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By giving some new treatments we can improve a classical result of Walfisz (1963) on
the asymptotic formula of Euler’s function.

Keywords: Euler function; exponential sums; Vinogradov’s method

2010 Mathematics subject classification: Primary 111L07; 11B83

1. Introduction

Let ¢(n) be Euler’s totient function. The following asymptotic formula is well known
(and can be found in many books on number theory):

3
Z o(n) = ﬁ:ﬁ + O(zlogx). (1.1)
nx
In 1963 [7, ch. 4] Walfisz improved the error term of (1.1) to
O(z(log z)*3(log log )*/?) (1.2)

by using both Vinogradov’s and van der Corput’s methods of exponential sums.
His method turns out to be rather complicated (occupying 32 pp.; see [7, pp. 114—
145]), for example, he had to use Vinogradov’s method to firstly estimate sums of
the shape (see [7, Hilfssatz 8, p. 136])

=G
(From now on, e(t) = exp(2wit).) We know that the error term of (1.1) is
d
o3 MDu(2) + 0w, v =t-11-1/2 (13)
d<z

where p(-) is the Mobius function. In this paper we instead use the method of [4]
for treating sums involving (), and we suitably combine van der Corput’s and
Vinogradov’s methods. Thus, we can improve (1.2) as follows.

THEOREM 1.1. In (1.1) we have the error term O(x(logx)?/?(loglog x)'/?3).
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2. Lemmas
LEMMA 2.1. Let X'/2(log X)™! > 2D > Dy > D. Then
X log D)?
for some positive constant ~y.

Proof. For exp((log X)?/3) < D < X'/?* the required result follows from [7, Satz 1,
p. 47]. For X'/2* < D < X'/2(log X)~! let n = 23, and we use the exponent pair

1 1
(paq): 2n+172’1_2n+172

of [5] to obtain (using X/D? > log X to verify the condition of using an exponent
pair in the strict sense of [5])

XY XV o
S<<(D2>Dq<<D(Dn+2)<<D P,

Finally, for D < exp((log X)?/3) the required estimate holds trivially. Therefore,
lemma 2.1 holds. O

LEMMA 2.2. Let ¢(t) =t — [t] — 1/2. Then for H > 2 we have

UOEEEDY Z(:th) +O<mm (1Hﬁt||>)

0<|h|<H
1
min (1, —— | = ape(ht)
()= %
log H log(2H
ap K Oi , ap < min (OgEq),Hh_2> for h #£ 0,

where [|t]| = min(1 —{t},{t}), {t} =t —[t].
Proof. See [4, p. 254]. Actually we need to explain the estimate

log H
H 9
for in [4] Montgomery and Vaughan already mentioned that a, < min(1/|h|, Hh=2)

for h # 0. In fact, for
1
&(z) = min <1, )
Hi|z|

ap K

we have (for h # 0)
1
ap = / &(x)e(—hx) dx,
0

and thus, obviously,

_ log(2+ H
lan| < ap =2H '(1+log(3H)) < %.
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Thus, by combining with the known bound a;, << Hh~2 (this can be obtained by
means of the integration by parts in the integral representation of a, of [4, (18)]),
we see that lemma 2.2 follows. O

LEMMA 2.3. Let Z > 1, U = Z'/3. Then for any arithmetic function f(n) there
exist real coefficients by, gu, ¢y such that |by| + |gu| + |cu] = O(d(uw)); here d(u) is
the divisor function, which is the number of distinct divisors of u, and

Z w(n)f(n) = S1 + Sa,

Z<n<2Z
S1 = Z guf (uv), Sy = Z bucy f (wv),
ugU, u>U,v>U,
Z/u<v<2Z/u Z<uv<2Z

where by, g, < d(u), ¢, < d(v) (as usual d(n) is the number of positive divisors
of n).

Proof. A similar formula is derived in [4, p. 251], which actually implies our version,
because we can split the sum as

Y= S+ Y | uf),

ugU?, ugU, U<u<U?,
Z/u<v<2Z/u Z/u<v<2Z/u  Z/u<v<2Z/u
and we find that the second part can be included in Ss. O

LEMMA 2.4. For positive numbers A, Bpn, tm, vp, (1 <m < M, 1
0 < Q1 < Q2, there is a number q € [Q1, Q2] such that

Z Amqum+ Z Banvn

N
3
N
3

1<m<M 1<n<N
<<M+N>( S AnQi+ Y B.@ytt
1<m<M 1<n<N
§ T Y s ens),
1<m<M 1<n<N
Proof. See [3, lemma 6]. O

3. Proof of theorem 1.1

Note that ¢t ~ T means that T < t < 27, and ¢ ~ T means t/T € [w, p] for some
absolute and positive constants w and p. The meaning of Vinogradov’s symbols <
or > is standard.

Let N = exp(AL?*/3(log L)'/3). Here L = logx, A is some sufficiently large con-
stant that will be specified later. In view of (1.3), by using the familiar estimate
(t>2)

1
Z— =logt+ O(1),
n

n<t
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to derive theorem 1.1 we only need to treat
w(d x
> mPe(5)
d d
N<d<azN-1

We split the sum into less than 10 subsums that have ranges of summation as
D <d< D (D'<2D, N <D < xN~1), and, for each of them, by the partial
summation we only need to establish (for any D; < 2D) that

S= 3 u(dm(fl) < DL73, (3.1)

D<d<D;

Let H = L°. By lemma 2.2 we have
1 hx . 1
1<|h|<H D<d<D; D<d<D;
Z min (1 1)
"Hllz/d|

1 H
—4 .
< DL ™ +logL E min (H’ h2)
1<[h|<H?

> e(f?> ‘ (3.3)

D<d<D;

We first treat the contribution of (3.3). If D > 2°/12) we use the exponent pair
(1/2,1/2) according to the manner of Heath-Brown [2] to obtain (note that, by
the inclusion of an extra term in the final upper bound, and the use of auxiliary
tools of Titchmarsh [6], Heath-Brown [2] was able to relax the strict conditions of
Phillips [5] regarding the use of exponent pairs; see also [1, (3.3.4)])

h
> (d) < /[B[zD=T + D*(|h|z) ",
D<d<D;
which gives

1

> min (1, Hd> < DL *+log L(WHzD~! + D*27 1) « DL™*.
D<d<D; ||(E/ ”
If D < 2°/12, by lemma 2.1 we have (by taking A3y > 10)
> (%) <oL,
D<d<D;

and thus the above estimate also holds. In the following we estimate the first sum-
mation of the right-hand side of (3.2). We will give the following estimate:

> u(d)a(?) < DL,

D<d<D;

https://doi.org/10.1017/50308210515000682 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000682

On FEuler’s function 773
By lemma 2.3, it suffices to establish both
hx
T := — -10 .
I Z bucve<uv> < DL (3.4)
u~U, v~V
D<uv<Dy
and

hx _
Ty = Z gu<uv> < DL71°, (3.5)

u~U, v~V
D<uv<Dy

where in (3.4) D'/? < U,V « D*3 UV ~ D, and in (3.5) 1 « U < D3,
UV =~ D, and by, g, < d(u), ¢, < d(v). Obviously, in the following we can suppose
that h > 0.

(a) Let D > 22/TN. Due to the symmetric positions of u and v, we can suppose
that D'/? < V <« D'/2. Using

> d*(n) < tlog’t

n<t

(see [7, Hilfssatz 1, p. 126]), Cauchy’s inequality and Weyl’s inequality (a strict
proof of Weyl’s inequality was given in [2], which we use here), after exchanging

the order of summations, we obtain
(hx <1 1 ))
Se(2(3-
- u \v v+gq

where @ € [10,VL™1] is a parameter to be specified later, and 1 < |q| < Q, v ~ V,
(v4+q) ~V, D <uv, u(v+q) < Dy and u ~ U. We treat only ¢ > 0. Applying the
exponent pair (1/14,11/14) to the innermost sum of (3.6), we get

ha (1 1 haq\/t
Sl et < () o

u

TP < L°D*Q7M + L°DQ™' ) | [evcusq| . (39)
v,q

For a fixed ¢ we have

D letutgl <D d)d(v +q) < Y (d*(v) + d* (v +q)) < VL.

Thus, we get from (3.6)

LT} < D?Q ' + V/haQD2V3 + LDV (hx) Q™. (3.7)

Obviously, (3.7) holds for all @ € [0,V L™!]. Using lemma 2.4 to choose an optimal
parameter ) in this range, we get (using D'/? < V <« D'/?)

LT <« VD2V—1 + VhaD®V3 4 \/D3(hz)~1 + VD264
< D(VhaD=35 + D7V 4 /D1,
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and thus (3.4) holds for D > 2?/7N. Using directly the exponent pair (1/14,11/14)
to estimate the innermost sum of (3.5), we get the required bound (3.5) as follows:

T, < d@)((l’;i’/)l/MvWM + VD(hq;)‘l)

u~U

< LD( VhzD-1/3 + D(hz)™")

< DL™Y;

in the last step we have used U < D'/3 and D > 2?/"N.

(b) Let N < D < 2*7N. Here we just use Cauchy’s inequality to obtain (similarly

to (3.6))
L) e

u

TP < LSD?V™' + L3U ) d(vy)d(vs)

v17£V2

Here the variables satisfy a similar restriction condition to those of (3.6). Let
X = hx|v; — va|(v1ve) L. Tt is easy to verify that U < X'/?(log X))~ follows from
DY3 « U,V <« D?/3 and X > haV~2 > 2V 2. Thus by lemma 2.1 the innermost
sum of (3.8) is

hz (1 1 log> U log® D
Ze(x( - )) <K Uexp (—70§> < Uexp (—71(%2>
u \v1 Uy log® X log” X

u

(for suitable positive constants v and 1), and thus we can obtain
log® U
T} < LSD%® + LD exp (—71(*‘2),
log® X
and (3.4) follows by noting that D > N, and A is large enough such that A3~; > 25.
Similarly, we can use lemma 2.1 to bound the innermost sum of 75 and obtain (3.5).
The proof of theorem 1.1 is finished.
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