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Diffusive convective elliptic problem in
variable exponent space and measure data

Safimba Soma®, Ibrahime Konaté, and Adama Kaboré

Abstract. In this article, we study a class of convective diffusive elliptic problem with Dirichlet
boundary condition and measure data in variable exponent spaces. We begin by introducing an
approximate problem via a truncation approach and Yosida’s regularization. Then, we apply the
technique of maximal monotone operators in Banach spaces to obtain a sequence of approximate
solutions. Finally, we pass to the limit and prove that this sequence of solutions converges to at
least one weak or entropy solution of the original problem. Furthermore, under some additional
assumptions on the convective diffusive term, we prove the uniqueness of the entropy solution.

1 Introduction

Solving partial differential equations and variational problems combined with
assumptions of p(x)-growth has undergone significant evolution, both through the
theoretical development of mathematics in Sobolev spaces with variable exponent
and through their accuracy applications in modeling various real-word phenomena.
Indeed, fluids that change their chemical properties when subjected to an electric
field can be efficiently modeled in Sobolev spaces with variable exponents [1, 10,
24]. A Leray-Lions type operator with p(.)-growth also appears in biology, as it was
discovered that blood exhibits electrorheological fluid properties. In [8], Chen et al.
demonstrated the importance of such equations in image processing. For example,
such operator can be used to search for a perfect image from a noisy one.

The aim of this article is to study the existence and uniqueness of solution for the
following nonlinear elliptic problem.

1D (33){ ;d:l‘;)aéﬁ,avg’) +B(u) +divg(u) > p in Q

where Q is an open bounded domain of RN (N > 2), 8 is a maximal monotone graph
with bounded domain on R (i.e., dom() = [m, M] c R) such that 0 € §(0) and y is
a Radon diffuse measure.

In the literature, there are numerous works related to the problem (%), but it’s
important to emphasize that none of these studies have addressed the problem (P)
under measure data and with div¢ # 0 simultaneously. Going into detail, when f is

Received by the editors August 30, 2024; revised December 4, 2024; accepted December 16, 2024.

AMS Subject Classification: 36J60, 35J65, 35]J20, 35]25.
Keywords: Sobolev spaces, variable exponent, entropy solution, maximal monotone graph, Radon
measure.

Check f¢
https://doi.org/10.4153/50008414X24001196 Published online by Cambridge University Press updates.


http://dx.doi.org/10.4153/S0008414X24001196
https://orcid.org/0009-0007-7417-0693
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008414X24001196&domain=pdf
https://doi.org/10.4153/S0008414X24001196

2 S. Soma, I. Konate, and A. Kabore

assumed to be a continuous and nondecreasing function with div¢ = 0, the authors in
[6] proved the existence and uniqueness of entropy solution to the problem (P) when
the right-hand side datum belongs to L'. For other works in the same direction, we
refer to [2, 4, 5, 9, 11]. In the context of classical Sobolev space with constant exponent,
Soma et al. [16] analyzed the existence and uniqueness of solution of problem (P)
when the convective diffusive term ¢ is null (see also [3]). Furthermore, they also
obtained in [22] the existence and uniqueness of the entropy solution in the framework
of variable exponent spaces and measure data. In the case of the right-hand side
being in L', Wittbold and Zimmermann [26] used the bi-monotone technique and
the comparison principle to prove the existence and uniqueness of the renormalized
solution to the problem (P).

The aim of this article is to extend the main results of [26] to the framework
of measure data on the right-hand side. However, due to the lack of regularity in
the measure data, we cannot use the same method, therefore, we must proceed
differently. To achieve our goal, we first construct an approximate problem (P.)
through approximation by truncation and Yosida regularization. Then, using the
technique of maximal monotone operators in Banach spaces, we ensure the existence
of a sequence of solutions to the problem (P,). We conclude by proving that this
sequence of solutions converges to the solution of the problem (P).

The remaining part of this article is organized as follows: In Section 2, we introduce
some preliminary results that can be useful throughout the article. In Section 3, we
present the necessary assumptions on the data of the problem and also we provide the
main results. In Section 4, we prove the existence of at least one weak and/or entropy
solution. In Section 5, we explore the question of uniqueness of the solution.

2 Preliminaires

Let Q be a bounded open domain in RN (N > 3) with smooth boundary 9. In this
entire article, p(.) : @ — R* is a continuous function satisfying

(2.1) 1< p :=minp(x) < p" :=max p(x) < oo.
xeQ

xeQ)

We define the set
C.(Q) = {p € C(Q) : min p(x) > 1}.
xeQ
For any p € C, (Q), the variable exponent Lebesgue space is defined by
LPO(Q) = {u : O - R measurable : f |uP) dx < oo}.
Q
If the exponent is bounded, i.e., p* < oo, then the expression

p(x)
Ul py:=1infiA>0: u(x) dx <1
[ullpc o

X
A
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Diffusive convective elliptic problem 3
defines a norm in L?(-) (Q) called the Luxemburg norm. Then (LP()(Q), [u] »(y) is

a separable Banach space. Moreover, if 1 < p~ < p* < oo, then LP()(Q) is uniformly

convex, hence reflexive, and its dual space is isomorphic to LF'e (Q), where ﬁ +

p(x) =1in Q.

The p(.)-modular of the LP(-)(Q) space is the mapping p,( ) : L?()(Q) — R
defined by

poy () i= [ |l ax.
Q
Forany u € L? ¢ (Q), the following inequality (see [12, 13]) will be used later.

@2 min{ % g5 Jul? s} < ppey () < max{ ful? s ful? b

Forany u € LP()(Q) and v € LY ()(Q), we have the Holder type inequality (see [19]).

1 1
- dex () 40 1940,
0  q r() q(.)

If Q is bounded and p, q € C.(Q) such that p(x) < q(x) for any x € Q, then the
embedding L10) (Q) < LP()(Q) is continuous (see [19, Theorem 2.8]).

Proposition 2.1([19]) Foru,,u € LP() (Q) and p, < oo, the following assertions hold
true.

(@) ulpey<1(resp,=1,1) ifandonlyifpp()(u)<1(resp,:1 1);
) Ll > 1 imply (]2, < ppcy () < [ull25, and [ulpcy <1 imply Jull?, <

Pp(.)(”) < H Hp(.))
(i) [unllpy = 0 if and only if ppcy(un) =0, and |uy|,y — oo if and only
Pp(.)(”n) — 00.

Now, we define the variable exponent Sobolev space as follows
whrO(Q) = {u e LPO)(Q): |Vul € LP(')(Q)},

with the norm

ull, oy = Nl oy + VUl o)

For a measurable function u : O — R, we introduce the following notation

pupr () = [P @dx+ [ vup@dx.
Q Q

We denote by WOI’P(')(Q) the closure of C°(Q) in Wh()(Q).
The Sobolev exponent is defined as p*(x) = I\IIV_P;(’;)) if p(x) < Nand p*(x) = oo if
p(x) = N.
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Proposition 2.2 (see [25,27])  For u € WP()(Q), the following properties hold
0 Tulhpcy > 1= 1l < gy () < Jull

) gy <1 = [ul? 0 < Prpc () < Lull

(iii) [u]1,p(y <1 (respectively, =1, 1) <= py p.)(u) <1 (respectively, = 1, 1).

Theorem 2.3 ([13, 14])

(i) Assuming 1< p_ < p* < oo, the space W"P()(Q) is a separable and reflexive
Banach space.
(i) If qeC.(Q) and q(x)<p*(x) for any xeQ, then the embedding
WJ’P(‘)(Q) o L1 (Q) is continuous and compact.
(iii) Poincaré inequality: there exists a constant C > 0, such that

Lp(.
lullpiy < CIVullpeys Yue Wy (Q).
(iv) Sobolev-Poincaré inequality: there exists a constant C > 0, such that
Lp(.
4l < CIVulpy, Vu e Wy ().
Remark 2.4 By (iii) of Theorem 2.3, we deduce that |Vu|,) and [ul); () are
equivalent norms in WO1 () (Q).

We denote by £V the N-dimensional Lebesgue measure of RY and by M, (Q) the
space of bounded Radon measures in Q, equipped with its standard norm ||.||¢, (a)-
Note that, if 4 belongs to M, (), then |u|(Q)(the total variation of u) is a bounded
positive measure on Q2.

Given p € M, (Q), we say that y is diffuse with respect to the capacity W& P (Q)
(p(.)-capacity for short) if 4(A) = 0, for every set A such that Cap, (A, Q) = 0.

For every A c Q, we denote

Sp(y(A) = {u e WpPD(Q)nCo(Q) :u=TonA,u>00nQ}.

The p(.)-capacity of every subset A with respect to Q is defined by

Capp)(A, Q)= inf {/Ivu|"(")dx}_
Q

ueSp(y(A)

In the case S,(y(A) = @, we set Cap,()(A, Q) = +oo.
The set of bounded Radon diffuse measure in the variable exponent setting is

denoted by M‘Z(’) (€2). We will use the following decomposition result of bounded
Radon diffuse measure due to Nyanquini et al. (see [22]).

Theorem 2.5 Let p(.): Q — (1, +00) be a continuous function and u € M,(Q).
Then y € M‘Z(')(Q) ifand only if u € LN(Q) + W20 (Q).

Lemma 2.6 Let Q be a bounded open subset of RN (N >1). Ifu € WOI’P(x) (Q), then

/Q div(u)dx = 0.

https://doi.org/10.4153/50008414X24001196 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24001196

Diffusive convective elliptic problem 5

If y is a maximal monotone operator defined on R, by y, we denote the main
section of y; i.e.,

minimal absolute value of y(s) if y(s) # @
yo(s) =4 +ooif[s,+0)ND(y) =2
—ooif (—o0,s] N D(y) = @.

We also recall an important result on convergence (see [22]).

Lemma 2.7 Let (f,)ns1 be a sequence of maximal monotone graphs such that 3, — f3
in the sense of the graph (for (x, y) € B, there exists (X, yu) € By such that x,, > x and
Yu = ). We consider two sequences (2, ) us1 € L'(Q) and (wy,)ns1 € L1(Q).

We suppose that: Yn > 1, w, € Bn(2,), (Wn)us1 is bounded in L'(Q) and z,, — z in
LY(Q). Then,

z e dom(p).
Throughout the article, we use the truncation function Ty, (k > 0) defined by
(2.4) Tx(s) = max{-k, min{k;s}}.
It is obvious that }<11—>r1<;lo Ti(s) = s and | T (s)| = min{]s|; k}.

We define ‘J'(l)’p ) (Q) as the set of the measurable function u : QO — R such that
T (u) e WO (Q).
We denote by

st . _ | lifs>o0,
H, = mln(s,l) and sign (s) = { 0ifs <0,

Remark that as € goes to 0, H,(s) goes to signg (s).
To outline our definition of solution and the principal results, we set
int(dom(B)) = (m, M) with —co <m <0< M < +oo0.
For any r € R and any measurable function uon Q, [# = 7], [u < r] and [u > r] denote
theset {x e Q:u(x)=r}, {x e Q:u(x) <r}, {x € Q:u(x) > r}, respectively.
3 Assumptions and main results

3.1 Assumptions

We study the problem (%) under the following assumptions on the data.

Let Q be a bounded open domain in RY (N > 2) with smooth boundary domain
0Q.

We assume that p(.) verifies (2.1) and a : Q x RN — R denotes a Carathéodory
function satisfying the following conditions.

(Hj) there exists a positive constant C; such that

G ot )1 100 + 477,

https://doi.org/10.4153/50008414X24001196 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24001196

6 S. Soma, I. Konate, and A. Kabore

for almost every x € Q and for every £ € RV, where j is a non-negative function in

e ; 1 I _q.
LP()(Q),Wlthm"'m—l,

(H,) for all €, 7 € RN with £ # 5 and for every x € Q,
(32) (a(x,8) —a(x.n)).(E-n) >0,

(H3) there exists a positive constant C, such that

(3.3) a(x, &).&> C,|gP™),

for £ € RN and almost every x € Q.

(Hy) dom(f) = [m, M] c R where —oo < m <0 < M < +00.

(Hs) ¢:R — RY is a continuous function with ¢(0) =0 and there exists a
constant C3 > 0 such that

(3.4) VseR, [¢(s)] < Csls|P)1,
3.2 Notions of solutions and main results

Definition 3.1 Letpy € M‘Z(')(Q). We say that a couple (u,b) € Wol’p(')(Q) x L1(Q)
is a weak solution of problem (P) if there exists v € M‘Z(') (Q) satisfying v 1 LN and

uePBu)lN -ae.inQ, bepf(u)lN -ae. inQ,
(3.5) v* is concentrated on [u = M],

v~ is concentrated on [u = m],
such that

(3.6) fﬂa(x,Vu).Vgodx+fgb(pdx+f0¢dv—fg¢(u).v<pdx:ngody,

for any ¢ € Wé’p(')(Q) NL®(Q).
Moreover,

(3.7) lim |VulP® dx = 0.

n—+oo J{n<|ul<n+1}

Definition 3.2 Let p € M‘Z(')(Q). An entropy solution of problem () is a couple
(u,b) € WOI’P(')(Q) x L'(Q) such that (3.5) holds and

/(; a(x, Vu).VT(u—-¢@)dx + /Q bTi(u-¢@)dx — fQ &(u).VTi(u—-¢)dx
(3.8) < fﬂ Te(u - ¢)dy,
where k >0and ¢ € Wé’p(')(Q) N L (Q) such that ¢ € domp.

Theorem 3.3 Assuming (Hy) — (Hs) and u EM‘E(')(Q). Then, the problem (P)
admits at least one renormalized solution in the sense of Definition 3.1.

The connection between our notion of weak solution and the entropy solution is
formulated as follows.
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Theorem 3.4 A solution of problem (P) in the sense of Definition 3.1 is also an entropy
solution.

Proof Let (u,b) be a weak solution of (P) and ¢ € WOI’P(') (Q) NnL*°(Q) such that

¢ € dom(p).
For any k > 0, taking Ty (u — ¢) as a test function in (3.6) one obtains

[ (e, vu).9Te(u - p)dx - [ p(u).VTu(u-g)dx+ [ bT(u- p)dx
(3.9) +[0Tk(u—go)dv:/QTk(u—(p)dy.

Neglecting the positive term f T (u — ¢)dv (see [18]), we obtain (3.8). [ ]
Q

4 Existence of solution for a regular right hand side data

In this section we study the following problem

(4.1) (Piy){ ;d:l\z)zr(lxégt)l) +g(u) +divg(u) =y in Q

where g is a continuous and nondecreasing function such that g(0) =0 and y €
L= (Q).

Theorem 4.1 Under assumptions (H;) — (H3), the problem (Pg,y) admits at least one
weak solution in the following sense:

ue WoP a1=(Q), g(u) e L*(Q) and

(4.2) La(x,Vu).V¢dx+[Qg(u)(pdx—fﬂgb(u).V(pdx:foq)ydx.

Proof For any k > 0, let us consider the following problem

(p? ) —diva(x, Vug) + Te(g(ug)) + divg(ug) =y in Q
Te(2):v” | ug = Oon 0Q,

Theorem 4.2  Under assumptions (H,) — (H3), the problem (Pfk(g),y) admits at least

one weak solution in the following sense:
ue Wé’p(')(ﬂ) and

(4.3) fﬂa(x,Vuk).Vq)dx+fQTk(g(uk))(pdx—[ggb(uk).Vq)dx:fgq)ydx.

forany ¢ e WP (Q) nL™=(Q).
Moreover

(4.4) V> |lleos |g(uk)] < 7] oo ae.in Q.
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Proof We define the operators A;, A; and A := A; + A,, acting from WOl 2() (Q) into
its dual W2'()(Q) as follows

(A, 9) = /;2 (a(x,Vu) —(,b(u)).V(pdx) Vu,g e WOI’P(')(Q)
and
(Asu, 9) :[QT;C(g(u))(pdx, Vuge e WS’P(')(Q),

We have

| itetps

< [ 1T(g(u)llglax

skf d
Qlfplx

1 1 €1
<kl — + — |(meas(Q) +1) 7"
(5 Jamessc@) 7 T,

< C4||‘P||l,p(.)-
According to (H;), one has

‘[Qa(x,Vu).Vq)dx S[Q|a(x,Vu)||Vgo|dx

§C1fﬂj(x)|V<p|dx+C1fQ|Vu|P(x)‘1|V(p|dx

1 1 . (x)-1

s+ oo ) (U Iz 1wl

 (p) () () r()
< Cslel,pc)-

By using the growth condition (Hs) on ¢, one obtains

< [ s@lITglds
<Cs [ P vgldx
1 1
sc3(+,)||uf’<x>-l o179l
p_ (P )_ ?'(.) r(.)
< Csl@l1,p.y-

‘[) ¢(u).Vodx

Claim 1: the operator A is bounded.

Indeed, for any u, ¢ € Wol’p(') (€), one has

<Crlelpcy-

’(A“»SD)

Therefore, A is bounded.
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Claim 2: A is coercive.
Indeed, since the divergence theorem implies [ ¢(u).Vudx =0, and
Q

[ Ti(g(u))udx > 0, thanks to Proposition 2.1 and the Poincaré-type inequality,
Q

one obtains
(Au,u):/a(x,Vu).Vudx+f Tk(g(u))udx—/gb(u).Vudx
Q Q Q
Zfa(x,Vu).Vudx
Q
2C1[|Vu|P(")dx
Q
> G| Vuly,
> Csllul
where

o= { P+ lf HV”HP(V) <1,
p- if Hqup() > 1.

Thus, we obtain
(Au, u)
lel,p(x)
Claim 3: A, is of type (M).

—> o0 as ”uHI,p(.) —> 0.

Indeed, let (u,),en be a sequence in Wg,p(.) (Q) such that

U, —~uin WS’P(')(Q) asn — oo,
(4.5) Aju, - xin W_I’P,(')(Q) as 1 — 0o,

lim sup(Aju,, u,) < (x, u).

n—oo

Let us set hy,(x) = b(x,uy,, Vu,) where b(x,s,¢) = a(x, ¢) — ¢(s), V(x,s,9) € Q x
R x RN,
Then, one has

4.6)  [ha(x)| = la(x, Vun) = $(un)| < Co(j(x) + |un PO 4|V, PO,

where Cy = max{Cy, Cs}.
We aim to show that

(Aruy, un) — (x> u) as n — oo, where y = Aju.

Due to the compact embedding WS’P(‘)(Q) <o LPC)(Q), one has u, - u in
LP()(Q) as n — oo (up to a subsequence still denoted (1, ) yen). Since (1) ey is a
bounded sequence in WOI’P(') (), one can deduce from (4.6) that (h, ) sen is bounded
in (L”"¢)(Q))N. Therefore, there exists a function h € (L?'()(Q))N such that

(4.7) hy = hin (L2 (Q))N as n - oo.
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Forall ¢ € WJ’P(')(Q), one has

(4.8) {x,9) = r}Lngo(Alun,¢) = nan; /;2 ha(x).Vedx = fﬂ h(x).Vedx = (Aju, ¢).

This implies that y = A;u.
Applying (4.5), one obtains

(4.9) limsup(Alu,,,u,,)S[h(x).Vudx.

n—>+oo Q

Using (H, ), for any ¢ € (LP()(Q))Y, one has
[0kt ) = b 100 9))- (Vi — )
= fo(a(x,Vu,,) —a(x,9)).(Vu, —¢)dx 2 0.
This is equivalent to

(4.10) /hn.Vu,,dx—/h,,.godx—fb(x,u,,,(p).(Vun—gD)deO.
Q Q Q

Since u, —~ u in Wg’p(') (Q), then up to a subsequence still denoted () ,en one has
up — uin LPO(Q), u, - uaein Qasn — oo, and |u,| <v e LPO(Q).
Since the function b(x, s, ¢) is continue with respect to s, on has

b(x,uy, ¢) — b(x,u,¢)aein Q.

On the other hand, one has
ot )] £ o J3) Pl ) e (17 O )
Then, using Lebesgue dominated convergence theorem, one obtains

b(x, tn, ¢) — b(x, u,9) aein (L O (Q))V.

Therefore, we have

lim | b(x,uy,¢).(Vu, —¢@)dx = f b(x,u,¢).(Vu-¢)dx
Q Q

n—oo

and
1i hn.d:fh.d.
lim | ho.gdx= | h.dx

Passing to the limit as # — oo in (4.10) and using (4.9), we obtain

(4.11) fQ (h—b(x,u,q))).(Vu—(p)dx > 0.

By considering ¢ € (D(Q))" and replacing in (4.11) ¢ by Vu + t@, t € R, one obtains

(4.12) (-t)fQ (h—b(x,u,Vu+ t¢)).¢dx > 0.
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Dividing the above inequality by ¢ > 0 and by ¢ < 0, then letting ¢ go to 0, one can
deduce from Lebesgue’s dominated convergence theorem that

fQ (h -b(x,u, Vu)).(])dx =0,

this implies that h = b(x,u, Vu). Hence Aju = y.

Claim 4: A, is monotone and weakly continue.
Since for any k > 0, the function T (g) is non-decreasing and satisfies T (g(0)) =
0, one has

(= asp-9) = [ (Tule) - Tuelo)) ) 5= )i 20
Hence, A, is monotone.

Let (14, ) new be a sequence in WS’P(')(Q) such that u, —~ u in Wol’p(')(Q) asn —
oo. Then, for all ¢ € Wg’p(’)(ﬂ), one has

(= A g) = [ (1) - T ).

Since u, =~ u in W;,p(.) (Q), up to a subsequence still denoted (u,) sy, one has u, —
uin LPO(Q), u, » uaein Qasn — oo, and |u,| < v e LPFO(Q).
By the continuity of the function Ty (g), it follows that

(Tk(g(un)) - Tk(g(u)))(p —0aein Qasn — oo.

Moreover,

< 2k|g| € LY(Q).

](Tug(un)) - Tk<g(u>>)go

Leveraging the Lebesgue dominated convergence theorem, one arrives at

fQ (Tk(g(un)) - Tk(g(u)))(pdx - 0.

Therefore, Ayu, — Au as n — oo.

Since A is the sum of an operator of type (M) and a monotone, weakly continuous
operator, A is of type (M). Adding the fact that A is bounded and coercive, we
conclude that A is surjective.

Therefore, for any L e w0 (Q), there exists at least one solution u €
Wé’p(')(Q) such that A(uy) = L.

Setting L(¢) = /Q y@dx, we conclude that the problem (P% (g)’y) admits at least

one solution.

https://doi.org/10.4153/50008414X24001196 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24001196

12 S. Soma, I. Konate, and A. Kabore

To complete the proof of Theorem 4.2, it remains to prove (4.4). To this end, we take
H,(uy — R) as a test function in (4.2), where ¢ > 0 and R > 0 is a real to be specified
later. One obtains

[Qa(x,Vuk).VHe(uk—R)dx
+ [ Te(g(w)Holu~Rydx = [ ¢(ue).VH, (e - R)dx
(4.13) :nyHg(uk—R)dx.

For the first term of (4.13), one has

1
f a(x,Vug).VH(ux - R)dx = - f a(x,Vug).Vug > 0.
Q &€ J{|ux—R|<e}

By setting v, (uy) = fo ' ¢(5) X{o<|ur—R|<e} (5)ds, one obtains

1
fﬂﬁb(“k)-VHe(uk - R)dx = fQ ;¢(”k)'vukX{0§|uk—R|<e}dx

= fQ V-( fouk ‘/’(S)X{ogukmq}(s)ds)dx
= .[ao Ve(ux).vdo =0 (asur =0 ondQ).
Consequently, (4.13) becomes
(4.14) fﬂ Te(g(u))He (ux - R)dx < /(;st(uk ~ R)dx.
Using the inequality above, one can deduce (4.4) (see [15, 17, 22] for the details). m
Setting k = ko = |y] e + L, Theorem 4.1 is a consequence of Theorem 4.2.
5 Proof of Theorem 3.3
This section is devoted to the proof of Theorem 3.3.

5.1 Approximate problem

For every € > 0, we consider the Yosida regularization . : R — R of 8 (see [7]), given
by

Be= (1= (1+ep)™).

We emphasize that the function S, is both non-decreasing and Lipschitz-continuous
Since u belongs to Mi’(')(Q), s0, by Theorem 2.5, it can be decomposed as y =
f - div(F), where f € L'(Q) and F € (L?' ) (Q))V.
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By introducing the function f,(x) = T1(f(x)) for a.e.x € Q, the regularized form
of the measure y is given by ’

pe = fe — V. F for any ¢ > 0.

Therefore, one has y, € M‘;(’)(Q), pe =~ pand p, € L=(Q).
Then, we consider the following approximating scheme problem.

50 P | f) el T ) gm0

Theorem 5.1 Let (Hy) — (H3) hold true. Then, the problem Pb(B., ) (u.) admits at
least one weak solution u. in the sense that u. € Wé’p(') (Q), Be(ue) e LN(Q)and Vg €
Wy P (@) nL=(Q),

(5.2) fﬂa(x,Vus).V(/)dx+Lﬁg(us)¢dx—L¢(u8).V¢dx:L¢dys.

Proof We just need to set g = 5. and y = y, in Theorem 4.1. [ ]
5.2 A priori estimates

Now, we derive a priori estimates for the sequence of solutions (u,).-o which will
enable us to obtain the necessary convergence results.

Proposition 5.2 Let k > 0 and u, be a solution to the problem Pb(f., ¢)(ue). Then,
(i) there exist a constant Cyy > 0 such that
(5.3) f Vite|P®dx < Cro,
{lucl<k}
(ii) the sequence (Be(ue))eso is uniformly bounded in L'(Q),
(iii) the sequence (B (Ti(ue)))eso is uniformly bounded in L' (Q).

Proof Taking ¢ = Ty (u,) as a test function in (5.2) we obtain
Aa(x,Vue).VTk(us)dx+Lﬁs(us)Tk(uS)dx—A¢(u5).ka(us)dx
(5.4) :ffsTk(us)dx+[F.VTk(us)dx.
Q Q

The third term of (5.4) is zero. Indeed, we have

/;l(p(us).ka(ue)dx:quS(Tk(us)).VTk(us)dx

(5.5) =f()V([)Tk(u£) (/)(s)ds)dx:O,

The remainder of the proof follows in the same manner as [23] (see also [18]). [ ]

Proposition 5.3 ([23]) Let u, be a weak solution of Pb(fe, ¢)(u.) and let k > 0 large
enough. Then, we have

Clu, Q)
min{B.(k), |B:(=k)|}

(5.6) meas{|ue| > k} <
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and
Cu(k+1) C(u, Q)
kP min{B,(k), |B:(=k)|’

(5.7) meas{|Vue| > k} <
where Cy; is a positive constant.
5.3 Convergence results

Proposition 5.4 ([23]) Let u, be a weak solution of Pb(S., ¢)(ue). Then, there exists
ue WOI’P(')(Q) c ‘T[l)’P(')(Q) such that u € dom(f) a.e. in Q and

(5.8) U, — u in measure and a.e. in Q ase — 0.

Lemma 5.5 For every function h € W>**°(R), h > 0 with supp(h) compact,

69 limsup | [a(x, Vi) - gb(ug)].v[h(ug)(Tk(us) - Tk(u))]dx <0,

(5.10) lim sup lim sup a(x, Vug).Viuedx <0
60 &0  J{O<[uc|<b+1}

and

(5.11) limsup | a(x,Vue).[VTk(ue) — VT (u)]dx <0.
e—0 Q

Proof By choosing h(u.)(Tx(u:) — Tx(u)) as a test function in (5.2), one obtains
(5.12)
|, [t 91 = 0(u0) | 9w (Tewe) - Tew)) ]
o [ Bl () (Ti(e) = Tuw))dx
- fﬂfgh(us)(Tk(ug) — Ty (u))dx + fQFE.V[h(uS)(Tk(uE) - Te(u)) |dx.
o Let us start by proving (5.9). The following inequality holds
(5.13) lims(l;lpfoﬁg(us)h(ug)(Tk(ug) Ty ())dx > 0.
Indeed, for any r > 0 sufficiently small we set
Uy =(un(M-r))v(m+r).
According to [23], for any k > 0, Ty (u,) € Wg’p(')(Q), one has
) (Beliae) = Bl (T () - Taar ) 2 0,
and
L Beud () (Tiwe) = Tu(w)dx > | h(u)Be () (Tilu) = Te(ur))dx
+ [ () Be(u) (T (ur) = Tic(w) )

=t Is,r + ]s,r'
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Having in mind that m + r < u, < M —r, one has (see [23])
limsupl, - fn h(u)Bo (14,) (Ti (i) — T (1)) dx > 0.
We treat the term J, , as follows
Jor = fn h(ue)Be(ue) (Te(uy) — Te(u))dx = Agy + Bey + Cor + Do,

where

Acri= [ 1) (Ter) = Tiw) die

By i=— /Q h(ue)a(x, Vue).V(Tx(ur) - Ti(u))dx,

Co, = —th'(us)(Tk(u,) — T (1)) a(x, Vit ). Vieds,

Dei= = [ $(ue)-9[h(uo)(Ti(w) = Ti(w)) Jds.

According to [23], one has liné Agr = ling By = lina C.,=0.
r— r— r—

Der= [ (o). 9 A(ue)(Tewy) - Te(w))Jdx
= [ #(Tu())-9 [l (T () = Te(w)) .

where [ > 0 is such that supph c] - 1, I[.
Thanks to (Hs), one has

[$(T1 ()] < [Ty (ue) PO < (1+1)PO < (1+1)P
It follows that (@(T;(ue)))e is uniformly bounded. Adding the fact that
V[h(ug)(Tk(u,) - Tk(u))] —0in (LPO(Q))N (see [23]) as r — 0, one obtains

lim Dy = [ 9(Ti(u0)).¥ [ (1) (T (ur) = Tic(w)) Jdx = 0.

From above results, one deduces that lirré Je.r = 0and (5.13).
r—

Therefore, passing to the limit as ¢ — 0 in (5.12), one obtains (5.9).
o Taking ¢s(u.) = Ty (ue — Ts(ue)) as test function in (5.2), one obtains

fna(x,VuE).VTl(us—T(g(us))dx+/Qﬁg(uE)Tl(us—T(;(us))dx
—L¢(u5).le(us—T8(us))dx
(5.14) :[QfsTl(us—Ta(ug))dx+fQF.VT1(us—Tg(us))dx.
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On the other hand, one has

¢(ue).Vos(ue)dx= | v %(uS)gb((ng)_IO(s))ds dx = 0.
Js o\

The rest of the proof of (5.10) and (5.11) follow the same lines as in [23]. [ |
The following results are necessary for the sequel.

Lemma 5.6  Let u, be a weak solution of Pb(f¢, ¢)(u.) and k > 0. Then

(5.15) $(Ti(ue)) — $(Te(u)) in LP' O (Q) as e - 0,

(5.16) £i§6fﬂ¢(u8).v[h(us)(Tk(us)—Tk(u))]dx:0,

(517) tim [ foh(ue)(Tiluee) = Te(w))dx =0

and

(5.8) ?E%fg Fo. [ (ue) (Ti(ue) - Ti(w) Jdx = 0.

Proof e Since ¢(Ti(ue)) — ¢(Tx(u)) ae. in Q, the growth condition (Hs)
implies that

|9(Ti(ue))| < Cs| Ty () [P e L0 ().

On the other hand, the sequence (|Tj (e )|?®)™") 450 is bounded in L?'()(Q) and
| Ti () [P — | Tie () PO in LP')(Q) as € - 0. Thanks to the generalized
Lebesgue convergence theorem, we obtain (5.15).

e For | > 0 such that supph c] - 1, I[, one has

69 [h) (Tuwe) = ) Jdx = [ @(Tu()).¥ [ () (Til) -

Tk(u))]dx.
Using the convergence (5.15), one deduces (5.16).
For the proofs of (5.17) and (5.18), see [23]. [ |

Proposition 5.7 [23]  Let u, be a weak solution of Pb(Be, ¢)(pe) with k > 0. Then, as
& = 0, we have

(i) a(x, VTi(ue)) = a(x, VTi(w)) in (LP'O ()N,
(i) VTx(ue) = VT (u) ae. in Q,
(iil) a(x, VT (ue)) - VTi(ue) — a(x, VTi(u)) - VTi () a.e. in Q and strongly in
L'(Q),
(iv) VTi(ue) = VTi(u) in (LPO(Q))N.

Remark 5.8 Since Ty is continuous, for k > 0, it follows that Ty (u.) — Tx(u) a.e.
in Q. Finally, applying Lemma 2.7, we deduce that for all k > 0, Ty (1) € dom(f) a.e.
in Q. Therefore, since Ty (1) € dom(f3), we conclude that u € dom(f) a.e. in Q, and

sine dom () is bounded, we have u ¢ WOI’P(')(Q).
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Lemma 5.9 (23] Forany h e C\(R) and £ e WP (Q) n L= (Q),
V[h(ue)p] — V[h(u)g] strongly in LFC)(Q) as e — 0.
5.4 Existence of solution

Let us introduce, for any [y > 0, the function h, defined by

(i) ho € CL(R), ho(r) >0, forallr e R,
(i) ho(r) =1if|r| < lpand ho(r) = 0if |r| > I + L

To demonstrate the Theorem 3.3, one chooses hg(u,)¢ as a test function in (5.2) to

obtain
[Qa(x,VuS).V(ho(usﬁpdx—[()gb(ug).v[ho(us)(p]derfﬂﬁg(us)ho(us)q)dx
(5.19) :fﬂfgho(us)godx+fQF.V[hO(us)q)]dx,

where ¢ € WS’P(')(Q) NL®(Q).
By applying the same arguments as [23], one can express

iil%/;)a(x,Vus).V(ho(us)(pdx:an(x,Vu).V(ho(u)godx

(5.20) :fﬂa(x,Vu).prdx,

(5.21) £i_)mo/;2f£ho(us)godx:foho(u)(pdx:/;fgodx,

and

(5.22) B%LF.V[ho(us)go]dx:fQF.V[ho(u)go]dx:fQF.Vgodx.

According to Lemma 5.9 and the convergence (5.15), one has
tim [ (ue).Vlho(ue)g)dx = || (Tier(40)).V[ho(we)p)d
= [ $(Tia()).V o (w)p)dx
= [, #().V[ho(w)g]dx
Therefore,
(5.23) ygéfggb(ug).v[ho(usyp]dx:fﬂ¢(u).wpdx.

In order to pass to the limit in the sequence (B:(u))es0 as € goes to 0, we need the
following lemmas.

Lemma 5.10 [20] Let j be a lower semi-continuous function on R with dom(j) =
[m, M] c R, and let j. be a sequence of lower semi-continuous functions such that

je(t) 20,Vte[m, M), and j. 1 jase 0.
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Consider two sequences (Ve )eso0 and (2 ) eso of measurable functions on Q satisfying

ve —vLN aein Q, vedom(j)LNa.e. in Q,
Ve>0, zo € 0je(ve) LN aein Q.

Assume that there exists z € M’Z(')(Q) N [(Wh2O(Q))* + L'] such that for all ¢ €

Ce(Q), 920,

(5.24) lim inf f (t = ve)pho(ve)zedx > f (t—v)pdz, VicR.
£ Q Q

Then,

z=wlN 4z withv 1 LN, we 9j(v)LN aein Q, w e L'(Q),
z7 is concentrated on [u = M|, z7 is concentrated on [u = m].

Lemma 5.11 Let ly > 0 such that D(B) = [m, M] c [=ly, ly]. Then, there exists o €
Mg(')(Q) such that ho(ug)e(ue) ~ 0, ase — 0.

Proof e According to Proposition 5.2-(ii), for any k>0, the sequence
(ho(ue)Pe(ue))eso is bounded in L'(Q). Then, there exists o€ M,(Q) such

that ho (ue ) Be(te) — 0 in My (Q) as & — 0.
e One can write 0 € M‘Z(')(Q) n (W20 L 11(Q)).
Indeed, for any ¢ € D(Q), one has

fﬂ(pda:[Qho(u)q)da:Plréfgho(ug)q)ﬂs(us)dx

=—-lim o [a(x, VT10+1(”5)) - ¢(T10+1(u£)):|.V[ho(ug)(/)]dx

=0

+£i£ré Qfsho(us)(pdx+£i£ré/QF.V[ho(u£)(p]dx
-~ [ .V Tigu1())-9Tho(w)g)dx + | §(Ti (). ho(w)g)dx
+f0fh0(u)(pdx+/QF.V[ho(u)go]dx
:—fﬂa(x,Vu).VgoderAqﬁ(u).V(pdx-k/(;fgodx+fQF.V<pdx.

Therefore, o =diva(x,Vu)-divg(u)+y in D'(Q) and o€ M‘Z(')(Q) N
(WP'O(Q) + L(Q)). n

Remark 5.12 The measure ¢ can be written as 0 = bLY + v with v L £V such that
all the properties of (3.5) hold.
Indeed, for any ¢ € C1(Q), t € R, one has

tim [ (¢ ho(uer) 9B () dx

e—=0

= —lim o [a(x, VTIOH(MS)) - ¢(Tlo+1(us)):|-v[(t - us)ho(u8)¢]dx

+lirr(1)fﬂfs(t—ue)ho(ue)(pdx+lin3fQF.V[(t—us)ho(ug)qJ]dx
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=~ [ (U Tipa (1)) 91 - w)ho (w)g]dx
o [ #(Tua (1))-91(¢ = who ()9
+[Q(t—u)fh0(u)¢dx+[Qp.v[(t—u)ho(umdx

-~ [, vu). 91t - w)ho(w)gldx + | $(u).VI(t=u)ho(w)pldx
+fQ(t—u)fho(u)(pdx+fQF.V[(t—u)ho(u)<p]dx

Setting v, = u, and z, = 8, in Lemma 5.10, one can deduce (3.5). Since v = (f - b) —
div(a(x,Vu) — F) in D’'(Q), one has also v € Mi(')(Q)).

Using the results above, by letting ¢ — 0, one obtains

(5.25) /Qa(x,Vu).V(pdx—fﬂq‘)(u).Vgodx+be<pdx+/(;(pdv:/S;god‘u.

Now, we focus on the proof of (3.7) to end the demonstration.
For that, one chooses T (u; — Ty, (1)) as test function in (5.2) to obtain

an(x,Vug).VTl(uE—Tn(ue))dx+fﬂﬁs(us)Tl(uE—Tn(ug))dx
(5.26) +fQ</>(u5).VT1(ug—T,,(ue))dx:fQTl(uS—T,,(ug))dye.

Observing  that [ Be(ue)Ti(ue — Ty(ue))dx 20 and  VTi(ue — Tr(u;)) =
Q
Ve X {n<u|<n+1}> (5.26) becomes

f a(x,Vug).Vuedx + f d(ue).Vuedx
{n<|us|<n+1}

{n<|us|<n+1}

gfngl(us—Tn(ug))dx+[{ F.Vu.dx.
Q

n<|ug|<n+1}

Using (H3), we deduce that

C3f |Vus|p(x)dx+f (ue).Vuedx
{n<|us|<n+1} {n<|ue|<n+1}

(5.27) S[Qngl(us—T,,(ug))dx+f{ F.Vu.dx.

n<|ug|<n+1}

Let us consider ®(¢) = fot ¢(7)dr. Then O(T,(u.)) € (W;’p(x)(Q))N,

By using Lemma 2.6, one gets

f{n<\u£|<n+1} ¢(u8)'vu8dx
:fQ¢(Tn+1(u£)).an+1(uE)dx—/;lcp(Tn(us)).VTn(uE)dx
(5.28) :dein)((TnH(us)))dx—deivd)(T,,(us))dx:O.
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Consequently, (5.27) becomes

C3f |Vus|P(x)dx£/ngl(us—Tn(ug))dx+[ F.Vu.dx.
{n<|ue|<n+1} Q {n<|ue|<n+1}

Arguing similarly as in [23], one obtains the rest of the proof of the condition (3.7).

Lemma5.13  Suppose that ¢ is a Lipschitz function. let s € WOI’P(') (Q), gin J\/[‘Z(') (Q)
and A € R such that

(5.29) s<Aae. inQ (resp.s> 1)
‘ o = —div a(x,Vs) +div ¢(s) in D'(Q).
Then,
(5.30) f do >0,
s=n1
(resp.)
(5.31) f do <0,
ooy ¥

forany ¢ € CL(Q), ¢ > 0.
Proof For n > 1, we consider the function 8,, defined by
0,(r) =inf{l, (nr—nA+1)*}, VreR.

Note that 6, (r) converges to y[1,.0)(r) for every r € R, so 6,(s(x)) converges to
X[1,00) (5(x)) at every x where s(x) is defined.

Since s is defined quasi everywhere and x[},00) © $ = X{xeq:s(x)=1}> then the con-
vergence of 0,,(s) to x[1,0)(s) is quasi everywhere.

Therefore, since o is diffuse, then 8, (s) converges to y{xeq:s(x)=1}> 0-a.e. in Q.

V¢ € C1(Q) such that ¢ > 0, one has

./[s=/\] pdo = nEwa() 90, (s)do
= nEer ) a(x,Vs).V[e0,(s)]dx + nl—l}gloo fﬂ div ¢(s) (90, (s))dx
> fQGn(s)a(x,Vs).V(pdx+nlirpmf()div d(s)(90,(s))dx.
Since ¢ is a Lipschitz function, one has
. _ / .
/Q div ¢(s) (8, (s))dx = fo(en(s))¢ (s) - Vsdox.

It follows that

fﬂdiv (5) (8, (s))dx

| fene - vsas
<loleo [, W @IIVsld

—> 0asn — +oo.
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On the other hand, we have

fﬂ 0.(s)a(x,Vs).Vodx

Il [, la(ovs)ldx

—> 0asn — +oo.

Hence, the relation (5.30) holds. i
In the case where s > A, one reasons similarly as above after setting § = —s, A = -A
and d(x,z) = a(x, —z) to obtain (5.31). ]

Remark5.14 Moreover, if ¢ is a Lipschitz function, then a weak solution u of problem
(P) satisfies

(5.32) v < ps| [u=M],

(5.33) v < —p| [u=m].
Indeed, since

v =diva(x, Vu) - div ¢(u) - bLY + ,
one has

p—v-bLN = ~diva(x, Vu) + div ¢(u).

According to Lemma 5.13, the proof follows the same approach as in [21, Theorem
1.3]).

Remark 5.15 In the case where the right-hand side data is a regular function (for
example, an L!-function), one has g, = 0, so that v* = v~ = 0 and the notion of weak
solution in this article coincides with the usual one.

6 Uniqueness of solution

The study of the uniqueness of the solution depends on additional conditions on the
convection term

Theorem 6.1 Let ¢ be a Lipschitz function. If (uy, by) and (u,, by) are two solutions
of (4.1), then

(6.1) [)(bl — by)signg(uy — uz)dx = 0.

Proof By choosing ¢ = u, and ¢ = u; as tests functions in (3.8) for (uy, b;) and
(12, by), respectively, we obtain

LQ(X,VHI).VTk(Hl_uz)dx+Lb]Tk(l/l]—Mz)dx—L¢(H1).VTk(M1—M2)dX

(6.2) S/(;Tk(ul—uz)dy
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and
an(x,Vuz).VTk(uz—ul)dx+fﬂszk(uz—ul)dx—/(;gb(uz).VTk(ul—uz)dx
(6.3) szTk(uz—ul)dy.

By adding (6.2) and (6.3), we obtain

/Q(a(x,Vul)—a(x,Vuz)).VTk(ul—uz)derA(bl—bz)Tk(ul—uz)dx

(6.4) —[Q ((/)(m) —¢(u2)).VTk(u2—u1)dx <0.

Since a(x, .) is monotone, the first term of (6.4) is non-negative, and we deduce from
(6.4) that

fﬂ(bl o) Ty (1 - u)dx — fg ¢(u).V Ty (42 — uy)dx < 0.
Dividing the above inequality by k > 0, we get
1 1
65) 1 [ (br=b)Te(m—w)dx - [ (¢(u1) - ¢(u2)).ka(u2 ~uy)dx <0.

Setting Ay := {0 < |ug — u,| < k}, the second term of (6.5) gives

1

]-k i (qs(ul)—¢<u2>).vn(uz—m>dx

=‘]1</Q(¢(u1)_¢(u2))'v(”2_“1)XAkdx

< (900 - 00 -

C
< 2 s =] 192 = ), dx

SCAlV(uz—Ml)lekdx.

Since
|V(us —u1)|xa, — Oae.in Qask -0

and

< |V(1/l2 - u1)| € LI(Q)

7 -l
By Lebesgue’s dominated convergence theorem, one obtains

Eir(l) [Q |V(u2 - ul)|X{0S|u1—u2|Sk}dx =0.
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Therefore,

1
lim—; ./(-z ((p(ul) - ¢(u2)).VTk(u2 —uy)dx =0.
For the first term of (6.5), we have

%(bl = by) Tie(uy — uz) = (by = by)signy(u; —uz) a.e.in Q, ask - 0

and
1
‘k(bl - bz)Tk(ul - Mz) < (bl - bz) € LI(Q)
Hence,
1
ilil’(l) % L(bl - bz)Tk(ul - Mz)dx =0.
By taking the limit as k — 0 in (6.5), we arrive at (6.1). [ ]

Corollary 6.2 Let ¢ be a Lipschitz function and let B be a continuous, increasing
function on R. Then by = b, a.e. in Q.

Proof Let 8 be a continuous and increasing function on R. One can deduce that
(b1 = by)signg (uy — uz) = |by = by

Then, using Theorem 6.1, it follows that

(6.6) |61 = b2 Li(q) = 0.
Hence, b; = b, a.e. in Q. ]
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