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Abstract  Let X be a smooth rational surface. We calculate a differential graded (DG) quiver of a
full exceptional collection of line bundles on X obtained by an augmentation from a strong exceptional
collection on the minimal model of X. In particular, we calculate canonical DG algebras of smooth toric
surfaces.
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1. Introduction

Derived categories of coherent sheaves have become one of the main research areas in
modern algebraic geometry. An important tool allowing one to work with such compli-
cated categories is given by full exceptional collections. Let X be a smooth projective
variety and let DP(X) denote the bounded derived category of coherent sheaves on X. It
was proved in [2] that a full strong exceptional collection o yields an equivalence between
DP(X) and the bounded derived category of modules over a finite quiver with relations.
By a result of Bondal and Kapranov (see [3]), if & is not strong, then DP(X) is equivalent
to the derived category of modules over some differential graded (DG) category C,. It
was proved in [1] that in the latter case the DG category C, is a path algebra of a finite
DG quiver with relations Q.

Calculating the quiver of a strong exceptional collection is equivalent to understanding
endomorphisms of some sheaf. On the other hand, in order to calculate the DG quiver a
priori one has to use injective resolutions. In [1] more comprehensive methods were given
for determining DG quivers for two types of exceptional collections. Firstly, if a collection
o can be mutated to a strong one 7, then the DG quiver ), of ¢ can be calculated by
means of the quiver of 7. On the other hand, if a collection o = (&1,...,&,) is almost
strong, i.e. Exti(é'j, &) =0 for i #0,1, then one can construct a tilting object &, using
universal extensions and coextensions defined in [7]. In this case endomorphisms of &,
allow one to calculate the DG quiver of o.
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Many examples of almost strong exceptional collections are given by exceptional col-
lections of line bundles on rational surfaces. Recall that every rational surface X, not
isomorphic to the projective plane P?, is obtained from some Hirzebruch surface F, by a
sequence of blow-ups:

X=X, Xp1— - — X1 5 Xg=F,.

In [6] Hille and Perling described an augmentation process that allows one to construct
full exceptional collections of line bundles on X starting from a full exceptional collection
on Xy. Moreover, in [7] it was proved that collections obtained by augmentation are
almost strong.

The main purpose of this paper is to calculate the DG quiver of a full exceptional
collection o on a smooth rational surface obtained via augmentation from a strong full
exceptional collection on Xy. To do this we first present o in the canonical form (see
Proposition 3.1). Using this presentation we calculate the tilting object £, (see Propo-
sition 3.4) and its endomorphisms. Then, using twisted complexes, we can calculate the
DG quiver of ¢ and any of its mutations.

In §4 we apply these methods to a smooth toric surface Y with T-invariant divisors
D+,...,D,, which correspond to the rays in the fan ¥y C N ®z Q ~ Q? of Y. If the
order of D; is induced by an orientation of Q2, then the collection

(Oy, 0y (D1),0y (D1 + Ds),...,0y(Dy + -+ Dyp_1))

is full and exceptional on Y. For any k € {1,...,n} the same remains true for the
collection

(Oy, Oy (Dy), Oy (Dg + Diy1), ..., Oy (D + -+ + Dpyn—2))

if the indices are considered as elements of Z/nZ. We consider all collections of such a
form at once. Namely, let Z = Totwy be the total space of the canonical bundle on Y
and let p: Z — Y denote the canonical projection. As the vector bundle

E=0y®0y(D1)®---®O0y(Dy+---+ D, 1)
is a generator of DP(Y), the sheaf p*(&) is a generator of DP(Z). Moreover,
Homz(p*(£),p"(€)) = Homy (€, p.p*(£))

= Homy (£,& @ p.(Oz))
= @ Homy (£,€ ® Oy (—nKy)).

n>0
On Y we can consider an infinite sequence (Aj)32, of line bundles defined by
A =0y (sKy + Dy +---+ D,),

where k = sn 4 r for 0 < 7 < n. Denote by Ay = € Ay the sum of all elements in this
sequence. We define the canonical algebra of Y to be the DG algebra of endomorphisms of
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p*(€) or equivalently of Ay . Methods described in § 3 allow us to calculate the canonical
DG algebra of any smooth toric surface.

The structure of the paper is as follows. Definitions of quivers and DG quivers, twisted
complexes and exceptional collections together with mutations, universal extensions and
coextensions are contained in §2. We also recall basic facts about rational surfaces. In
§3 we recall after [6] the construction of full exceptional collections on smooth rational
surfaces. We present any such exceptional collection in the canonical form and describe its
Ext-quiver. Then, using universal coextensions, we calculate the associated tilting object
and we describe its endomorphisms. These data allow us to calculate the DG quiver
of the collection. In §4 we apply these methods to smooth toric surfaces. We start by
recalling basic facts about toric surfaces and full exceptional collections on them. Then
we define the canonical DG algebra of a toric surface and we show how to use the results
of §3 to calculate it. We conclude with examples of the canonical DG algebras for the
first and second Hirzebruch surfaces and for surfaces obtained from the first Hirzebruch
surface by blowing up one point.

2. Background

2.1. Quivers

A quiver @ consists of finite sets QQy, @1 and two maps h,t: Q1 — Qo. Elements of Qg
are vertices of () and elements of ()1 are arrows of (). The maps h and ¢ indicate the
head and the tail of an arrow, respectively. A path in @ is a sequence p = a,, ---a; of
arrows such that h(a;) = t(a;41) for 1 < i < n—1; we put h(p) = h(a,) and ¢(p) = t(a).
A path algebra CQ of a quiver ) is an algebra with a basis consisting of paths in Q;
the product p o p’ of two basis elements is defined by means of concatenation of paths
if t(p) = h(p’), and is set to zero otherwise. We also assume that for any vertex i € Qg
there is a trivial path e; € Q1 with ¢(e;) = i = h(e;). Then the element >, e; is the
identity of CQ.

A quiver with relations (Q,S) is a quiver @ together with a set S C CQ. Let I =
(S) C CQ be an ideal generated by S. Then the path algebra C(Q,S) of a quiver with
relations is defined to be CQ/I.

If arrows in @ are Z-graded in such a way that deg(e;) = 0 for any i € Qq, the
path algebra CQ becomes a graded algebra; for a path p = a,,--- a1 we put deg(p) =
deg(ai) + - - - + deg(ay,).

A DG quiver is a quiver @ together with a Z-grading on ()1 and a structure of a DG
algebra on CQ such that d(e;) = 0 for any i € Qo. The Leibniz rule guarantees that
h(0(p)) = h(p) and t(d(p)) = t(p) as soon as A(p) # 0. If the set S C CQ consists of
homogeneous elements, one can analogously define a DG quiver with relations (Q, S).

2.2. DG categories

A DG category is a preadditive category C in which abelian groups Hom¢ (A, B) are
endowed with a Z-grading and a differential 9 of degree 1. Moreover, the composition of
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morphisms
Home (A, B) ® Home (B, C) — Home (A, C)

is a morphism of complexes and for any object C' € C the identity morphism id¢ is a
closed morphism of degree 0.
The homotopy category H(C) of a DG category C is the category with the same objects
as C and
Homg(c)(A, B) = H°(Home (A, B)).

For a DG category C, Bondal and Kapranov [3] defined the category CP*** of one-sided
twisted complexes. It is the smallest DG category containing C such that H(CP™™) is
triangulated. Objects of CP*** are expressions of the form (B}, C;[r;]. ¢ ;) for C; € C
and r; € Z. We refer the reader to the original paper [3] for further details.

2.3. Exceptional collections

Let 7 be a C-linear Ext-finite triangulated category such that 7 ~ H?(CP***) for
some DG category C. Recall that an object £ € T is exceptional if Hom(E,E) = C
and Ext’(£,£) = 0 for i # 0. A sequence o = (£1,...,&,) of exceptional objects is an
exceptional collection if Ext’(€;, ) = 0 for j > k and any i. For an exceptional collection
o, let T, be the smallest strictly full subcategory of T containing elements of 0. We say
that o is full if 7, is equivalent to 7. Finally, the collection o is strong if Exti(é'j, E)=0
for i # 0 and any j, k.

In [2] it was proved that a strong exceptional collection o leads to an equivalence
between 7, and DP(mod-A,) for a finite-dimensional algebra A,. The algebra A, is a
path algebra of a quiver with relations obtained from objects &1, ..., &,.

When the collection ¢ is not strong the category T, is equivalent to D®(C,) for some
DG algebra C, (see [3]). It was proved in [1] that C, can be chosen to be a path algebra
of a finite DG quiver with relations Q. If the collection o is strong, the DG algebra C,
is quasi-isomorphic to A, .

In [2] mutations of exceptional collections were defined. If a pair (£, F) is exceptional,
then so are the pairs (LgF, &) and (F, RzE) for L F and RxE defined by distinguished
triangles in T

LeF — €@ Hom(E, F) = F — Le F[1],
RrE[~1] = & — Hom(E, F)* @ F — RE.

For an exceptional collection o = (&1,...,&,), the ith left mutation L;oc and the ith
right mutation R;o are exceptional collections defined by

Lioc = (&1, &1, Le,Eiv1,Ei, 2y .-, En),
RiO' = <(€1,...,gi,1,8i+17Rgi+lgi,gi+2,...,5n>.

Mutations of DG quivers can be defined in such a way that Qr,, = L;Q, and Qr,» =
R;Q, (see [1]). In particular, it is relatively easy to calculate a DG quiver of a collection
that can be mutated to a strong one.
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2.4. Universal extensions and coextensions

We say that o is almost strong if Exti(é'j,gk) =0 for i # 0,1 and for all j, k.

In [7] Hille and Perling described how to construct a tilting object in 7, from an
almost strong exceptional collection. The main tools in their construction are universal
extension and coextension. For a pair (€, F) a universal extension & of £ by F is defined
by means of a distinguished triangle

E-1] 25 FRExtY(E,F)* = £ = €.

Dually, a universal coextension of F by £ is an object F defined by a distinguished

triangle
can

F—F = E@Ext (&, F) 25 Fl1).

If F is exceptional and Ext’(F, ) = 0 for all 4, then Ext! (£, F)* is naturally isomorphic
to Hom(F, &), and thus £ is the cone of the canonical map

F @ Hom(F, &) 25 € = €.

Dually, if £ is exceptional and Ext’(F,£) = 0 for all 4, then Ext'(£, F) is naturally
isomorphic to Hom(F, ) and, up to a shift, F is the cone of the canonical map

F 2 £ @ Hom(F, E) — F[1).

Universal extensions and coextensions allow us to calculate a DG quiver of any almost
strong exceptional collection in a category T =~ H?(CP™") (see [1]).

2.5. Rational surfaces

Let X be a smooth rational surface. X is obtained by a sequence of blow-ups from the
projective plane P? or a Hirzebruch surface F,. We have a sequence of maps

Tn Tn—1 T

X = Xn Xn—l . Xl

X07

where Xg = P? or F,. We can also assume that every m; is a blow-up of one point
i1 € Xi_1.
Let F; C X; be the exceptional divisor of ;. Denote by E; C X the strict transform
of F;, and by R; C X its pullback under m; 1 - - - .
The divisors R; are mutually orthogonal and R? = —1. Hille and Perling [6] introduced
a partial order on the set of indices {1,...,n}; i > jif i > jand mj_1 - m—1(2i-1) =
2;—1. Then
C ifi>j,
Hom(Ox (R;), Ox (R;)) = -
0, otherwise;
(2.1)
C ifij,
Ext! (Ox (i), Ox (R)) = g
0, otherwise.
Moreover, H*(Ox(R;)) = C, H (Ox(R;)) = 0 for j > 0 and H*(Ox(—R;)) = 0 for
all k.
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3. DG quivers of exceptional collections on rational surfaces

3.1. Exceptional collections on rational surfaces

Again, let X be a smooth rational surface. We recall the augmentation procedure given
in [6] that allows us to construct full exceptional collections of line bundles on X from
an exceptional collection on Xy. To simplify the notation we identify a line bundle £ on
X; with its pullback via 7;s and denote them by the same letter.

Let 0 = (L4, ..., L) be a full exceptional collection of line bundles on X;. The augmen-
tation of o is 0/ = (L1(Rit1)s--+, Lo—1(Rit1), Liy Li(Rit1), Lit1, ..., Ls)—an excep-
tional collection on X 4.

It follows from a result of Orlov [8] that collections obtained via augmentation are full.
It was proved in [7] that they are almost strong.

Mutations allow one to present each of the above described collections in the following
form.

Proposition 3.1. Any exceptional collection of line bundles on X obtained via aug-
mentation can be mutated to (Or, (Ry,)[-1],...,0gr, (R1)[-1],0x,N1,...,N¢), where
(Ox, = Ny, N1, ..., Ny) is an exceptional collection on X.

Proof. The collection on X obtained via augmentation is of the form
<£1(Rn)7 cee 7£i—l(Rn)7 Ei; El(Rn)a ‘Ci—‘rl, e 7£5>)

where the £;s are pull-backs of line bundles on X,,_;. In particular, £;|g, ~ Og, for

any j.
Isomorphisms

Hom(L;, £i(Ry)) ~ Hom(Ox,Ox(R,)) ~C
and the short exact sequence
0—L; = Li(Ry) = Or,(Ry) =0 (3.1)
show that this collection can be mutated to
(L1(Rn)y .-, Lic1(Ry), OR, (Ry)[-1], L4, Lig1, .- Ls).
Then
Hom(Ly(Ry), Or, (Ry)) ~ Hom(Ox (Ry), O, (Rn)) ~ Hom(Ox, Og,) ~ C
and the exact sequence (3.1) for £;_1,...,L; provides further mutations to
(Or, (Rn)[-1], L1, .., L)

The collection (Lq,..., L) is a pull-back of a collection on X,,_; and it again has the
form (L (Rn—1),..., Ly (Rn—1), L}, L3 (Rn—1), Ly, -, L5_q) for some k. As before,

it can be mutated to (L} (Rp—-1),...,L)_1(Rn=1),0r, ,(Rp_1)[-1], L}, ..., L, 1) and

then to (Og, _,(Rn—1)[—1], L},...,L,_;). Continuing, we can mutate the collection on

X to <OR"(RH>[—1], ..., O0Rr, (Rl)[—l], Ox,Ni,... ,/\/‘t> O
From now on we will assume that the collection (Ox,,N1,...,N¢) on Xj is strong.
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3.2. Ext-quiver of (Ogr, (R,)[—1],...,0r, (R1)[-1],0x,N1,...,N¢).

To compute the Ext-quiver of the above collection one needs to understand the com-
positions

Ext'(Og, (R;), Or, (Ri)) ® Hom(OF, (R;), Or, (R;)) — Ext! (Og, (R;), Og, (Rk)),
Hom(Og, (R;), Og, (Rk)) © Ext' (Og, (Ri), Og, (R;)) = Ext'(Og, (R:), Or, (Rx))

J

fori>=jrk.

Denote by C the subcategory of DP(X) generated by objects Og, (R,),...,Or, (R1),
and denote by C’ the subcategory of DP(X) generated by O(R,,),...,O(R;). Then C
is a mutation of C' over Ox, and hence understanding morphisms between generators
of C is equivalent to understanding morphisms between generators of C’. In particular,
it follows from (2.1) that Hom(Og,(R;), Or,(R;)) is one dimensional if i = j and 0
otherwise. Similarly, dimcExt!(Og, (R;), Okg,(R;)) is 1 if i = j and 0 otherwise.

Lemma 3.2. Let i > j > k. The composition
Ext'(Ox(R;), Ox(Ry)) @ Hom(Ox (R;), Ox (R;)) = Ext' (Ox(R;), Ox(Ry))
is an isomorphism.
Proof. The exact sequence
0 — Ox(R;) = Ox(R;j) = Ogr,_g,(R;) = 0
gives
0 — Hom(Og,_g,(R;), Ox(Ry)) — Hom(Ox (R;), Ox (Ry)) % Hom(Ox (R;), Ox (Ry))
— Ext'(Og,—r,(R;), Ox(Ry)) — Ext' (Ox (R;), Ox (Ry)) 2y Ext!(Ox(R;), Ox (Ry))
— Ext?*(Og,—r, (R;), Ox(Rk)) = 0.

The morphism o : Hom(Ox (R;), Ox(Ry)) — Hom(Ox (R;), Ox (Ry)) is an isomorphism
because its kernel is 0 and both spaces are one dimensional.

Since both Ext!(Ox (R;), Ox(R)) and Ext'(Ox(R;), Ox(Ry)) are of dimension 1, 3
is an isomorphism if and only if Extl((’)Rj,Ri (R;),O0x(Ry)) is 0.

Applying Hom(-, Ox (Ry)) to the short exact sequence

0— ORj—Rri (RJ) — ORJ- (Rj +R) — ORi(Rj + R;) ~Og,(R;)) — 0
gives an exact sequence

0 — Ext! (Og,(R;),Ox(Ry)) — Ext! (OR]. (Rj + R;),O0x(Rky))
— Ext!(Og,—r,(R;), Ox(Ry))
— 0.
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ecause Ox(Ry) is a torsion-free sheaf and

Indeed, Hom(Og, g, (R;), X( k) = 0 be
), Ox) ~ Hom(Ox,Og,(R; + Kx))¥ =~ 0, by

Ext®(Og, (Ry), OX(Rk)) ~ Ext*(Og, (
Serre duality.

It follows from (2.1) that Ext'(Og, (R;), Or, (Ry)) = C. Thus, 3 is an isomorphism if
and only if Ext' (Og, g, (R;), Ox (Ry)) = 0, if and only if Ext' (Og, (R;+R;), Ox (Rk)) ~
C. Since j = k, we have an isomorphism O, (—Ry,) ~ Og,. It follows that Extl((’)Rj (R;+
R;),O0x(Rg)) ~ Eth(ORj (Rj + R;),Ox).

From short exact sequences

0— Ox(R;) > Ox(R; + R;) — ORJ.(RZ‘ +R;)—0
0— Ox(Rj) — Ox(R; —|—Rj) — Og, (R; +Rj) ~ Og,(R;) = 0

and vanishing of Hom(Ox (R;), Ox) and Ext!'(Ox(R;), Ox), we deduce that
Ext'(Og,(R; + R:), Ox) ~ Ext'(Ox(R; + R;), Ox) ~ Ext' (O, (R;), Ox) ~ C,
which proves that (§ is an isomorphism. (Il
Remark 3.3. If i > j = k, the composition
HOIH(OX(Rj), Ox(Rk)) & Eth(Ox( ) Ox( )) — EXt (Ox(Rl), Ox(Rk))

does not have to be an isomorphism. Indeed, consider a surface X obtained from its
minimal model by three blow-ups such that E? = -3, E3 = —2, E3 = —1, E1Ey = 0,
E1E3 =1 and E2E3 = 1. Then Rl = E1 —|—E2 + 2E3, R2 = E2 + E3 and R3 = E3. Let

a € Ext'(Ox(Rs), Ox(R3)) and # € Hom(Ox (Rz), Ox(R1)) be non-zero elements. We
have a short exact sequence

0= Ox(Bs + EB3) 2 Ox(Ey + By + 2E3) — Op, 4 5,(E1 + By + 2E3) — 0.

As in the proof of the previous lemma, foa = 0 if and only if Hom(Ox (E3), Op, +E, (F1+
E5 + 2E5)) # 0. We have

Hom(Ox (B3), O, 11, (B1 + Ea + 2B3)) = H(X, Op, 45, (E1 + Bz + Bz)).
The latter sheaf fits into a short exact sequence
0— O, ~0Og, (Ez—l—Eg) — Og,+E, (E1+E2+E3) — Og, (E1+E2+E3> o~ OEl(_2) —0

from which it follows that H*(X, O, 1 g, (E1 + E2 + E3)) = C.

Thus, we know that between Og, (R;) and Og,(R;) there is either no arrow or two
arrows, one in degree 0 and one in degree 1. Moreover, § o« # 0 and § o « # 0 for

i 3

a B
OR(RZ) —_— ORk (Rk) _— OR(R])7
« B
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where «, 3 are non-zero morphisms and &, 3 are non-zero elements of the first Ext
groups.
It remains to understand the space of morphisms from O, (Rx) to N; and how these
morphisms compose with morphisms Og, (R;) — Og, (Ry) and N; — Nj.
As the N are torsion free, we know that Hom(Og, (Rx), N;) = 0. From the short exact
sequence
0—N; —)M@Ox(Rk)—)ORk(Rk)%O (3.2)

we deduce that Ext'(Og, (Rx),N;) ~ Hom(Og, (Ry), Or, (Ri)) = C. Let us fix a non-
zero element ¢}, of the group Ext!'(Og, (Ry),N).
The diagram

0

shows that the composition
Hom(Og, (R;)), O, (Ri)) @ Ext! (Og, (Ri), N;) — Ext'(Or, (R;), i)

is an isomorphism.
To understand the composition

Ext'(Og, (Ry),Ni) @ Hom(N;, N}) — Ext!(Og, (Ry), N7)
we apply the functor Hom(-, V}) to the short exact sequence (3.2). It follows that for
¢ € Hom(N;, N;) the composition ¢o(} is zero if and only if ¢ factors through N;(—Ry,).
3.3. DG quiver of (Ogr, (R,)[—1],...,0Rr,(R1)[-1],O0x,N1,..., N¢)

Now we will present calculations allowing one to determine the DG quiver of the
collection (O, (Rn)[-1],...,0r, (R1)[-1],0,N1,...,N;). Recall that we work under
the assumption that the collection (Ox,, N1, ..., N;) on Xy is strong.

To calculate the DG category of the collection

(O, (Ry)[-1],...,0Rr, (R1)[-1],0x, N1, ..., N¢)

we substitute some objects with universal coextensions.
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3.3.1. Tilting object

Note that if 2 > 1, then we have a unique non-trivial extension
0— ORl (Rl) — OR1+R2(R1 + Rg) — ORz(RQ) — 0.

Hence, Or, +r,(R1 + R2) is the universal coextension of Or, (R1) by Og,(R2).
We will show that for i, = --- > i; = s the universal coextension of ORi1+"'+Rik (R;, +
+ Ri,) by O, (Rs) is Op 4Ry, +-4 Ry, (Bs + Riy + + Rip).

Proposition 3.4. Let (Og, (R,)[-1],...,0r, (R1)[-1],0x,N1,...,N;) be an excep-
tional collection on X such that (Ox,,N1,...,N;) is a strong exceptional collection on
Xo. Then

Os, (S)[-1]® Os, _,(Sn—1)[-1]® - @ Os,(S1)[-1] 2 Ox &N, & --- DN;

is tilting on X, where the Sy, are defined as

Sk == ZR]

Jjzk
To prove Proposition 3.4 we shall need the following lemma.

Lemma 3.5. For¢ > k > | we have

Hom(Og, (R;), Op .+ r,, (Bi + - + Ry))

~ Hom(Og,(R;), Or,.,,(Ri+1)) ® Hom(Og, ., (Rk+1), Or,4.4ry (Ri + - - - + Ri)) = C,
Ext' (Og,(R:), Or,+Rivs -t R (R + Rig1 + -+ + Ry))

~ Hom(Og, (R;), Or, ., (Ri11)) ® Ext'(Ory,, (Rk41), Ory i ry (R + - + Ry)) = C,

where the sum R; + - -- + Ry, Is taken over all divisors R; such that k= j = [.

Proof. We proceed by induction. The initial case, for k = [, follows from Lemma 3.2.
The induction step follows from applying the functor Hom(Og, (R;), ) to the short exact
sequence

0—Ogr+.tr,_,(Ri+ - +Ri_1) = Ontqr,(Ri+-- -+ Ri) = Opr, (Rr) — 0. (3.3)
|

Proof of Proposition 3.4. From the above lemma and the short exact sequence
(3.3) it follows that if ¢ = k > [, the sheaf Og,y..4r, (R + -+ + Ry) is the universal
coextension of Op, 4.4, (R + -+ + Rip—1) by Og,(R;). Hence, by the construction
described in [7], the object

05, (Sp)[1] @ Os,_, (Sn—1)[-1] & - @ 05, (S1)[-1] @ Ox &N & -+ BN,

is tilting on X. O
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Endomorphisms of the tilting object depend not only on the order of the divisors but
also on the dual graph of the exceptional curves.
Consider the blow-up with the following dual graph of exceptional divisors:

o E, o

Then
E} = -2, F2= -2, B2 =1,
BBy =1, E B3 =0, ExE3 =1,

R, =FE, + Ey + E3, Ry = Es + E3, R3 = Ej3,

and the order is
3=2>1.

The endomorphisms of Og, (R3) ® Or,+r, (R2 + R3) ® Or, +Rr,+rs(R1 + R2 + R3) are

as Q2
ORr,(R3) — OR, 1R, (R + R3) — ORy+Ry+Rs (1 + Ra + R3)
3 2
with
Bzoaz =0, a3 0 B3 = B2 0 aa.

However, if the dual graph is

E2 E3 Elv
then
E? = -3, E2=-2 EZ =1,
E\E;, =0, E\Es =1, EyEs =1,

Ri=F+ E>+2F5, Ry = E5 + Ejg, R3 = FEjs,

the order is still
3=2>1.

and the endomorphisms of the tilting object are

a3 Q2
ORa (R3) - OR2+R3 (R2 + R3) - OR1+Rz+R3 (Rl + R2 + R3)
3 2

with

Bz oaz =0, B2 0z =0.
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3.3.2. Ext'(Os, (Sk), )
Lemma 3.6. Let iy, = i1 = --- = 41. Then

Eth(ORi1+...+Rik (R’Ll 4+ le)’_/\/;) = (Ck
and the remaining Ext groups are zero.
Proof. We proceed by induction. The short exact sequence

0— ORi1+"'+R (Ril +-- .+Rik—1) - ORi1+"'+Rik(Ri1 +- +R1k) - ORik (le) —0

i1
together with an equality
Ext’(Og, (Ri,),N;) = Ext'(Og, (Ei,),N;)
completes the proof. O
If we apply the functor Hom(Og, (Sk), ) to the short exact sequence
0= N, = N, ®Ox(Sk) — Os, (Sk) — 0,
we get an isomorphism
Ext!(Os, (Sk), N;) =~ Hom(Og, (Sk), Os, (Sk))- (3.4)
The identity morphism in the latter space corresponds to an element

Ci € Ext'(Os, (Sk), N)).

The diagram

0——=N; —=N; ® Ox(Sk) —> 05, (Sx) —=0

lz :

0——=N, —= N, @ Ox(S)) Os,(51)) —=0

Os,-5,(81) —= Os,-5,(51)

0 0

shows that for an inclusion ¢: Og, (S) — Og, (S;) we have (f o= (}.
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The isomorphism (3.4) allows us, in addition, to calculate the Yoneda composition
HOIH(M, Nk) & Eth (Osk (Sk)7M) — Eth (Osk (Sk)ka)

Thus, if the collection (Ox,, N1, ...,N;) on X is strong, we know the endomorphism
algebra of the tilting object
Os, (S)[-1]® Og, _,(Sn-1)[-1]® - ® O0s,(S1)[-1] ©Ox DN, @ - - D N;.

Using one-sided twisted complexes one can then calculate the DG quiver of the collection
(Or, (R)[-1],...,0g,(R1)[-1],0x,N7,...,N;) and of any of its mutations (see [1]).

4. Canonical DG algebras of toric surfaces

4.1. Toric surfaces

We recall some information about toric surfaces. More details can be found, for example,
in [5].

A smooth projective toric surface Y is determined by its fan, spanned by a collection
of elements py,...,p, in a lattice N = Hom(C*,T) = Z?2, where T = (C*)? is a two-
dimensional torus. We enumerate the p;s clockwise and consider their indices, is, to be
elements of Z/nZ. Then, for every i € Z/nZ, the vectors p; and p;;1 form an oriented
basis of N. Moreover, for every such pair there is no other pj lying in the rational
polyhedral cone generated by p; and p;11 in Ng = N ® Q.

There is a one-to-one correspondence between one-dimensional orbits of the T-action
on Y and the rays in the fan generated by the p;s. For every ¢ we denote by D, the
closure of this orbit. Then the D;s are T-invariant divisors on X. Every D; is isomorphic
to P! and the intersection form is given by

a; ifi=j
DiD; =41 ifje{i—1,i+1},

0 otherwise,

where a; € Z are such that p;_1 + a;p; + pi+1 = 0. Conversely, the numbers (a1, ...,a,)
determine the toric surface Y.

Divisors D; and D, intersect transversely in a T-fixed point p; corresponding to the
cone spanned by the vectors p; and p;41.

A surface Y; obtained from Y by a blow-up of a torus-fixed point p; is again a toric
surface. The fan of Y7 is determined by vectors p1, ..., pi, pi+pPit1, Pit1, - - - » Pn- Moreover,
every toric surface different from P? can be obtained from some Hirzebruch surface F,
by a finite sequence of blow-ups of T-fixed points.

A canonical divisor of a toric surface is given by Ky = —>_" ;| D;. The Picard group
of Y is Pic(Y) = Z"~2.
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4.2. Exceptional collections on toric surfaces

The ath Hirzebruch surface F, has a fan with four vectors and we can assume that
wy = (1,0), we=(0,-1), ws=(—1,a) and w4 =(0,1).

The collection (Op,, Or, (D1), Or, (D1 + D2), O, (D1 + D2 + Ds3)) is a full strong excep-
tional collection on F,,.

If Y is obtained from F, by a sequence of T-equivariant blow-ups, then we can assume
that the vectors p1, ..., p, determining Y are numbered in such a way that p, = wy =
(0,1). Then the collection (Oy, Oy (D1), Oy (D1+Ds),...,Oy(D1+---+Dp_1))onY is
obtained by augmentation from the strong collection on Iy ; hence, it is full. The following
lemma tells us that in fact the numeration of T-invariant divisors is not important.

Lemma 4.1 (cf. Bondal [2, Theorem 4.1]). Let (&1,...,E,) be a full exceptional
collection on a smooth projective variety Z of dimension m. Then the n-fold mutation
of &, to the left, L"E,,, is isomorphic to £, @ wz[m — n], where wy is the canonical line
bundle on Z.

Let 01 = <(/)y7 Oy(Dl), Oy(Dl + Dg), R Oy(D1 4+ 4 Dn_1)> be a full exceptional
collection on Y. Then, by the above lemma,

L"Oy(Dy+ -+ Dyp_1) = Oy (—D,)[2 — n].
Hence, o1 can be mutated to a collection
(Oy(=Dy)[2 —n],O0y,0y(D1),0y (D1 + D3),...,0y (D1 + -+ Dp_2)),
which, in turn, after a shift and a twist by Oy (D,,), is equivalent to the collection
on ={(Oy,0y(Dy),Oy(Dy+ D1),...,0y(Dyp+ D1+ -+ Dy_2)).
One can repeat this operation and obtain full exceptional collections
0, ={(Oy,0y(D;),...,Oy(D;+ -+ + Dj1n—2))

for any i € Z/n.

4.3. Canonical DG algebra of a toric surface

Let Z = Totwy be the total space of the canonical bundle on Y and let p: Z — Y
denote the canonical projection. As the vector bundle

E=0y00y(D1) DOy (Dy+ -+ Dp_1)

is a generator of DP(Y'), the sheaf p*(€) is a generator of D(Z) (see [4, Proposition 4.1]).
Moreover,

Homz (p"(€),p"(€)) = Homy (€, p.p*(£))
= Homy (£,€ ® p.(Oz))
— @Homy(f;,g@(?)/(—nKY))-

n=0
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On Y we can consider an infinite sequence (Ay)72, of line bundles
Asntr =O(sKy +D1+---+D,) for0<r<n.

Denote by Ay = €D Ay, the sum of all elements in this sequence. It was proved in [9]
that the DG enhancement of Hom®(Ay, Ay ) can be calculated via the Cech enhance-
ment. It follows that the DG enhancement of Homy (p*(£),p*(€)) is the same as the DG
enhancement of Homy (Ay, Ay).

The sequence (Oy, Oy (D1),...,0y (D14 -+ D,_1)) is an augmentation of a strong
exceptional collection on a Hirzebruch surface and therefore the methods described in
63 allow one to calculate the DG algebra of endomorphisms of @Z;S Ajp. Lemma 4.1
guarantees that up to shifts the remaining elements of the sequence (Ay) are obtained
by mutations from Ay, ..., A,_1. Therefore, twisted complexes allow one to calculate the
DG endomorphism algebra of Hom(Ay, Ay): the canonical DG algebra of Y.

The composition provides a natural map

Yii,.,

Hom(A A;) ® - @ Hom(A;,, Aiy) SESEEIN Hom(A;,, A;,)

Tk—1" Tk
and an analogous one for elements of Ext'(A;,, A;, ). If there exists K € N such that for
any 4, j any element of Hom(A;, A;) or Extl(AZ-, Aj;) is in the image of some ¥, ;, such
that is41 —is < K for all s € {1,...,k — 1}, then the canonical DG algebra of Y can be
presented as a path algebra of a cyclic DG quiver with K vertices.

If one can choose K to be the number n of T-invariant divisors of Y, then the DG

quivers @Q; of exceptional collections ¢; can be read from the canonical DG quiver @ of Y

(Qi)o = (Qy)o,
(@)1= (Qv)i \{a € (Qy)1 |t(a) >i—1> h(a)},
and the canonical DG quiver @ is obtained by gluing of the DG quivers Q;.

Remark 4.2. The canonical DG algebra of F3 cannot be presented as a path algebra
of such a quiver, i.e. in this case K > 4. If, as before, we consider the fan of F3 with
wy = (1,0), we = (0,-1), ws = (—1,3) and wy = (0, 1), then the map ¢: Op, (D1+D2) —
Or,(2D1 + 2Dy + 2D3 + D,4) with zeroes along 2D is not a composition of any maps
between line bundles.

4.4. Examples

We conclude with some examples of canonical DG quivers of toric surfaces.
The canonical DG algebra of F; is a path algebra of the quiver
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with relations

coa1 = €103, dico = doc, dibas = dabay,

areds = agedy, arf = gdy, azf = gda,
baie = c1g9, base = ¢y, fco = edab,
fe1 = edqb.

The canonical DG algebra of Fg, with intersection numbers (0,2,0,—2), is a path
algebra of the DG quiver

with
deg(al) = 0, deg(a2) = 07 deg(b) = 07 deg(CO) = Oa
deg(c1) =0, deg(cs) =0, deg(dy) =0, deg(ds) =0,
deg(e) =0, deg(f) =1, deg(g1) = —1, deg(ge) = —1,
deg(h1) =0,  deg(h2) =0,  deg(j1) =0, deg(j2) = 0,
6(5]1) = d261 — dlco, 8(92) = d202 — dlcl, 6(h1) = alf,
d(h2) = aaf, d(j1) = fdi, d(j2) = fda

and relations

coa1 = c1ag, c1a1 = coas, drbas = dobay, c1hy = cohy + base,
cahg = c1hy + baye, ay jo = asju, hids = hady, ajeds = azedy,
a1 fds = as fdy, fdicog = fdacq, fdicy = fdaca, fg1 = edsb,
fg2 = edqb, Jico = jaci, Jicr = jaca, aij1 =0,
asjs = 0, hidy =0, hods = 0.
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If we blow up F; in such a way that the obtained toric surface Y7 has intersection numbers
(=1,-1,0,0,—1), then the canonical algebra of Y; is a path algebra of the quiver

SR

with relations

gb = eda, hd = fg, heb = feca, kg = jhc,

ked = jfec, bk =1f, bjh = ejfe, lh = ake,
lfe = bke, dl = cbj, bk =1f, dak = cajf,
gl = ecayj.

If we blow up F; at another point, to obtain Y2 with intersection numbers (0,1, —1,
—1,—2), then the canonical DG algebra is a path algebra of the DG quiver

with
deg(a) =0, deg(b) = 0, deg(c) =0, deg(d) = 0,
deg(e) =0, deg(f) =0, deg(g) =0, deg(h) =0,
deg(i) =0,  deg(k1) =1,  deg(ks) =0,  deg(ly)=0,
deg(ly) =0,  deg(m) =0, deg(r) =0,  deg(s1) = —1,
deg(s2) = —1,
8(11) = bkl, 3([2) = bk‘Q, 8(m) = klg,
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and relations

eb = da, ib = fea, gfca = heb, ely = cbky + dls,
ily = fely + feaks, lig = bm, log = am, ar = lsh,

amf = br, bkoh = akogf, bk1h = ak1gf, k1s1 = kahe,

ki1se = kogfec.
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