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SUMMARY

This paper presents a systematic approach to compute the angularity and the axiality indices for a
Schonflies parallel manipulator. Angularity index may be considered as a measure of the sensitivity
of the mobile platform to changes in rotation, while axiality index can be used to measure the
sensitivity of the OP of the mobile platform to changes in translation. Since both indices were
inspired by very fundamental concepts of classical kinematics (angular velocity vector and helicoidal
velocity field), they offer a clear and simple physical meaning, which may be useful to the designer
of parallel manipulators. Moreover, both dexterity indices do not require obtaining a dimensionally
homogeneous Jacobian matrix, nor do they depend on having similar types of actuators in each
manipulator’s leg. Detailed numerical examples are given in order to illustrate the computation of
the dexterity indices.

KEYWORDS: Schonflies parallel manipulator; dexterity indices; angularity; axiality.

1. Introduction

Several dexterity indices have been proposed in order to design more efficient parallel manipulators,
see Table 1 for a representative list. These indices are related to a number of concepts including
the condition number of the Jacobian matrix,'™ manipulability ellipsoid,>”’ examination of the
Jacobian’s singular values,? rotation sensitivity,’ and point-displacement sensitivity.” In general, all
these approaches are usually based on a first order (velocity) analysis whose typical form* is given
by Fx = Gq, where q is a vector containing the joint velocities of the actuated joints, F and G are the
so-called Jacobian matrices of the manipulator, and X is a vector associated with the velocity state of
the mobile platform, that is, it may contain the angular velocity vector of the mobile platform and/or
velocities of specially selected points pertaining to the mobile platform. In this context, it should be
noted that, if the manipulator has a mix of revolute and prismatic actuators, or its mobile platform
undergoes a general motion (translation and rotation), the Jacobian matrices F and G are usually
not homogeneous in terms of units. Thus, the computation of the first five dexterity indices shown
in Table 1 would mix translational and rotational capabilities, which is apparently meaningless.>’
Particularly important have been the efforts to homogenize'-'%"'? the Jacobian matrices. On the one
hand, Gosselin! expressed the velocity vectors of three noncollinear points in a local coordinate
frame which is rigidly attached to the mobile platform, but all the actuators were assumed to be of
the revolute type. On the other hand, Kim and Ryu'® proposed the use of the velocity vectors of three
noncollinear points located on the planar mobile platform of a 6-DOF parallel manipulator, which is
actuated by six prismatic actuators. In turn, the effort of Kong et al.!' was focused on the use of the
velocity vectors of three noncollinear points located on the planar mobile platform of a 6-DOF hybrid
parallel manipulator, which is actuated by six revolute-type actuators. Finally, Liu et al.'? resorted
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Table I. Important features related to dexterity indices.

Requirement

Homogeneous Similar
Dexterity index Jacobian matrix actuator type
Condition number Yes Yes
(Isotropy)
Rotation sensitivity Yes Yes
Point-displacement Yes Yes
sensitivity
Manipulability Yes Yes
ellipsoid
Jacobian’s Yes Yes
singular values
Angularity No No
Axiality No No

to the use of five points and eight special axes associated with a virtual tetrahedron pertaining to
the mobile platform of a parallel manipulator which is actuated with only one type of motor, either
rotational or translational. However, although dimensionless Jacobian matrices are obtained, all the
proposed approaches require that the parallel manipulator has only one type of actuator, which is a
limitation to be taken into account.

In order to overcome the problem of dealing with nonhomogeneous Jacobian matrices, two novel
dexterity indices have been recently introduced to estimate the motion performance of the mobile
platform of a parallel manipulator undergoing a general motion.!* On the one hand, the angularity
index may be used to measure the sensitivity of the mobile platform to changes in rotation. On
the other hand, the axiality index can be used to measure the sensitivity of the OP of the mobile
platform to changes in translation. Since both indices were inspired by very fundamental concepts
of classical kinematics (angular velocity vector and helicoidal velocity field), they offer a clear and
simple physical meaning, which may be useful to the designer of parallel manipulators. Moreover,
the proposed indices do not require obtaining a dimensionally homogeneous Jacobian matrix, nor do
they depend on having similar types of actuators in each manipulator’s leg. Hence, the objective of
this paper is to apply the angularity and axiality indices to a particular Schonflies parallel manipulator
in order to know about its kinematic performance.

2. The Schonflies Parallel Manipulator
In a recent work, Cervantes-Sdnchez et al.!* applied the angularity and axiality indices on a 3-
PRS spatial parallel manipulator, which allows a combined motion of translation and rotation of its
mobile platform. Now, the main objective of this paper is to apply the angularity and axiality indices
to a different parallel manipulator. Therefore, it was selected a spatial parallel manipulator whose
mobile platform has an interesting pattern motion, namely, a Schonflies motion, which is composed
of three independent translations in space and one rotation about an axis with constant orientation.
Thus, according to the approach proposed by Pérez-Soto et al.,'* the manipulator under study was
obtained by assembling four legs. These four legs include two types of basic legs proposed by Kong
and Gosselin,'> which were designed to generate a Schonflies motion. However, it is important to
mention that this particular manipulator, as a whole, is not explicitly reported by Kong and Gosselin.'
On the other hand, one more reason to choose this manipulator was based on the fact that it
is actuated by different types of actuators, namely, two rotational actuators and two translational
actuators. In consequence, the application of the first five dexterity indices shown in Table 1 on the
proposed Schonflies manipulator would face a major problem: the Jacobian matrices involved in their
calculation are not homogeneous in terms of units. Therefore, only the angularity and axiality indices
can be successfully applied to measure the kinematic dexterity of the Schonflies manipulator under
study.
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Fig. 1. Layout of the Schonflies parallel manipulator.

2.1. Kinematic architecture of the Schonflies parallel manipulator

The Schonflies parallel manipulator under study is composed of four nonidentical five-degrees-of-
freedom serial chains in a parallel array, sharing one common base (link 0) and one common moving
platform (link 5), which is displayed in Fig. 1.

Referring to Fig. 1, leg one (links 10-11-12-13-14-15) and leg three (links 30-31-32-33-34-35) are
made up of five revolute (R) joints. In this type of leg, the second and fifth joint axes are parallel to the
first joint axis, whereas the fourth joint axis is parallel the third joint axis. Moreover, the third joint
axis intersects the second perpendicularly, and the fifth joint axis intersects the fourth perpendicularly.
Furthermore, a rotational actuator is used to drive the first joint of the leg where the motor is installed
on the fixed platform.

On the other hand, leg two (links 20-21-22-23-24-25) and leg four (links 40-41-42-43-44-45) are
built with one prismatic joint (P) and four revolute (R) joints. For this type of leg, the second and
fifth joint axes are parallel to the first joint axis, whereas the fourth joint axis is parallel the third
joint axis. Moreover, the third joint axis intersects the second perpendicularly, and the fifth joint axis
intersects the fourth perpendicularly. Furthermore, the first moving link of this type of leg is driven
by a translational actuator mounted on the fixed platform.

2.2. Geometry of the manipulator

For the spatial parallel manipulator shown in Fig. 1, the four fixed points O;, O,, O3, and Oy4 define
the geometry of the fixed platform, and the four moving points 1, 2, 3, and 4 define the geometry of
the mobile platform.
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Fig. 2. General geometry of the fixed and mobile platforms.
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Fig. 3. Geometry of the first leg.

It should be noted that, although the particular manipulator’s platforms shown in Fig. 1
are symmetrical, both platforms, the fixed platform and the mobile platform, may be arbitrary
quadrilaterals, see Fig. 2.

On the other hand, Figs. 3—6 have been specially drawn in order show the link lengths and joint
variables associated with the four manipulator’s legs.

It is important to mention that unit vectors e, e, e3, and e4 denote the joint axes of those revolute
joints that join links 12 and 13, 22 and 23, 32 and 33, and 42 and 43, respectively. Moreover, the pose
of the mobile platform can be specified in terms of the position of point P, and an orientation angle,
¢. Furthermore, the origin of the fixed coordinate frame XYy Zy is located at point O.

3. Kinematic Position Analysis

In order to conduct a systematic numerical computation, a velocity analysis requires a previous
kinematic position analysis. Basically, a direct kinematic position analysis (DKPA), is formulated in
this section to achieve the objectives pursued in this paper. Firstly, it should be noted that angles ¢,
©2, 03, P4, B1, B2, B3, Ba, V15 V2, V3, and yy are passive joint variables, whereas 6y, p, 63, and p4 are
active joint variables, see Figs. 3—6. On the other hand, vectorrp,p = (x, y, 2)T denotes the position
vector of moving point P with respect to fixed point O, which is measured in the XY, Z, coordinate
frame, and ¢ denotes the rotation of the mobile platform about the Z; axis, see Fig. 2. Thus, the
objective of the DKPA is to find the pose of the mobile platform, represented by x, y, z, and ¢, in
terms of the actuator displacements 6y, p;, 63, and py4.

3.1. Formulation of the constraint equations
The formulation of the constraint equations begins by writing a loop-closure equation for each leg:

ro,/o +¥a 0, + ¥4 +¥c8 +¥pyc; +Yip, =Ypjo +Yijp, i =1,2,3,4, (D

where r ;. stands for the position vector of point j with respect to point k.
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Fig. 5. Geometry of the third leg.
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Fig. 6. Geometry of the fourth leg.

Writing Eq. (1) for i =1, 2, 3, 4, and taking the X¢YyZo coordinate frame as a reference, it is
obtained that:

Rix + by cos; + Ly sin(0) 4 @) cos B = x + p1x cos ¢ (2
by sinf; — Lycos(@; + ¢1)cos By =y + p1x sin¢ 3)
al+h1+L1$inﬂ1+d1=Z (4)

Ryx — Ly cos ¢ cos By cosap+(by+ Ly sin g, cos Br) sinay =x+ pox cosp— poy sing — (5)
Roy — L, cos ¢ cos By sinay, —(by+ Ly sin @ cos Br) cosay =y+prx singp+pry cos g (6)
p2+hy+LysinB +dy =z (N
R3x + {b3cos0; + L3 sin(63 + ¢3) cos B3} cos a3

— {b3sin03; — L3 cos(63 + ¢3) cos B3} sinwz = x + p3x COS ¢ — p3y sin ¢ ()
R3y + {b3cos 03 + Lz sin(f; + ¢3) cos B3} sinaj

+ {b3 sinB3 — L3 cos(f3 + ¢3)cos B3} cosaz = y + p3x sing + p3y cos ¢ ©))
as+h3+ Liysinf; +ds =z (10)
Ryx~+L4 cos @4 cos By cos ag—(by+L4 sin ¢4 coS By) sin og=x-+p4x COS p—p4y Sin ¢ (1)
Ryy+L 4 cos @4 cos By sin oy Hba4+L4 Sin @4 oS By) COS Aq=y~+p4x Sin Pp+p4y COS P (12)
Pa+hy+ LasinBy+dy =z (13)

which are the constraint equations sought.
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3.2. Solution of the direct kinematic position problem

The solution of the kinematic position problem can be started by realizing that Egs. (2)—(13) are
linear in the sines and cosines of passive joint variables ¢;, ¢, @3, and ¢4. Thus, from simultaneous
solution of Egs. (2), and (3), (5), and (6), (8), and (9), (11), and (12), respectively, it is found

that:
. p1x cos(p — 601) + (x — Ryx)cosby + ysinb; — by
sin ¢ = (14)
L cos
—pix sin(¢ — 0;) + (x — Ryx)sinf; — y cos 6,
cos | = (15)
L cos B
. —Pax Sin(¢ — ap)— P2y cos(p — an)— Ry x sinap+Ryy cos op+x sinay—y cos ap—by
sing, =
2 L, cos B,
(16)
—pax cos(p — ap) + pay sin(¢p — ap) + Ryx cosay + Ryy sinay — x cosay — y sinay
CoS @y =
2 L, cos B,
(17)
) P3x €08(¢p—03 — a3)— p3y sin(¢p — 03 —a3)
sin @3 =
L3 cos B3
B R3x cos(63 + a3)+ Rsy sin(03 +a3) —x cos(63+a3)—y sin(63+a3)+ b3 (18)
L3 cos B3
P3x Sin(¢p —63 —a3)+ p3y cos(p —03 —a3)
COS 3 = —
L3 cos B3
n — R3x sin(03 +a3)+ Ry cos(03+a3)+x sin(03 +o3)—y cos(63+a3) (19)
Lscos B3
. Pax Sin(p — ag) + pay cos(¢p — ay) + Ryx sinay — Ryy cosag — x sinay + y cosay — by
singy =
¥4 L, cos By
(20)
Pax COS(¢p — atg) — pay sin(p — ag) — Ryx cos g — Ryy sinoy + x cos oy + y sinay
COS @4 = .
¥ Ly cos By
(21)

Introducing the trigonometric identities sin® ¢; +cos® ¢; =1, fori = 1,2, 3, and 4, Egs. (14)—(21)
become:

2p1x{xcos¢ + ysing — by cos(¢ — 01) — Rix cosd + p1x/2}
—2bi(xcosb) + ysinf; — Ry x cosb)
+(Rix —x)*+y*+b} — Licos’ B; =0 (22)
2pax{x cos¢ + ysing + by sin(¢p — az) — Rox cos ¢ — Roy singp + pox /2}
—2poy{xsing — ycos¢ — by cos(¢p — ar) — Rox sing + Ryy cos ¢ — pay /2}
—2by{xsinay — ycosay — Ryx sinay + Ryy cosay — by /2}

+(Rox —x)* + (Ray — y)* — L3cos’ B, = 0 (23)
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2p3x{x cos¢ + ysing — bz cos(¢ — 63 — a3z) — R3x cos ¢ — Ry sin + p3x/2}
—2psy{xsing — ycos¢ — bysin(¢p — 65 — a3) — Rax sing + Rsy cos ¢ — psy /2}
— 2b3{x cos(63 + a3) + y sin(63 + a3) — R3x cos(03 + a3) — Ry sin(03 + a3) — b3/2}
+(Rsx —x)* + (Ryy — y)* — Licos’ B3 =0 (24)
2p4x{x cos¢ + ysing — bysin(¢p — ay) — Rax cos ¢ — Ray sing + pax /2}
—2p4y{x sin — y cos ¢ + by cos(¢p — ag) — Rax sin + Ryy cos ¢ — pay /2}
4 2by{x sinay — y cosay — Ryx sinay + Ryy cOS oy + by /2}

+(Rax —x)* + (Ray — y)* — L} cos” B4 = 0. (25)

Now, Eqgs. (4), (7), (10), and (13) are solved for sin i, sin B,, sin B3, and sin B4, respectively, and
then squared. Next, Egs. (22)—(25) are solved for cos? B, cos® f8,, cos? B3, and cos> Ba, respectively.
Thus, by introducing the trigonometric identities sin? B;+cos? B; =1, fori = 1,2, 3, 4, the following
equations are obtained:

x* 4+ Y2+ 22 Fkpx +kpy +kisz+ kg =0 (26)
4y + 2 kx4 kay + kazz +kas =0 (27)
X+ + 2+ kax +hkny +kz+ k=0 (28)
X2+ 32+ 2 kax + ko + kasz +kag =0 (29)

which is a system composed of four nonlinear Egs. (26)—(29) in four unknowns, x, y, z, and ¢. In
fact, angle ¢ appears in parameters k;;, which are given by:

ki1 =2p1xcos¢ —2bycosf; — 2R x

ki = 2p1x sing — 2b; sin 6,

ki3 = =2(a1 +di + )

2b1{R1x cos 0; — pix cos(¢ — 61)} — 2Rixpix cos ¢ + (ay +dy + hy)* + b}
+Rix +pix — L}

ko1 = 2p2x cOS¢p — 205y sSing — 2b, sinay, — 2Ry

Koy
~
1

kop = 2p02x sin g + 20y cos ¢ + 2b, cosar — 2Ryy

kaz = =2(p2 +dz + h2)

kaa = 2br{pax sin(¢ — a2) + pay cos(¢p — a2)
+ Ryx sinay — Ry cos o)
+2Ryx{p2y sing — pax cos ¢} — 2Ryy{p2x sin ¢ + pay cos ¢}
+(p2+da+ ha)’ + b3 + Ry + R3y + piy + p3y — L.

k31 = 2p3x cos ¢ — 2psy singp — 2bz cos(03 + a3) — 2R3x

k3 = 2p3x sin@ + 203y cos ¢ — 2b3 sin(03 + o3) — 2R3y
ki3 = —2(as +ds + h3)
k3y = 2b3{—p3x cos(¢p — 03 — a3) + p3y sin(¢p — 03 — a3) + R3x cos(63 + a3) + Rsy sin(6s + a3)}

+ 2R3x{p3y sing — p3x cos @} — 2R3y {p3x sin @ + p3y cos ¢}
+ (a3 +ds + h3)* + b3 + R3y + Riy + piy + 03y — L3.
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ka1 = 2p4x cOS @ — 2p4y SInp + 2by Sinay — 2Ry x

kay = 2p4x Sing + 2p4y cos ¢ — 2by cos ag — 2Ryy

kyz = —=2(ps +dy + hy)

kag = 2bs{—pax sin(¢ — otg) — p4y cos(@ — ay) — Ryx sinay + Ryy cos as}
+ 2R4x{pay sin — pax cos ¢} — 2Ray{pax sin @ + pay cos ¢}
+(pa+da+ha)* + b2+ R2 + R2, + p2y + p3y — L2

System of Egs. (26)—(29) can be simplified by performing the following operations. Subtracting
Egs. (27)—(29) from Eq. (26) yields:

(k11 — kop)x + (k1o — kop)y + (k13 — k23)z + kia — koa =0 (30)
(k11 — k3)x + (k1o — k3p)y + (ki3 — k33)z + kia — k3g =0 (31)
(k11 — kap)x + (k12 — kao)y + (ki3 — ka3)z + k14 — kag = 0. (32)

Equations (30)—(32) can be written in the following matrix form:

[ul u; u3 ] p = ba Up = b? (33)
where:
ki1 —koi kio—knn ki3 —ko3
w=|kji—k3 |, w=|ki—kn |, w=|ksz—kys |,
ki1 —ka kin—ka k13 —ka3
x koa—ki4
P= rP/O: y , b= k34—k]4
z kas—ky4

Equation (33) may be symbolically solved as follows:

p=U"b, (34)
where inverse matrix U~! may be expressed in terms of its columns explicitly, without introducing
components:'® 17

1 (uy x uz)’

- (w3 xup)’ | (35)

() X ) - u3 (u; x u2)T

Equations (34) and (35) are now combined to yield:

_ (mxuz)-b

(X W) - u; (56)
_ (wxu)-b

C(w X W) u; @7
_ (uy xup)-b (38)

(u; X wp) -uz’
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If Egs. (36)—(38) are substituted into any of Eqs. (26)—-(29), a 12th-degree polynomial in 7 is

obtained:
mpt? +my ' + mt'® + mot® + mgt® + mot’ + mer®
+m5r5+m4r4+mgr3+m2r2+m1r +my =0, 39

where 7 = tan(%). Because of all the coefficients mg, my,...,mjp depend only on the input
displacements, namely, 8, p,, 63, and p4, Eq. (39) may be considered as a closed form solution
for ¢.
3.3. Vector solution of the loop-closure equations
The loop-closure Eq. (1) can be solved as follows:

Ip,/c;, =Yp/0 +Xiyp —Y0,/0 —Ya,;0, — ¥B,jA, — Yc,/B, — Yi/p;, 1 =1,2,3,4. (40)

Thus, based on the geometry shown in Figs. 3-6, and, if the fixed coordinate system XyYyZ is
taken as reference, Eq. (40) leads to:

X 4+ pixcos¢ — bycosb — Ry
Ipy/c, = Yy + pix sing — by sin6; (41)
z—ay—h —d;

X+ p2x COS¢p — pry sing — Ryx — by sinayp
Ip,/c, = | Y+ pax Sing + pay cos ¢ — Ryy + by cosan (42)
Z—pr—hy—d;

X + p3x COS ¢ — p3y sing — bz cos a3 cos B3 + by sinas sinf; — Ryx
Ip,/c; = | Y+ p3x sing + p3y cos ¢ — by sinaz cos O3 — by cosaz sinf; — Ray 43)
Z—daz — h3 — d3

X + p4x COS @ — pay Sing + by sinay — Ryx
rp,c, = | ¥+ pax sing + psy cosp — bycosay — Ryy | . (44)
Z—ps—hs—dy

At this point it is important to realize that input displacements 6y, p,, 03, and py, are implicitly
related to position vectors rp, /c,, 'p,/c,» ¥p,/c;, and rp,/c,, through Eqgs. (41)—(44), respectively.
Moreover, values of angle ¢ and Cartesian coordinates x, y, and z, can be computed from Egs. (39),
(36), (37), and (38), respectively. The relevance of computing position vectors rp, /c,, ¥'p,/Cy» EDy/Cs5
and rp,,c, will be evident in the following sections.

4. Velocity Analysis

The goal of this section is to solve the direct kinematic velocity problem. Therefore, given the input
joint velocities of the Schonflies manipulator, namely, q; = (81, p2, 63, ps)T, itis required to compute
the velocity state of the mobile platform, namely, Vs ) = (@50, Vp /O)T, where vp,0 = (X, y, DT is
the velocity vector of point P, ws,) = ¢ Kq is the angular velocity vector of the mobile platform, and
ko is a unit vector along axis Zj.
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2425

Firstly, by means of a velocity analysis, it can be obtained the following relationship between the

input and the output velocities:

i Th e A 0 0 0776
T : .
K2 Tp e, 1) 0 A 0 O D2 As .
13 Thoe | Lveso 0 0 2 0|6 a4 )
M4 r£4/c4 O O 0 )\4 p4
where:
u1 =Ko xrip)-rpc,, A=Ky XTpya) Tpycs
w2 =Ko Xr2p) rpyc,, r=Ko-Tp,c,,
3 = (Ko X r3/p) - Tpy/c;, A3 = (Ko X Tpy/a;) - Tpyycss
s = (kg X r4/p) -Tp,c,, ra=ko-Tp,c,,
with:
Pix COS § P2x OS¢ — pay sing
ryp=| pixsing |, ryp=| p2xsing + pyycos¢ (46)
0 0
p3x COS P — p3y sing Pax COSP — pay sing |
ryp = | paxsing + p3y cosp |, ryp = | p4xsing + pgy cosd 47)
0 0
by cos 0, b3 cos az cos O3 — by sinas sin 6 |
rp/a, = | bisind; |, Trp a, = | b3sinascosbs + b3 cosassinbs (48)
0 0

It should be noted that all the position vectors involved in the coefficients wy, 2, (3, (4, A1, A2,
A3, and A4, can be readily computed by resorting to Egs. (41)—(44), and (46)—(48).

4.1. Velocity vector of point P
The objective of this section is to obtain an explicit equation for the velocity vector of point P in
terms of the input joint velocities q; = (6, p2, 63, ps)”. To this end, Eq. (45) can be rearranged as

follows:
Ve/0 YDy /c, + Hi1d = M6y (49)
VPO EDyc, F 2 = Ao (50)
VP/0 - TDycs + Had = A3bs (51)
VP/0 - TDy/C, + Had = Aapa. (52)
Successive elimination of ¢ from Eqs. (49)—(52) leads to:
T 6,
m Mory —piry 0 0 b ‘
m) | vpo = | U3k 0 —wmars 0 I Mvp,0 = Nqy, (53)
m; HaA] 0 0 —1Ag ]51
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where:

m; = Wfp,/c, — Hi1¥p,/c,
my; = W3rp,/c;, — M1¥D;/Cs

ms = U4rp,/c, — H1¥py/Cy-
Assuming that matrix M is nonsingular, then Eq. (53) can be transformed into:

ve0 = M 'N)qy, (54)

where, inverse matrix is given by:!617

1
M = <m>[m2 Xm; m3 Xm; m; X m;]. (55)
1 - (Mg 3

Thus, Eq. (54) provides the result sought.

4.2. Angular velocity of the mobile platform )
Since the mobile platform rotates about Z axis, its angular velocity vector is given by @s,0 = ¢ Ko.
Thus, once vp, ¢ is known, the angular velocity scalar ¢ can be computed from any of Egs. (49)—(52),
that is:

. M6 —Vpio-Tpyc,  Ajpj—Vejo-Tpc,
¢ _ b P/O D;/C; _ iPj P/O D,//C,/’ i=1,3, and ] =24, (56)
i M

thus having four options to choose.

4.3. Velocity of the attachment points
An attachment point is usually located at the physical center of the joint that connects the terminal
link of a leg with the mobile platform. Thus, for the parallel manipulator under study, there are four
attachment points, namely, points 1, 2, 3, and 4, see Figs. 1-2.

From basic concepts of rigid body kinematics, the following equations can be readily formulated:

Vijo = V1 =Vpjo + W50 X I1/p (57)
V2/0 = V2 = Vpjo + W50 X Iy/p (58)
V3/0 =V3 = Vp/0 + W50 X I3/p (59
V4/0 = V4 = Vp/o + @Ws5/0 X T4/p, (60)

where position vectors ry,p, ry/p, I3/p, and ry/p are given by Eqs. (46)—-(47). Thus, a systematic
computation of the velocity vectors of the attachment points can be readily performed by resorting
to Egs. (57)—(60).

5. Angularity Index

The angularity index can be used as a measure to estimate the manipulator’s ability to convert
the velocity of the legs—characterized by the velocities of the attachment points—into the angular
velocity of the mobile platform.'* This index is denoted by Greek symbol 7, and it is defined as
follows:

A% XV
g N xvall g 61)
[lvar [Vl
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where:
V2l =EV2— V[, V3 =V3—V] (62)

are the so-called kinematic generators, which are responsible for the generation of the angular velocity
vector of the mobile platform of the manipulator. Geometrically, a value of the angularity 7 close to
0 means that the mobile platform has a small sensitivity to changes in rotation, whereas a value of the
angularity 7 close to 1 means that the mobile platform has a large sensitivity to changes in rotation.

Equations (61) and (62) show that the computation of the angularity index requires only the
knowledge of the velocity vectors of any three attachment points of the mobile platform.

6. Axiality Index

The operation point (OP) of a parallel manipulator is that point on the mobile platform which is used
to position the workpiece being manipulated. Intuition shows that dexterity on positioning depends
on the choice of the OP. Hence, the location of the OP is important in order to describe the dexterity
of a parallel manipulator to position a workpiece. The sensitivity of a parallel manipulator to position
a workpiece can be measured by using the axiality index,'> which is denoted by Greek symbol o, and
itis given by:

o=cosp, 0<o<1, (63)

where:

()12

Vi =Vpo-Ko=Vi-ko=v2-Ky=v3-Kg=v4-Kko (65)
8p =V b? —a? (66)
a= {1'0~/0 - I'P/o} - Ko (67)
b= \/{1’0*/0 —rp/0} - {rorjo —rpj0} (68)

1
ro«/0 = (4’_2) {wS/o x {vi — ws)0 x 1‘1/0}} (69)
wsj0 = ¢ Ko (70)
rijo =TYpo +Tip=x+pixcos¢, y+pixsing, z)". (71)

Geometrically, a value of the axiality o close to 0 means that the OP has a small sensitivity to
changes in translation, whereas a value of the axiality o close to 1 means that the OP has a large
sensitivity to changes in translation.

For a detailed derivation of the angularity and axiality indices, the reader is referred to ref. [13].

7. Computational Algorithm
The computational algorithm shown in Table II has been specially developed in order to achieve a
systematic computation of the angularity and axiality indices.

It is expected that Table II serves as a systematic and quick guide to compute the angularity and
axiality indices associated with the Schonflies manipulator under study.
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Table II. Computational algorithm to obtain dexterity indices.

Computational algorithm

Parameter(s) Equation(s)
1. Design parameters. Given-Section 8.1
2. Input motion profiles. Given-Section 8.2
3. Rotation angle ¢. 39)
4. Cartesian coordinates x, y, z. (36)—(38)
5. Position vectors I'p, /¢, ¥'p,/C,> ¥Dy/Cy» ¥ Dy/Cy- (41)—(44)
6. Velocity vector, vp/o. (54)
7. Angular velocity ¢ (56)
8. Velocities of attachment points vi,0, V2/0, V3/0, V4/0- (57)—(60)
9. Kinematic generators v,; and vsj. (62)
10. Angularity index, 7. 61)
11. Position vector, ry;¢. 71)
12. Angular velocity vector, ws . (70)
13. Position vector, ro=/0. (69)
14. Distance, b. (68)
15. Distance, a. 67)
16. Distance, §p. (66)
17. Velocity vector, vj. (65)
18. Angle ¢. (64)
19. Axiality index, o. (63)

8. Case Study
This section shows the numerical results associated with the motion capabilities for a particular design
of the Schonflies parallel manipulator under study.

8.1. Design parameters
For this case study, based on the construction of a computer solid model of the manipulator under
analysis, it was selected the following set of design parameters:

a; = ar = az = a4 = 113.00 mm,

by = by = b3y = by = 40.00 mm,

dl = dz = d3 = d4 = 103mm,

h1 = h2 = I’l3 = l’l4 = 123.00 mm,

L] = L2 = L3 = L4 = IOOOOIIIIII,

R]X = 2155011’11’1’1, R2X = 101011’111’1, R2y = 167.85 mim,
R3xy = —216.36 mm, R3y = 23.60 mm,

Rix = —9.24mm, R4y = —191.44 mm,

p1x = 181.10mm, p,x = 13.25 mm, poy = 167.85 mm,
p3x = —176.69 mm, p3y = 39.75 mm,

pax = —17.67Tmm, psy = —159.02 mm,

oy = 353.53°, a3 = 0.00°, ay = 353.53°,

which are symbolically shown in Figs. 2—6.

8.2. Input motions

In order to study the motion capabilities of the Schonflies parallel manipulator, it is convenient to
propose input motions (displacement and velocity) to be produced by the manipulator’s actuators. To
this end, the typical displacement and velocity profiles shown in Figs. 7-10 are used as input motions.

8.3. Numerical values for angle ¢
Analyzing the computational algorithm shown in Table II, it may be noted that a key issue of the
proposed approach is related to the computation of the numerical values of angle ¢. To this end, it
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Fig. 7. Profiles for the input angle 6;: (a) displacement, and, (b) velocity.
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Fig. 8. Profiles for the input motion p,: (a) displacement, and, (b) velocity.

should be firstly noted that Eq. (39) admits 12 solutions for parameter t = tan(¢/2) (¢ = 2 arctan(t)),
whether real or complex, among which only the real solutions are of practical interest.

Several numerical examples were evaluated. Typically, four real solutions and eight complex
solutions were obtained. From the initial real solutions (# = ty), it was arbitrarily selected one,
¢o, for which the manipulator could be assembled. Next, time was updated, t = 7y + At, each
new real solution was compared with the previous assembly solution, and the closest solution was
chosen. This process was repeated for 7y = 0.0s <t < tr = 1.0s, with a step size Ar = 0.0025s.
The resulting numerical values of ¢ were compared with those numerical results generated by means
of a commercial software for the simulation of mechanical systems. This comparison is graphically
illustrated by means of the plots shown in Fig. 11, where it may be observed that both plots are
identical.

8.4. Graphical illustration of velocity patterns

Figures 12—-15 were specially conceived in order to get a complete visualization of the different
velocity vectors involved into the computation of the dexterity indices. These are three dimensional
drawings specially focused on the velocity patterns of points 1, 2, and 3 of the mobile platform.
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Fig. 9. Profiles for the input angle 65: (a) displacement, and, (b) velocity.
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Fig. 10. Profiles for the input motion p4: (a) displacement, and, (b) velocity.

On the one hand, the upper part of Figs. 12—15 shows the velocity distribution related to three
chosen points in the mobile platform. Such a graphical illustration was inspired by the work presented
in reference.!®

In all these figures, it is preserved the principle of rigidity, namely, that the velocity vectors of
points 1 and 2, for example, have components along the corresponding line £, that are equal, and
that all of velocity vectors of points located along line £,; have their tips distributed in a straight line
array. A similar reasoning is also valid for points 1 and 3, and, 2 and 3, respectively. In this way, it is
thus assured that the set of three chosen points is a velocity-consistent set.

On the other hand, the lower part of Figs. 12-15 shows the velocity vectors at three points 1,
2, and 3 in the moving platform, and also the relative orientation between the so-called kinematic
generators, namely, vo; and vs;. 2 It is important to mention that the term ISA, appearing in the lower
part of Figs. 12—15, stands for instantaneous screw axis, see reference'® for additional details.

Additionally, Figs. 12—15 show also that, regardless of their size, kinematic generators v,; and vs;
maintain a constant angle of 29.05° between them at any configuration of the manipulator. As it will
be shown later, this fact is directly related to the angularity index.
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Fig. 11. Plots of angle ¢: (a) using Eq. (39), and, (b) using a commercial software.

8.5. Angularity plot

Considering Figs. 7-10 as input motion profiles, and based on Table II, Eq. (61) was implemented in
a worksheet of a commercial software package, which has symbolic computation capabilities. As a
result of such implementation, there was obtained the angularity plot shown in Fig. 16.

As it is shown in Fig. 16, the angularity index maintains a constant value of n = 0.4856 for
any value of parameter ¢. This is due to the fact that all the points on the mobile platform have
the same velocity component along Z, axis, which agrees with the motion features associated with
the Schonflies manipulator under study. In consequence, and because of their definition, namely,
Vo1 =V, — vy, and v3; = v3 — vy, it may be observed that kinematic generators v,; and v3; must lie
on a plane containing points 1, 2, and 3 in the mobile platform. Additionally, vector v,; must be also
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Fig. 13. Graphical illustration of velocity pattern for t = 0.4s.

perpendicular to a line £;; passing through points 1 and 2, whereas vector v3; must be perpendicular
to a line £3; passing through points 1 and 3.'31°

From the foregoing observations, it may be concluded that kinematic generators maintain a constant
orientation angle between them at any configuration of the manipulator. If such angle is denoted by
symbol y, then, from Eq. (61):

Vo1 X V \% V31| sin
_ V21 x v31l _ V21 llllva1 ]l siny —siny. (72)
Ivar lHllvall Ivarllllvarll
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Y

Fig. 15. Graphical illustration of velocity pattern for t = 0.8s.
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Furthermore, a careful observation of Figs. 12-15 reveals that y = 29.05°. Therefore, from
Eq. (72), it is obtained that n = sin(29.05°) = 0.4855.

Finally, it should be observed that angle y is equal to the angle formed by lines £,; and L3;.

8.6. Axiality plot

Considering Figs. 7-10 as input motion profiles, and based on the computational algorithm shown
in Table II, Eq. (63) was implemented in a worksheet of a commercial software package, which has
symbolic computation capabilities. As a result, there was obtained the axiality plot shown in Fig. 17.

On the other hand, because of Fig. 17 shows a plot of the axiality of the manipulator, it may
serve to measure the sensitivity of the mobile platform to changes in translation. This plot presents a
maximum value opax = 0.8924 atr = 0.433 s, and a minimum value oy = 0.03975 atr = 0.583 s.
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3

Fig. 18. Schonflies manipulator designed to produce n = 1.

This means that the best sensitivity of the mobile platform to changes in translation is achieved when
time t = 0.433s.

9. Extended Application

It was previously concluded that, for the Schonflies manipulator under study, the angle between
kinematic generators v,; and vz, is equal to the angle formed by lines £; and £3;, which maintains
a constant value for any configuration of the manipulator.

This conclusion motivated the idea of designing the mobile platform in such a way that line £,; be
perpendicular to L3y, that is, y = 90°. A computer solid model of the Schonflies manipulator with
this particular design is shown in Fig. 18. The geometry of the corresponding mobile platform is
given by the following dimensions:

P1x = 110.36mm,

pax = 94.03 mm, poy = 139.04 mm,

p3x = —130.47 mm, p3y = —28.28 mm,
pax = —73.91 mm, and pgy = —110.75 mm.

For the special architecture of the mobile platform shown in Fig. 18, it was obtained the maximum
value that angularity can reach, that is, n = sin(90°) = 1.000. This means that kinematic generators
v, and v3; are oriented in such a way that their contribution to generation of rotational motion is
maximum.

On the other hand, in order to provide more design guidelines for the Schonflies manipulator under
study, two additional designs are now introduced. It is important to note that each design involves
different angles between lines £;; and L£3;. The main geometric features of each design are the
following:

(1) Lines £,; and L3; form an angle y = 60°. For this special architecture of the mobile
platform is computed a value of angularity 1 = sin(60°) = 0.8660. The dimensions of
the mobile platform are: p;x = 118.03mm, p;x =40.38mm, pyy = 130.31 mm, p3x =
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Fig. 19. Schonflies manipulator designed to produce n = 0.8660.

—121.62mm, p3y = —3.30mm, psx = —36.78 mm, pgy = —127.00mm. A picture of this
particular manipulator is shown in Fig. 19.

(2) Line L, forms an angle y = 45° with line £3;. For this special architecture of the mobile
platform is expected a value of angularity n = sin(45°) = 0.7071. The dimensions of the mobile
platform are: p;x = 137.81 mm, p,x = 31.74mm, poy = 106.06 mm, p3x = —137.81 mm,
p3y = 0.00mm, pgsx = —31.74 mm, pgy = —106.06 mm. A layout of this particular manipulator
is shown in Fig. 20.

Additionally, Fig. 21 shows the angularity indices for the manipulators’ architectures discussed
previously. It may be concluded from this figure that kinematic generators v,; and v3; are oriented
in such a way that their contribution to generation of rotational motion is maximum when the angle
between lines £, and L3, namely, angle y, is equal to 90°.

On the other hand, Fig. 22 shows the axiality profiles for the manipulators’ architectures discussed
previously.

It is known that the accuracy on the translational motion of a manipulator is closely related to
the axiality index.'® This number is to be kept close to 1, which is the maximum value that can be
reached, while the smallest value that it can be attained is 0. From the foregoing discussion, Fig. 22
reveals that the axiality profile offered by the mobile platform with angle y = 90° is better than the
axiality profile associated with y = 60°. In turn, the axiality profile offered by the mobile platform
with angle y = 60° is better than the axiality profile associated with y = 45°.

9.1. Discussion
On the one hand, analyzing the Jacobian matrices that appear in Eq. (45), it should be noted that
both matrices, A and B, are dimensionally inconsistent, i.e., all their corresponding entries do not
share the same units. This is because of: (a) the manipulator has a mix of revolute and prismatic
actuators, and, (b) the motion of the mobile platform includes a combination of both, translational
and rotational motions. In consequence, the first five indices shown in Table 1 cannot be used in the
dexterity analysis of the manipulator under study.

On the other hand, based only in the dexterity indices that can be used, namely, angularity, and
axiality, and taking the plots shown in Figs. 21 and 22 as evidence, it can be concluded that, from
the three designs taken as examples, a mobile platform with angle y = 90° offers the best kinematic
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Fig. 20. Schonflies manipulator designed to produce n = 0.7071.
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Fig. 21. Angularity plots for the Schonflies manipulators with y = 90°, y = 60°, and y = 45°.

performance. Such a kinematic performance is thought in the sense of quantifying the ability of
the Schonflies manipulator to position and orient its mobile platform, which is a very appreciated
figure of merit for any parallel manipulator. This is because the ease of changing the position and the
orientation of the mobile platform of a parallel manipulator is beneficial for design, control, and task
planning purposes.
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Fig. 22. Axiality plots for the Schonflies manipulators with y = 90°, y = 60°, and y = 45°.

10. Conclusions

Angularity and axiality indices can be used to quantify the ability of a parallel manipulator to position
and orient its mobile platform, regardless of the type of actuator used. It was shown that special designs
of the mobile platform may improve the kinematic performance of the Schonflies manipulator under
study. This research work may serve as a guide to obtain improved designs of Schonflies parallel
manipulators in the sense of achieving optimum kinematic performances, which is expected to be
beneficial for design, control, and task planning purposes.
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