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REPETITIVE EQUIVALENCES AND TILTING THEORY

JIAQUN WEI

Abstract. Let R be a ring and T be a good Wakamatsu-tilting module
with S = End(Tr)°". We prove that T induces an equivalence between stable
repetitive categories of R and S (i.e., stable module categories of repetitive
algebras R and 5’) This shows that good Wakamatsu-tilting modules seem to
behave in Morita theory of stable repetitive categories as that tilting modules
of finite projective dimension behave in Morita theory of derived categories.
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§81. Introduction

Tilting theory plays an important role in the representation theory of Artin algebras.
The classical tilting modules were introduced in the early 1980s by Brenner—Butler [6],
Bongartz [5] and Happel and Ringel [19]. Beginning with Miyashita [23] and Happel [19],
the defining conditions for a classical tilting module were relaxed to tilting modules of
arbitrary finite projective dimension, and further were relaxed to arbitrary rings and
infinitely generated modules by many authors such as Colby and Fuller [12], Colpi and

Trlifaj [14], Angeleri-Hiigel and Coelho [1], Bazzoni [4], etc.
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98 J. WEI

One important result in tilting theory is the famous Brenner—Butler Theorem which
shows that a classical tilting module induces a torsion theory counter equivalence (later
named in [11, 13]). Precisely, if T is a classical tilting R-module with the endomorphism
algebra S, then there is a torsion pair (B,.A) in the R-module category and a torsion
pair (G, K) in the S-module category such that there is an equivalence between A and
G and an equivalence between K and B. In this sense, tilting theory may be viewed as
a far-reaching way of generalization of the Morita theory of equivalences between module
categories. More interesting, when considering the derived category of an algebra, which
contains the module category of the algebra as a full subcategory, Happel [18] and later
Cline, Parshall and Scott [10] proved that a tilting module of finite projective dimension
induces an equivalence between the bounded derived category of the ordinary algebra and
the derived category of the endomorphism algebra of the tilting module. This leads to the
study of the Morita theory for derived categories, which were completely solved by Rickard
[24] through the notion of tilting complexes and by Keller [21] through dg-categories.

A further generalization of tilting modules to tilting modules of possibly infinite projective
dimension was given by Wakamatsu [25]. Following [17], such tilting modules of possibly
infinite projective dimension are called Wakamatsu-tilting modules. It is known that
Wakamatsu-tilting modules also induce some equivalences between certain subcategories of
module categories [26]. But Wakamatsu-tilting modules do not induce derived equivalences
in general.

However, we will show in this paper that Wakamatsu-tilting modules make more sense
when we consider a more general category than the derived category of an algebra, namely,
the stable module category of the repetitive algebra of an algebra. Let us call the latter
category the stable repetitive category of the algebra. The stable repetitive category is a
triangulated category. Moreover, by Happel’s result [18], for an Artin algebra R, there is
a fully faithful triangle embedding of the bounded derived category of R into the stable
repetitive category of R. Moreover, this embedding is an equivalence if and only if the global
dimension of R is finite; see [28] for a generalization and a simple proof of this result.

We say that two algebras are repetitive equivalent if there is an equivalence between
their stable repetitive categories. It should be noted that repetitive equivalences are more
general than derived equivalences. In fact, by results in [2, 7, 24], etc., if two algebras are
derived equivalent, then their repetitive algebras are derived equivalent, and hence stably
equivalent. Thus, derived equivalences always induce repetitive equivalences. However,
repetitive equivalences need not be derived equivalences (see Example 5.3).

The following is the main theorem of this paper.

THEOREM 1. Let R be an Artin algebra. If T is a good Wakamatsu-tilting R-module
with S =End(TR)P, that is, bimodules sTr and rDTs represent a cotorsion pair counter
equivalence between a complete hereditary cotorsion pair (B, A) in modR and a complete
hereditary cotorsion pair (G,K) in modS, then R and S are repetitive equivalent. The
equivalence can be chosen to restrict to the equivalence between A and G.

Remark.

(1) The definition of good Wakamatsu-tilting modules is given in Section 3.2. It is still a
question for us whether or not all Wakamatsu-tilting modules are good Wakamatsu-
tilting modules in general. For algebras of finite representation type, the answer is
affirmative.
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(2) In a subsequent paper [9] collaborated with Chen, we can prove that the equivalence
in the main theorem is indeed a triangle equivalence.

(3) The result shows that good Wakamatsu-tilting modules seem to behave in the Morita
theory of stable repetitive categories as that tilting modules of finite projective
dimension behave in the Morita theory of derived categories. We hope that this paper
could give some spark on the study of the Morita theory of stable repetitive categories,
which is clearly a new area and far from being solved.

Conversely, we have the following result.

PROPOSITION 2. Let R and S be Artin algebras. Assume that there is a triangle
equivalence between their stable repetitive categories and that this equivalence restricts
to an equivalence between a covariantly finite coresolving subcategory A in modR and a
contravariantly finite resolving subcategory G in modS. Let T be the preimage in modR of
S. Then T is a good Wakamatsu-tilting R-module with S ~ End(Tg).

The paper is organized as follows. After the introduction, we provide basic knowledge
on Wakamatsu-tilting modules and repetitive categories in Section 2. Then in Section 3,
we introduce good Wakamatsu-tilting modules through cotorsion pair counter equivalences.
Some properties and characterizations of good Wakamatsu-tilting modules are presented.
Section 4 is devoted to the proof of the main theorem and the proposition in Section 1.
Though the proof of the theorem is a little complicated, the main idea is inspired by
constructions in [18, Lemma 4.1 in Chap. 3] and [26, Section 1]. Finally, we provide some
examples in the last section. In particular, it is shown that every Wakamatsu-tilting module
over an algebra of finite representation type is a good Wakamatsu-tilting module and hence
induces a repetitive equivalence. We also provide an example of repetitive equivalences but
not derived equivalences.

Conventions. Throughout this paper, we always work over Artin algebras and finitely
generated right modules unless we claim otherwise. For an algebra R, we denote by modR
the category of all finitely generated R-modules and by projR (resp., injR) the category of
finitely generated projective (resp., injective) R-modules. We denote the usual duality over
an Artin algebra R by D.

Let A be an additive category and T € A, we use add 4T to denote the additive closure
of T in A, that is, the class of all objects in A which is isomorphic to a direct summand of
finite direct sums of some copies of T'.

For two functors F : A — B and G : B — C, we use GF to denote their composition. While
we use f - g, or simply just fg, to denote the composition of two homomorphisms f: A — B
and g: B— C.

Let A and B be two additive categories and F : A — B be an additive functor, we use
KerF to denote the subcategory of A € A such that F(A) = 0. Moreover, if F; : A - B, i € 1,
is a class of functors, we denote KerF; =(,.; KerF;. For instance, KerExtﬁ1 (T, —) is the
subcategory of all M € modR such that Ext’% (T, M) =0 for all i > 1.

We write the elements of direct sums as row vectors.
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§2. Wakamatsu-tilting modules and repetitive categories

2.1 Wakamatsu-tilting modules
Recall that an R-module T' € modR is Wakamatsu-tilting [25] provided that

(1) End(sT)Op ~ R, where S := End(Tgr), and
(2) Extiy(T,T) = 0= Exty(T, T) =0 for all i > 0.

These two conditions are also equivalent to the following two conditions [25, Proposition
3.5]:

(1) Ext%(T,T) =0 for all i >0 and
(2) there is an exact sequence 0 - R — Ty — 17 — - - -, where T; € add,oqrT for all i,
which stays exact after applying the functor Hompg(—, T').

Note that if 7" is Wakamatsu-tilting and S = End(Tr)°?, then ¢7T" is a Wakamatsu-tilting
left S-module. In this case, we say that T" is a Wakamatsu-tilting S-R-bimodule. It is easy
to see that DT is a Wakamatsu-tilting R-S-bimodule in the mean time.

2.1.1 Auslander—Reiten class and co-Auslander—Reiten class

Let T € modR be a Wakamatsu-tilting module with S = End(Tg)°. There are the
following two interesting classes associated with Wakamatsu-tilting modules.
The Auslander—Reiten class in mod R with respect to the Wakamatsu-tilting module Tg,
denoted by X7, is defined as follows [3].
fo J1 p)

Xr :={M € modR]| there is an infinite exact sequence 0 - M — Ty — 11 — - - - such
that Imf; € KerExt?(—7 T) for each i > 0, where T; € addoqrT for all i}.

Obviously, it holds that X7 C KerExt?(—, T'). Moreover, these two classes coincide with
each other provided that T is a cotilting R-module.

Dually, the co-Auslander—Reiten class in modR with respect to the Wakamatsu-tilting
R-module T', denoted by X, is defined as follows.

7X :={M € modR)| there is an infinite exact sequence - - - £> T L) Ty ﬁ) M — 0 such
that Imf; € KerExti1 (T, —) for each i > 0, where T; € addyoqrT for all i}.

Similarly, we have that 7 X C KerExt?(T , —) and they coincide with each other provided
that 7' is a tilting R-module.

The following result gives some properties about the Auslander—Reiten class and the
co-Auslander—Reiten class for a Wakamatsu-tilting module [3, 22, 26, 27].

Proposition. Let T be a Wakamatsu-tilting R-module with S = End(Tg)P.

(1) The Auslander—Reiten class Xp is a resolving subcategory, that is, it contains all
projective R-modules and is closed under extensions, kernels of epimorphisms and direct
summands.

(2) The co-Auslander—Reiten class X is a coresolving subcategory, that is, it contains all
injective R-modules and is closed under extensions, cokernels of monomorphisms and
direct summands.

(3) KerExth(Xr, —) = KerExt;' (Xp, —) C 7X.

(4) KerExth(—, rX) = KerExt;' (-, 7X) C Xr.

(5) Hompg(T, —) and —®s T induce an (additive) equivalence between the co-Auslander—
Reiten class 7X in modR and the Auslander—Reiten class Xpr in modS. The
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equivalence restricts to an (additive) equivalence between the class KerExt?(XT, -)
and the class KerExt?l(—, prX).

Proof. (1) and (2) follow from [3, Section 5]; see also [22].
(3) and (4) follow from [27, Lemma 1.4 and Proposition 1.6].
(5) follows from [26, Proposition 2.14]. 0

We remark that in case T'= R, the class Xy = X is just the class of all Gorenstein
projective R-modules. Dually, in case T'= DR, the class 71X = prX is just the class of
all Gorenstein injective modules. We refer to [15] for more on Gorenstein projective and
Gorenstein injective modules.

2.1.2 The following is a characterization of the Auslander—Reiten class and the co-
Auslander—Reiten class, by [26, Section 2.

Lemma. Let T be a Wakamatsu-tilting R-module with S =End(Tgr)°?. Assume
X € modR.

(1) XerX if and only if X €XKerExt?’(T,—), Hompg(T,X)®sT~X and
Hompg(T, X) € KerTorS (—, T) canonically.

(2) XeXr if and only if X € KerExt3(—,7), Homg(Homg(X,T),T) ~X and
Homp(X, T) € KerExtZ%(—, T) canonically.

2.1.3 Useful isomorphisms

Let T be a Wakamatsu-tilting S-R-bimodule. Then we have the following isomorphisms
of bimodules:

sDSg~ ¢T ®r DT and RDRR ~ pDT ®g Th.
Given an adjoint pair (F, G) of functors, we denote by I' the natural adjoint isomorphism
I' : Hom(F(—), —) ~ Hom(—, G(—)).

Moreover, for a homomorphism f: F(X) — Y, we denote by I'(f) : X — G(Y") the image
of f under the isomorphism I'. We denote by n and e the unit and counit of this adjoint
pair, respectively, that is,

nx =TT(1px)): X = GF(X)  and
ey =(TT) (1) : FG(Y) = Y.
In particular, associated with an S-R-bimodule 7', we have the following adjoint

isomorphism:
I'": Homp(—®g T, —) ~ Homg(—, Homp(T, —)).

We denote by 77 and €’ the unit and counit of this adjoint pair, respectively, that is, for
X €modS and Y € modR, respectively,

nk =TT(1xg.r): X - Homg(T, X ®sT)  and
et = (M) (Iomp(r,y)) : Homg (T, Y) @5 T — Y.
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By the naturality of the isomorphism I', for all homomorphisms f:X; — Xo,
g:F(X2) - Y, and h: Y] — Ys, it holds that T'(F(f)-¢g-h) = f - T'(g) - G(h).

In particular, for a morphism g : F(X) — Y, by applying I" to the composition F'(X)
F(X)%Y, we have that I(g)= T(1pxy) - G(g9) =nx - G(g). Dually, for a morphism
f:X = G(Y), we have that T=(f) = F(f)ey.

1px
_(>)

2.2 Repetitive algebras and repetitive categories
2.2.1 We recall some basic facts on repetitive algebras mainly from [18].

Let R be an Artin algebra. The repetitive algebra R of R was first introduced in [20] and
is defined to be the direct sum R =&p, ., R ® @, DR with the multiplication given by

(am Spn)(bna '(/}n)n = (anbm an+17w[)n + Qpnbn)w

The repetitive algebra R can be interpreted as the following infinite matrix algebra
(without the identity):

DR R
DR R

2.2.2 Consider the following two categories:

(1) RC®(R):={X ={X;,67(X)}icz | Xi €modR such that almost all X; are 0 and
§7(X) : X; ®p DR — X;_1 satisfying (67, (X) ®r DR) - 67°(X) =0, for each i}, where
a morphism between two objects X and Y is given by f={f;: X; — Y;} such that
5;8)(X) - fici=fi®r DR - (5;8(1/) for all 1.

(2) RCY(R):={X ={X;,6(X)}icz | Xi € modR such that almost all X; are 0 and
5;1(X) : X; — Homp(DR, X;_1) satisfying 6., ;(X) - Homg(DR, 61(X)) =0, for each
i}, where a morphism between two objects X and Y is given by f={f;: X; = Y;}
such that 62(X) - Homg(DR, fi—1) = fi - 611(Y) for all 4.

One can check that these two categories RC®(R) and RCH(R) are both abelian categories.
Moreover, they are indeed equivalent to each other as abelian categories, via the adjoint pair
(—®gr DR, Hompg(DR, —)). Indeed, an object X ={X;,57(X)} € RC®(R) is equivalent
to an object X = {X;, TPE(57 (X))} € RCH(R). We will freely use this equivalence. In
particular, we often view objects X in these two categories being of the following form
with almost all terms X; =0

Oit1 8; 0i—1
PP ONY XZ’V\Z_)XZ—l Ay e e e

)

where &; means 07 (X) (resp., 0:1(X)) if X € RC®(R) (resp., X € RCI(R)). We call it a
(bounded chain) repe-complex with the repe-difference § and denote by RC(R) the category
of all such repe-complexes and call it the repetitive category over R. Note that there is an
obvious automorphism [1] : RC(R) — RC(R) defined by (X[1]); = X;_1 for each i.

Note that if X = {X;} is a repe-complex, then & (X) - 011 ,(X) =0 since TPE(5P(X) -
51, (X)) = H(X) - Homp(DR, 61, (X)) = 0.
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We say that a repe-complex X ={X;,d;} € RC(R) is trivial if each d; =0. The full
subcategory of all trivial repe-complexes is denoted by RC" (R). Note that there is a natural
forgetful functor from RC(R) to RC'(R) by forgetting the repe-difference.

Let C be a class of R-modules, we denote by RC(C) the class of repe-complexes with
terms in C. The notation RC*(C) is defined similarly.

The connection between the repetitive category and the algebra R is that the repetitive
category is equivalent to mod}AE, that is, the module category of the algebra J/%, as abelian
categories; see [18] for details. Thus, we may identify RC(R) = modR.

2.2.3 Asshown in [18], R is a self-injective algebra and then the category RC (R)(= mod]/%)
is a Frobenius category, where the projective (and also injective) objects are of the form

Oit1 & 0i—1
s P LS P @i

where P; € projR, I; € injR and §; = (8 %’{ ) such that ¢): P, ®r DR — I;_; is an isomor-
phism (considered in RC®(R)) or, equivalently, 6} : P, — Hompg(DR, I;_1) is an isomorphism
(considered in RCY(R)). Thus, its stable category RC(R) is a triangulated category. We
will call it the stable repetitive category of modR (or simply, of R).

It was shown in [18] that there is a fully faithful triangle embedding from the derived
category D’(modR) to the stable repetitive category RC(R). Moreover, there is a triangle
equivalence between D?(modR) and RC(R) if and only if R has finite global dimension.
We note that this result was generalized in [28] and also a simple proof of this result was
presented there.

For basic knowledge on triangulated categories, derived categories and the tilting theory,
we refer to [18].

§3. Cotorsion pairs and good Wakamatsu-tilting modules

3.1 Cotorsion pair counter equivalences

A pair of subcategories (B,.4) in modR is called a cotorsion pair, if B = KerExt}z(—, A)
and A = KerExth(B, —). A cotorsion pair (B, .A) is called hereditary provided that B is
resolving, or equivalently, A is coresolving. Moreover, a cotorsion pair (B,.4) is called
complete provided that, for each X € modR, there exist exact sequences 0 - X — A —
B—0and 0—+ A" — B — X — 0 for some A, A’ € A and B, B’ € B. We refer to the book
[16] for general results on cotorsion pairs.

Let (B, A) be a cotorsion pair in modR and (G, K) be a cotorsion pair in modS. Similar
to torsion theory counter equivalences in the Brenner—Butler theorem (see [11, 13]), we say
that there is a cotorsion pair counter equivalence between (B, A) and (G, K) provided that
there is an equivalence H: A G : T and an equivalence H : K B :T’, all as additive
categories. Moreover, we say that two bimodules sVi and rV{ represent the cotorsion pair
counter equivalence if H=Hompg(V, —), T = —-®g V and H = Homg(V’, —), T = —@z V.

There are close relations between Wakamatsu-tilting modules and cotorsion pair counter
equivalences, as shown in the following proposition.

Proposition. Let T be a Wakamatsu-tilting R-module with S = End(Tg)P.

(1) Both pairs (KerExth(—, 7X), 7X) and (Xr, KerExth(Xr, —)) are hereditary cotorsion
pairs.
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(2) The bimodules sTr and rDTs represent a cotorsion pair counter equivalence
between the cotorsion pair (KerExth(—,7X),7X) in modR and the cotorsion pair
(XDT, KeI“EXtAlg(XDT, —)) in modS.

(3) The bimodules rDTs and gsTgr represent a cotorsion pair counter equivalence
between the cotorsion pair (KerExts(—, prX), pr&) in modS and the cotorsion pair
(Xr, KerExth (X7, —)) in modR.

Proof.

(1) follows from [22, Proposition 3.1] and Proposition 2.1.1.
(2) follows from Proposition 2.1.1(5).
(3) is obtained from (2) by replacing sTr with pDTg. []

3.2 Good Wakamatsu-tilting modules
3.2.1 In general, the two cotorsion pairs in Proposition 3.1(1) are not complete. For
instance, consider the case T'= R. Then Xp is the class of all Gorenstein projective
modules (note that we only consider finitely generated modules). It is well known
that this class is not a precovering class in general; see, for instance, [29]. Thus, the
cotorsion pair (Xg, KerExth(Xg, —)) cannot be complete. Dually, the cotorsion pair
(KerExth(—, prX), prX) in case T = DR is not complete in general.

However, the other cotorsion pair of the two cotorsion pairs in Proposition 3.1(1), that
is, the cotorsion pair

(KerExth(—, pX), rX)(= (projR, modR))
for T'= R and the cotorsion pair
(Xpr, KerExth(Xpr, —))(= (modR, injR))
for T'= DR, respectively, is clearly complete. This leads to the following general definition.

Definition. A Wakamatsu-tilting bimodule ¢T'r is said to be good if the bimodules sTr
and rpDTg represent a cotorsion pair counter equivalence between a complete hereditary
cotorsion pair (B,.4) in modR and a complete hereditary cotorsion pair (G, K) in modS.
Furthermore, an R-module T is said to be a good Wakamatsu-tilting module if 7 is a
good Wakamatsu-tilting bimodule with S = End(Tr).

For example, R and DR are good Wakamatsu-tilting modules. In general, if TR is a
good Wakamatsu-tilting bimodule, then p DTy is also a good Wakamatsu-tilting bimodule
by the definition and the fact that DDT =T

In general, we do not know if the following question has an affirmative answer.

Question. Are all Wakamatsu-tilting modules good Wakamatsu-tilting modules?

However, we will see in Section 5 that the answer to the above question is ‘yes’ for
algebras of finite representation type.

3.2.2 By the definition, we have the following property of Wakamatsu-tilting bimodules.

Proposition. Let sTr be a Wakamatsu-tilting bimodule. Assume that (B, A) is a
hereditary cotorsion pair in modR and (G, K) is a hereditary cotorsion pair in modS such
that the bimodules sTr and rDTg represent a cotorsion pair counter equivalence between
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them. Then

(1) BCXr, ACrX and G C Xpr, KC prX
(2) addmodRT =B n A and addmodsDT = g ﬂ K

Proof. (1) First, we show that addyoqrT € B[] A and addy,eqs DT C G K.

Note that all the involved subcategories in (1) are closed under finite direct sums and
direct summands. Since G is resolving, we have that S € G. By the equivalence between A
and G, we obtain that T'=5S ®¢ T € A. It follows that add,,oqrT C A. Dually, since K is
coresolving, we have that DS € IC. It follows from the equivalence between B and K that
T =Homg(S,T) =Homg (DT, DS) € B. Hence, addy,oqrT C B too. Thus, we obtain that
addmedrT € B[ .A. Dually, one also has addeqs DT C G K.

Clearly, B = KerExth(—, A) = KerExt7' (—, A) C KerExt2' (—, T) follows from addmedr
TCB()A and the fact that (B,.A) is a hereditary cotorsion pair. Take any B € B,
then B ®g DT € K. Take an exact sequence 0 - B®gr DT — I —Y — 0 with I € injS =
addmeasDS. Since K is coresolving, we have that I,Y € K too. Applying the func-
tor Homg(DT, —), we obtain an induced exact sequence 0 — Homg(DT, B @ DT) —
Homg(DT, I) — Homg(DT,Y) — 0 since K = KerExt}(G, —) C KerExt}(DT, —) by the
fact that DT € G. Note that B ~Homg (DT, B®gr DT), Homg(DT, I) € addy,oqrT and
Homg(DT,Y') € B, so one can easily see that B € Xp. Thus, B C Xr. By the equivalence in
Proposition 3.1(3), we also obtain that I C prX.

Now considering the Wakamatsu-tilting module rpD7Ts and applying the above result, we
can obtain that G C Xpr and that A C 7 X.

(2) If X € B[ A, then X € B. Following the proof of (1), we obtain that there is an exact
sequence 0 — X — Tx — X' — 0 with Tx € add,oqrT and X’ € B. Since X € A too, we
have that Exth(X’, X) = 0. It follows that the exact sequence splits. Hence, X € addmeqrT -
Together with the first claim in the proof of (1), we obtain that addeqrT = B[ .A. Dually,
we also have that addy,,qsDT =G [ K. [

3.2.3 Recall that a subcategory A C modR is covariantly finite (or a preenveloping class) if
for any X € modR, there is an object Ay € A and a homomorphism u, : X — Ax such that
Homp(u, , A) is surjective for any object A € A; see, for instance, [3]. Dually, a subcategory
B C modR is contravariantly finite (or a precovering class) if for any X € modR, there is
an object Bx € B and a homomorphism vy : Bx — X such that Homp(B, vx) is surjective
for any object B € B.

A cotorsion pair (B, A) is complete if and only if A is covariantly finite, if and only if B
is contravariantly finite; see [3, Proposition 1.9].

Let A be a subcategory of modR. An R-module T is said to be Ext-projective in A
if '€ A KerExt}(—, A). Moreover, it is said to be an Ext-projective generator in A if,
for any A € A, there exists an exact sequence 0 — A’ — T4 —+ A — 0 with T4 € addyoarT
and A’ € A. Dually, an R-module T is said to be an Ext-injective cogenerator in A if
T € AN KerExth(A, —) and, for any A € A, there exists an exact sequence 0 — A — Ty —
A’ — 0 with T4 € addp,oqrT and A’ € A.
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Lemma. Let A be a subcategory closed under extensions and direct summands.

(1) Assume that A has an Ext-projective generator T. If 0 - X —Y — Z — 0 is an ezxact
sequence which stays exact after applying the functor Hompg(T, —), where Y, Z € A,
then X € A too.

(2) Assume that A has an Ext-injective cogenerator T. If 0 - X —Y — Z — 0 is an ezact
sequence which stays exact after applying the functor Homp(—,T), where X, Y € A,
then Z € A too.

Proof. (1) By the assumptions, we can construct the following commutative diagram,
where Ty € add,,0qrT and Z’ € A:

0 0
A A
(1,0) @)
00— X —XoTy; —T7, —0

Since A is closed under extensions and direct summands, we have that X € A from the
middle column.

(2) Dually. []

3.24 Lemma. Let T be a Wakamatsu-tilting R-module, S =End(Tr)". Assume that
Homp(T, —): A "G : —®g T define an equivalence. Then the following are equivalent:

(1) A is coresolving and T' is an Ext-projective generator in A.
(2) G is resolving and DT is an Ext-injective cogenerator in G.

Proof. (1) = (2) The condition that T is an Ext-projective generator in A means
that T € A C KerExtL(T, —) and that every A € A admits an exact sequence 0 — A’ —
Ta— A—0 with T4 € addyear? and A’ € A. This implies that A C KerExt7' (T, —).
In particular, A C 7 X.

Note that, for any X € A, there is an exact sequence 0 — X — I — X' — 0 with
IeinfRC A and X' €A since A is coresolving. Applying the functor
Hompg(T,—), we have an exact sequence 0— Hompg(7,X)— Hompg(7T,I)—
Hompg(T, X') — 0. Since Hompg(T,I) € addyoqsDT  and Ext}g(HomR(T, X),DT) ~
Ext(Hompg(T, X), Homg(T, DR)) = 0, we obtain that DT is an Ext-injective cogenerator
in Hompg(T, A) =G.

It is clear that G is closed under direct summands. Assume now there is an exact sequence
0):0—=X =Y L Z—0 with Z G, then Z € Homg(T, A) C KerTory(—, T). Applying
the functor —®g T', we obtain an induced exact sequence (h RsT):0—= X ®sT =Y ®g

79250 7 95T — 0.
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Assume first X € G too, then X ®¢ T € A. It follows that Y ®¢ T € A too since A is
closed under extensions. Note now that there is an exact sequence 0 — Hompg(T, X ®g
T) — Homp(T,Y ®¢T) — Hompg(T, Z ®sT) — 0, so we have that Homp(T,Y ®¢T)~Y
since Homp(T', X ®g T) ~ X and Homg(T, Z ®5 T) ~ Z. Thus, Y € Hompg(T, A) = G. This
shows that G is closed under extensions.

Assume now Y €@, then Hompg(T,g®gT)~g. In particular, we have that
Hompg(T, X ®sT) ~ X and the homomorphism Homp(T, g ®g T') is surjective. It follows
that the exact sequence (b ®g T') stays exact after applying the functor Hompg(T, —). By
Lemma 3.2.3, we obtain that X ®¢ T € A. Hence, X € Homp(T, A) = G. This shows that
G is closed under kernels of epimorphisms. Then we see that G is resolving.

(2) = (1) Dually. []

3.2.5 Proposition. Let sTr be a Wakamatsu-tilting module. Assume that (B, A) is a
hereditary cotorsion pair in modR and that T is an Fxt-projective generator in A,
then (Hompg(T, A), B®pr DT) is a hereditary cotorsion pair in modS. In particular, the
bimodules sTr and rDTs represent a cotorsion pair counter equivalence between (B, A)
and (Hompg(T, A), B®gr DT) in this case.

Proof. Since T is an Ext-projective generator in A, we see that T €
KerExth(—, A) N A=BA and that, for any A€ A, there is an exact sequence 0 —
A =Ty — A— 0with Ty € addpoqrT and A’ € A. In particular, for any X € A () B, there
is an exact sequence 0 — X' — Ty — X — 0 with Tx € addyoqr? and X’ € A, which is
clearly split. Hence, X € addyoqrT- It follows that addyoqr? = B[).A. Moreover, by an
argument similar to the one used in the proof of [22, Proposition 2.13(b)], we have that
T is also an Ext-injective cogenerator in . Note that these facts imply that A C 72X and
that B C Xp. In particular, Hompg(T, —) : AZ_Hompg(T, A) : —®g T define an equivalence
and Homg(DT, —): B®gr DT 2B : —®p DT define an equivalence, by Proposition 2.1.1.

The above arguments, in particular, show that Lemma 3.2.4 can be applied to A
(considering the Wakamatsu-tilting bimodule §7%) and B (considering the Wakamatsu-
tilting bimodule grDTys); thus, we see that Homp(T, A) is resolving and that B ®g DT
is coresolving. It is also clear that the bimodules ¢7Tr and rD7Ts represent a counter
equivalence between two pairs (B, A) and (Hompg(T, A), B®&g DT), by assumptions. So,
it just remains to show that (Hompg(7', A), B®@g DT) is a cotorsion pair.

We divide the remaining proof into three steps.

Step 1. Extg(HomR(T, A),Ber DT) =0, for any A € A and any B € B and for any i > 0.
Note that there is a natural isomorphism

DHomg(S, B®pg DT) ~Hompg(B, S ®sT).
It induces a natural isomorphism, for any S; € addnoqs.5,
(1) DHomg(S;, B®gr DT) ~Hompg(B, S; s T).
Now take A € A; since T is an Ext-projective generator, there is a long exact sequence
(1) Ty —= =T =Ty — A—0,

where each T; € addyeqrT and each image in A. Here we consider the sequence (f) as a
(cochain) complex with the term A at the first position.
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Since B € KerExt}(—, .A), we have the following induced exact sequence Hompg(B, 1):
-+« —Hompg(B,T,) — -+ — Hompg(B, T1) - Hompg(B, Ty) — Hompg(B, A) — 0.

On the other hand, by applying the functor DHomg(Hompg(T, —), B ®r DT), we have
a complex DHomg(Hompg(7, 1), B ®r DT):

... DHomg(Hompg(T, T,)), B @ DT) — - - - — DHomg(Homg(T, Ty), B @ DT)
— DHomg(Hompg(T, Ty), B ® g DT') — DHomg(Hompg(T, A), B®gr DT) — 0.

Since Hompg(T), 1) is exact, the functor DHomg(Hompg(7T, —), B ®g DT) is right exact.
By the above isomorphism (), we obtain the following isomorphisms of complexes:

DHomg(Hompg(T, t), B ®gr DT') ~Homp(B, Homg(T, T) ®¢ T') ~ Hompg(B, t).
But the later is exact, so we obtain that, for i > 1,

Exty(Hompg(T, A), B ®r DT) ~ H(Homg(Hompg(T, 1), B ®r DT))
~ DH*(DHomg(Homg(T, 1), B ®x DT)) ~ DH *(Homg(B, 1)) = 0.
Thus, Step 1 is established. In particular, we obtain that Hompg(T, A) C

KerExts(—, B®g DT) and that B ®r DT C KerExt}(Hompg(T, A), —) due to the arbitrar-
ity of A€ A and B € B.

Step 2. KerExts(—, B®g DT) C Hompg(T, A).
Take any Y € KerExt}(—, B®pg DT) and a projective resolution of Y, where we consider
as a (cochain) complex with the term Y at the zeroth position:

() Lo I B, Py Bg) Py,

Note that DT = R®gr DT € B®g DT and that B®g DT is coresolving, so we obtain
that

Y € KerExtg(—, B®pg DT) = KerExtZ"(—, B®g DT)
C KerExt3"(—, DT) = KerTor2(—, 7).

Then we have an induced exact sequence:
(t®sT) 8, 05T — -8 ®sT —S105T = Sg®sT —Y ®@sT — 0.

For any B € B, applying the left exact functor Homp(B, —), we obtain a complex
Homp (B, ®s T):

-++— Hompg(B, S, ®sT) —---— Hompg(B, S2 ®s T) — Hompg(B, S1 ®s T')
— Homp(B, Sp ®sT) — Hompg(B,Y ®¢T) — 0.
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Applying the right exact functor DHomg(—, B ® g DT') to the sequence (), we obtain a
complex DHomg (4, B ®pr DT):

-++— DHomg (S, B®pg DT) — - - - — DHomg(S2, B ®p DT)
— DHomg(S1, B®pr DT) — DHomg(Sy, B ®r DT) — DHomg(Y, B®r DT) — 0,
which is indeed exact since S;,Y € KerExtgo(—, B®pr DT).
By the natural isomorphism (9) in Step 1 again, we have isomorphisms of truncated

complexes
(DHoms (¢, B ®p DT))<° = (Homp(B, § ©s 7)<,

where (—)<? denotes the truncated complex of a complex by replacing the ith term with 0
for all « > 0.

Since B € KerExt}%(—, S; ®s T') and Homp(B, —) is left exact, we obtain that, for i > 4,
Exth(B,Y; ®sT) ~ H ""2(Hompg(B, § ®s T)), where Y; = Imf;. But the latter homology
is 0 by the above isomorphism of truncated complexes and by the fact that the complex
DHomg (4, B ®g DT) is exact. This shows that V; ®g T € KerExthL(B, —) = A, for all i > 4.

Now consider the exact sequence obtained from (f ® g 7T'):

0=2Yi®sT —>853R5T —>50¢T 51T —So®RsT —Y ®sT — 0.

As also each S;®gT € addmearT €A and A is coresolving, we obtain that each
Y; ®s T € A, where Y; =Imjf; for 0 <7< 3. Thus, the exact sequence § ®g T is indeed in
A. Then we have an induced exact sequence Hompg (T, f ®¢ T):

-« — Homp(T, S, ®s T) — - - - - Hompg(T, S; ®s T)
— Homp(T, So ®s T) — Hompg(T,Y ®sT) — 0.

Since S; ~ Hompg(T', S; ®s T') for each i, it follows that
Y ~Hompg(T,Y ®sT) € Hompg(T, A).

This shows that KerExti(—, B®r DT) C Homg(T, A). Together with Step 1, we obtain
that KerExt}g(—, B®r DT)=Hompg(T, A).

Step 3. KerExtl(Hompg(T, A), —) € B®g DT.
Note that there is an isomorphism

Homg(Hompg(T, A), DS) ~ DHomg(Homg (DT, DS), A),
for any A € modR and that it induces an isomorphism
Homg(Hompg(T, A), I;) ~ DHomg(Homg(DT, I;), A),

for any I; € addmeasDS.
Now take any X € KerExt}(Hompg(T, A), —) and consider an injective resolution of X:

(1) 0 X 21 2 250 8. I,

here, we consider (fj) as a (cochain) complex with the term X at the zeroth position. Since
DT ~Hompg(T, DR) € Hompg(T, A) and Hompg(7, A) is resolving, we obtain that

X € KerExt(Hompg(T, A), —) = KerExt3?(Hompg(T, A), —) C KerExtZ"(DT, —).
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Thus, for any A € A, applying the functor Homg(Hompg(7, A), —), we have an induced

exact complex Homg(Hompg(T, A), b):
0 — Homg(Hompg(7, A), X)— Homg(Homp(T, A), Ip)
—Homg(Hompg(T, A), I;)— - - - — Homg(Hompg(T, A), I,,)— - - - .

On the other hand, by applying the functor DHomp(Homg (DT, —), A), we also have the

following induced complex DHomp(Homg (DT, t), A):
0 — DHompg(Homg(DT, X), A)— DHompg(Homg (DT, Iy), A)
—DHompg(Homg(DT, I), A)—> - - - — DHompg(Homg (DT, I,,), A)— - - -

Since Homg(DT, I;) € addymoagHomg(DT, DS) = addyeqr? and A€ KerExt}%(T, -)

and since Homg (DT, ) is exact and Homp(—, A) is left exact, we can obtain that, for

any ¢ > 2,
Exth(Homg (DT, X;11), A) ~ H " (Homg(Homg(DT, ), A)),

where X; :=1Img;. However, by the above-mentioned isomorphism (x) and the fact that
Homg(Homp (T, A), §) is exact, we further have that

H~‘(Hompg(Homg (DT, 1), A)) ~ DH (DHompg(Homg(DT, ), A))

~ DH'(Homg (Hompg(T, A), )) = 0.

It follows that Homg (DT, X;11) € KerExth(—, A) = B for any i > 2. Since B is resolving
and Homg(DT, I;) € addyoqrT C B, we also obtain that each Homg(DT, X;) € B for each
0 <i <2, where Xy := X and X, :=Img; for i =1, 2, from the exact sequence

0 — Homg (DT, X) — Homg(DT, Iy) — Homg (DT, I3)
— Homg(DT, I3) — Homg (DT, X3) — 0.
The above arguments show that the exact sequence Homg (DT, ) is indeed in B. Then we
have an induced exact sequence Homg (DT, ) ® g DT as follows since B C KerExth(—, T) =
KerTorf*(—, DT):

0 — Homg (DT, X) @ DT — Homg(DT, Iy) @ DT
— HomS(DT, 11) RKrDT — - — HomS(DT, In) QrDT —--- .

It follows that
X ~Homg (DT, X) @ DT € B&r DT

since I; ~ Homg(DT, I;) @ DT for each i. This shows that
KerExtg(Homg(T, A), —) C B®g DT.

Together with Step 1, we obtain that KerExt}(Homg (T, A), —) = B®r DT.
Altogether, we obtain that (Hompg(7, A), B®g DT) is a hereditary cotorsion pair.  []
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3.2.6 Corollary. Let T € modR be Wakamatsu-tilting with S = End(Tg)°?. Assume that
the functor Homp(T, —) gives an equivalence between a covariantly finite coresolving
subcategory A in modR and a contravariantly finite resolving subcategory G in modS. If T
is an Fxt-projective generator in A, then T is a good Wakamatsu-tilting module.

Proof. Since G is a contravariantly finite resolving subcategory in modS, there is a
cotorsion pair (G, KerExt}(G, —)) in modS, by [3, Proposition 1.10]. Dually, there is a
cotorsion pair (KerExth(—,A),.A) in modR since A is a covariantly finite coresolving
subcategory in modR. Note that both cotorsion pairs are complete and hereditary by
[3, Proposition 3.3 and the Remark after Proposition 3.4]. Since T is an Ext-projective
generator in A, by Proposition 3.2.5, the bimodules T and grDTs represent a cotorsion
pair counter equivalence between the above two cotorsion pairs. Hence, T is a good
Wakamatsu-tilting module by the definition. 0

84. The proof of main results

The whole section will be devoted to the proof of the two results mentioned in Section 1.

Let R be an Artin algebra and T be a good Wakamatsu-tilting module with S =
End(Tg)°. Then §Tr is a good Wakamatsu-tilting bimodule. Assume that (B, .A) is a
complete hereditary cotorsion pair in modR and (G, K) is a complete hereditary cotorsion
pair in modS such that the bimodules Tk and rpDTg represent a cotorsion pair counter
equivalence between these two cotorsion pairs.

The sketch of our proof of Theorem 1 is as follows.

First, we construct a functor Ly : RC™(R) — RC(S) and a functor —©DT : RC(R) —
RC(S). Then we give a natural homomorphism

Iy : Hompeu gy (X, Y) = Hompge(s) (X @ DT, Lp(Y))

which is functorial in both variables. After this, associated with an object X € RC(R), we
use the condition that (B,.4) is a complete cotorsion pair in modR to obtain an object
Ax € RCY(A) and establish a homomorphism u, € Homgeu(gy (X, Ax). We then show
that the assignment X —— Cok(I(u, )) induces our desired functor Sy : RC(R) — RC(S).
We use the dual method to construct another desired functor Qpr : RC(S) — RC(R). Then
we prove that there are natural isomorphisms QprSy ~ 1rc(r) and S7Qpr ~ 1&6( 5)-

4.1 From RC(R) to RC(S): the functor Sr
4.1.1 The functor Ly : RC"(R) — RC(S)

Let X ={X;} € RC™(R). We define Ly (X) € RC(S) as follows:

(11) the underlying module Ly (X); = Hompg(T, X;-1) ® X; ®g DT and
(12) the structure map 67 (L7 (X)) : Ly(X); ®s DS — Ly(X);—1 is given by (8 581‘), where
dr, is the composition:

e§i ®QrDT

Homp(T, X;_1) ®g DS — Homp (T, X;_1) ®s T@r DT =  X,_1 @ DT.

From the functor property of Hompg(T, —) and —®p DT, one can easily see that Ly is a
functor from RC*(R) to RC(S).
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Remark.

(1) If X e RC™(addpyeqrT), that is, X ={X;} with each X;¢€ addyoqrT, then
Hompg(T, Xi—1) € addmedsS and 0y, defined above is an isomorphism for each 7. It
follows that L (X) is a projective object in RC(S) in this case.

(2) As a special case, if T'= R, then we obtain the functor L : RC™(R) — RC(R) which
sends objects in RC™ (addmeqrR) to a projective object in RC(R).

4.1.2 The functor —®DT : RC(R) — RC(S)
Let Y = {Y;, 62(Y)} € RC(R). We define Y @ DT € RC(S) by setting

(t1) the underlying module is (Y ® DT); =Y; ®g DT and
(t2) the structure map 67 (Y @ DT) is given by the composition

Y; @r DT ®5 DS —Y; p DT ®5 T @5 DT

~ 2 (Y)@rDT
—Yi®Qr DRRr DT ' —  Y;1 Qg DT.

From the functor property of —®pz DT, one can see that —®DT is a functor from RC(R)
to RC(S).
4.1.3 The homomorphism 5¥ : Homget:(gy(X,Y) — Homge(s) (X @ DT, Lp(Y))

Recall that we have a forgetful functor from RC(R) to RC™(R). For any X € RC(R) and
Y € RC™(R), there is a canonical homomorphism

Iy : Hompeu gy (X, Y) — Homge(s)(X @ DT, Lp(Y))
which is functorial in both variables, defined by
I cu={u}— f={fi}, withf;= (=0, w; ®gDT),

where 6, is given by the composition

Nk, ~
X; ®r DT 2B Hompg(T, X; @ DT ©5 T) = Hompg(T, X; ® DR)

I_IOIHR(’Tvd@® (X)) HOmR(T7’LL7;,1)

Homp(T, X;—1) Homp(T, Yi_1).
Remark. Using the fact that RDRp ~ r(DT ®s T)r and the adjoint isomorphism
I'7 . Homp(X; ®r DR, Yi_1) ~ Homg(X; @ DT, Homg(T, Yi_1)),

one can easily check that 6;, is just the image of the natural homomorphism &5 (X) - u;—1
under I'7, that is, 0;, = T7 (62 (X) - ui—1).

In the following, we simply write [ instead of lff .
It is easy to see that, for any commutative diagram in RC(R)

X*u>Y

https://doi.org/10.1017/nmj.2019.35 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.35

REPETITIVE EQUIVALENCES AND TILTING THEORY 113

there is an induced commutative diagram in RC(S)

. I(w)
X & DT — Lp(Y)

lx@DT \LLT(Q)

! S Z(U/) !
X' ® DT —— Lp(Y).

4.1.4 A monomorphism u, : X — Ax in RC™(R) with Ax € RC™(A), for X € RC(R)
Let X ={X;} € RC(R). Since (B, A) is a complete cotorsion pair in modR, there

are exact sequences 0 — X; (ui); (Ax)i (k)f (Bx)i — 0 with (Ax); € A and (Bx); € B,
for each 4. This gives an exact sequence 0 — X X Ay Z5 By >0 in RC™(R) with
Ax = {(AX)z} S RC“(A) and Bx = {(Bx)l} S RC”(B)

Now let Y ={Y;} € RC(R) and h = {h;} € Hompc(r)(X,Y). Then we have an exact
sequence 0 — Y —% Ay —% By — 0 in RC™(R) with Ay = {(Ay);} € RC"(A) and By =
{(By);} € RC¥™(B), as above. Using that B = KerExtk(—, A), it is easy to see that there
is a homomorphism h4 € Homgeur gy (Ax, Ay) and further hp € Hompeu(g)(Bx, By) such
that the following diagram in RC"(R) is commutative with exact rows.

0 X —> Ay —> By 0
ER T
0 Y — % Ay — = By 0

4.1.5 The cokernel Cok(I(u,))
Applying the functor —®g DT to the exact sequences

0— Xi (ui); (Ax)z (Wi); (Bx)z —0

above, we obtain induced exact sequences

(UX )i®RDT

0 — X, ®r DT (Ax)i ®r DT —— (Bx )i ®r DT —— 0

since (Bx); € B C KerExth(—, T') = KerTorf(—, DT) for each i. It follows that, by applying
the homomorphism [/ in 4.1.3 to the homomorphism u, in 4.1.4, there is an induced exact
sequence

l(uy) y

0 —> X&DT Lr(Ax)

Cok(I(ux)) — 0.
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Remark. From the definition of Cok(l(u, )), one sees that, for each i, Cok(l(u, )); is
given by the pushout

0,
Xi KRR DT I’IOIIIR(jj7 (AX)i—l)
(UX)’L.@RDT\L l
(Ax)i ®r DT Cok(l(uy )i

Moreover, for Y € RC(R) and h € Hompe(p) (X, Y), by applying the homomorphism [ to
the left square in the commutation diagram in 4.1.4, we obtain the following commutative
diagram in RC(S), for some hcok:

. Huy) ™
0——> X&DT X Lp(Ay) Cok(I(uy)) —= 0
h®DTl Lr(ha) l hcok i
~ luy ) Ty

4.1.6 The assignment St : RC(R) — RC(S) given by X —— Cok(I(u,)) is a functor

By 4.1.5, it is sufficient to prove that St(h):=hcox =0 in RC(S) provided h =0. We
divide the proof into two steps.

Step 1: Consider each piece in the commutative diagram in 4.1.4. If h = {h;} = 0, then h; =0
for each i. Thus, we have that (u, )i(ha); =0 and, consequently, (ha); = (7 )ig; for some
gi: (Bx)i — (Ay);. Since (Bx); € B C Xr for each ¢ and T is an Ext-injective cogenerator

in B (see the first part in the proof of Proposition 3.2.5), there are exact sequences
0— (Bx)z L T(BX)i — (BS()Z —0 with T(BX)z‘ € addymoqrT and (Bf)()z eBC

KerExth(—, A). It follows that there exists ¢; € Hompg(T(py),, (Ay)i) such that g; = bit;.
Altogether, we obtain the following commutative diagram:

(ﬂx )i
(Ax)i — (Bx)i

(hA)i J/ / l b;
9i

(Ay)i = Tip,

This induces the following commutative diagram in RC*(R), where T, = {1, (Bx)i }:

Tx

Axy —— By

ml |

AY %t TBX.

Set k:= 7TXb. Then LT(hA) = LT(k't) = LT(k)LT(t)
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Step 2: Consider the commutative diagram in 4.1.5. Since (u, )i(m,); =0, it holds
that Homp(T, (uy)i) - Hompg(T, (7, );) =0 and (u,); ®r DT - (7, )i ®gr DT =0. Then
we see that I(u,)Lp(k)=1(uy)Lr(m,)Lr(b) =0-Lp(b) =0 by the definition of the
functor Ly in 4.1.1 and the morphism I(u,) in 4.1.3. Hence, there is some
¢ € Hompe(s)(Cok(l(uy)), Lr(TBy)) such that Lp(k)=m,_ 6. Consequently, we have
that Ly(ha) =Lr(k)L(t) =7, 6Lr(t). Now we obtain that m,_hcok=Lr(ha)T, =
Ty HLT(t)le. Since 7, is epic, we get that hcox = GLT(t)ﬂlY . That is, we have the following
commutative diagram:

Cok(l(u,)) . L7 (Ty)

hcok i J{ Lr(t)

Cok(l(uy)) =<—— Lr(Ay)

ly

Note that L7 (T, ) is a projective-injective object in RC(S), so hcok =0 in RC(S).

4.1.7 The functor Sy : RC(R) — RC(S)

We will show that the functor St factors through RC(R).

To see this, it is enough to show that S7(X) is a projective object in RC(S) whenever
X is a projective object in RC(R).

Without loss of generality, we assume that X = {X;} is an indecomposable projective
object in RC(R). Thus, X is of the form

cons 0~s Homp(DR,I)~ I~ O~ .-,

where I is indecomposable injective and is on the (k — 1)th position, for some k [18, 2.2
Lemma].

Note that Xy = Hompg(DR, I) € addpoqrR C B and Xj_1 =1 € addpmeqrDR C A, so,
following 4.1.4, we can choose Ax to be of the form

)

where Ax, =T}, € addmoar?- And we have that the homomorphism u, : X — Ax is of the

form
X: cor a0~ 0 ~ Homp(DR,I) ~ I ~ 0 ~
Luy L L1
Ax : e e 0 0 m Ty T ARV S | P

Then, from the structure of [(u, ), we can see that I(u, ) is of the form

X®DT: 0 ~ 0 ~ Homg(DR,I)@r DT ~ I ®@r DT ~ 0

l(uy) { (=01, ux ®g DT) 11

0,02,,1)
LT(AX)Z 0 ~ HOHIR(T, Tk) «Lfﬁl HOHIR(T, I)@Tk Qpr DT ~ I ®r DT ~~ 0,

where 6, is defined as in 4.1.3 and dr, ., is defined as in 4.1.1, respectively. One checks
that both homomorphisms ¢, and dr,,, are, in fact, isomorphisms. So we obtain that
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St(X) = Coker(I(u, )) is of the form

/
k+1

§

where d;_ ; is the induced isomorphism: Homg(T, T}) ®s DS — Ty ®g DT Since Ty ®r
DT € addyedqs(T @ DT) = addmeas DS, we see that Ty, ® g DT is an injective S-module
and that S7(X) is a projective object in RC(S).

It follows that the functor St factors through RC(R). We still denote by St the induced
functor from RC(R) to RC(S).

4.2 From RC(S) to RC(R): the functor Qpr
The functor Qpr is indeed defined in a way dual to the construction of Sy.

4.2.1 The functor Rpr : RCY(S) — RC(R)
Dually to 4.1.1, for any X = {X;} € RC™(S5), we define Rpr(X) € RC(R) as follows:

(r1) the underlying module is Rpr(X); = Homg(DT, X;) ® X;41 ®s T and
r2) the structure map 67 (Rppr (X)) is given by (0065 00), where 65 is the composition
( p J; g y ! R p

HomS(DT,n};,)
Homg (DT, X;) ' Homg (DT, Homp(T, X; ®5 T))

~Homp(DT ®s T, X; ®s T) ~Homp(DR, X; ®s T).
Equivalently, the structure map 47 (Rpr(X)) is given by (04%,00), where (5}% is the
composition

DT

e}
Homg (DT, X;) ® g DR ~Homg(DT, X;) ®r DT @5 T i) X;®sT.

It is easy to see that Rpr is a functor.

Remark.

(1) If X € RC™(addpmeqsDT), that is, X ={X;} with each X; € addyoqsDT, then
Homg (DT, X;) € addmedrR and dr, defined above is an isomorphism for each 7. It
follows that Rpr(X) is a projective object in RC(R) in this case.

(2) As a special case, if T'= 5, then we obtain the functor Rpg : RC"(S) — RC(S) which
sends objects in RC™ (addmeqsDS) to a projective object in RC(S).

4.2.2 The functor Hom(DT, —) : RC(S) — RC(R)
Let Y = {V;, 01(Y)} € RC(S). We define Hom(DT,Y) € RC(R) by setting

(h1) the underlying module is Hom(DT,Y); = Homg(DT, ;) and
(h2) the structure map 6;'(Hom(DT,Y)) is given by the composition

H DT, sH(Y
Homs(DT, V) " P55 ) Home(DT, Homg (DS, Yi_1))

~ Hompg(DR, Homg(DT,Y;_1)).

Then from the functor property of Homg (DT, —), one can see that ﬂom(DT, —) is a
functor from RC(S) to RC(R).
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4.2.3 The homomorphism 7"{,(

Dually to the homomorphism 5¥, for any X € RC™(S) and Y € RC(S), we have a
canonical homomorphism

rif : Hompeu(s) (X, Y') = Homge(r) (Rpr(X), Hom(DT, Y)),
which is functorial in both variables, defined by

i u={u}— f={fi} with f;= (Homsz, ui>) |

- Cm

where ¢, : Xij41 ®s T — Homg(DT,Y;) equals to

(tip1 @5 T) - (0511 (Y) ®5 T) - €ftomg(p1v)>
that is, the composition

) SH (Y®sT
Xy 05 T "5 Vi 05 T8 Homg (DS, Y:) @5 T

~ Homg(T ®r DT,Y;) ®s T
~ Homp(T, Homg(DT,Y;)) s T

el .
Hems B Yomg (DT, Y;).
Remark. Using the fact that ¢DSg ~ ¢T ®r DTg and the adjoint isomorphism
I'PT . Homg(X;41 ®g DS, Y;) ~ Homg(X; 11 ®g T, Homg (DT, Y;)),

one can easily check that ¢, is the image of the natural homomorphism (u;+1 ®g DS) -
6551 (Y) under I'PT that is, ¢, = TPT ((uip1 ®@g DS) - 65, (Y)).

In the following, we simply write r instead of r{f .

4.2.4 An epimorphism v, : Gy =Y in RC"(S) with Gy € RC"(G), for Y € RC(S)
Since (G, K) is a complete hereditary cotorsion pair in modsS, it follows that, for any

Y ={Y;} € RC(Y), there is an exact sequence 0 — Ky k—Y> Gy ~5Y —0in RC™(S) with
Ky € RC™(K) and Gy € RC'™(G).

Moreover, for any h € Homge(g)(X,Y), there is an induced commutative diagram as
follows since Ext}(G, K) = 0:

ky Ux

0 Kx Gy — X ——=0
ky Vy

0 Ky Gy —Y —— 0.
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4.2.5 The kernel Ker(r(v, ))

Applying the functor rom(DT, —) to the bottom exact sequence in the above diagram,
we obtain an induced exact sequence

0 — Hom(DT, Ky) — Hom(DT, Gy) — Hom(DT,Y) — 0

since (Ky); € K C KerExtk (DT, —) for each 4. Thus, after applying the homomorphism 7 in
4.2.3 to the homomorphism v, in 4.2.4, we obtain the following exact sequence in RC(R):
Ary T(vy )
0 — Ker(r(vy)) — Rpr(Gy) — Hom(DT,Y) — 0.
Moreover, for any h € Homge(s)(X,Y), by applying the homomorphism r to the right

part of the commutative diagram in 4.2.4, we obtain the following commutative diagram in
RC(R), for some hker:

Ary r(vy) .
0 — Ker(r(vy)) Rpr(Gx) Hom (DT, X) —— 0
hxer l Rpr(hc) Hom(DT,h) l
Ary 7(vy) R
0 —— Ker(r(v,)) Rpr(Gy) Hom(DT,Y) —— 0.

4.2.6 The assignment Qpr : RC(S) — RC(R) given by Y +— Ker(r (v, )) is a functor

By 4.2.5, it is sufficient to prove that Qpr(h) := hker = 0 in RC(R) provided h = 0. This
is also divided into two steps.

Step 1: Consider each piece in the commutative diagram in 4.2.4. If h = {h;} = 0, then h; =0
for each i. Thus, we have that (hqg)i(v, ); = 0 and, consequently, (hg); = gi(ky )i for some g; :
(Gx)i — (Ky);. Since (Ky); € K C prX for all 4, there are exact sequences 0 — (K%, ); —

DTk, — (Ky); =0 with DTk, ), € addmeas DT and (K}); € K C KerExt (G, —). Tt
follows that there exists t; € Homgr((Gx )i, DT(ky),) such that g; =t;b;. Altogether, we

i

obtain the following commutative diagram:

t;

9i
(hc)il \ ibi

Gy)i ~—— (Ky)i
(Gv)i < —— (Kv)

2

It follows that there is a commutative diagram in RC"(.9),

Gx —'= DTy,

o) N s

Gy =— Ky,
ky

where DTk, 1= {DT (g, }
Set 5 = bky. Then RDT(hG) = RDT(tﬁ) = RDT(t)RDT(,@).
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Step 2: Consider the commutative diagram in 4.2.5. Since (ky)i(v,);i=0 in
4.2.4, we see that Rpr(8)r(v,)=0 by the definitions. Hence, there is some 6 €
Homger)(Rpr(DTky ), Ker(r(vy.))) such that Rpr(8) = 0\, . Consequently, we have that
RDT(hg) = RDT(t)RDT(B) = RDT(t)e)\ry. Now we obtain that hKerAry = )\TXRDT(hG) =
ArxRpr(t)0As, . Since Ap, is monomorphic, we get that hier = Ary Rpr(%)0, that is, the
following diagram is commutative:

Ary

Ker(r(vx)) — Rpr(Gx)
hKer i i Rpr(t)
Ker(r(vy)) ~ Rpr(DTky)

Note that Rpr(DTk, ) is a projective-injective object in RC(R), so hker =0 in RC(R).

4.2.7 The functor Qpr : RC(S) — RC(R)

We will show that the functor Qpr factors through RC(S).

To see this, it is enough to show that Qpr(X) is a projective object in RC(R), whenever
X is a projective object in RC(S).

Without loss of generality, we assume that X = {X;} is an indecomposable projective
object in RC(S). Thus, we have that X has the form

v 0~ P o PRgDS s 0 e e

where P is indecomposable projective and is on the (k+1)th position, for some k; see [18].
Note that Xp11 =P € addyoqsS C G and that Xy = P ®g DS € addyoqsDS C K, so,
following 4.2.4, we can choose Gx to be of the form

s 0 s P o DI~ 0 o~

"

where (Gx), = DT}, € addyeasDT. And we have an epimorphism v, : Gx — X in RC™(S)
which is of the form

Gx: cir s 0 0w P DT, ~ 0 o~
Lo L1 Lo
X: v 0 0w P PRgDS o~ 0

Then, from the structure of r(v, ) in 4.2.3, we can see that r(v, ) is of the form

5r,,0)"
RDT(G)() : 0~ HomS(DT, P)W HomS(DT, DTk)@P(@ST( RNkM) DTy ®sT ~ 0
\l/ r(vy) l/ 1 ¢ (Homs(DT,vk),Crk)T \L
fom(DT, X): 0~ Homg(DT, P)~ Homg (DT, P ®g DS) ~ 0~ 0,

where (,, is defined as in 4.2.3 and g, is defined as in 4.2.1. One checks that both
homomorphisms (,, and dg, are, in fact, isomorphisms. So we obtain that Qpr(X) =
Ker(r(v,)) is of the form

!

§
~ 0 ~ 0 ~ Homg(DT,DI}) ~ DI, ®sT ~ 0 ~
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where ¢}, is an induced isomorphism: Homg (DT, DT}) — Homgr(DR, DT}, ®s T'). Since
Homg (DT, DT},) € addyeqr(Homg (DT, DT)) = addmeqr R, we see that Homg (DT, DT},)
is projective and that Qpr(X) is a projective object in RC(R).

It follows that the functor Qpr factors through RC(S). The induced functor from RC(S)
to RC(R) is still denoted by Qpr.

4.3 The isomorphism QprSr ~ 1zc(r)
4.3.1 Computing the composition Qpr Sy

Take any X = {X;, 6} € RC(R). From the chosen exact sequence 0 — X X Ay N
Bx — 0 in RCY(R) with Ax € RC"(A) and Bx € RC"(B), as in 4.1.4, we obtain an exact

sequence

~ I(u s
0— X &®DT (—X>)LT(AX)—>ST(X)—>O

by the construction of the functor S¢ in 4.1.5. Note that, for each i, Sp(X); is given by the
pushout diagram

0,
X; @r DT Homp(T, (Ax)i-1)
(ux)i®RDTl Sll l
2
(Ax>z RR DT ST(X)z

Now we take a projective R-module P4, such that P4 P, (Ax)i — 0is exact. Then

%

we have a pullback diagram

_ (ﬂx)i
0 —— Xi — P(Ax)i — (B){)z —0

” i |»
(ux)i

0 X; (Ax); — (Bx)i —= 0.

Since B is closed under kernels of epimorphisms, we see that X; € B. By applying the
functor —®p DT, the diagram above induces the following commutative diagram with exact
rows since B C KerTorf(—, DT):

_ (y)i®rDT
0 —— X, ®r DT

P(AX)i ®Qgr DT (Bx)i ®r DT —— 0

¢ QrDT piQRrDT i
(ux)i®RDT

(Ax); ®r DT

Now, one can check that the following diagram is commutative with exact rows, for

each i, where the lower row is obtained from the first pushout diagram in this section.
1

Here, tzP = (—(¢: ®r DT) - 01, (HX)Z ®r DT), t; = (_Hlia (ux)z ®@r DT), SZP - ((pi®RsZ7T)'S?)
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and 3,:(22)
1

. tZP sZP
0 — X; ®r DT —— Hompg(T, (Ax)i-1) ® Play), ®r DT — Sp(X); —— 0
- 1 0
. 0 i R DT

(3

0 —— ST(X)Z HOHIR(T, (AX)i—l) D (AX)z KRR DT 14> ST(X)Z — 0.

Denote Sﬁx = {Hompg(T, (Ax)i-1) ® Play), ®r DT} € RC™(S). Note that X;®g
DT € K and Hompg(T, (Ax)i-1) ® Pay), ®r DT € G, so we have an exact sequence in
RCY™(S) from the first row in the above commutative diagram

0— X @p DT—eh 55 8p(X) =0

with X @ g DT € RC*(K) and Six € RC™(G), as in 4.2.4. By applying the homomorphism
7 in 4.2.3 to the homomorphism s’ : Six — S7(X), we have an exact sequence in RC(R)
by the construction of the functor Qpr in 4.2.5

' SP A
0= QprSr(X) -5 Rpr(eh, ) " Hom (DT, $7(X)) -0,

where 7(s’) is defined as in 4.2.3.

4.3.2 The object X & LR(PXX) in RC(R)

Denote P:{X = {PAx)is, ) then P:{X € RC"(addy0qrR). Applying the functor Ly in the
remark in 4.1.1, we obtain that LR(PXX) is a projective object in RC(R). Hence, the object
X & LR(PXX) is isomorphic to X in RC(R).

We will prove that QprS7(X) ~ X @ LR(PZX) naturally. And then, QprSr >~ 1gc(r)-

The general strategy is as follows. First, we construct a natural homomorphism & : X &
LR(PXX) — RDT(EiX). Second, we show that & -r(s”’) =0, that is, the composition of ¢
and the homomorphism r(s”) : RDT(EFA)X) — Hom(DT, S7(X)) in the exact sequence above
is 0. Thus, we obtain a homomorphism ¢: X ® L R(PXX) — QprS7(X). Finally, we prove
that ¢ is indeed a natural isomorphism.

4.3.3 The homomorphism ¢ : X @ Lr(P4, ) = Rpr(£h)

Recall from the construction in 4.3.1 that X = {X;, 62} and,
LR(PXX) = {Homp(R, P(AX) )@ P(AX) ®r DR} = {P(Ax)i @ P(AX)i+1 ®r DR},

7 i+1

where the structure map 5;8(LR(PXX)) : (LR(PXX))i®DR—> (LR(PZX))z’—l is given by

01
( P(AX)«;@RDR), and that
0 0

Rpr(Lh,) = {Homg (DT, (£4,):) & (&4, )ix1 @5 T}
= {Homg(DT, Homg(T, (Ax)i-1) ® Play), ®r DT)
© (Homg(T, (Ax)i) © Play),,, ®r DT) @5 T},
where the structure map
5 (Rpr(€4,)) : Rpr(€4,))i @& DR — Rpr(£h, )i
is defined in 4.2.1.
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00+t 0

By the definition, we have that 5?(RDT(£§X)) = <8 8 8 7§2>, where
000 0
i Homg (DT, Hompg(T, (Ax)i—1)) ®r DR — Homp(T, (Ax)i—1) ®s T is given by the

composition

' : Homg (DT, Homg(T, (Ax)i-1)) ®r DR
~ Homg(DT, Hompg(T, (Ax)i—1)) ®r DT @5 T

“Hom - )@sT
and 77?2 : Homg (DT, P4, ®r DT) ® g DR — P4 ), ® DT ®g T is defined similarly as
7 by replacing Hompg (T, (Ax);—1) with Pay), ®r DT.

Let € ={&}: X @ Lr(Py, ) — Rpr(L ) be a homomorphism. We may assume that
& = (€2, £P), where

§?:X¢@P(Ax)i @P(AX) ®r DR — Homg(DT, (Six)z)

i+1

and

le?iXi@P(Ax)i ® Pay), ®@r DR — (ﬂix)i.u ®sT.

i+1

E;lll 5?12
4.3.3.1 The homomorphism ¢ in modR We set £ = (5;’21 5?22):

a a.
éi 31 52 32

X; @ P(AX)i D P(Ax)i+1 Xr DR — HOmS(DT, HOmR(T, (AX)i—l) D P(AX)i QR DT).
Using the isomorphism ¢DSg ~ ¢T ®r DTg and the adjoint isomorphism
r'?T . Homg(—®p DT, —) ~ Homg(—, Homg (DT, —)),

we define the components of £ as follows.
e The morphism & =TP7(6,): X; — Homg(DT, Homg(T, (Ax)i—1)), where 0, :
Xi ®gr DT — Homp(T, (Ax);—1) is defined in 4.1.3.

In other words, the morphism £"*!

;' is given by the composition:

et Homp(DR, 67 (X) - Homp(DR, (uy)i-1)) = &; (X) - Homp(DR, (uy)i-1)

and some natural isomorphisms

DR

X; =% Homp(DR, X; ®r DR)

Hompg(DR,(uy )i—1)
—

Homp(DR,6® (X
R(—> (X)) HOHIR(DR, Xi—l)

HOHIR(DR, (AX)i—l) ~ HOIDR(DT Xg T, (AX)i—l)
~ HOmS(DT, HOIDR(T, (Ax)ifl)).

e The morphism

5;122 = FDT(I(P(AX)Z(@RDT))

_ DT .
B nP(AX)i : P(AX)i — HOH’lS(DT, P(AX)i ®R DT)
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e The remaining morphisms &2, £/2*, £, %2 are all 0.

5?11 0
So we have that £ = ( 0 §j22>, where
0 0

¢ =1P7(0,,), and

b b
gill §i12

4.3.3.2 The homomorphism ¢’ in modR We set & = ( ¢21 222 ):

b b,
gi 31 gl 32

Xi ® Play), ® Play), ., ®r DR — (Hompg(T, (Ax)i) © Pay),,, ®r DT) @5 T,

i+1

where the components are defined naturally as follows.

e The morphism €2 = (uy,); - (€7, N )71 X; — Hompg(T, (Ax);) ®s T (note that €, | is
an isomorphism since (Ax); € A), that is, is given by the composition

T -1

i g,
% (0 P Homg(r, () 57

e The morphism £22' = p; - (E{Ax)i)*l : Play), — Hompg(T, (Ax):) ®s T, that is, is given by
the composition
T )71

(€Cax)

P(Ax)i ﬂ) (Ax)z X% HOH]R(T, (Ax)z) ®S T.

e The morphism 55;’32 t Pay)iys ®r DR — Pay),,, ®r DT ®s T is the natural isomor-
phism given by r(DT ®sT)r ~ rRDRR.
e The remaining morphisms fé’”, 5522, ffg’l are all 0.

b
gill 0
So we have that &= (5?21 bo >, where €M = (u,); - (E{Ax)i)il’ g2 =p; - (E{Ax)i)il’
0 §i32
and 52’32 is the natural isomorphism.

4.3.3.3 ¢ is a homomorphism in RC(R) We now show that the above-defined
morphism £: X & L R(PXX) — Rpr(Lh ) is compatible with structure maps, that is,

& @r DR - 67 (Rpr(Lh,)) = 67(X @ Lr(P} ) - &

holds for each 7.

Indeed, by the involved definitions, we have that

5{111 0 gbn 0 0 0 %‘11 22
&OrDR-§PRpr(eh =1 0 &= ¢ 0 |®rDR- 8 8 8 76
b32
0 0 0§ 00 0 0
0 0 & ®rDR-AM! 0
0 0 0 0
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and that
SE(X) 0 0\ /& 0 &m0
(XOLr(PL ) &= 0 o0 1) 0 = ¢ o
0 00 0o 0 0 ¢

a b
SP(X)- €1, 0 §2(X)-& 0
= 0 0 0 3]
0 0 0 0

e 52(X)- &1 =0. In fact, since &M is the composition of the morphism &, (X)-
Hompg(DR, (u, )i—2) and some natural isomorphisms by the construction, we see that
§2(X) - €1 factors through 67 (X) - 65 (X). But the latter is 0 as X is a repe-complex.
Thus, o7 (X) -2} =0

o (" @r DR -yt =67 (X)-ffill. This follows from the involved definitions and the
following commutative diagram:

X;®r DR X, ®r DR
SN(X)®rDR 52(X)
Risy
HOHlR(DR, X¢_1) ®R DR Xi—l
Hompg(DR,(ux)i—1)®RDR (ux)i—1
(DR
(Ax)i—1
HOHIR(DR, (AX)i—l) RR DR (AX)i—l

Homg (DT, Hompg (T, (Ax)i—1)) ®r DT ®§T —= Hompg(T, (Ax)i_1) ®s T,

._ DT : : : DT®sT __
where w:= €Homp (T,(Ax)i_1) DS T. The last square is commutative since €, =

Egng(T ) ®s T-ejy
e (2 @p DR - 72? §b321. This follows from the involved definitions and the equality

7

1(P(AX>¢®RDT) 77(P(A )i ) ®R DT (P(AX) ®rDT)"

Then we can easily conclude that the morphism £: X &L R(PXX) — RDT(SA{DX) is, in
fact, a homomorphism in RC(R).

4.3.4 The composition ¢ -r(s”) =0, and so ¢ factors through a homomorphism ¢: X @
Lr(P} ) = QprSr(X)

4.3.4.1 The analysis of the homomorphism s:L7(Ax)— S7(X) in 4.3.1 Recall

from 4.3.1 that s = {s;} : Ly(Ax) — S7(X) is a homomorphism in RC(.S) which is the cok-

ernel of the homomorphism /(u, ). Note that (L7(Ax)); = Hompg(T, (Ax)i—1) ® (Ax)i ®r

DT, so we write that s; = (5152) as we have done in the last commutative diagram in 4.3.1.
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The fact that s is a homomorphism in RC(S) implies that there is the following commutative
diagram, for each i:

82-1822 ®sDS
[Hompg(T, (Ax)i-1)) ® (Ax)i) ®r DT] ®s DS —— S7(X); ®5 DS

12
(517151'71)

62 (Lr(Ax)) l
Homp(T, (Ax)i-2)) © (Ax)i-1) ®r DT

l §2(Sr(X))
Sr(X)i_1.

By the definition of 62 (Lr(Ax)) (see 4.1.1) and the above commutative diagram, we
obtain that (s? ®g DS) 67 (S7(X))=0 and that (s} ®g DS)-62(Sr(X)) ~ (eﬂx' R
DT) * S,L2_1.

4.3.4.2 The homomorphism r(s) 5RDT(£iX) — Hom(DT, S7(X)) Recall from

4.3.1 that
1

sP =[P = { <(pi ®R%T) ‘ S?> } :eh = Sp(X).

By 4.2.3, we know that
Py _ P P
Rpr(L4,) = {Homg(DT, (£4,)i) © (L4 )i+1 ®s T}

and that
’I“(Sp)i = (HomS(DT, sf)f@ni) ,

where ¢, =TPT((sf, ®g DS) - 6,1 (Sr(X))).
For convenience, we set r(s”); = (r}r?), where

ri =Homg (DT, s!) : Homg (DT, (£}, )i) — Homg (DT, S7(X);)

and
r? = (1 (84 )ip1 ®s T — Homg (DT, S7(X);).

4.3.4.3 Checking ¢-7(s”)=0 To check ¢-r(s”)=0, we need only to check that
arl +¢0r?2 =0 for each i, since &= (¢, &P) and r(s¥);=(r}+?). Note that r} =

Homg(DT, s¥’) and 72 = —(,,, so it is enough to check that £ - Homg(DT, s¥) = €0 - ¢,,.
&, 0 & 0
Since £¢ = ( 0 5;2>, ¢ = <g§i 0 ) G =TT ((sE, ®5 DS) - 62, (Sr(X))) and sF =
0 0 0 &,

), we just check the following.

1

S’L
( (pi®rDT)-s?

(1) & -Homg(DT, s7) = &7y - TP (s}, ®s DS) - 071 (S7(X))).
By 4.3.3.1, we have that

¢4 - Homg(DT, s}) =TPT(8,,) - Homg (DT, s}) = TP (8, - s}),

)
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where the later equality uses the naturality of I'P7. On the other hand, by 4.3.3.2 and
4.3.4.1, we obtain that

& - TP ((s111 ®s DS) - 6554 (S7(X)))
= ((uy)i - (€{a),) ") - TPT(({ay), ®r DT) - 7)
=T ((((u ) (ela),) ) ®r DT) - (eu), ®r DT) - s7)
((

=TP7(((uy); ®@p DT) - 53).

But ((uy )i ®g DT) - s2 =6,, - st by the pushout diagram on Sp(X); in 4.3.1. Hence,
equality (1) holds.

(2) & - Homg(DT, (p; ®r DT) - 512) = 52 FDT(( iv1 ®s DS) - 5z+1(ST( )))-
By 4.3.3.1 and the naturality of T'P°T,
£, - Homg (DT, (p; @ DT) - s7)
=T""(1p, , eppr) - Homs(DT, (p; @ DT) - 57)
=T (1p, ), ennr - (i @R DT) - 57))
=TP"((pi @r DT) - 57).

On the other hand, by 4.3.3.2 and 4.3.4.1 and the naturality of I'PT,

521 FDT(( i+1 ®SDS) 5531(ST(X)))

= (pi - ({ayy,) ") TP ((e{ay), ©r DT) - 57)

=TPT(((pi - (e{ay),) ") @& DT) - (€[4 ), @& DT) - s7)
((

=TPT((p; g DT) - 52).

Hence, equality (2) holds.

(3) 0= ng ’ FDT(((Z%H ®r DT) - s z+1) ®s DS - 6z+1(ST( ).
In fact, the equality holds by observing that

TP (((piy1 ©r DT) - s7,1) ®s DS - 67, (S7(X)))
=TP"((pi1 ®r DT ®5 DS) - (st ®s DS) - 651 (S7(X)))
=0

since (s?,; ®g DS) - 65, (Sr(X)) =0 by 4.3.4.1.

Altogether, we prove that ¢ - r(s”’) =0 and, therefore, ¢ factors through QprSr(X) =
Ker(r(s”)) by a homomorphism

¢o: X P LR(PXX) — QDTST(X)

in RC(R), that is, { =¢ - \.
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4.3.5 The induced homomorphism ¢ : X & L R(P:(X) — QprS7(X) is an isomorphism

We now prove that the induced homomorphism ¢: X & L R(P;{X) — QprSr(X) is an
isomorphism. Clearly, it is equivalent to show that ¢;: (X & L R(P;{X))i — QprSr(X); is
an isomorphism, for each .

We will show that there is the following commutative diagram (%) with exact rows, for

each 7:
— (_qiu(ﬂx)ivo) Bi
0 X; X; ® Lr(Py )i 1 0
l n;ZT i bi L o;
— a; A7
0 — Homg(DT, X; ®g DT) Qp7S7(X); Co 0,
where

Cr:=(Ax); ® P(AX)Z.Jr1 ®r DR,
Cy:=Hompg(T, (Ax)i) ®s T ® Py, ®r DT @5 T,

i1
X, € B is obtained in 4.3.1, the morphism a; is given in 4.3.5.2, the morphism f; =

(ux)i O . . . . . .
< ;i o> and the morphism o; is the direct sum of two canonical isomorphisms. Note
0 1

that LR<PXX)i iP(AX)i ® P(AX)i+1 ®r DR.
Then, since X; € B implies that n%T is an isomorphism, we obtain that ¢; is also an
isomorphism from the above commutative diagram.

4.3.5.1 The upper row in the diagram (x) is exact In fact, the pullback of p;:
Pay), = (Ax); and (uy); : X; — (Ax); in 4.3.1 gives an exact sequence

- (—4qi,(u @ p
0—>X¢( q&X))Xi@P(AX)i —Z> (AX)i_>O
since p; is surjective. The direct sum of the above exact sequence and the trivial exact

sequence

00— Pay),,, ©r DR P, ®r DR — 0

i+1 Ax)it1

gives us the exact sequence in the upper row in the diagram ().

4.3.5.2 The bottom row in the diagram (x) is exact Note that we have the
following exact sequence in 4.3.1

T SP ~
0= QprSr(X) =5 Rpr(eh, ) " Hom (DT, S$7(X)) -0
and that

Rpr (L4, )i = Homs (DT, (£}, )i) ® (€4, )ir1 @5 T
= Homs(DT, HomR(T, (AX)ifl) D P(Ax)i KRnr DT)
© (Hompg(T, (Ax)i) ® Pay),,, ®r DT) @5 T.
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So we have the following pullback diagram:

x
0 Ker)2 — QprSr(X); Cs 0
T,
' bi ri
0 — Homg (DT, X; ®r DT) Cy Homg (DT, S7(X);) 0,
where
C3:= (Homp(T, (Ax)i) ® Pay),., ®r DT) ®s T,
Cy := Homg (DT, Hompg(T, (Ax)i—1) & Play), ®r DT),
ril, r? and )\11, )\? are the components of the homomorphisms r(sP ); and \;, respectively,

and b; = Homg (DT, t;) with

ti=(—(¢; ®r DT) - 0y, (ux )i ®r DT) :
Yz‘ Qpr DT — I‘IOHIR(T7 (AX)i—l) D P(AX)i ®pr DT

is given in 4.3.1.

As the morphism )\izQDTST(X)i%(RDT(SIZX))i is injective, we obtain that the
morphism ¢ in the left column is an isomorphism. Note that r}:=Homg(DT, sf) ) is
surjective since X; ®g DT € K C KerExtZ?(DT, —) by the construction (see 4.3.1), so we
can deduce that the upper row in the above diagram is exact. Thus, we get the bottom

exact sequence in the diagram () by setting a; = ¢ 'e.

4.3.5.3 The diagram (x) is commutative At first, it is easy to see that the right
part of the diagram (x) is commutative from the constructions of the morphisms ¢ in 4.3.3
and ¢ in 4.3.4, which show that 5;0; = fg’ = @)\?.

As for the left part of the diagram (x), we first show the following equality of

compositions:
(t1) YDT cai - Ap = (=i (Wx)i, 0) - ¢ Ay
Indeed, we have that
UQT T Qg )‘zl

= ng_T -b; (by the commutative diagram in 4.3.5.2)
= n?D?“ -Homg (DT, t;) (since b; = Homg (DT, t;))
=T""(1x o, pr) - Homs(DT, t;)

=1PT I%.9,pr " ti) (by the naturality of T
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and we also have that

(=qi, (Wx)i, 0) - @i - A}
(—ai, (Ux)i, 0) - & (since & = (&, &)) = ¢i - \)
(—qi, (ux)i, 0) - (€71 00 £5,0 0) (by 4.3.3.1)
(—qi - &115 (Ux )i - €32)

Since ¢ =TPT(0,,) and &5, = FDT(l(P(AX)/_(X)RDT)) by the construction in 4.3.3.1, we
obtain that

gi- & = - TP (0,) =TP"(q; @ DT - 6;,)
and that
(@x)i - &8 = (@x)i - T (Lp, ), 0n0T))
= FDT((Ux)i ®pr DT - 1(P(AX)1®RDT)) = I‘DT((ﬂx)i QR DT).

Hence, we see that the equality (f1) holds.
Since a; - )\22 =0 and

(=ai, (Tx)i, 0) - ¢i - A2 = (—qs, (Ux)i, 0) - € =0,
we also get that
(f2) ﬁYD?'ai')\g:(—qi, (ﬂx)z',())'@-)\g.

Now, from the property of the pullback in 4.3.5.2, we know that the two equalities (t;)
and (f2) together imply that

77§_T a; = (—qi, (Ux):,0) - ¢;.
Thus, the left part of the diagram is also commutative.

4.3.6 The isomorphism ¢ : X @ LR(PXX) — QprSr(X) is natural on X

For any X,Y € RC(R) and h € Homgep) (X,Y), there is an induced morphism
ha € Homgeu gy (Ax, Ay), following from the construction in 4.1.4. Moreover, following
from the construction in 4.3.1 and the definition of PXX in 4.3.2, we see that the morphism
h 4 induces a morphism pZA € Hompeer( R)(PXX, ny). Then, one can prove that

h 0 ) + +

is a morphism in RC(R).
It is not hard to show that the following diagram is commutative:

+ x
Y ®Lr(P1,) — QprSr(X)
(h 00 Lr(p,)) l QorSr(h)
+ s
Y @ Lr(Py,) — QprSr(Y).

Thus, the isomorphism ¢ is natural on X. This means that QprSt ~ 1ge(r) naturally.
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4.4 The isomorphism SrQpr ~ lrc(s)

Dually to the proof of 4.3, one can show that STQpr =~ 1ge(s) naturally.

Namely, for an object Y € RC(S), one uses that (G, K) is a complete hereditary cotorsion
pair in modS to obtain exact sequences 0 — (Ky); = (Gy); — Y; — 0, for each i. Then
taking an injective S-module [(,), and a monomorphism (Gy); — I(g,),, one can show
that there is a natural isomorphism SrQpr(Y) =Y @© Rps(Ig, ), where I, ={Igy),_, }
and Rps(Ig, ) is a projective object in RC(S) by Remark (2) in 4.2.1. And then one gets
that STQpr ~ Lre(s) naturally.

4.5 The last proof of Theorem 1

Recall that the natural functor [1] is an automorphism of repetitive categories, where
(X[1]); = X;_1 for an object in a repetitive category.

Define Fp :=[-1]|Sy: RC(R) — RC(S) and G := Qpr[l] : RC(S) — RC(R). Then we
have that FrGp ~ lre(s) naturally and that GpFp ~ lrc(r) naturally. So Fr and Gp
give a repetitive equivalence between R and S.

It is easy to check that Fp|4 ~ Hompg(T, —) and that Gp|g ~ —®g T from the definitions
of the two functors. Now the proof of the theorem is complete.

4.6 The proof of Proposition 2

Assume that the equivalence is given by the functor F': RC(R) — RC(S). By assump-
tions, F' restricts to an equivalence A — G. Note that G is resolving and S € G. Let
T = F~1(S). Then T € A. By the triangle equivalence, we have that, for any A € A,

Ext’ (T, A) ~ Hompe(p) (T, NIA) ~ Homge(s) (S, Y F(A)) ~Ext(S, F(A)),

where ¥ is the translation functor in stable repetitive categories. In particular, we obtain
that Hompg (T, A) ~ Homg(S, F(A)) ~ F(A) and that Ext’(T, A) = 0 for all i > 0. It follows
that S ~ End(Tx)% and that Ext% (T, T) =0 for all i > 0. Note that A is coresolving and
DR € A, so we also have that F(DR) ~Hompg(T, DR) ~ DT. Thus, we get that

Exts(sT, §T) ~ Exts(DT, DT) ~ Homg(s) (DT, %' DT)
~ Hompe(s)(F(DR), 'F(DR)) ~ Homge(r) (DR, S'DR) ~ Extz (DR, DR).

It follows that End(s7)° ~ R and that Extl(sT,sT)=0 for all i >0. Thus, T is a
Wakamatsu-tilting module.

By assumption, F| 4 ~ Hompg (T, —) gives the equivalence A — G. It follows that F~!|g ~
—®g T by the uniqueness of the adjoint. Note that Homp(T, —) and —®g T are exact
functors on A and G, respectively, since F' is a triangle functor. As A is coresolving,
for any A€ A, the exact sequence 0 - A — 1 — A’ — 0 with I €injR is a sequence in
A. Applying the exact functor Homp(T, —), we obtain that Exth(T, A) =0. It follows
that T € A KerExth(—, A), i.e, T is Ext-projective in .A. Dually, we have also that
Tor{ (X, T) =0 for any X € G. In particular, for any A € A, suppose that A=X ®gT
for some X € G and take an exact sequence 0 -+ X’ — P — X — 0 with P € projS, then
the sequence is in G since G is resolving, and, hence, there is an induced exact sequence
0> X' ®@sT—-P®sT—X®sT — 0since —®g T is exact in G. The last sequence gives
an exact sequence 0 — A” - T4 —- A — 0 with Ty = P®g T € addpoqrT and A” = X' ®@g
T € A. Tt follows that T is an Ext-projective generator in A. Now applying Corollary 3.2.6,
we conclude that T' is a good Wakamatsu-tilting module.
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§5. Examples

5.1 Tilting modules and cotilting modules
Let R be an Artin algebra. Recall that an R-module T' € modR is tilting provided the
following three conditions are satisfied:

(1) the projective dimension of 7" is finite;

(2) Ext%(T,T) =0 for all i > 0;

(3) there is an exact sequence 0 = R — Ty — - - - — T,, — 0 for some integer n, where each
T; € addmoarT-

Dually, an R-module T' € modR is cotilting provided the following three conditions are
satisfied:

(1) the injective dimension of T is finite;

(2) Exth(T,T) =0 for all i > 0;

(3) there is an exact sequence 0 — T, —---— Ty — DR — 0 for some integer n, where
each T; € addyoqrT .

An R-module T is a tilting module if and only if DT is a cotilting left R-module if
and only if DT is a cotilting S-module, where S = End(Tr)°". Note also that both tilting
modules and cotilting modules are Wakamatsu-tilting modules.

We need the following well-known results on tilting modules and cotilting modules.

Proposition.

1) The cotorsion pair (KerExth(—, 7X), 7X) is complete provided that T is a tilting
R

module.
(2) The cotorsion pair (Xr, KerExth(Xr, —)) is complete provided that T is a cotilting
module.
Proof. (2) follows from [3, Section 5] and (1) is just the dual of (2). [

5.1.1 Tilting modules are good Wakamatsu-tilting

Assume T is a tilting module of finite projective dimension. Let S = End(Tr)°. Then
sTr is a good Wakamatsu-tilting module. Hence, there is an equivalence between stable
repetitive categories RC(R) and RC(S).

Indeed, if ¢Tr is a tilting module of finite projective dimension, then T is Wakamatsu-
tilting and r DTy is a cotilting module of finite injective dimension. By Proposition 3.1, we
obtain that the bimodules ¢Tr and rDTyg represent a cotorsion pair counter equivalence
between the complete hereditary cotorsion pair (KerExth(—, 7&), 7&X) in modR and the
complete hereditary cotorsion pair (Xpr, KerExtls(X pr, —)) in modS. It follows from the
definition that ¢Tg is a good Wakamatsu-tilting bimodule.

5.1.2 Cotilting modules are good Wakamatsu-tilting

Assume now Tg is a cotilting module of finite injective dimension with S = End(7Tr)P.
Then g7 is also a good Wakamatsu-tilting module. Hence, there is an equivalence between
stable repetitive categories RC(R) and RC(S5).
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Indeed, dually to 5.1.1, if g7k is a cotilting module of finite injective dimension, then
rDTyg is a tilting module of finite projective dimension. By Proposition 3.1 again, we obtain
that the bimodules ¢Tr and rDTs represent a cotorsion pair counter equivalence between
the complete hereditary cotorsion pair (Xr, KerExth(Xr, —)) in modR and the complete
hereditary cotorsion pair (KerExts(—, pr&), pr&) in modS. It follows from the definition
that Tk is also a good Wakamatsu-tilting bimodule.

5.2 Wakamatsu-tilting modules of finite type
5.2.1 We say that a Wakamatsu-tilting R-module T is of finite type provided that either
the subcategory KerExth(—, 7X) or KerExt}h(Xr, —) is of finite representation type. In
particular, if R is an algebra of finite representation type, then each subcategory of modR
is of finite representation type, and, hence, every Wakamatsu-tilting module in modR is of
finite type.

We note that, if 7" is a Wakamatsu-tilting R-module of finite type with S = End(Tr)°?,
then DT is a Wakamatsu-tilting S-module of finite type. This follows from the equivalences
in Proposition 3.1.

Proposition. A Wakamatsu-tilting module of finite type is always a good Wakamatsu-
tilting module. In particular, every Wakamatsu-tilting module over an algebra of finite
representation type is good.

Proof. Let T be a Wakamatsu-tilting R-module of finite type with S = End(T).
Assume first that the subcategory KerExt},(Xr, —) is of finite representation type. Then
the hereditary cotorsion pair (X7, KerExt}k(Xr, —)) in modR is complete. Moreover, by
the equivalence in Proposition 3.1(3), the subcategory KerExtk(—, pr&) is also of finite
representation type. Thus, the hereditary cotorsion pair (KerExtL(—, prX), pr&) in modS
is also complete. It follows that the bimodules ¢Tr and rDTg represent a cotorsion pair
counter equivalence between the complete hereditary cotorsion pair (X7, KerExth(Xr, —))
in modR and the complete hereditary cotorsion pair (KerExti(—, prX), pr&) in modsS.
Similarly, in case that KerExth(—,7X) is of finite representation type, we have that
the bimodules ¢Tr and rDTs represent a cotorsion pair counter equivalence between
the complete hereditary cotorsion pair (KerExt}(—, 7X), 7&) in modR and the complete
hereditary cotorsion pair (Xpr, KerExty(Xpr, —)) in modS. Altogether, we see that 7' is
a good Wakamatsu-tilting module in either case. 0

5.2.2 Two trivial examples of Wakamatsu-tilting modules of finite type over an algebra
R are the modules R and DR. In the first case, the subcategory KerExt}%(—, 7X) =projR
is of finite representation type, while the subcategory KerExt}%(XT, —) =1injR is of finite
representation type in the second case.

The following is an example of a Wakamatsu-tilting module of finite type over an algebra
of infinite representation type.

Ezample. Let R be the bound path algebra given by the following quiver over a field
with the relation given by rad?R = 0.

(7 €
R 9
1 -2—=3—>4_

ﬁ 3

¢ n
5@6:9%7
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The following is the preprojective part of the AR-quiver of the algebra:

e \ / \ /
N N,

/\/\
\/\/\/

The algebra is of infinite representation type. Over this algebra, we have a Wakamatsu-
tilting module of finite type (and, hence, a good Wakamatsu-tilting module)

2 13 4 5 6 7T
T=19 5 930 5,0 | 0 @ ¢¢-

Indeed, one can check that the subcategory KerExt}%(—, 7X) is of finite representation
type, while the subcategory 7X is of infinite representation type.

5.3 Repetitive equivalences are not derived equivalences
The following example shows that repetitive equivalences are not derived equivalences.

Ezample. [26] Let R be the bound path algebra given by the following quiver over a
field with the relation given by rad?R = 0:

e} €

é
~ ~
8 €

The algebra is of finite representative type and the following is the AR-quiver of the
algebra:

/\/\/
\/\
\/\
o /\/
\Z/

https://doi.org/10.1017/nmj.2019.35 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.35

134 J. WEI

Over this algebra, we have a Wakamatsu-tilting module of finite type (and, hence, a good
Wakamatsu-tilting module)

2 13 4 )
T= 1 @ 9 D3 35 S 4
The endomorphism algebra S := End(Tr) is the algebra defined by the following quiver

over the field with the relation given by rad?R = 0 except the path 2 — 3 — 4.

—= —

1 )

2 ——3 —1
~— ~—

The algebra is also of finite representative type and the AR-quiver of the algebra is as
follows:

SN,
NN

/\/\
/\/\/\/\
\/\/\/

Then, R is repetitive equivalent to S. However, R is not derived equivalent to S. Indeed,
these two algebras are not even singularity equivalent. Recall that the singularity category
of the algebra R, denoted by Dg,(R), is the quotient triangulated category of D’(modR)
with respect to the full subcategory formed by perfect complexes (a complex in Db (modR) is
perfect provided that it is isomorphic to a bounded complex consisting of finitely generated
projective modules). Two algebras R and S are singularity equivalent if there is a triangle
equivalence between Dg4(R) and Dgy(S). It is obvious that derived equivalences induce
singularity equivalences.

In fact, let us consider the simple module S;=4 in modR. It is easy to see
that, for any natural number n, the (2n)th syzygy Q2*(S4) =2 ®4 and the (2n+
1)th syzygy Q2"t1(S,) =10 @ 3@ 5. Note that, considered in the singularity cate-
gory Dsg(R), the endomorphism algebra Homp, (r)(S4, S1) = nh_}n(go Homp (£2"(S4), 2%(S4)),
where Homp(—, —) is defined in the (projectively) stable module category modR; see
8, Proposition 2.3]. Thus, the endomorphism algebra Homp_, (r)(Ss, Ss) is infinite dimen-
sional.

Assume that there is an equivalence between Dy,(R) and Dgy(S), and denote the
image of Sy to be S). Note that every complex in Dgy(S) is isomorphic to a finitely
generated S-module (see [8, Lemma 2.2]), so we may assume that S} is in modS. Since
every simple module in modS satisfies that all its syzygies have composition length 1
(up to projective direct summands), we see that every module in modS satisfies that all
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its syzygies have composition length less than a fixed number (up to projective direct
summands). Altogether, we have that the endomorphism algebra HomDsg(S)(Sfl,Sfl) =
li_}rn Homg(Q™(S)), Q™(S})) is finite dimensional. However, the singularity equivalence
n o

assumption makes Homp_ (g (S}, S4) =~ Homp_ (g)(S4, Sa) to be infinite dimensional, which

leads to a contradiction. Hence, R and S are not singularity equivalent. In particular, R
and S are not derived equivalent.

From the above example, we also see that repetitive equivalences do not imply singularity
equivalences. We do not know whether or not singularity equivalences imply repetitive
equivalences.
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