xS zﬁ‘CxPCC[C* ]andsuppPCQ*S orC(P)CargSGUS
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Proof. If C x Pc ¢[¢*.S] and supp PC xS, then we claim that every term ¢ —f(t) in C° (P) isin
€*.S. Indeed, either f € Cand f € Porte supp | P. In the first case, (f,©) is obtained from some
(f, i) € € by replacing each occurrence of [J in # by terms from €*.S, so f(7) is again in ¢*.8. In
the second case, where t € supp P, thent e ¢*.S by assumption.

If C?(f’) Cargs €U S, then C?(13) is trivially included in €*.S.

Conversely, assume C (P) C ¢*.8. For every f € C and fep, f( ) is in c ( ) hence in €*.S. So
either f(7) € args € U S, or there is an elementary context f(#) in € such that f is obtained from 7
by replacmg the occurrences of [ by terms from ¢*.S. That is f (f) isin argsCUSorin ¢ [€*.S]. So
C x P is contained in the union of the set @~ !(args € U S), which is closed since @ is continuous,
and the set €[¢*.S], which is closed by Lemmas E.12 and 11.9. On the other hand, by Lemma 7.7,

P is irreducible, so C x P is irreducible. So C x P is included in @_l(args CUS) orin C[E€*.S]. If
CxPcC @ !(args € U S), then every term f(f) with f € Cand 7 € Pisin args US; since args €U Sis
closed hence downward-closed, supp P is also included in args €U S, and therefore C'(P) as well.
Otherwise, C x P C €[¢*.S]. Moreover, supp P C C?(f’) C C*8. O

E.5 Checking inclusion between tree iterators

Lemma 11.21 (recap). Let X be a topological space, € and €' be two closed subsets of X x
(T(X) + {O))* such that args € and args € are closed in T(X), where O is a hole outside T (X),
and let S, S’ be two closed subsets of T (X).

Then €*.SC €'*.8 iffe[e*.S] C @ Hargs € US)U CITHX)] and argsCUSC ¢’*s.

Proof. A warning, first. Although we have used the notation f (i) for elementary contexts, we must
recall that this is an abbreviation for a pair (f, %). One obtains the term (or context) f () from (f, )
by applying @, hence the use of @ in the statement of the lemma.

If €*.8C¢".9, then in particular args € USC ¢*.SC ¢’*.S". Moreover, for every (f,) €
ec[e*.s], f(? is in €*.S. If f(t) ﬁ ) is not in args € U S, then (f, 1) is obtained from some elemen-
tary context f (%) = (f, 1) in ¢’ by replacing all occurrences of the hole [ by terms (in ¢*.S, but
this is irrelevant). In any case (f, t) P e @_l(args ¢ US) U [T(X)], hence in @ (args ¢’ US') U
¢ [TE(X)). It follows that €[€*.S] € @ !(args €' U S) U ¢'[T(X)].

Conversely, assume that €[€*.S] C @ !(args ¢’ US) U’ [TH(X)] and args€USC ¢'*8.
Consider any term t = f() in ¢*.S. We show by induction on the definition of €*.S that  is in
¢*.8. If t e args €U (base case), then t € €'*.8' by assumptlon Otherwise, (f, ) is obtained
from some (f, u) € € by replacmg each occurrence of [J in # by elements of €*.S. Let us make
this clear. Write  as tt, - - - t,,, 1 as Uy - - - . For each j j» 1 <j < n, either t; = u; or uj = and

t; € €*.S. When uj # [J, observe that #j = u; is in args € C €*.S. Therefore, in any case, f; € €*.S
for every j, 1 < j < n. By induction hypothesis, ¢; € ¢’*.8 for every j, 1 <j <n.On the other hand,
the existence of (f, ), as specified, means that (f, ) is in €[€*.S]. By assumption, (f,) is then
in @ !(args ¢’ U S), or in €'[TH(X)]. In the first case, f( 7 e args ¢’ US C¢’*.8. In the second
case, there is a pair (f, v) € € such that 7is obtained from v =v;v, - - - v, by replacing each v; that
equals [ by the element ¢; from £. We have noticed that all such elements were in ¢'*.8'. So f(7) is
ine™.9. O

Lemma 11.22 (recap). Let X be a topological space, € and € be two closed subsets of X x
(T(X) + {O1)*, where O is a hole outside T (X), and let S, S’ be two closed subsets of T (X). Assume
also that € is of the form | Ji~, Ci x Q;, and that €' is of the form U}Ll C; x Q;, where each C; and
each CJ{ is irreducible closed in X, and Q; and QJ’. are word-products over T(X) + {{J} for each i,
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1 <i<m,and eachj, 1 <j<n. Assume finally that @*.S is irreducible, and that O € Q; for every i,
I1<i<m._ B
Then €*.S C ¢'*.S' iff:

— either €*.§ C argsg/ us,
— orargs€USC ¢'".S, and for every i, 1 <i <m, thereisaj, 1 <j<n, such that C; C CJ{ and
QITH0] € QT 0]

Proof. Consider the following statements:

(i) eFSCers; _
(ii) args €U S C €., and for every i, 1 <i < m, either C/(Q;[€*.S]) C args €' US or for some
j»1<j=n Ci S Cland Q7S] € QITHX)I.
(iii) either €*.S Cargs @ US',orargs€USC ¢’*.8 and for everyi,1 <i<m,thereisaj,1<j<
n, such that C; € Cj and Q[T ()] € QITZ(X)].

The Lemma claims that (i) is equivalent to (iii). We shall show this by proving that (i) implies (i)
implies (iii) implies (7). 3

The differences between (ii) and (iii) are: first, thgre is an additional disjunct €*.§ C args ¢’ U
S’ in (iii); second, (iii) dispenses with the disjunct CE(Q,-[Q:?S]) Cargs ¢ U S that occurs in (ii);
finally, we use Q;[¢*.S] versus Q,-[TD (X)] in the last inclusion.

Before we start, note that, using Lemma 11.8, args € = U:’;l supp Q; N 7(X) is closed, and
similarly, args ¢’ = U;’zl supp QJ’- N T (X) is closed: so Lemma 11.21 applies.

(i)= (if). By Lemma 11.21, args€USC ¢*8 and €[€F.S]= U%, Ci x Qi[e*.8] <
@ (args¢’ US)U CTHEX)] = @ (args¢’ US)U U L ( C’ X Q’[’TD(X)]) Therefore, for
every i, 1<i<m, C;x Q[€*S]C @ !(args® US)U U L ( C’ X Q’[TD(X)]) Since €*.§ is
irreducible, and because Q;[€*.S] is obtained by syntactically replacmg occurrences of [J by

¢*.S (Lemma 11.18), Q;[€*.S] is a word-product. So Q;[€*.S] is irreducible by Lemma 7.7.
It follows that C; x Q;[€*.5] is irreducible. So C; x Q;[€*.S] C @ !(args €’ US') or, for some

1<j<n, Cx Qe*.5] C CJf X Q}[TD( )]. In the first case, i(Q,[Qﬁ*. 1) Cargs€ US, and we
conclude. B B

(iii) = (i). If €*.SCargs€ US, then (i) holds trivially. Otherwise, since Q;[€*.S] <
Qi[TH(X)], we obtain that for every i, there is a j such that C; x Q;[¢*.5] C C]f X Q]’-[TD(X)].
Therefore, €[€*.S] = U, Ci x Q;[€*.S] € U L (C’ X Q’[TD(X)]) = ¢'[TP(X)]. Also, args € U
scers by assumption, so by Lemma 11.21 ¢*SC @’*.S/. B

(ii) = (iii). If €*.S Cargs €' U S, then (iii) is clear. So let us also assume €*.S Z args €' U S'.

To show (iii) under these assumptions, and in the view of what (ii) states, it is enough to show
that C?(Qi[Qf?.S]) Cargs ¢’ U S is impossible, and that for every i and j, if Q;[€*.S] € Q]/-[TD X1,
then the stronger inclusion Q;[75(X)] € QJ/-[TIj (X)] holds.

We start with the former. Since 0 € Q;, €*.S is included in C?(Qi[Qg.S]): indeed, for every
te Qf?S,f(t) € C?(Q,{C?S]) for some (arbitrary) f € C;, so t << f(t) is also in C?(Q,{@?S]), which
is closed hence downward-closed. Therefore, C?(Q,- [¢*.S]) cannot be included in args €' U S, since
we assumed that €*.§ Z args €' U §'.
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We proceed with the other claim. Write Q; as the product of atomic expressions eje; - - - ey,
over T(X) + {0}, and similarly QJ’- as e} e, - - - e,. Let e; be written as F}' or Ff, 1 <i<m, where F;

is closed in 7 (X) + {(J}, and also irreducible in case e; is written F? Similarly, write e’ as Ff *or Ff !

The core of the argument is that: () when [ € ¢;, that is, when ¢; is of the form {D} or Ff w1th
0 € F;, then ¢;[€*.5] is not included in any ej[TD(X)], 1<j<n,unless Je ej as well. Indeed,
assume that OJ is not in eJ’-. So e}[T Ux)) = eJ’. is included in args €. If ¢;[€*.S] were included in
e]’.[TD (X)], then €*.S, which is included in e;[€*.S] since [J € e;, would be included in e](, hence in
args ¢'. This would contradict the fact that €*.S Z args ¢’ U §'.

It follows that () ¢;[€*.S] € €[[T2(X)] iff &[T (X)] < ¢/[T7(X)]. The if direction is obvi-
ous. In the only if direction, we dlstlngulsh four cases. If (] & e;, then ¢;[€*.S] =¢; = ¢; [’7'D X1,
and the claim is clear. If e = {00}, then the assumption that e;[€*.9] is included in ¢ [TD( X)]
means that ¢;[€*.8] is a collectlon of sequences of terms of length at most 1; this is then certainly
also the case for e;, hence of ¢;[TZ(X)], so e;[TE(X)] € e]/»[TD X)]. 1f e]’. = F]/* where [J € F]f, then
e]’-[T':I (X)] is just TU (X)* (see Lemma 11.18), and the claim is obvious. Otherwise, (1 is in e;, and
not in e]’., so the claim follows from (x).

The algorithmic characterization of inclusion of word-products given in Lemma 7.10 now
allows us to conclude that Q;[€*.8] € Q[TZ(X)] if and only if Q[7-(X)] < QT (X)),
Concretely, this algorithmic characterization only depends on the answers to queries of the
form ¢;[€*.5] C ej"[TD (X)] in the first case, and on answers to the corresponding queries

e,-[TD X)) c e]/»[TD (X)] in the second case. By () these answers must be the same. O

E.6 Intersections of tree-products

Lemma 11.23 (recap). Let X be a topological space. The intersection of two tree steps P = C'(P)
and P =" (P is equal to U” (cn C/)';(T’”) U (suppﬁﬂP’) U (P N supp P), where PN P is
expressed as a finite union U - P” of word products on T(X). If CN C' can be written as the union
of finitely many irreducible closed subsets C;, 1 <i<m, then PN P’ is also equal to the union of the
tree steps C?(ﬁ]{/) (1<i<n 1<j<m) ofsupp PNP, and of PN supp P'.

Proof. Let t = f(f) be any term in PN P'. Since ¢ € P, t is in supp P, orfeCandie P. In the first
case, t is in supp PNP. Similarly, the claim that ¢ is in P’ splits into two cases. The first one gives

"€ PN supp P'. There remains the case where f € C,i € P,and f € C, 7€ P’. Then f is in C N c
(resp in some C;, if CN C’ can be written as a finite union of irreducible closed subsets C;), and £

is in some f’;’, sotisin (CN C/)?(f’;’) (resp., in C?(f’;’)).

Conversely, supp PN P and PNsupp P’ are included in PNP. It remains to show that
cnc )';(13]4’ ) (resp., Cl?(ﬁjf’ )) is included in PN P’, namely in both P and P’. We only deal with
the first case. For every term ¢ in (CNC’ )?(f’;/ ) (resp., C?(f);’ ), either ¢ is in supp f’;/ ort=f 6)
with f € CNC (resp., f € C;) and € 13]” . In the first case, the one-element word t is in f’J’-’, hence
in P, so tisin supp P and therefore in P = C?(IS). In the second case, f is in C, Pisin P, so t =f(?)
isin P= C?(13). O

Let us write supp Q[S] for supp (Q[S]).
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Lemma E.13. Let X be a Noetherian space, Q be a word-product over T(X) + {0}, and S be a
closed subset of T(X). Then supp Q[S] C supp QU S. (See Lemma 11.18 for Q[S].)

Proof. We first claim that for every atomic expression e, supp e[S] C supp e U S. If e = {(]}’, then
supp e[S] = supp S° = S. If e = I* where [ is irreducible closed in 7(X), then supp e[S] = supp I =
I=suppe. Ife=F* and O € F, then supp e[S] = supp (F ~ {OHUS*=(F  {OHUSC FU
S=suppeUS.Ife=F" and [J & F, then supp e[S] = supp F* = F =suppe.

Write Q as ejey---e,, where each e is an atomic expression. Then, supp Q[S]=
U™, supp ei[S] € UiL, (suppe; US) € |JI, supp e; U S =supp QUSS. O

Lemma 11.24 (recap). Let X be a Noetherian space, and S be a closed subset of T (X). Let C';(1_5) be
a tree step, € be a closed subset of X x (T(X) + {})* of the form U;l:1 Cj x Qj, where each C;j is
irreducible closed in X and each Q; is a word-product over T (X) + {TJ}.

The intersection of the tree step P= C'(P) and of the tree iterator P' = €*.S is the union of
suppi’ NP, of PN (SUargs €), and of (CN CJ) (P NQjP]), 1<j<n

If, for eclch J» one can write CN C;j as the union of finitely many irreducible subsizts Cj 1<i=
mj, and if PN Qj[P'] can be expressed as the union of finitely many word-products Pyj, 1 < £ < gj,
then PN P’ is also equal to the union ofsuppl3 NP, of PN (SUargs €), and ofCI?j(ﬁgj), 1<j<n,
1Si§mj:1§fqu.

Proof. Let t = f(f) be any term in PN P’. Since t € P, t is in supp P, or f € C and 7 € P. In the first
case, t is in supp P N P’. Similarly, since t € P, t is in SU args €, or there is an elementary context
c € Csuch thatt 1s in c[P']. In the first of these cases, t is in P N (S U args €). There remains the case
where fe C, t € p, and ¢ is in c[P'] for some elementary context ¢ — necessarily of the form f (i)
~ in €. In that case,  is obtained from # by replacing each occurrence of [J by possibly different
terms from P’, in other words, (f, f) 1) is in C[P']. By Lemma 11.18, f is in C; and fisin Q;[P'] for
some j. It follows that f is in CN C; and fisin PN Q][P’] ) t_f( )isin (CN C]) (Pﬂ Q][P/])
(Additionally, if C N C; can be written as Ui:1 Cjjand PN Qj[P'] can be written as U 1 Pg], then
tisin ij(lsgj) for some j, i, and ¢, too.)
For the converse inclusions, we check that:

— supp PN P € PN P': every term in supp PN P is in supp P hence in P = C*(P) and is also
in P;

— PN (SUargs ) C PN P every term in PN (SUargs @) is in S U args ¢, hence in P’ = ¢*.5,
and also in P; 1

— tem (CN C) (PN Q;[P']) (resp., C (Pg])) isincludedin PN P'.

Every term ¢ in supp (P N Q;[P']) (resp., supp Pg]) is such that the one-element word ¢ is
in PN Qj[P’] (resp., 135]', hence also in PN Qi [P']). Since that one-element word is in Pt
is in supp P hence in P = C?(f’), and since it is also in Q; [P'], t is in supp Qj[P'], hence in
supp Q; U P’ by Lemma E.13, hence in args € UP' C P

Next, let t be any term of the form f(?) with f € CN C;j and fePn Q;[P']. (If instead
feCj and?eﬁgj, thenf isin CNC; and 7 is in PN Qj[P'].) Since f is in C and 7 is in P,
t—f(t) isin P=C’ (P) Slncef is in Cj and fisin Q][P’] by Lemma 11.18 (f, 1) is in C[P'],
sot=f(f)isin P’ =¢*.S O

Lemma 11.26 (recap). Let X be a Noetherian space and S and §' be closed subsets of T(X). Let also €
(resp., €') be a closed subset of X x (T(X) + {O0})* of the form | JI| C; x Q; (resp., U?:l CJ{ X Q]’.),
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where each C; and each C is irreducible closed in X and each Q; and each Q is a normalized word-
product over T(X) + {D} For all i, j, write C; N Cj as Up” Cl’]’k where each C:]’k is irreducible closed
in X, and let ng, 1 < ¢ < q;j enumerate the elements ofMeetg(Q,-, QJ’.), where the oracle £ is defined
in Lemma 11.25.

Then the intersection of the tree iterators P=C*.S and P' = €'*.§' is the tree iterator €"*.8",
where €' =J; 1, C:J/k Q”(Z and where S" is the union of PN (args® US') and of (args €U

SNP.

Proof. Lett=f (f) bein PN P, where f=t; - - - ty. We show that ¢ is in ¢”*.8" by induction on
the size of t. If tis in args € U §, then ¢ is in (args ¢US)N P, hencein §”, hence in ¢”*.8". Similarly
if t is in args € U §'. In the remaining case, there is an elementary context (f, %) in € such that f is
obtained by replacing the occurrences of [J in % by possibly different terms from P. Hence, there
is an index 4, 1 <i < m, such that f is in G; and 7 is in Q;, so f is in Q;[P]. S1m11ar1y, there is an
index j, 1 <j <n, such that f € C; and fisin Q[P']. Since f is in C;N C, f is in C . for some k,
1 <k < pjj. By Lemma 11.25, 7 is in some element of Meet€ (Q;, QJ’)[P N P’], hence in Qijli [PNP]
for some ¢, 1 < £ < g;;. Since every term # in the list t is strictly smaller than t, every t; that is

in PN P’ is also in €*.8”, by induction hypothesis. It follows that 7 is in Q[},[¢"*.S"]. Therefore,

- = ijl
(f) ;) c C:]/k :]/Z [Qt//* S//] Q:// [Qt//* .SN] g Qt//* .SN.

This shows that PN P’ C ¢”*.8”. Conversely, let ¢ = f(7) be any term in ¢”*.8”. We show that t
is in P N P’ by induction on the size of t.

Iftisin PN (args @ U S'), then fisin P, and in args ¢ US' € €'*.8' = P/, If tis in (args € U S) N
P/, then t is in PN P’ by a symmetric argument. This shows that if # is in §”, then ¢ is in PN P'.

If t is in args €”, then by Lemma 11.8, args € =J; ;. , supp Qge N7 (X), so t is in supp 1113
for some i, j and €. By the last part of Lemma 11.25, ¢ is in supp Q; N supp Q] orinsupp Q; NP, or
in P N supp QJ’. (or in {{J}, but that is impossible since t € 7(X)). Hence, using Lemma 11.8 again,
tisinargs € Nargs ¢, orinargs €N P, or in PNargs €. In any case, tisin PN P'.

We have proved that if t is in args €’ U S”, then ¢ is in P N P'. The other possibility for ¢ to be
in ¢”*.8" is for f to be in C/, i and I to be obtained from some elementary context 7 in Q/, i (for
some i, j, k, £) by replacing the occurrences of [J by possibly different terms from ¢” * 8" — hence
from P N P/, by induction hypothesis. Then, f is in both C; and C while 7 is in Q” [P N P'], hence

in Q;[P] N QJ/[P’] by Lemma 11.25. This shows that t:f(t is both in €[P] = Qﬁ[@*. ]Ce*S=P
andin ¢'[P'] C P. O
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