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We show that the Borel hierarchy of the class of context free w-languages, or even of the
class of w-languages accepted by Biichi 1-counter automata, is the same as the Borel
hierarchy of the class of w-languages accepted by Turing machines with a Biichi acceptance
condition. In particular, for each recursive non-null ordinal «, there exist some Zg-complete
and some I1%-complete w-languages accepted by Biichi 1-counter automata. And the
supremum of the set of Borel ranks of context free w-languages is an ordinal 7] that is
strictly greater than the first non-recursive ordinal w{*. We then extend this result, proving
that the Wadge hierarchy of context free w-languages, or even of w-languages accepted by
Biichi 1-counter automata, is the same as the Wadge hierarchy of w-languages accepted by
Turing machines with a Biichi or a Muller acceptance condition.

1. Introduction

Languages of infinite words accepted by finite automata were first studied by Biichi to
prove the decidability of the monadic second-order theory of one successor over the
integers. The theory of the so-called regular w-languages is now well established and has
found many applications for specification and verification of non-terminating systems;
see Thomas (1990), Staiger (1997) and Perrin and Pin (2004) for many results and
references. More powerful machines, such as pushdown automata and Turing machines,
have also been considered for the reading of infinite words, see the survey Staiger (1997)
and the fundamental study Engelfriet and Hoogeboom (1993) on X-automata, that is,
finite automata equipped with a storage type X. A way to study the complexity of
w-languages is to study their topological complexity, and, in particular, to locate them
with regard to the Borel and projective hierarchies. On the one hand, all w-languages
accepted by deterministic X-automata with a Muller acceptance condition are Boolean
combinations of IT)-sets, and hence A-sets (Staiger 1997; Engelfriet and Hoogeboom
1993). This implies, from Mc Naughton’s Theorem, that all regular w-languages, which
are accepted by deterministic Muller automata, are also A3-sets. On the other hand, for
non-deterministic finite machines, it is natural to ask the question, posed by Lescow and
Thomas in Lescow and Thomas (1994): What is the topological complexity of w-languages
accepted by automata equipped with a given storage type X? It is well known that every
w-language accepted by a Turing machine (and hence also by an X-automaton) with a
Muller acceptance condition is an analytic set. In previous papers, we proved that there
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are context free w-languages, accepted by Biichi or Muller pushdown automata, of every
finite Borel rank, of infinite Borel rank, or even analytic but non-Borel sets, (Duparc et
al. 2001; Finkel 2001a; Finkel 2003a; Finkel 2003b). In this paper we show that the Borel
hierarchy of w-languages accepted by X-automata, for every storage type X such that
1-counter automata can be simulated by X-automata, is the same as the Borel hierarchy
of w-languages accepted by Turing machines with a Biichi acceptance condition. In
particular, for each recursive non-null ordinal o, there exist some X0-complete and some
I0-complete w-languages accepted by Biichi 1-counter automata, and hence also in the
class CFL,, of context free w-languages.

Here we should indicate a mistake in the conference paper Finkel (2005). We wrote in
that paper that it is well known that if L = =% is a (lightface) Z! set, that is, accepted by
a Turing machine with a Biichi acceptance condition, and is a Borel set of rank «, then «
is smaller than the Church Kleene ordinal w{¥, which is the first non-recursive ordinal.
This fact, which is true if we replace the (lightface) class Z! by the (lightface) class Al,
is actually not true. Kechris, Marker and Sami proved in Kechris et al. (1989) that the
supremum of the set of Borel ranks of (lightface) I}, and thus also of (lightface) 1, sets
is the ordinal y1. This ordinal is precisely defined in Kechris et al. (1989) and it is strictly
greater than the ordinal w{®. The proofs we give in this paper show that the ordinal y} is
also the supremum of the set of Borel ranks of w-languages accepted by Biichi 1-counter
automata, or of context free w-languages.

By considering the Wadge hierarchy, which is a great refinement of the Borel hierarchy
(Wadge 1983; Duparc 2001), we show the following strengthening of the preceding result.
The Wadge hierarchy of the class r-BCL(1), of w-languages accepted by real time
1-counter Biichi automata, and hence also of the class CFL,,, is the Wadge hierarchy of
the class of w-languages accepted by Turing machines with a Biichi acceptance condition.

We think that the surprising result obtained in this paper is of interest for both logicians
working on hierarchies arising in recursion theory or descriptive set theory, and also for
computer scientists working on questions connected with non-terminating systems, such as
the construction of effective strategies in infinite games (Walukiewicz 2000; Thomas 2002;
Cachat 2002; Serre 2004b).

The paper is organised as follows. In Section 2 we define multicounter automata, which
will be useful tools in the rest of the paper. The Borel hierarchy is described in Section 3.
In Section 4 we study the Borel hierarchy of w-languages accepted by real-time 8-counter
automata, and in Section 5 The Borel hierarchy of the class r-BCL(1),,. Results for the
Wadge hierarchy of the class r-BCL(1),, are given in Section 6.

2. Multicounter automata

We assume the reader is familiar with the theory of formal (w)-languages (Thomas 1990;
Staiger 1997). We shall use the usual notation of formal language theory.

When X is a finite alphabet, a non-empty finite word over X is any sequence x = dj ... dg,
where a; € X for i = 1,...,k, and k is an integer > 1. The length of x is k, denoted by |x]|.
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The empty word has no letter and is denoted by 4; its length is 0. For x = ay...a, we
write x(i) = a; and x[i] = x(1)...x(i) for i < k and x[0] = A. Z* is the set of finite words
(including the empty word) over .

The first infinite ordinal is ®. An w-word over X is an o -sequence d; ...dy ..., where for
all integers i > 1, a; € . When ¢ is an w-word over X, we write ¢ = a(1)a(2)...a(n)...,
where for all i, o(i) € X, and o[n] = d(1)6(2)...a(n) for all n > 1 and ¢[0] = 4.

The prefix relation is denoted C. A finite word u is a prefix of a finite word v (respectively,
an infinite word v), denoted u C v, if and only if there exists a finite word w (respectively,
an infinite word w), such that v = u.w. The set of w-words over the alphabet X is denoted
by Z“. An w-language over an alphabet Z is a subset of £“. The complement (in £“) of
an w-language V < X¢ is £ — V, denoted V™.

Definition 2.1. Let k be an integer > 1. A k-counter machine (k-CM) is a 4-tuple
M=(K,Z%, A, qp), where K is a finite set of states, X is a finite input alphabet, gy € K is the
initial state, and A € K x (ZU{4}) x {0,1}* x K x {0,1,—1}¥ is the transition relation. The
k-counter machine .# is said to be real time if and only if A < K x = x {0,1}% x K x
{0, 1,—1}%, that is, if and only if there are no /-transitions.

If the machine ./# is in state ¢ and ¢; € N is the content of the i
configuration (or global state) of .# is the (k + 1)-tuple (g, c1,...,ck).

th counter %;, then the

Fora € LU {4}, ¢,q' € K and (cy,...,c) € Nf such that ¢; =0 for j € E < {1,...,k}
and ¢; > 0 for j ¢ E, if (q,a,i1,...,ik.q, ji,..., jx) € A where i; =0 for j € E and i; =1
for j ¢ E, we write

a:(q,ct,...,c) = (g e+ i e+ i)

", is the transitive and reflexive closure of + ,. (The subscript .# will be omitted
whenever the meaning remains clear).
Thus we see that the transition relation must satisfy:

— if (g, 4,01, ik, g, j1,- -5 Jk) € A and i, = 0 for some m € {1,...,k}, then j, =0 or
Jjm = 1 (but j, may not be equal to —1).

Let ¢ = aya;...a, be a finite word over Z. A sequence of configurations

r= (qi7 Cli)"°c;;)]<i<p 5

for p = n+1, is called a run of .# on o, starting in configuration (p, cy,..., cx), if and only
if:

(1) (grcfseeacp) = (s Cr):
(2) For each i > 1, there exists b; € U {4} such that

bi : (qicl,...ct) (qi+1’cl'1+17.“c;'{+1)'
(3) ai.ayay...a, = by.bybs...b,.

Let 0 = aya;...a,... be an w-word over . An w-sequence of configurations

r= (ql',Cil,.--C;{)gl
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is called a run of .# on g, starting in configuration (p,cy,...,cx), if and only if:

(1) (qi,cts-.c)) = (pcisescr).
(2) For each i > 1, there exists b; € £ U {4} such that

bi : (qi, Ci15~~~C§¢) = (Qi+1,Cﬁ+1,---Cf;+1)

such that either
ajdy...dy... =b1b2...bn...
or biby...b,... is a finite prefix of aya;...q,...

The run r is said to be complete when aya;...a,...=biby...b,...

For every such run, In(r) is the set of all states entered infinitely often during run r.

A complete run  of M on o, starting in configuration (¢o,0,...,0), will simply be called
‘arun of M on ¢’.

Definition 2.2. A Biichi k-counter automaton is a 5-tuple .#=(K,X, A, qo,F), where
M'=(K,Z, A, qp) is a k-counter machine and F = K is the set of accepting states. The
w-language accepted by . is

L(#)= {6 € Z” | there exists a run r of .# on ¢ such that In(r) N F # &}.

Definition 2.3. A Muller k-counter automaton is a 5-tuple .#=(K,Z, A, qo, %), where
M'=(K,Z,A,qo) is a k-counter machine and % < 2K is the set of accepting sets of states.
The w-language accepted by .# is

L(#)={c € | there exists a run r of .# on ¢ such that 3F € # In(r) = F}.

— The class of Biichi k-counter automata will be denoted BC(k).

— The class of real-time Biichi k-counter automata will be denoted r-BC(k).

— The class of w-languages accepted by Biichi k-counter automata will be denoted
BCL(k),,.

— The class of w-languages accepted by real-time Biichi k-counter automata will be
denoted r-BCL(k),,.

It is well known that an w-language is accepted by a (real-time) Biichi k-counter
automaton if and only if it is accepted by a (real-time) Muller k-counter automaton
(Engelfriet and Hoogeboom 1993). Note that this cannot be shown without using the
non-determinism of automata, and this result is no longer true in the deterministic case.

Note also that the 1-counter automata introduced above are equivalent to pushdown
automata with a stack alphabet in the form {Z, A} where Z, is the bottom symbol, which
always remains at the bottom of the stack and only appears there, and A is another stack
symbol. The pushdown stack may be seen as a counter whose content is the integer N if
the stack content is the word Z.A"N.

In the model introduced here, the counter value cannot be increased by more than
1 during a single transition. However, this does not change the class of w-languages
accepted by such automata. So the class BCL(1),, is equal to the class 1-ICL,,, introduced
in Finkel (2001b), and it is a strict subclass of the class CFL,, of context free w-languages
accepted by Biichi pushdown automata.
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3. Borel hierarchy

We assume the reader is familiar with basic notions of topology, which may also be found
in Moschovakis (1980), Lescow and Thomas (1994), Kechris (1995), Staiger (1997) and
Perrin and Pin (2004). There is a natural metric on the set X of infinite words over a
finite alphabet X, which is called the prefix metric and is defined as follows. For u,v € X%
and u # v let d(u,v) = 27 oefwo) where loref(up) 18 the first integer n such that the (n + 1)*
letter of u is different from the (n + 1)* letter of v. This metric induces on X® the usual
Cantor topology for which open subsets of £ are in the form W.X®, where W < X*. A
set L = X% is a closed set if and only if its complement X” — L is an open set. We now
define the Borel Hierarchy of subsets of X®.

Definition 3.1. For a non-null countable ordinal «, the classes X0 and IT0 of the Borel
Hierarchy on the topological space “ are defined as follows:

— XY is the class of open subsets of .
— T is the class of closed subsets of .

And for any countable ordinal o > 2:

— X is the class of countable unions of subsets of = in |, _, IT).
— TI is the class of countable intersections of subsets of £¢ in Uy <o 0.

For a countable ordinal «, a subset of £ is a Borel set of rank « if and only if it is in
X9 U but not in |J, (X9 UTL)).

There are also some subsets of £® that are not Borel. In particular, the class of Borel
subsets of £ is strictly included into the class X} of analytic sets that are obtained by
projection of Borel sets, see, for example, Staiger (1997), Lescow and Thomas (1994),
Perrin and Pin (2004) and Kechris (1995) for more details.

We now define completeness with regard to reduction by continuous functions. For a
countable ordinal o > 1, a set F = =% is said to be a X0 (respectively, 119, Li)-complete
set if and only if for any set E = Y® (with Y a finite alphabet): E € X0 (respectively,
E € ), E € ) if and only if there exists a continuous function f : Y — = such that
E = f~1(F). £0- and I%-complete sets, with n an integer > 1, are thoroughly characterised
in Staiger (1986).

The (lightface) class X! of effective analytic sets is the class of sets that are obtained
by projection of arithmetical sets. It is well known that a set L = X, where X is a finite
alphabet, is in the class X} if and only if it is accepted by a Turing machine with a Biichi
or Muller acceptance condition (Staiger 1997).

As indicated in the introduction, the conference paper Finkel (2005) contained a mistake.
We wrote there that it is well known that if L = ¢ is a (lightface) ! set, and is a Borel set
of rank o, then « is smaller than w{®. This fact, which is true if we replace the (lightface)
class ! by the (lightface) class Al, is actually not true. Kechris, Marker and Sami proved
in Kechris et al. (1989) that the supremum of the set of Borel ranks of (lightface) IT}, and
thus also of (lightface) 1, sets is the ordinal y).

This ordinal is precisely defined in Kechris et al. (1989). Kechris, Marker and Sami
proved that the ordinal y! is strictly greater than the ordinal 61, which is the first non-A}
ordinal. Thus, in particular, of® < yl. The exact value of the ordinal 7} may depend on
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axioms of set theory (Kechris et al. 1989). It is consistent with the axiomatic system ZFC
that y} is equal to the ordinal ], which is the first non-A} ordinal (because y1 = 4} in
ZFC + (V=L)). On the other hand, the axiom of IT}-determinacy implies that y} < d1.
For more details, see Kechris et al. (1989) and a textbook of set theory such as Jech (2002).

Note, however, that it appears still not to be known whether every non-null ordinal
7 < 7} is the Borel rank of a (lightface) I1} (or =!) set. On the other hand, it is known
that every ordinal y < {¥ is the Borel rank of a (lightface) Al set. Moreover, for every
non-null ordinal o < wf¥, there exist some XJ-complete and some I1)-complete sets in
the class Al. Louveau gives the following argument: the natural universal set for the class
Y0 (respectively, IT9), where o < X, is a L0-complete (respectively, I19-complete) set and
it is in the class Al (Louveau 2005). The definition and the construction of a universal set
for a given Borel class may be found in Moschovakis (1980).

4. Borel hierarchy of w-languages in r-BCL(8),,

It is well known that every Turing machine can be simulated by a (non-real-time) 2-
counter automaton, see Hopcroft and Ullman (1979). Thus the Borel hierarchy of the
class BCL(2),, is also the Borel hierarchy of the class of w-languages accepted by Biichi
Turing machines. We shall prove the following proposition.

Proposition 4.1. The Borel hierarchy of the class r-BCL(8),, is equal to the Borel hierarchy
of the class BCL(2),,.

We first sketch the proof of this result. We are going to find, from an w-language L < £
in BCL(2),, another w-language 6s(L), which will be of the same Borel complexity but
accepted by a real-time 8-counter Biichi automaton. The idea is first to add a storage
type called a queue to a 2-counter Biichi automaton in order to read w-words in real
time. Then we shall see that a queue can be simulated by two pushdown stacks or by
four counters. This simulation is not done in real time, but a crucial fact is that we can
bound the number of transitions needed to simulate the queue. This allows us to pad the
strings in L with enough extra letters to ensure that the new words will be read in real
time by an 8-counter Biichi automaton (two counters are used to check that an w-word
really is obtained with the good padding, which is made in a regular way). The padding
is obtained via the function 0g, which we now define.

Let £ be an alphabet having at least two letters, E be a new letter not in X, S be an
integer > 1, and 05 : £ — (X U {E})® be the function defined, for all x € ¢, by

s+l

0s(x) = x(1).ES x(2).ES x(3).ES" x(4)...x(n).ES" x(n + 1).ES"" ...
We now state two lemmas.

Lemma 4.2. Let ¥ be an alphabet having at least two letters and let L < X be a subset
of ¢ that is X0-complete (respectively, I12-complete, £V of rank o, IT? of rank o) for some
ordinal o > 2. Then the w-language Os(L) is a subset of (XU {E})® that is X2-complete
(respectively, TT19-complete, X0 of rank o, I of rank ).
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Proof. Let X be an alphabet having at least two letters. It is easy to see that the function
0Os is continuous because if two w-words x and y of X have a common initial segment of
length n, then the two w-words 6s(x) and 0s(y) have a common initial segment of length
greater than n.

Let ¢ : (XU{E})” —» (ZU{E})® be the mapping defined, for all y € (XU {E})?, by

o(y) = y(M)y(S +2)y(S +S*+3)..y(S+S>+...+8"+(n+1)....

It is easy to see that the function ¢ is also continuous and that, for any L = X*, we have
05(L) = ¢\ (L) N 05(2°).

Now let L = ¢ be a X (respectively, IT)) subset of £, and hence also of (£ U {E})?,
for some ordinal o > 2. Then ¢~!(L) is a £V (respectively, I12) subset of (ZU{E})® because
the class X0 (respectively, I19) is closed under inverse images by continuous functions. On
the other hand, 05(Z®) is a closed set, so Os(L) = ¢~ '(L) N 05(Z”) is a XY (respectively,
1Y) subset of (£ U {E})” because the class X0 (respectively, I19) is closed under finite
intersection.

Moreover, L = 05'(0s(L)). Thus, if L is assumed to be Xi-complete (respectively, ITJ-
complete), then Os(L) is a X0-complete (respectively, I1)-complete ) subset of (XU {E})”
because it is a )22 (respectively, Hg) set, the function g is continuous, and L is Zg-complete
(respectively, IT%-complete).

Now assume that L is a X0-set of rank « (respectively, I1%-set of rank «). We have
already seen that 0g(L) is a X0 (respectively, I1) subset of (£ U {E})”. The Borel rank of
0Os(L) cannot be smaller than o, since otherwise L = 05!(05(L)) would also be of Borel
rank smaller than o. U]

Lemma 4.3. Let £ be an alphabet having at least two letters, and L < Z“ be an w-
language in the class BCL(2),,. Then there exists an integer S > 1 such that Og(L) is in
the class r-BCL(8),,.

Proof. Let X be an alphabet having at least two letters and let L = £ be an w-language
accepted by a Biichi 2-counter automaton .o7.

A way to construct a finite machine accepting the same w-language but in real time
would be to add a storage type called a queue (Engelfriet and Hoogeboom 1993).

Configurations of a queue are finite words over a finite alphabet X; a letter of £ may
be added to the rear of the queue or removed from the front; moreover, there are tests to
determine the first letter of the queue.

The new machine will read words in real time. At every transition, a letter of the input
w-word is read, is added to the rear of the queue, and waits to be read (and then removed
from the front of the queue) for the simulation of the reading of the input w-word by the
2-counter automaton .o7.

We are going to see that one can simulate a queue with four counters. This simulation
will not be a real-time simulation, but we shall be able to get an upper bound on the
number of transitions of the four counters that are necessary for the simulation of one
transition of the queue. This upper bound will be useful later in the paper.
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Claim 4.4. A queue can be simulated by two pushdown stacks.

Proof. Assume that the queue alphabet is X = {Z,,Z3,...,Z;_; }, for some integer k > 3.

The content of the queue can be represented by a finite word Z;,Z,,Z;, ... Z;,, where
the letter Z;, is the first letter of the queue and Z;, is the last letter of the queue (the last
added to the rear).

This content can be stored in a pushdown stack whose alphabet is I' = XU {Z;}, where
Z; is the bottom symbol, which appears only at the bottom of the stack and always
remains there. The stack content representing the queue content Z; Z;,Z;, ... Z;, will be
simply Z,Z,,Z,Z;, ... Z;,, where Z; is at the bottom of the stack and Z;, is at the top of
the stack.

If the letter Z;, of the front of the queue is removed from the queue, it suffices to pop
the same letter from the top of the stack.

To simulate the addition of a new letter Z, to the rear of the queue we can use a second
pushdown stack whose alphabet is also T

In fact, we have to add the letter Z, between the letters Z; and Z;, of the first pushdown
stack. To achieve this, we successively pop letters from the top of the first stack, pushing
them onto the second stack, which initially contains only the bottom symbol Z;. After
having done this operation for letters Z;,,Z;, ,,...Z;,,Z;,, the content of the first stack is
Z, and the content of the second stack is Z,Z; Z;  ...Z;,Z;. We can then push the letter
Z, onto the top of the first stack. Then we successively pop letters Z;,,Z;,,Z;, ..., Z;, from
the top of the second stack, pushing them back onto the first stack. At the end of this
operation the content of the first stack is ZyZ,Z; Z;,Z;, ... Z;, and it represents the new
content of the queue. L]

We now recall the following well-known property.

Claim 4.5 (Hopcroft and Ullman 1979). A pushdown stack can be simulated by two
counters.

Proof. Consider a stack having k — 1 symbols Z;,Z,,...,Zr—1. The stack content
ZyZ,Z;, ... Z;, can be represented by the integer j, which is given in base k by

J=im A+ kipy + K .. K"

Note that, as mentioned in Hopcroft and Ullman (1979), not every integer represents a
stack content. In particular, an integer whose representation in base k contains the digit
0 does not represent any stack content.

We are going to see how to use a second counter to determine which letter is at the
top of the stack, and to simulate the operations of pushing a letter onto the stack or of
popping a letter from the top of the stack.

Assume that the integer j representing the stack content Z; Z;,Z;, ...Z;, is stored in
one of the two counters.

In order to determine which letter is at the top of the stack, we can copy the content j to
the second counter, using the finite control of the finite machine to compute j modulo k.
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The integer j modulo k is equal to the integer i,,, which characterises the letter Z; , and
hence the letter at the top of the stack.

It would be possible to transfer the integer j back to the first counter again, but one
can also leave it in the second counter and use the finite control to know in which counter
the integer j is stored.

Note that this operation needs only j steps (and 2j steps if we transfer j back to the
first counter).

If a letter Z, is pushed onto the stack, the content of the stack becomes

ZiZoZi ... Zi Z,

Im
and the integer associated with that content is j.k 4 r.

It is easy to store the integer j.k in the second counter, by adding k to this counter each
time the first counter is decreased by 1. When the content of the first counter is equal to
zero, the content of the second counter is equal to j.k. One can then add r to the second
counter by using the finite control of the machine. Again we can use the finite control to
know that the content of the stack is now coded by the integer that is in the second counter.

Note that the whole operation needs only j.k + r steps.

If, instead, the symbol Z; is popped from the top of the stack, the new content of the
stack is Z;, Z,,Z;, ... Z;,_,, and it is represented by the integer [%] =iyt +kipo+ ...+
k™=2.i;, which is the integer part of ..

To get the integer [{] as the content of the second counter, we can decrease the first
counter from j to zero, adding 1 to the second counter each time the first one is decreased
by k.

Note that this operation needs only j steps.

Note also that we can achieve this operation in a non-deterministic way, checking at
the end which letter was at the top of the stack. U]

We have seen above that a queue can be simulated using two pushdown stacks, and
hence also using four counters.

This simulation is not done in real time, but we shall see that we can get an upper
bound on the number of transitions of the four counters simulating one transition of the
queue. This upper bound will be crucial in view of Lemma 4.3.

Claim 4.6. Assume as above that the queue alphabet is £ = {Z,,Z3,...,Zx_} for some
integer k > 3 and that at some time the content of the queue is a finite word Z;, Z,,Z;, ... Z;, .
Then the number of transitions of four counters that are needed to simulate the addition
of a letter Z, to the rear of the queue is smaller than (2.k)"*2.

Proof. Recall that the content of the queue can be stored in a pushdown stack whose
alphabet is I' = X U {Z,}, where Z, is the bottom symbol. The stack content representing
the queue content Z; Z;, Z;, ... Z;, is simply Z1Z;,Z;,Z;, ... Z;,, where Z; is at the bottom
of the stack and Z; is at the top of the stack.
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This stack content Z,Z; Z;,Z;, ... Z
given in base k by

can itself be represented by the integer j, which is

im

J=im A kg F ki 4 KL R < KM

We have seen that, considering the simulation of the addition of Z, to the rear of a queue
with two pushdown stacks, the first stack containing Z,Z;, Z;,Z;, ... Z;,, we have first to
successively pop letters Z; ,...,Z;,,Z;,, Z;, from the top of the first stack and push them
onto the second stack.

We have also seen above that popping a letter from the stack whose content is
represented by the integer j needs only j transitions of two counters and that we can
know at the end of this popping simulation which letter has just been popped.

Moreover, to push a letter Z; onto the stack whose content is represented by an integer
j' needs only j'.k + s transitions of two counters.

Thus, at most 2.mk™"! transitions of four counters are necessary to simulate the
operation of successively popping letters Z; ,...,Z;,, Z;,, Z;, from the top of the first stack
and then pushing them onto the second stack.

Two transitions of the counters are needed to check that the content of the first stack
is now reduced to Z;, which is simply represented by the integer 1, without changing this
content; in one step the counter is reduced from one to zero then in a second step the
counter is increased from zero to one.

To simulate the addition of the letter Z, to the rear of the queue, we now push the
letter Z, onto the first stack; this is simulated by k 4 r transitions of two counters.

Now we have to successively pop letters Z;,,Z;,,Z;,...,Z;, from the top of the second
stack and push them again onto the first stack. This whole operation needs fewer than
m.k"™1 4+ mk™+? transitions of the four counters.

Finally, to simulate the addition of a letter Z, to the rear of the queue, we need only
2mk™ 42 + k41 4+ mk" 4 mkm?
transitions of four counters. This number is smaller than

4mk"™? 4+ 3k < (2.k)"2, O

Claim 4.7. Assume as above that the queue alphabet is X = {Z5,Z3,...,Zx_1} for some
integer k > 3 and that at some time the content of the queue is a finite word Z; Z,,Z;, ... Z;,.
Then the number of transitions of four counters that are needed to determine the letter
Z;, that is at the front of the queue is smaller than k™. And the number of transitions
of four counters that are needed to simulate the operation of removing the letter Z; from
the front of the queue is smaller than k"+1,

Proof. The content Z; Z;,Z;,...Z; of the queue is represented by a stack content
Z\ZyZ,Z;,...Z;,, where Z; is at the bottom of the stack and Z;, is at the top of the
stack.

This stack content is itself represented by the integer

Im

j = im + k-imfl + kz.imfz + e + kmilll + km.l < kl11+1 .
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By the proof of Claim 4.5, j < k™*! transitions of four counters (and even of just two
counters) suffice to determine the letter Z; that is at the top of the stack or to pop it
from the top of the stack. U]

Claim 4.8. The w-language 05(Z“) is in the class r-BCL(2),,.

Proof. Recall that if X is an alphabet having at least two letters, E is a new letter not
in ¥ and S is an integer > 1, then an w-word y € (XU {E})? is in 05(Z®) if and only if it
is in the form

0s(x) = x(1).ES x(2).ES" x(3).ES x(4)...x(n).ES" x(n + 1).ES""
for some x € X“.

It is easy to construct a real-time Biichi 2-counter automaton # accepting 0s(Z“). We
now describe the behaviour of # when reading an w-word y € (Z U {E})”. After the
reading of the first letter y(1) € X, the automaton 4 adds one to the first counter for each
letter E read, checking with the finite control that there are S letters E following y(1).
Then % reads a second letter of X, adds S to the second counter and decreases the first
counter by one each time it reads S letters E. When the first counter content is equal to
zero, the second counter content is equal to S? and % has read S? letters E. It then reads
a third letter of X, adds S to the first counter and decreases the second counter by one
each time it reads S letters E. When the second counter content is equal to zero, the first
counter content is equal to S3, and % has read S> letters E. Then # reads a fourth letter
of Z, and so on. The Biichi acceptance condition is used to check that the content of the
first (and also the second) counter takes the value zero infinitely many times. U]

Proof of Lemma 4.3 continued. Let L < X be an w-language accepted by a Biichi
2-counter automaton .o/. We are going to explain the behaviour of a real-time Biichi
8-counter automaton .| accepting 0s(L), where S = (3k)} and k = cardinal(Z) + 2.

As explained in the proof of Claim 4.8, two counters of .«7; will be used, independently
of the other six, to check that the input w-word y € (XU {E})® is in 05(Z®).

Now consider the reading by o7, of an w-word y € (XU {E})® in the form

v = 0s(x) = x(1).ESx(2).E5 x(3).E¥ x(4)...x(n).E¥" x(n + 1).ES"" ..

for some x € .
The automaton .o/ will use four counters to simulate a queue in which letters

x(1),x(2),...,x(n),...

will be successively stored as soon as they are read. Two other counters of .o/ will be
used to simulate the reading of the w-word x by the Biichi 2-counter automaton .«/. Note
that only letters x(1),x(2),...,x(n),... will be added to the rear of the queue. Therefore,
after reading the initial segment x(1).ES x(2).ES x(3).ES" x(4)...x(n).ES" of y, the content
of the queue has cardinal smaller than or equal to n.

When o7 reads x(n + 1) it will first simulate the addition of the letter x(n + 1) to the
rear of the queue, using four counters, and do this in real time while continuing to read
some following letters E. By Claim 4.6, the number of transitions of four counters needed
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to simulate the addition of x(n+ 1) to the rear of the queue is smaller than (2k)"*2, where
k = cardinal(X) + 2. Next, .«/; determines which letter is at the front of the queue. By
Claim 4.7, this needs at most k"*? transitions of the four counters (because there are
now at most (n + 1) letters in the queue). Now the automaton .o7; simulates, using two
counters, only one transition of .Z. This transition may be a /A-transition or not. In the
second case, .o/ simulates the reading by .7 of the letter at the front of the queue, so this
letter is removed from the queue; by Claim 4.7, this again needs at most k"*2 transitions
of the four counters. Now,

(2k)n+2 + kn+2 + kn+2 + 1 < ((3k)3)n )

Thus, if we set S = (3k)?, all these transitions of the six counters can be achieved by the
automaton .¢/; in real time during the reading of the letters E following x(n+ 1) in y. Not
all the S™! letters E are read during these transitions of the six counters. But .| will
read the others without changing the contents of the six counters, waiting for the reading
of the next letter of X: the letter x(n + 2). It will then simulate the addition of this letter
to the rear of the queue, and so on.

A Muller condition can be used to ensure that y € 0g(X®), that is, y = Og(x) for some
x € X%, and that x € L = L(</). As mentioned in Section 2, this can also be achieved
with a Biichi acceptance condition. ]

Note that in order to prove Lemma 4.3, we have not attempted to find the smallest
possible integer S, but just one such integer.

5. Borel hierarchy of w-languages in r-BCL(1),,

We shall first prove the following result.

Proposition 5.1. Let k > 2 be an integer. If for some ordinal o > 2 there is an w-language
in the class r-BCL(k),, that is £0-complete (respectively, I19-complete, X0 of rank o, 10
of rank «), then there is some w-language in the class r-BCL(1),, that is X-complete
(respectively, T19-complete, X0 of rank o, I of rank ).

To simplify the exposition of the proof of this result, we are first going to give the proof
for k = 2. Then we shall explain the modifications required to infer the result for the
integer k = 8, which is in fact the only case we shall need later in the paper. (However,
our main result will show that the proposition is true for every integer k > 2).

To that end, we first define a coding of w-words over a finite alphabet X by w-words
over the alphabet £ U {4, B,0} where A, B and 0 are new letters not in X. We shall code
an w-word x € X by the w-word h(x) defined by

h(x) = A.0°.x(1).B.05.4.05 x(2).B.0° .4.0° x(3).B... B.0".4.0° x(n).B....

This coding defines a mapping h : “ — (£ U {4, B,0})®. The function h is continuous
because for all w-words x,y € X and each positive integer n, we have o(x,y) < 27" —
5(h(x), h(y)) < 27",
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Lemma 5.2. Let X be a finite alphabet and (h(X?))” = (XU {4, B,0})” —h(Z®). If < X
is X0-complete (respectively, IT%-complete, X0 of rank o, TI0 of rank «), for a countable
ordinal « > 2, then h(Z)Uh(Z®)~ is a subset of (X U {4,B,0})” that is X)-complete
(respectively, I%-complete, X0 of rank o, T of rank ).

Proof. The topological space X is compact, so its image by the continuous function
h is also a compact subset of the topological space (X U {4, B,0})”. The set h(X®) is
compact, so it is a closed subset of (X U {4, B,0})”. Thus, its complement

(h(zu)))— — (2 U {A, B, 0})(1) _ h(zm)
is an open (that is, a £Y) subset of (£ U {4, B,0})*.

On the other hand, the function h is also injective, and thus it is a bijection from X
onto h(Z®). But a continuous bijection between two compact sets is a homeomorphism, so
h induces a homeomorphism between = and h(Z®). Assume that . is a X0 (respectively,
1Y) subset of =¢. Then h(Z) is a X0 (respectively, I19) subset of h(X”) (where Borel sets
of the topological space h(X®) are defined from open sets as in the case of the topological
space X?).

The topological space h(X®) is a topological subspace of (XU{4, B,0})” and its topology
is induced by the topology on (£ U {4, B,0})”: open sets of h(X?) are traces on h(X®”) of
open sets of (XU {4, B,0})”, and the same result holds for closed sets. Then one can easily
show by induction that for every ordinal o > 1, TI0-subsets (respectively, £0-subsets) of
h(Z®) are traces on h(X®) of TI2-subsets (respectively, £0-subsets) of (XU {4, B,0})®, that
is, are intersections with h(X”) of T12-subsets (respectively, X0-subsets) of (Z U {4, B,0})®.

But h(Z) is a LY (respectively, I19)-subset of h(X), for some ordinal & > 2, so there
exists a X0 (respectively, I19) subset T of (£ U {4, B,0})” such that h(#)=T N h(X®). But
h(Z®) is a closed, that is, IT9-subset of (£ U {4, B,0})” and the class of X0 (respectively,
ITY) subsets of (£ U {4, B,0})* is closed under finite intersection, and thus h(%) is a X0
(respectively, I19) subset of (X U {4, B,0})®.

Now h(Z) U(h(Z®))~ is the union of a X0 (respectively, IT19) subset and a X0-subset of
(ZU{4,B,0})°, so it is a X0 (respectively, I19) subset of (2 U {4, B,0})® because the class
of XY (respectively, T19) subsets of (£ U {4, B,0})® is closed under finite union.

Now we assume first that £ is X-complete (respectively, I19-complete). In order to
prove that h(Z)U(h(Z”))~ is X0-complete (respectively, I12-complete), it is enough to note
that

L =h"'WZL)U hE))].

This implies that h(.#) U (h(Z?))~ is £0-complete (respectively, [10-complete) because ¥
is assumed to be X0-complete (respectively, [10-complete).

On the other hand, if we assume only that . is a £0-set of rank o (respectively, [T0-set of
rank o), we can infer that h(Z)U(h(Z?))~ is also a £0-set of rank o (respectively, I10-set of
rank «). Indeed, if h(Z)U(h(Z”))~ were of Borel rank f < o, then L=h"'[h(L)U(K(Z®))"]
would also be of rank smaller than o because the class E% (respectively, Hg) is closed
under inverse images by continuous functions. |
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In order to apply Lemma 5.2, we want to prove that if L(.</)< Z is accepted by a real-
time 2-counter automaton .o/ with a Biichi acceptance condition, then h(L(.7))Uh(Z?”)~ is
accepted by a 1-counter automaton with a Biichi acceptance condition. We first prove the
following lemma.

Lemma 5.3. Let X be a finite alphabet and h be the coding of w-words over X defined as
above. Then h(X?)” = (2 U {4, B,0})” — h(X) is accepted by a real-time 1-counter Biichi
automaton.

Proof. We can easily see that h(Z?)” = (XU {4, B,0})® — h(Z?) is the set of w-words
in (U {4, B,0})” that belong to one of the following w-languages:

— 9, is the set of w-words over the alphabet £ U {4, B,0} that have no initial segments
in A.0%.X.B. It is easy to see that & is in fact a regular w-language.

— 9, is the complement of (4.07.2.B.07)” in (X U {4, B,0})”. However, the w-language
(A.07.2Z.B.0M)® is regular, so its complement &, is also a regular w-language.

— ;5 is the set of w-words over the alphabet X U {4, B,0} that contain a segment in
B.0".A4.0™.X for some positive integers n # m. It is easy to see that this w-language can
be accepted by a real-time 1-counter Biichi automaton.

— 94 is the set of w-words over the alphabet X U {4, B,0} that contain a segment in
A.0".Z.B.0".A for some positive integers n and m with m # 6n. Again this w-language
can be accepted by a real-time 1-counter Biichi automaton.

The class r-BCL(1),, is closed under finite union because it is the class of w-languages
accepted by non-deterministic real-time 1-counter Biichi automata. On the other hand,

hZ”)” =(ZU{A4,B,0})” — h(X”) = Ui<i<a%i,
so h(X?”)~ is accepted by a real-time 1-counter Biichi automaton. L]

We would now like to prove that if L(</)= X is accepted by a real-time 2-counter
automaton ./ with a Biichi acceptance condition, then h(L(.7)) is in BCL(1),,. We cannot
show this, so we are first going to define another w-language ¥(</) accepted by a
1-counter Biichi automaton and prove that h(L(</))Uh(Z®)” = L()Uh(Z?)".

We shall need the following notion. Let N > 1 be an integer such that N = 2¥.3V.Ny,
where x,y are positive integers and Ny > 1 is an integer that is not divisible by either
2 or 3. Then we set P,(N) = x and P3(N) = y. So 2P>(V) is the greatest power of 2 that
divides N and 2*™) is the greatest power of 3 that divides N.

Now we assume a 2-counter Biichi automaton .o/= (K, Z, A, qo, F) accepting the w-
language L(«/)= Z®. The w-language ¥(of) is the set of w-words over the alphabet
YU {4, B,0} in the form

Augv.x1.Bwi.zi. Aupy.vy.x0.Bwy.zo. A ... A0y X0 Bwy.z A ...

where, for all integers i > 1, v;,w; € 07, u;,z; € 0%, x; € X, |ug| = 5, |uip1| = |zi| and there
is a sequence (g;)i>o of states of K and integers j;, ji € {—1;0;1}, for i > 1, such that for
all integers i > 1

xXi : (giz1, Pa([vil), P3(|vi])) = (qis Pa(fvil) + ji P3(Jvil) + Ji)

https://doi.org/10.1017/50960129506005597 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129506005597

Borel ranks and Wadge degrees of context free w-languages 827

and
lwi| = |vi].2%.3% .
Moreover, some state q; € F occurs infinitely often in the sequence (g;)i>o.
Note that the state go of the sequence (g;)i>o is also the initial state of .o/.

Lemma 5.4. Let .o/ be a real-time 2-counter Biichi automaton accepting w-words over
the alphabet X and £ (/)<= (XU {4, B,0})” be defined as above. Then #(</) is accepted
by a 1-counter Biichi automaton 4.

Proof. We shall explain informally the behaviour of a 1-counter Biichi automaton %
accepting the w-language £ (/).
We first consider the reading of an w-word x € (4.0".2.B.0%)” in the form

x =A.0"x;.B.0™".4.0"x,.B.0™.A...A0"x, B0™.A...

where, for all integers i > 1, we have n;, m;, are positive integers and x; € X.

Using the finite control, the automaton £ first checks that the first six letters of x form
the initial segment 4.0°. Then, when reading the following (n; —5) letters 0, the automaton
4, using the finite control, checks that (n; —5) > 0 and determines whether P,(n; —5) =0
and whether P3(n; — 5) = 0. Moreover the counter content is increased by one for each
letter 0 read. The automaton % now reads the letter x; and guesses a transition of .o/
leading to

x1 : (qo, P2(ny — 5), P3(ny — 5)) > (q1, Pa(ny — 5) + ji, P3(ny — 5) + jp).

We set v; = 0m=5 and w; = 0m—92" 3 The counter value is now equal to (n; — 5) and,
when reading letters 0 following x;, the automaton 2 checks that m; > (n; — 5).2/".3/1 in
such a way that the counter value becomes 0 after having read the (n; — 5).2/1.3/ letters
0 following the first letter B. For instance, if j; = ji = 1, then |w;| = [v1].6, so this can be
done by decreasing the counter content by one each time six letters 0 are read. The other
cases are treated in a similar way. The details are left to the reader.

Note also that the automaton % has kept in its finite control the value of the state g;.

We now set 0™ = wy.z;. We have seen that after having read w; the counter value is
equal to zero. Now, when reading z; the counter content is increased by one for each
letter read, so it becomes |z| after reading z. The automaton % now reads a letter A and
then decreases its counter by one for each letter O read, until the counter content is equal
to zero. We set 0™ = u,.vo with uy = z;. The automaton # now reads the segment v,.
Using the finite control, it checks that |v;| > 0 and determines whether P(|v;|) = 0 and
whether P;(|v2]) = 0. Moreover, the counter content is increased by one for each letter 0
read. The automaton % now reads the letter x, and guesses a transition of </ leading to

x2 1 (q1, Pa([v2l), P3(|v2])) = (q2, Pa(|v2]) + jo, P3(|v2]) + j3) -

23 .
We set wy = 0212”32 The counter value is now equal to |v;|. The automaton % now

reads the second letter B and, when reading the m, letters O following this letter B, the
automaton 2 checks that m, > [v5].22.3% in such a way that the counter value becomes
0 after having read the |v].22.3% letters O following the second letter B.
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For instance, if j, = 0 and j, = —1, then |wy| = [v2].37!, so this can be done by
decreasing the counter content by three each time one letter 0 is read.

And if j, = —1 and j, = —1, then |wy| = [v2|.271.37! = [15].67! so this can be done by
decreasing the counter content by six each time one letter O is read. The other cases are
treated in a similar way. The details are left to the reader.

Note that these different cases can be achieved with the use of A-transitions, but in such
a way that there will be at most 5 consecutive A-transitions during a run of % on x. This
will be an important useful fact later in the paper.

Note also that the automaton % has kept the value of the state ¢, in its finite control.

The reading of x by % continues in the same way. A Biichi acceptance condition can
be used to ensure that some state gy € K occurs infinitely often in the sequence (g;)i»o.

To complete the proof, we note that #=(A4.0".X.B.0*)* is a regular w-language, so we
have only considered the reading by # of w-words x € #. Indeed, if the w-language L(%)
were not included in £, we could replace it by L(#)NZ because the class BCL(1),, is closed
under intersection with regular w-languages (by a classical construction of the product of
automata, the w-language # being accepted by a deterministic Muller automaton). [

Lemma 5.5. Let .o/ be a real-time 2-counter Biichi automaton accepting w-words over the
alphabet T, and let Z(.«7)= (ZU{A4, B,0})” be defined as above. Then L(.«7) = h™(ZL(«)),
that is, Vx € £  h(x) € L(A)«— x € L(A).

Proof. Let o/ be a real-time 2-counter Biichi automaton accepting w-words over the
alphabet X, and £ (/)= (XU {4, B,0})® be defined as above. Let x € £ be an w-word
such that h(x) € £(o/). So h(x) may be written

h(x) = A.0%.x(1).B.0° 4.0 x(2).B.0°.4.0° x(3).B ... B.0®".4.0" x(n).B ...
and, also,
h(x) = Auyv.x1.B.wy.z1.Ar.02.X0.Bowo.zp. A ... Ay X0 Bowy.z AL ..

where, for all integers i = 1, v;,w; € 0%, u;,z; € 0%, x; = x(i) € Z, |ug| = 5, |uir1| = |zi|, and
there is a sequence (g;)i=o of states of K and integers jj, ji € {—1;0;1}, for i > 1, such
that for all integers i > 1

xi 1 (qi—1, Pa(Jil), P3(|vi])) = (qi, Pa(J0il) + jin P3(|vi]) + ji)
and
wil = [u;].27.3%
with some state gy € F occurring infinitely often in the sequence (g;)ixo.

In particular, u; = 03 and u;.0; = 0%, so |v;] = 1 = 2°.3°. We are going to prove by
induction on the integer i > 1 that, for all integers i > 1, |w;| = |vjgq| = 2P2(WiD 3P(wi),
Moreover, setting ¢; = Ps(|v;|) and ¢ = Ps(|v;|), we are going to prove that for each
integer i > 1

it (qio1, ¢, &) (qin T 5T
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We have already seen that |v;| = 1 = 2°.3% By hypothesis, there is a state q; € K and
integers ji, j; € {—1;0;1} such that x; : (o, Pa(jv1), P3(jv1]) = (g1, Pa(lv1]) 41, P3(|oa])+
Ji)s that is, x1 :(qo,0,0) > (611,1'1,121)- So jwi| = |py] 273 =230
We now have |wy.zq| = [ua.02] = 0% and |ua| = |z1], s0 |va] = |wy| = 2/1.3/1. Setting ¢} = 0,
¢, =0, cf = ji = Py(|v2]) and ¢5 = ji = P3(Jva), we have x1 : (qo, cf, ¢3) = (g1, €1, 63).
Assume now that, for all integers i, 1 <i<n— 1, we have

Wil = [pyg] = 2P2() 3Ps(wi)

and
Xt (qifla Cila CIZ) = (Qi» Ci1+17 C;+1)
where ¢ = P(|v;|) and ¢, = P5(|vi).
We know that there is a state ¢, € K and integers jy, j, € {—1;0;1} such that

X 2 (qn—1, P2([va]), P3([va])) =7 (@ P2(10a]) 4 s P3(l0nl) + Ji) s
that is,
Xn 2 (@n-1, ¢, ) = (Gno €] + a3 + ) -
So,
W] = ‘Un|.2}‘n'3j; = D¢+ 35+in
On the other hand, [wy.zu| = [up1.0ps1] = 08" and |ups1| = |z, sO

[Vnt1] = [Wn| = el i 38+ — et 3¢t

by setting ¢/ = Py(|vn41]) and ¢! = P3(|vu41])- So we have

. 1 1
X (qn-15 €1, 3) o (g e 5T,

Finally, we have now proved the claim by induction. If for all integers i > 1 we set
¢y = Pa(Jvi]) and ¢ = Ps(|vi)),
Xi 1 (qim1,¢h,¢h) o (g eft ).
But there is some state g; € K that occurs infinitely often in the sequence (g;)i>1. This
implies that (gi_i, ¢}, cb)i=1 is a successful run of o/ on x, so x € L(.</).
Conversely, it is easy to see that if x € L(<7), then h(x) € £ (/). This concludes the
proof of Lemma 5.5. U]

Remark 5.6. The simulation, during the reading of h(x) by the 1-counter Biichi automaton
4, of the behaviour of the real-time 2-counter Biichi automaton .o/ reading x, can be
achieved, using a coding of the content (cy,c;) of two counters by a single integer 2¢!.3
and the special shape of w-words in h(X®) that allows the propagation of the counter
value of 4. This will be sufficient here, because of the previous lemmas, and, in particular,
because of the fact that h(X“)~ is in the class r-BCL(1),,, and we can now finish the proof
of Proposition 5.1.

Proof of Proposition 5.1 continued. Let o > 2 be an ordinal. Assume that there is an
w-language L(.«/)< = that is X0-complete (respectively, I12-complete, X0 of rank o, IT0

https://doi.org/10.1017/50960129506005597 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129506005597

O. Finkel 830

of rank o) and is accepted by a real-time 2-counter Biichi automaton .o7. By Lemma 5.2,
h(L)Uh(Z®)~ is a subset of (ZU{4, B,0})® that is £0-complete (respectively, IT)-complete,
Y0 of rank o, ITY of rank «). On the other hand, Lemma 5.5 states that L(.«7) = h™}(Z(«)),
and this implies that h(L(.27))Uh(X?)~ = L(o/)Uh(Z®)~. But we know by Lemmas 5.3 and
5.4 that the w-languages h(X®)~ and £ (<) are in the class BCL(1),,, so their union is also
accepted by a 1-counter Biichi automaton. Therefore, h(L(/))Uh(Z®)~ is an w-language
in the class BCL(1),, that is £0-complete (respectively, IT-complete, 2 of rank o, 10 of
rank o).

We now want to find an w-language in the class r-BCL(1),, that is XJ-complete
(respectively, TI9-complete, XY of rank o, TT0 of rank ).

On the one hand, we have proved that h(X“)~ is accepted by a real-time 1-counter Biichi
automaton. On the other hand, we have proved that #(.«7) is accepted by a (non-real-
time) 1-counter Biichi automaton 4. However, we have seen in the proof of Lemma 5.4,
that at most 5 consecutive A-transitions can occur during the reading of an w-word x by
A.

Now consider the mapping ¢ : (XU {4, B,0})” — (XU {4, B, F,0})” that is defined for
all x € (XU {4, B,0})® by

d(x) = F?.x(1).F>.x(2).F3.x(3)... F3.x(n).F3.x(n + 1).F> ...

The function ¢ is continuous and separates two successive letters of x by five letters F.
We can prove, as in the proof of Lemma 4.2, that if L < (£ U {4, B,0})” is X9-complete
(respectively, IT%-complete, £V of rank o, IT0 of rank «) for some ordinal « > 2, then ¢(L)
is a subset of (ZU {4, B, F,0})® that is X0-complete (respectively, I1%-complete, LY of rank
o, T of rank o).

Thus, the w-language ¢(Z(.o/)UR(Z?)7) is E)-complete (respectively, I12-complete, X0
of rank o, IT? of rank «).

Moreover, it is easy to see that ¢(£ (7)) is accepted by a real-time 1-counter Biichi
automaton %'. The automaton %’ checks with its finite control that an input w-word is
in the form ¢(x) for some x € (XU {4, B,0})”. And 4’ simulates the reading of x by %,
the A-transitions of # occuring during the reading, in real time, of letters F of the w-word
P(x).

Finally, ¢(L (A )Uh(Z®)7) = ¢(L(A))Up(h(Z*)7)) is the union of two w-languages in
r-BCL(1),, so it is in r-BCL(1),, and is Xi-complete (respectively, I12-complete, X0 of
rank o, T10 of rank o).

This concludes the proof of Proposition 5.1 for the integer k = 2.

We now explain the modifications required to prove Proposition 5.1 for the integer
k = 8. We assume that o > 2 is an ordinal and that there is an w-language L(.«/)< X%
that is £0-complete (respectively, IT%-complete, 0 of rank o, IT0 of rank «) and is accepted
by a real-time 8-counter Biichi automaton .o/.

We first modify the coding of w-words that was given by the mapping h. We replace
the number 6 = 2.3 by the product of the first eight prime numbers:

K =2.3.5.7.11.13.17.19 = 9699690.
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Then an w-word x € £ will be coded by the w-word
hi (x) = A.0X x(1).B.0X".4.05" x(2).B.0X".4.05" x(3).B...B.OX".A.0X" x(n).B...

The mapping hg : £° — (ZU{4, B,0})® is continuous and we can prove, as in Lemma 5.2,
that hg (L(/))Uhg (Z°)~ is a subset of (£ U {4, B,0})* that is £J-complete (respectively,
IY-complete, XV of rank o, I of rank ). As in Lemma 5.3, we can prove that hg ()~
is in the class r-BCL(1),,.

Next, for each prime number p € {2;3;5;7;11;13;17;19}, and each positive integer
N > 1, we use P,(N) to denote the positive integer such that p»(V) is the greatest power
of p that divides N.

We define the w-language #(<7) as the set of w-words over the alphabet X U {4, B,0}
in the form

Augvy.x1.Bwi.zi. Auy.vp.x0. Bwaza A .. Aty 0. Bw,.z, A ...

where, for all integers i > 1, v;,w; € 0%, u;,z; € 0%, |uy| = K — 1, |uip1| = |zi| and there is a
sequence (¢;);>o of states of K and integers jil,jiz,...,j?, € {—1;0;1}, for i > 1, such that
for all integers i > 1
Xi 2 (qi—1, Pa([vil), P3([vil), - .., Pro(|vi])) — .
(ai Paluil) + i Ps(loi) + 7, Poo(luil) + JF)
and
i = |vi].27 37, 197

and some state q; € F occurs infinitely often in the sequence (g;)io.

Applying the same ideas as in the proofs of Lemmas 5.4 and 5.5, we can prove that
#(/) is accepted by a 1-counter Biichi automaton and that L(.«¢)= hg!(Z(.7)).

The essential change is that now the content (cy,ca,...,cs) of eight counters is coded
by the product 2¢.3%, ... (17)7.(19)¢s.

Note that £ (/) is again accepted by a (non-real-time) 1-counter Biichi automaton 4.
However, there are now at most (K — 1) consecutive A-transitions that can occur during

the reading of an w-word x by #%.
So we now define the mapping ¢k : (XU {4, B,0})” — (XU {4, B, F,0})” by:

— For all x € (2U {4, B,0})",
dx(x) = FE1x(1).FX 1 x(2). F 1 x(3) ... FX L x(n). F* ' .x(n + 1).FK~1 ...
The function ¢ is continuous since the function ¢ was. The end of the proof is unchanged,
so we infer that ¢ (hx (L(./))Uhg (Z®)7) is an w-language in the class r-BCL(1),, that is
Y0-complete (respectively, IT%-complete, £V of rank «, IT0 of rank «). O
From the results of Section 4 and Proposition 5.1, we can now state the following result.

Theorem 5.7. Let % be a class of w-languages such that

r-BCL(1),, = 4= X}.
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(a) The Borel hierarchy of the class % is equal to the Borel hierarchy of the class Z!.
(b) 73 =Sup {o|3IL € % such that L is a Borel set of rank o}.
(c) For every non-null ordinal o < o{X, there exists some Xl-complete and some

I)-complete w-languages in the class %.

Note that (b) and (c) follow from (a) and from the known results about the Borel hierarchy
of the class X!.

6. Wadge hierarchy of w-languages in r-BCL(1),,

We now introduce the Wadge hierarchy, which is a great refinement of the Borel hierarchy
defined via reductions by continuous functions, (Duparc 2001; Wadge 1983).

Definition 6.1 (Wadge 1983). Let X, Y be two finite alphabets. For L =€ X® and L' € Y©,
L is said to be Wadge reducible to L' (L <y L’) if and only if there exists a continuous
function f : X® — Y such that L = f~'(L).

L and L' are Wadge equivalent if and only if L <y L’ and L' <y L. This will be
denoted by L =y L'. And we shall say that L <y L’ if and only if L <y L' but not
L' <y L.

A set L < X® is said to be self-dual if and only if L =y L™ ; otherwise it is said to be
non-self-dual.

The relation <y is reflexive and transitive, and =y is an equivalence relation.

The equivalence classes of =y are called Wadge degrees.

The Wadge hierarchy W H is the class of Borel subsets of a set X, where X is a finite
set, equipped with <y and =y .

For L€ X” and L' < Y®, if L <y L' and L = f~!(L) where f is a continuous
function from X® into Y?, then f is called a continuous reduction of L to L’. Intuitively,
this means that L is less complicated than L’ because to check whether x € L it suffices
to check whether f(x) € L' where f is a continuous function. Hence the Wadge degree of
an w-language is a measure of its topological complexity.

Note that in the above definition we consider that a subset L = X is given together
with the alphabet X.

We can now define the Wadge class of a set L.

Definition 6.2. Let L be a subset of X“. The Wadge class of L is
[L]={L'| L' = Y for a finite alphabet Y and L' <y L}.

Recall that each Borel class £? and 1% is a Wadge class. A set L = X is a X! (respectively
I1%)-complete set if and only if for any set L' = Y, L’ is in XY (respectively I1?) if and
only if L' <y L.

There is a close relationship between Wadge reducibility and games, which we now
introduce.
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Definition 6.3. Let L = X® and L' < Y®. The Wadge game W(L,L’) is a game with
perfect information between two players: Player 1, who is in charge of L; and Player 2,
who is in charge of L.

Player 1 first writes a letter a; € X, then Player 2 writes a letter by € Y, then Player 1
writes a letter a, € X, and so on.

The two players alternately write letters a, of X for Player 1 and b, of Y for Player 2.

After w steps, Player 1 has written an w-word a € X® and Player 2 has written an
w-word b € Y. Player 2 is allowed to skip, even infinitely often, provided he really writes
an w-word in w steps.

Player 2 wins the game if and only if [a € L <> b € L'], that is, if and only if

[(aeLandbeL’) or (a¢ L and b ¢ L' and b is infinite)].

Recall that a strategy for Player 1 is a function ¢ : (Y U {s})* —> X. And a strategy for
Player 2 is a function f : Xt — Y U {s}.

o i1s a winning stategy for Player 1 if and only if he always wins a game when he uses
the strategy o, that is, when the n' letter he writes is given by a, = o(b;...b,_;), Where
b; is the letter written by Player 2 at step i and b; = s if Player 2 skips at step i.

A winning strategy for Player 2 is defined in a similar manner.

Martin’s Theorem states that every Gale—Stewart Game G(X) (see Kechris (1995)), with
X a Borel set, is determined, and this implies the following theorem.

Theorem 6.4 (Wadge). Let L = X® and L' = Y® be two Borel sets, where X and Y are
finite alphabets. Then the Wadge game W(L,L') is determined: one of the two players
has a winning strategy. And L <y L’ if and only if Player 2 has a winning strategy in
the game W(L,L').

Theorem 6.5 (Wadge). Up to the complement and =y, the class of Borel subsets of X
for a finite alphabet X is a well-ordered hierarchy. There is an ordinal |W H]|, called the
length of the hierarchy, and a map d9, from WH onto |WH| — {0}, such that for all
LL cX®:
dyL <d)yL < L<y L
and
dL=d%L —[L=yL or L=y L.

The Wadge hierarchy of Borel sets of finite rank has length !¢y where !¢ is the limit of the
ordinals o, defined by a; = w; and a,4; = w{" for n a non-negative integer, w; being the
first non-countable ordinal. Then ' is the first fixed point of the ordinal exponentiation
of base ;. The length of the Wadge hierarchy of Borel sets in A? = X0 NT1Y is the w!"
fixed point of the ordinal exponentiation of base w;, which is a much larger ordinal. The
length of the whole Wadge hierarchy of Borel sets is a huge ordinal, with regard to the !’
fixed point of the ordinal exponentiation of base w;. This is described in Wadge (1983)

and Duparc (2001) by the use of Veblen functions.

It is natural to ask for the Wadge hierarchy of classes of w-languages accepted by
finite machines, like X-automata. The Wadge hierarchy of regular w-languages, now
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called the Wagner hierarchy, has been effectively determined by Wagner; it has length »®
(Wagner 1979; Selivanov 1995; 1998). Wilke and Yoo proved in Wilke and Yoo (1995)
that one can compute in polynomial time the Wadge degree of an w-regular language.
The Wadge hierarchy of w-languages accepted by Muller deterministic one blind (that
is, without zero-test) counter automata is an effective extension of the Wagner hierarchy
studied in Finkel (2001c¢). Its extension to deterministic context free w-languages has been
determined by Duparc, its length is @) (Duparc et al. 2001; Duparc 2003) but we
do not yet know whether it is effective. Selivanov has recently determined the Wadge
hierarchy of w-languages accepted by deterministic Turing machines; its length is (w{*)®
(Selivanov 2003a; 2003b).

In previous papers (Finkel 2001a; 2001d; 2003a; 2003b) we have used the work of
Duparc on the Wadge hierarchy of Borel sets (Duparc 2001) to give inductive constructions
for some A? context free w-languages in ¢, Wadge degrees, where ¢, is the o' fixed
point of the ordinal exponentiation of base w, and also some X0 -complete context free
w-languages. Note that the Wadge hierarchy of non-deterministic context-free w-languages
is not effective.

Here we will now show the following very surprising result, which extends Theorem 5.7.

Theorem 6.6. The Wadge hierarchy of the class r-BCL(1),,, hence also of the class CFL,,,
or of every class % such that r-BCL(1),, € ¥< X!, is the Wadge hierarchy of the class X!
of w-languages accepted by Turing machines with a Biichi acceptance condition.

To prove this result, we will first consider non-self-dual sets. We recall the definition of
Wadge degrees introduced by Duparc in Duparc (2001), which is a slight modification of
the previous one.

Definition 6.7.

(a) dw(g) = d\v(gi) =1
(b) dw(L) =sup{d,(L')+1 | L' non-self-dual and L' <y L} (for either L self-dual or
not, L >w ).

We are now going to introduce the operation of the sum of sets of infinite words, which
has as counterpart the ordinal addition over Wadge degrees.

Definition 6.8 (Wadge, see Duparc (2001)). Assume that X = Y are two finite alphabets,
that Y — X contains at least two elements, and that {X, X_} is a partition of ¥ — X in
two non-empty sets. Let L = X® and L’ < Y®. Then

L'+L=4LU{uap | ueX,(ae X and el )or(ae X_and f €L7)}.
This operation is closely related to the ordinal sum, as stated in the following theorem.

Theorem 6.9 (Wadge, see Duparc (2001)). Let X = Y, with Y — X containing at least
two elements, and let L = X® and L' = Y be non-self-dual Borel sets. Then (L + L) is
a non-self-dual Borel set and d,,(L' + L) = d,, (L) + d,,(L).
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A player in charge of a set L' + L in a Wadge game is like a player in charge of the
set L except that he can, at any step of the game, erase his previous play and choose to
be this time in charge of L’ or L'~. Note that he can do this only one time during a play.
We shall use this property below.

Lemma 6.10. Let L. = X® be a non-self-dual Borel set such that d,(L) > w. Then
L=y g+ L.

Note that in the above lemma, ¢ is viewed as the empty set over an alphabet I" such
that ¥ < I and cardinal (I' — X) > 2.

Proof. Assume that L < X is a non-self-dual Borel set and that d,,(L) = . We know
that ¢ is a non-self-dual Borel set and that d,,((F) = 1. Thus, by Theorem 6.9, we have
dy(gd+L)=4d,()+d,(L) =1+4d,(L). But, by hypothesis, d,,(L) = w, and this implies
that 1 4+d,,(L) = d,,(L). So we have proved that d,,(¢J + L) = d,,(L).

On the other hand, L is non-self-dual and d,,( + L) = d,,(L) implies that only two
cases may arise: either @+ L=y Lor J+ L=y L.

But it is easy to see that L <y ¢+ L. To this end, consider the Wadge game W (L, &+
L). Player 2 clearly has a winning strategy that consists of copying the play of Player 1,
so L <y &+ L. This implies that ¢§ + L =y L~ cannot hold, so &+ L =y L. L]

Lemma 6.11. Let L = £ be a non-self-dual Borel set accepted by a Turing machine with
a Biichi acceptance condition. Then there is an w-language L' € r-BCL(8),, such that
L =w L.

Proof. 1t is well known that there are regular w-languages of every finite Wadge degree
(Staiger 1997; Selivanov 1998). These w-languages are Boolean combinations of open
sets. So we have only to consider the case of non-self-dual Borel sets of Wadge degrees
greater than or equal to w.

So, let L < £ be a non-self-dual Borel set accepted by a Turing machine with a Biichi
acceptance condition (in particular, L is in the class BCL(2),,) such that d,,(L) = w.

Lemma 4.3 states that there exists an integer S > 1 such that 6g(L) is in the class
r-BCL(8),,, where E is a new letter not in ¥ and s : Z” — (Z U {E})? is the function
defined, for all x € X, by

0s(x) = x(1).E® x(2).ES’ x(3).ES’ x(4) ... x(n).ES" x(n+ 1).ES"" ..
We are going to prove that 0s(L) =y L.

First, it is easy to see that L <y Os(L). In order to prove this, we can consider the
Wadge game W(L,0s(L)). It is easy to see that Player 2 has a winning strategy in this
game that consists of copying the play of Player 1, except that Player 2 adds letters E in
such a way that he has written the initial word

x(1).ES x(2).ES" x(3).ES x(4)...x(n).ES"
while Player 1 has written the initial word

x(1).x(2).x(3).x(4)...x(n).
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Note that one can admit that a player writes a finite word at each step of the play instead
of a single letter. This does not change the winner of a Wadge game.

To prove that Os(L) <w L, it suffices to prove that 0s(L) <y &+ L because Lemma 6.10
states that J + L =y L. Consider the Wadge game W (0s(L), & + L).

Player 2 has a winning strategy in this game that consists of first copying the play of
Player 1 except that Player 2 skips when Player 1 writes a letter E. He continues forever
with this strategy if the word written by Player 1 is always a prefix of some w-word of
0s(X?). Then, after w steps Player 1 has written an w-word 0s(x) for some x € “, and
Player 2 has written x. So in that case O5(x) € 6s(L) if and only if x € L if and only if
xeJ+L.

However, if at some step of the game, Player 1 ‘goes out of’ the closed set O5(Z“)
because the word he has now written is not a prefix of any w-word of 05(X®), its final
word will certainly be outside 65(X®), and hence also outside 8g5(L). Player 2 can now
write a letter of ' —X in such a way that he is now like a player in charge of the emptyset,
so he can now write an w-word u such that his final w-word will be outside ¢ + L. Thus,
Player 2 wins this game too.

Finally, we have proved that L <y 0s(L) <w L, so 0s(L) =y L, which concludes the
proof. L]

Lemma 6.12. Let L = Z“ be a non-self-dual Borel set in the class r-BCL(8),,. Then there
is an w-language L' € r-BCL(1),, such that L =y L.

Proof. As in the preceding proof, we only need to consider w-languages with Wadge
degrees greater than or equal to w.

So, let L = L(</)= Z“ be a non-self-dual Borel set acccepted by a real-time 8-counter
Biichi automaton .o such that d,,(L) = w. We have shown in the preceding section that
¢k (hg (L(«7))Uhg (£”)7) is in the class r-BCL(1),,, where hg is the continuous mapping
hg :Z° — (£ U {4, B,0})® defined by:

— For all x € Z%,

hi (x) = A.0X x(1).B.0X".A.0X* x(2).B.0X".A.0X" x(3).B...B.OX".A.0X" x(n).B...

And the mapping ¢k : (XU {4,B,0})* — (XU {4, B, F,0})” is defined by:
— For all x € (2U {4, B,0})",

dr(x) = FELx(1).FE 1 x(2).FE 1 x(3)... FK7 L x(n). FX* L x(n + 1).FK 1 ...
We can now prove, using the fact that d,,(L) > , and by a very similar reasoning to that
in the proof of Lemma 6.11, that

L=w hg(L(+/)) U hg ()" =w ¢k (hg (L(/)) U hg (Z7)7).
But ¢ (hx (L(.«7))Uhg (Z®)7) is in the class r-BCL(1),,, which concludes the proof. O
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Proof of Theorem 6.6 continued. Let L < X” be a Borel set accepted by a Turing
machine with a Biichi acceptance condition (in particular, L is in the class BCL(2),). If
the Wadge degree of L is finite, it is well known that it is Wadge equivalent to a regular
w-language, hence also to an w-language in the class r-BCL(1),,. If L is non-self-dual and
its Wadge degree is greater than or equal to @, we can infer from Lemmas 6.11 and 6.12
that there is an w-language L' € r-BCL(1),, such that L =y L.

We still need to consider the case of self-dual Borel sets. The alphabet X being
finite, a self-dual Borel set L is always Wadge equivalent to a Borel set in the form
2Ly U Xy.L,, where (£,%;) form a partition of X, and Li,L, = X“ are non-self-
dual Borel sets such that L; = L;. Moreover, L; and L, can be taken in the form
Luy = 1.2 N L and Ly,) = up.Z” N L for some uj,u; € X*, see Duparc (2003).
So, if L = Z® is a self-dual Borel set accepted by a Turing machine with a Biichi
acceptance condition, then L =y X{.L; U X,.Ly, where (£{,Z,) form a partition of X,
and L;, L, < X are non-self-dual Borel sets accepted by a Turing machine with a Biichi
acceptance condition. We have already proved that there is an w-language L] € r-BCL(1),,
such that L] = L; and an w-language L), € r-BCL(1), such that L, =y L. Thus,
L=y 2. LiUZ,.Ly =y £1. L} UZ,.L} and Z;.L] U X,.L) is in the class r-BCL(1),,. ]

Remark 6.13. In the above we have only considered the Wadge hierarchy of Borel sets. If
we assume the axiom of X!-determinacy, then Theorem 6.5 can be extended by considering
the class of analytic sets instead of the class of Borel sets. In fact, in that case any set that
is analytic but not Borel is £!-complete, see Kechris (1995). So there is only one more
Wadge degree containing X}-complete sets. We have already proved in Finkel (2003a) that
there is a X!-complete set accepted by a Biichi 1-counter automaton, and it is easy to see
from the proof that one can find such a X!-complete set accepted by a Biichi 1-counter
real-time automaton.

Remark 6.14. The result given by Theorem 5.7 can now be deduced from Theorem 6.6,
and can be seen as a particular case of this result because the Wadge hierarchy is a
refinement of the Borel hierarchy and, for each countable non-null ordinal y, Eg-complete
sets (respectively, Hg-complete sets) form a single equivalence class of =y, that is, a single
Wadge degree (Kechris 1995). However, we have preferred to present the results given in
this paper by first considering the Borel hierarchy. In this way the reader who is only
interested in the Borel hierarchy of w-languages can read this part and skip Section 6 on
the Wadge hierarchy.

7. Concluding remarks

We have proved that the Borel and the Wadge hierarchies of classes r-BCL(1),, and
CFL,, are also the Borel and Wadge hierarchies of the class 2}. The methods used in
this paper are different from those used in previous papers on context free w-languages
(Finkel 2001a; 2001d; 2003a; 2003b), where we gave an inductive construction of some
AY context free w-languages of a given Borel rank or Wadge degree, using work of

(0]

Duparc on the Wadge hierarchy of A Borel sets (Duparc 2001). However, it will be

()

possible to combine both methods for the effective construction of w-languages in the
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class r-BCL(1),,, and of 1-counter Biichi automata accepting them, of a given Wadge
degree among the ¢, degrees obtained in Finkel (2001d) for A% context free w-languages.

Finally, in another paper (Finkel 2006), using the results of this paper and applying
similar methods to the study of topological properties of infinitary rational relations, we
prove that their Wadge and Borel hierarchies are equal to the corresponding hierarchies
of the classes r-BCL(1),,, CFL,, or 1.
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