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Abstract In  this paper, for each n>g >0 we consider the moduli stack Zjlgfn of curves
€, p1y---, PrsVUls -, vp) of arithmetic genus g with n smooth marked points p; and nonzero tangent
vectors v; at them, such that the divisor p;+---+ p, is nonspecial (has k' =0) and ample. With
some mild restrictions on the characteristic we show that it is a scheme, affine over the Grassmannian

G(n—g,n). We also construct an isomorphism of ﬁgsn with a certain relative moduli of Axo-structures

(up to an equivalence) over a family of graded associative algebras parametrized by G(n — g, n).
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Introduction

This paper continues the study of connections between moduli spaces of curves and
Aoo-algebras, started in [10]. Recall that in [10] we gave an interpretation of the moduli of
curves of arithmetic genus g with g (distinct smooth) marked points forming a nonspecial
divisor, as a certain moduli space of Ax-algebras. In the present paper, we consider a
generalization of this picture to the case of curves with n marked points, where n > g.

The second motivation for this work is the relation, pointed out in [6], between the
moduli space of curves (C, p1, ..., pn) of arithmetic genus 1 such that H'(C, O(p;)) =0
for every i and one of the moduli spaces studied by Smyth in [14] and [15]. For each
1 < m < n he constructed an alternate compactification Ml,n(m) of the moduli space of
n-pointed curves of genus 1 consisting of m-stable curves. The moduli space that shows
up in [6] is /\_/ll,,,(n —1). In the present paper, we consider a bigger moduli stack of curves
of genus 1, so that Smyth’s moduli spaces for all m > (n — 1)/2 admit natural regular
morphisms to our moduli stack (see Section 1.5).

Let us fix n > g. The main object of study of this paper is the moduli stack U7, of
(C, p1,..., pn), where C is a reduced connected projective curve of arithmetic genus
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1296 A. Polishchuk

g, Pl,..., pn are distinct smooth points on C such that H'(C, O(p; —|—~'+pn))~= 0
and O(py1+---+ pn) is ample. We also consider the GJ,-torsor over this stack, U}*

corresponding to choices of nonzero tangent vectors vy, ..., v, at the marked points.g)n
Note that the vanishing of H'(C, O(p1+---+ pp)) is equivalent to the surjectivity of
the map
HY(C,Oc(p1+-+-+ pn)/Oc) — H'(C,O¢). (0.0.1)
Hence, its kernel is (n — g)-dimensional. Thus, we have a natural morphism
m U, —> Gn—g.n), (0.0.2)
where G(n—g,n) is the Grassmannian of (n— g)-dimensional subspaces in the
n-dimensional space, associating with (C, p1,..., pu, V1, ..., v,) the kernel of the map

(0.0.1), where HY(C, Oc(p1+- -4 pn)/Oc) is trivialized using the basis vy, ..., v,.

Note that some closely related moduli stacks were considered in [11]. Namely,
the preimages of the standard cells in G(n —g,n) under w are the open substacks
ﬁg’fn(S) Cﬂ;fn, for subsets S C {1,...,n} such that |S| =g, given by the condition
Hl(C, Oc(} ics Pi)) = 0. These stacks are precisely the stacks Z:{vgfn(a), defined in [11]
for collections a = (ay, ..., a,) € Z’;O such that ), a; = g, in the case when each g; is
either 0 or 1.

Working over Q we proved in [11] that each Z/N{g,’fn(S) is in fact an affine scheme of
finite type, and identified it with the quotient of a certain locally closed subset of the
Sato Grassmannian of subspaces in H = @/_, k((#;)) by the free action of the group of
changes of variables. The first result of this paper, Theorem A below, gives analogous
statements for a?n (in this case the morphism 7 is affine of finite type).

As in [11] we consider the closed subset ASG of the Sato Grassmannian consisting of
W that are subalgebras of H. Let ASG™* C ASG be the open subset consisting of W such

that

W NP i1l = k, dim(?—t/(W+@k[[ti]]>> =g and  H=W+EP k]l
i=1

i=1 i=1
There is a natural action on ASG™ of the group & of changes of variables of the form
ti —> ti+Clitl-2+CQ,'tl-3+~-~, i=1,...,n.

Theorem A (see Theorem 1.2.2). (i) Assume that either
en>g>1,n2>2 and the base is Spec(Z[1/2]), or

en =g =1 and the base is Spec(Z[1/6]), or

e g =0,n > 2 and the base is Spec(Z).

Then the stack ngfn is isomorphic to a scheme, affine of finite type over the Grassmannian
G(n—g,n), so that the preimages of the standard open cells Us C G(n—g,n), for
Sc{l,...,n}, |S| =g, are the moduli schemes Z:[Vg,n(as), where ag has 1’s at the places
corresponding to S and 0’s elsewhere.

(ii) Now let us work over Spec(Q). Then the action of & on ASG™ is free, and the

Krichever map induces an isomorphism

U, ~ ASG™ /®.
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Note that part (i) of this Theorem is an improvement of [10, Theorem 1.2.4] (where
the case n = g was considered, but over Z[1/6]) and of the special case of [11, Theorem
A(i)] when a is a collection of 0’s and 1’s.

Next, generalizing the work [10] (corresponding to the case n =g), we consider
Aso-algebras associated with curves (C, p,, Us) in LN{;,”n Namely, we consider the object

C=0c80, & &0, (0.0.3)

in the perfect derived category of C and consider the natural minimal Aso-structure on the
corresponding algebra Ext*(G, G) (which arises from a dg-model of this Ext-algebra and
is defined uniquely up to a gauge equivalence). The key observation is that the associative
algebra structure on Ext*(G, G) depends only on the corresponding (n — g)-dimensional
subspace in k".

More precisely, let Q,, be the quiver with n 4 1 vertices marked as O, O, ..., Op, and
with the arrows

Ai 10, -0, Bi:0—=0,, i=1,...,n

Let Jy be the two-sided ideal in the path algebra k[Q,] of Q,, generated by the elements
A;B;A;, BiA;B;, A;Bj,

where i # j. For an (n — g)-dimensional subspace W C k" we define Jy C k[Q,] to be
the ideal generated by Jy together with the additional relations

inBiAi =0 for every inei ew,

and consider the corresponding quotient algebra

Ew =k[Qnl/Jw. (0.0.4)

We equip Ew with the Z-grading by deg(A4;) = 0, deg(B;) = 1.
Now for a curve (C, pe, V) € Z]gfn there is a canonical isomorphism of associative
algebras
Ext*(G, G) >~ Ew,

for W = 7 (C, ps, ve). Thus, from such a curve we get an Aqo-structure on the algebra Ey .

The family of associative algebras Ew defines a sheaf of O-algebras &, over
G(n — g, n). Extending the techniques developed in [10] we consider the relative moduli
space Moo over G(n — g, n), classifying minimal As-structures on the fibers of &, , (for
a precise definition, see Definition 2.2.5). We prove that in fact M, is an affine scheme
over G(n— g, n) (over Z[1/6]), and the above construction of Ase-structures associated
with curves gives an isomorphism of the moduli spaces.

Theorem B (see Theorem 2.3.11). Under the assumptions of Theorem A(i) we have a
natural isomorphism
Uy — Meo
of aﬂﬁneN.schemes over G(n—g,n), compatible with the G}, -action, where (A;) € G},
acts on Z/{gfn by rescaling the tangent vectors at the marked points and on Meo by the
rescalings
A;— A;, B; — \;iB;.
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Note that in the case n = g > 2 (respectively, n > 3, g = 0) this result is a strengthening
of a similar isomorphism in [10, Theorem A] (respectively, [10, Theorem 5.2.1]), since we
now work over Z[1/2] (respectively, Z), not over a field.

The construction of the scheme Mo, of minimal Aso-structures on & , is a particular
case of a more general construction (see Theorem 2.2.6) of the affine scheme classifying
equivalence classes of minimal Ay-structures on a sheaf of O-algebras £ over a scheme
S, such that £ is locally free of finite rank as an O-module, and the associative algebras
given by the fibers &, for s € S, satisfy the following vanishing condition:

HH' (&)-9=0 fori <1, for every point s € S. (0.0.5)

As in [10], the important part of the proof of Theorem B is identifying the curves in

L{gf'n such that the corresponding A-algebras are homotopically trivial, i.e., have m; =0

fori > 3. In the case n = g, considered in [10], there is only one such curve, CgusP, which is
the union of g cuspidal curves of genus 1, glued at the cusp. In general, there is a family
of such curves, parametrized by G(n — g, n). Namely, these are precisely the invariant
points for the action of the diagonal G,, C G}, on Z;{Vg)”n We refer to curves in this family
as special curves. In Theorem 1.2.2 we prove that special curves form a section of the
projection (0.0.2). Special curves are used in the proof of Theorem B as follows. Since
the G,,-action contracts both spaces, ng”n and M, to the Gy,-invariant locus (which is
G(n — g, n) in both cases), it is enough to study deformations of each special curve and
show that they precisely correspond to deformations of Ew as an Asc-algebra. This is
done using the same ideas as in the case n = g, although there are some new features
that appear because we now work with a family of associative algebras (see Proposition
2.3.10).

Note that our moduli scheme of Aso-structures My, has a natural extension to a
derived stack that can be constructed as in [2, (3.2)]. It would be interesting to find an
interpretation of this derived extension in terms of moduli of curves.

The paper is organized as follows. Section 1 is devoted to geometric aspects of the
moduli stacks ﬁgfn. In particular, in § 1.1 we describe a family of special curves in Z/N{;,”n
Then in §1.2 we prove Theorem A. In §1.3 we describe the natural gluing morphism
that associates with a pair of curves from the moduli spaces Uurs. and U™ each

81,11 82,127
equipped with an additional point different from all the marked points, a glued curve
in Mg‘f_‘jzynﬁnz. In §§1.4 and 1.5 we study the case g = 1: we describe explicitly the

space U{', as well as construct regular morphisms from the Smyth’s moduli spaces of
m-stable curves to Z/{i”n for m > (n —1)/2. Section 2 is devoted to the relative moduli of
Aso-structures. After proving some technical results in §2.1, we give in § 2.2 a general
construction of the affine scheme parametrizing Aso-structures over a given family of
associative algebras (under the assumption (0.0.5)). Finally, in § 2.3 we prove Theorem B.

1. Moduli of curves with nonspecial divisors

1.1. Some special curves

First, we are going to construct some special curves that will play an important role in
our study of the moduli spaces Ug,-
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Definition 1.1.1. (i) Let xi,...,x, be independent variables, and let R be a
commutative ring. For a subset S C {l,...,n} with |S| = g let us consider the
subalgebra in @}_, R[x;] given by

B(S) := R -1+ @D x7RIx].
ieS
Next, let (Ej)lgjgn,”gg be a collection of linear combinations of (x;);cs with
coefficients in R. We define the R-algebra A(h,) as the B(S)-subalgebra in
€B7_, Rlx;] generated by the elements h; = x; —i—ﬁj, j €5. We view A(h,) as a
graded R-algebra, where deg(x;) = 1.

(ii) We define two relative curves, one affine and another projective over R, by
C"(he) = Spec(A(ha)),
C(hs) = Proj(R(A(hy))),
where R(A(h.)) = @m>0 F,, is the Rees algebra associated with the increasing

filtration (F,,) on A(h,) coming from the grading. Note that we have an action of G,,
on C(he) associated with the grading on A (%), and that C*(7,) is a G,,-invariant
affine open in C(h,).

Proposition 1.1.2. (i) For any matriz (aij)ies, jgs with entries in R, let A be the graded
R-algebra defined by the generators (fi, hi, hs,j)ies,j¢s subject to the equations
fifr =0, fihy =0, hihy =0, h}=f>,
hs,jhs,j = Zaijaij’fi,

i€s (1.1.1)
fihs,j = aijhi,
hihs.j = aij f7.

where i, i’ € S, i #1i', j,j €S, j #Jj, and the grading is given by
deg(hs,j) =1, deg(f)) =2, deg(h;)=3.
Then there is an injective homomorphism of graded R-algebras
n
p:A— PR,
i=1
such that
p(f)=x7, phi)=x;, i€S,
plhs ) =xj+ > ajxi. j¢&S.

ieS
inducing an isomorphism A ~ A(h,), where

hj = Zaijxi.

ieS
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The elements
(ff", fi'hi, "51,]-), ieS, jgSm=1,n20, (1.1.2)
form a basis of A as an R-module.

(ii) Assume now R =k, where k is a field. Let C = C(h,), C* = C¥(n,) be as
in Definition 1.1.1. Then C\ C* consists of n smooth points pi,..., pn on C.
Furthermore, C is a union of n components C;, joined in a single point q, which is
the only singular point of C (with p; € Ci\{q}). Fach component C; is either P!,
or the cuspidal curve of arithmetic genus 1.

Proof. (i) It is easy to see that p is well defined, and that the elements (1.1.2) span A
over R. On the other hand, one immediately checks that their images under p are linearly
independent over R and generate the subalgebra A(h,). This implies our assertions.

(ii) The complement C \ C*! is naturally identified with

Proj A(hs) = Proj (@ k[xi]> = |p
i=1

i=1
The ring extension B(S) C A(h,) induces a finite morphism
¢ : C* — Spec B(S).

Note that Spec B(S) is the transversal union of g affine cuspidal curves glued at the
cusp (numbered by i € S), and our morphism is given by the functions (f;, h;)ies. The
fiber over the cusp is the union of the coordinate axes in A"~8. We claim that over the
complement to the cusp ¢ is an isomorphism. Say, h; = f; = 0 for all i # iy, and h;,, fi,
are invertible. Then the equations
hs.jhsi = aigjaig figs  fiohs.j = aigjhigs  highs.j = aioj f3;

are equivalent to

hs,j = digj iy

, T

for j & S.

Thus, C*f has n irreducible rational components le“ff, all joined at one point, where
hi = fi = hs; = 0. More precisely, for j ¢ S, we have C';?ff ~ Al C?ff is given by the
equations fi =h; =0, hg; =0 for [ # j, and x; = hg,; is the coordinate on it.

For i € S there are two cases:

Case 1. There exists j ¢ S such that a;; # 0. In this case Cfff ~ A! with the coordinate
x; = hgs j/a;j, and the restriction of ¢ to Cf‘ff is the normalization of the ith component
of Spec B(S). Note that if a;; # 0 for some other [ ¢ S then hg ;/a;; = hs;/ai on le“ff.

Case 2. a;jj =0forall j ¢ S. Then all hg ; =0 on Cf‘ff, SO Ciaff is the cuspidal curve with
the coordinate x; on the normalization of Ciaff such that xi2 = fi, xi3 = h;. The restriction
of ¢ to Ciaﬁc maps it isomorphically to the ith component of Spec B(S).

Note the map p is precisely the map associating with a function f € A its
pull-backs to normalizations of the irreducible components C, ... C f:ff, where we choose
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coordinates x; as above. Let C; be the closure of Cf‘ff. The point at infinity p; € C;
corresponds either to the point on P! where x; = oo, or to the infinite point on the
projective closure of the cuspidal curve (corresponding to x; = 0o on its normalization).
In particular, all p; are smooth. O

Note that the curve C(h) is determined by the corresponding subspace

n
W= (xj+hj|j¢S)c@k-x =k,
i=1

which can be any point of the open cell in G(n — g, n) where W + k% = k. Later we will
show that each curve C(h) with the marked points p; and the natural tangent vectors at
them induced by x;” ! (viewed as elements of the local ring of C(h) at p;) defines a point
in Uy",, which we denote simply by Cy. We refer to the curves of the form Cw as special
curves.

Remark 1.1.3. The special curves above are particular cases of the curves considered in
[11, §2.1]. Note that in the case g =0 there is a unique special curve for each n: the
union of n projective lines joined in a rational n-fold point.

1.2. Moduli spaces

Recall that for egch collection ay, ..., a, > 0 such that a; +---+a, = g, we considered
in [11] the stack Z/lgf (ai,...,ay) of curves (C, p1, ..., py) of arithmetic genus g such that

n
H'(C, OO aipi)) =0 and O(p;+---+ py) is ample, equipped with nonzero tangent
vectors at the marked point. Working over Z[1/N] for sufficiently divisible N, we proved
that all of these are affine schemes of finite type, and related them (working over Q) to
certain subschemes of the Sato Grassmannian via the Krichever map.
The moduli spaces considered below are glued from various Lngfn (ay, ..., a,), where a;’s

are all 0’s and 1’s.

Definition 1.2.1. Let us denote by Uy", the moduli stack of (reduced connected projective)
curves (C, pi, ..., py) of arithmetic genus g and n smooth distinct marked points, such
that H'(C, O(p1+---+pp)) =0 and Oc(pi +---+ pn) is ample. Let Mgf}z denote the

G),-torsor over Uy’ corresponding to choices of nonzero tangent vectors at all the marked

points.
_For each~ subset S C {l,...,n} such that |S| =g, we consider the open substack
Uy, (S) C UL, corresponding to curves (C, pi, ..., py) for which HY(C,0c(Yjcs Pi)) =

0. This is equivalent to requiring that H%(C, O¢ (> ies Pi)/Oc) surjects onto HY(C, O0).
Thus, we have

Uy n(S) =7~ 1(Us)

where Us C G(n — g, n) is the open cell in the Grassmannian corresponding to subspaces
W C k" such that W 4+ k5 = k".
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It follows that ﬁg’fn is the union of open substacks Z;{Vg,,, (S), where S ranges over subsets
of {1, ..., n} such that |S| = g. On the other hand, by definition, we have

Uy n(S) = U (ar. ... ap),

n

where a; =1 fori € Sand a; =0 for j ¢ S.

We have a natural action of G, on L{gfn, so that for A = (A1, ..., Ay),

)\"(Capla"~7pn5v17"-7vn) = (Cap15'-'717}17)"1_11)1"-'7)";11)}1)'
Note that the map 7 : Z:{Z,’fn — G(n—g,n) (see (0.0.2)) is G} -equivariant, where G, acts
on G(n —g,n) via the embedding G/}, C GL(n) and the natural action of GL(n) on the
Grassmannian.

As in [11], we consider the locally closed subset SG(g) in the Sato Grassmannian of
subspaces of H = @]_, k((#;)), consisting of W such that 1 € W,

e WNHxo= (1) and
e dimH/(W+H>o) =g,
where Hyo = @?:1 k[[#;]]. We denote by ASG C SG1(g) the closed subscheme

consisting of W which are subalgebras in H. We denote by SG™ C SG(g) the open
subset consisting of W such that

n
W+ @D ¢kl =M,

i=1
and we set ASG™ = ASGNSG™. All of these schemes can be defined over Z (see [11,
§1.1] for details).

Let Z/{?,;(OO) be the torsor over L{gfn corresponding to choices of formal parameters

(t1,...,ty) at the marked points. Using [11, Proposition 1.1.5] we see that there is a
natural morphism (Krichever map)

Kr: U5 — ASG™ : (C. po.ta) = H'(C\{p1..... pn}. O) C H, (1.2.1)

where the embedding into H is given by the Laurent expansions with respect to the
formal parameters (t,). This morphism is &-equivariant, where & = ]_[;'zl &;, and &; is
the group of changes of #; of the form ¢; — ; + clti2 + cztl-3 +---

Theorem 1.2.2. Assume that either n > g > 1, n > 2 and the base is Spec(Z[1/2]), or
n =g =1 and the base is Spec(Z[1/6]), or g =0, n > 2 and the base is Spec(Z).

(i) The stack Z;{v?n is a scheme, the morphism m : Z;lvgén — G(n—g,n) is affine of finite

type and G -equivariant.

(ii) The diagonal subgroup G, C G, acts on the ring of functions on each open
affine Uy n(S), where S C {1, ...,n}, |S| =g, with nonnegative weights. There is
a G}, -equivariant section

o:Gn—g,n) — Uy,

of the morphism m, such that the locus of Gy, -invariant points in L?;Sn coincides
with the image of o. These G, -invariant points correspond to the special curves
considered in Proposition 1.1.2.
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(iil) Now let us work over Q. Then the Krichever map (1.2.1) induces an isomorphism
Kr: Uy, ~ ASG™ /6,
where the action of & on ASG™ is free.

Proof. (i) The case n = g = 1 is well known (see e.g., [10, Theorem 1.2.4] or [6, Theorem
A]), while the case n > 3, g = 0is [10, Theorem 5.1.4]. The case n = 2, g = 0 is elementary
(and can be worked out as in [10, Lemma 5.1.2]): one has Zj(’)”z ~ A, with the universal
affine curve C \ {p1, p2} given by the equation xx, = ¢ (where 7 is the coordinate on A').
Thus, we assume that n > g > 1 and n > 2.

Since G(n — g, n) is covered by affine open cells Ug, it is enough to prove that each
ng,,, (S) is an affine scheme of finite type over the base. As in [10, Theorem 1.2.4] and
[11, Theorem A], the main point is to find a canonical basis of the algebra H°(C\
{p1,..., pn}, O) for a family of curves in Z/ng,,,(S) with any affine base Spec(R).

Set Dg = ) ;g pi- We start by constructing an R-basis of the algebra HO(C\ Dg, 0).
Similarly to [10, Theorem 1.2.4], using the condition HY(C,O(Dg)) =0 we choose
elements

fi e H'(C, O(pi + Ds)), h; € H*(C,O@2p; + D)), forie S,

with f; = tlzmod %R[[ti]], h; = t%modf%R[[n]L where t; are some formal parameters at

Dis compatilble with the chosen téngent vectors. The elements (f;, ;) are defined uniquely
up to the following transformations

(hiy fi) = (hi +ai fi +bi, fi+ci), (1.2.2)

for some a;,b;j,c; € R. The assumption that H'(C,O(Ds)) =0 implies that
HO(C, O(Dg)) = R, hence, the monomials (f", f"hi)ies,m>0 form an R-basis of HO(C\
Dgs, O) (cf. [10, Lemma 1.2.1(ii)]). By considering the polar parts, as in [10, Lemma 1.2.1],
we see that the generators (f;, h;) should satisfy relations of the following form:

fifj = ajihi+aijhi+vii fi+viifi+ Y ¢ fe+aij,
ki, j
fihj = d,'.,'sz +tjihi +vijhj+rji fi +0i fj + Z egfk +bij,
ki, j
hihj = Bji 7+ Bij f7 +ejihi + &b+ Vi fi + i i+ Y 1 fio+uij,
ki, j
W = 2+ qihi fi+rif2+uihi+ Y glhj+mifi+ Yk fi+si,
J# J#
where i # j (the coefficients are some elements of R). Since we assume that 2 is invertible,
choosing a; and b; in (1.2.2) appropriately we can make the coefficients ¢; and u; in the
last equation to be zero. This fixes the ambiguity in a choice of h;. Assume now that
g = 2. Then to fix the ambiguity in a choice of f; we observe that by making appropriate
changes f; — fi +c¢; we can make y;;, = 0 for i # io, iy, = 0 for fixed ig, i1 € S (ip # i1).
In the case g = 1 we leave the ambiguity in choosing f; for now and fix it later.
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Next, for each j € S we have ho(pj + Ds) =2, so we can choose hg ; € HO(C, O(p; +
Dys)) with the polar part 1/¢; at p;, uniquely up to an additive constant. Let us set
D :=Y"_, pi. Then

" i WD, i€ S, jgS,m=0 (1.2.3)

is an R-basis of O(C \ D). Indeed, (hg”’j)m%,jgs generate arbitrary polar parts at points
pj, J €S, while (f/", f/"hi)ies.m>0 form a basis of HO(C\ Dg, 0).
Let us define a;;(S) € R, where i € S, j & S, by

hS,] = —ljt. m
1

od R[[#]]

at p;. Then using the basis (1.2.3) we see that in addition to the relations satisfied by
(fi, hi)ies we should have relations of the following form:

hS,th,j/ =Cjj (S)hs,j +ij/(S)hS’j/ + Zaij(s)aij’(s)fi —+ const

ieS
fihs.j = bij(S)hs j+a;ij(S)hi + Zdilj(S)fl + const
le§
— . 2 I
hihs.j = eij(S)hs,j +aij(S) f2 +rij(Shi + Y st (S) fi + const

leS

where i € S, j,j' & S. Note that ¢;j(S) =hs j(pj), bij(S) = fi(p)), eij(S) = hi(p)).
Using these relations we can get rid of the ambiguity in adding a constant to each hg ;
by requiring that dii(‘))j(S) = 0 for fixed iy € S. Also, in the case g = 1 we can now fix the
ambiguity in adding a constant to f; by requiring b;;,(S) = 0 for a fixed jo & S (which
exists since |S| =1 and n > 2).

As in [10, Lemma 1.2.2(i)], Buchberger’s algorithm gives a system of equations on the
constants in the relations between the generators f;, h;, hs, j, which is equivalent to (1.2.3)
being a basis of HY(C \ Dg, ©) as an R-module. This system of equations defines an affine
scheme Sgp of finite type over Z[1/2]. Thus, we get a morphism Z;{Vg,,,(S) — Sgp. The
remainder of the proof is similar to that of [10, Theorem 1.2.4]: starting from Groebner
relations of the above form we construct a family of curves with required properties,
which gives an inverse morphism Sgp — LNIg,n(S) (to see that this is indeed the inverse
morphism one uses the ampleness of O(p; +-- -+ pp)).

(i) The action of A € G}, on the coordinates on Z:{dg,n(S) is induced by the rescalings

fi > A2 fi, hiv> Mhi,  hsj> Ajhs .

From this we see that the diagonal action of G,, does not change (a;;) and acts with
positive weights on all the other coordinates. In particular, the G,,-invariant points
correspond to the (C, pe, ve) such that the affine curve C\{pi,..., pn} is given by
equations (1.1.1) (where we think of f; and h; as independent variables). So these are
exactly the equations of the special curves considered in Proposition 1.1.2.

Conversely, from part (i), we see that LN{g,n(S) can be identified with the affine scheme
Scp parametrizing commutative algebras with generators (f;, h;, hs,j) and relations of
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the form specified in (i), such that the elements (1.2.3) form a basis. Thus, by Proposition
1.1.2, the family of special curves over Ug gives a morphism

0 Us = Uy n(S).

It remains to check that this morphism is a section of the projection 7 : ng,,,(S) — Us.
By definition, we have to prove that for C = C(q;;) as in Proposition 1.1.2, where (g;;)
is the matrix with i € S, j € S, the kernel of the map

HC, Oc(p1+---+ pn)/Oc) — H'(C, Oc)

gets identified with the subspace W C k" spanned by (e;+ > gaijei)jgs, where
HO(C,O(p;)/0) is trivialized using the rational function x; that has a pole of order
1 at p;. But this follows from the fact that x; + )", gaijxi = hs ; defines a global section
of Oc(p1+---+ pn).

(iii) We have seen that Z/l"sn is the union of Z/{"s (a), over a consisting of 0’s and 1’s.
Similarly, ASG™ is the union of ASG®* (where ASGa =ASGNSG?* with SG? being the
open cell of the Sato Grassmannian defined in [11, §1.3]), over the same set of a, and
the Krichever map is compatible with these open coverings. Hence, the assertion follows

from [11, Theorem B]. O
Note that Theorem A is a part of Theorem 1.2.2.

Remarks 1.2.3. (1) If C has arithmetic genus 0 then the vanishing of H' (C, O(p1 +
-+ pp)) is automatic, so the moduli scheme LI"S is exactly the space L{o al¥] of

w prestable curves (with tangent vectors at the marked points) considered in [10,
§5.1]. This case of Theorem 1.2.2(i)(ii) was considered in [10, Theorem 5.1.4]. Note

that one of the GIT quotients of Ll”s by G is the space of Boggi-stable (or ¥-stable)

curves studied in [1], [3, §4.2.1] and [4, §7.2].
(2) The schemes Ug’sn can be reducible. For example, by [9, Theorem (11.10)], if C is

the union of n generic lines through one point in P"~3, then C is not smoothable
for n > 15. It is easy to see that equipping each component of C with a marked
point we get a curve (C, p1, ..., pp) satisfying H'(C, O(p1+--- , pn)) = 0. Thus,
we deduce that Z;Ivé“n, for n > 15, has a component with nonsmoothable curves.

Definition 1.2.4. Let us denote by Uy, (respectively, Zilvgb,,/) the moduli stack, defined
exactly like Uy?, (respectively, Z/{’” '), but without the condition of ampleness of O(p; +
o+ pn).

o . . s./ .
Proposition 1.2.5. There is a natural morphism L{g,’f,; — Ug5, sending a curve

(C,p1,....pn) to the curve (C,Py,....P,), where C is the image of C under the
morphism to a projective space induced by the linear system |Oc(N(p1+---+ pn))| for
N > 0.

Proof. We will construct a G -equivariant morphism

U — U, (1.2.4)
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as sketched in [11, Remark 1.7.2.2] (where Uy — Uy is the G -torsor corresponding to
choices of nonzero tangent vectors at marked points). Let us restrict to the open substack
L?gf,;’(S), defined by the condition h'(O(Y ;s pi)) =0, for a fixed subset S C {1,...,n},
|S| = g (it will be clear that our morphisms are the same on the intersections).

Let R be a commutative ring, and let (C, pe, ve) be a family in ng,l;i;/(S)(R). Now
repeating literally the first part of the proof of Theorem 1.2.2(i), we construct a canonical
basis of the R-algebra

A=HC\{p1..... pa}. O)

and use it to get an R-point in the scheme Sgp from that proof (note that this part of
the proof does not require the ampleness of O(p; + - -+ py)). Since the construction is
functorial in R, we get a morphism

() — Sgs-

It remains to recall that by the proof of Theorem 1.2.2(i), we have a natural isomorphism
ﬁg‘n >~ Sgp. Thus, we get the required morphism (1.2.4). By the definition, to a curve
(C, p1, ..., pn) our morphism associates the curve C := Proj(R(A)) with the induced
marked points, where R(A) = @,, F is the Rees algebra associated with the filtration
on A by the order of pole along p; + - - -+ p,. This curve can be identified with the image
of C in the projective embedding given by |Oc(N(p1+---+ pu))| for N > 0. O

1.3. Gluing morphism

Let 5Z,Sn — Z;{ngn denote the universal affine curve, i.e., the complement to the sections
Pls-.., pn in the universal curve. By definition, the stack C;,’fn classifies the data
(C, p1y--v’ Pn> V1, ..., Vy; q), where (C, po, v,) is in L{gfn and ¢ is a point of C, different
from the marked points p1, ..., p, (where C can be singular at ¢). In the case when the
marked points are in bijection with a finite set I we use the notation Z/lgsl and CZ“I for

these moduli stacks.

Example 1.3.1. In the case n = g = 1 we need to invert 6 to ensure that the stack i?;“l
is a scheme. However, it is easy to see that already the stack 5’1”1 x Spec(Z[1/2]) is a
scheme. Indeed, starting with a family (C, p, v; ¢) in 51”1 (R), where R is a commutative

ring, we can normalize functions f € H°(C, O(2p)), h € H*(C, O(3p)), with the Laurent
expansions f = tlz+~-~, g= t%+ --- at p (where the local parameter ¢ is compatible
with the tangent vector v) by the conditions f(q) = h(g) = 0, so that the only remaining
ambiguity is & — h+c¢f. We can fix this ambiguity by requiring that

h—f=af’+Bh+yf

for uniquely defined constants o, B, y € R (note that there is no fh term on the right-hand
side). This gives an isomorphism C}% ~ A’ over Z[1/2].

Proposition 1.3.2. Assume that either n > g > 1, n > 2, and we work over Z[1/2], or
g=0,n2>2, and we work over Z.
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(i) For every partition [1,n] = IUJ into nonempty subsets and a pair of numbers
h <|I|,k <|J|, such that h+k = g, there is a natural gluing morphism
oy LGS x Gy — U, (1.3.1)
sending a pair of curves Cy, Cj (equipped with the marked points, tangent vectors
and with the extra points qr, qj) to the curve C = C;UCy, where C; and Cy are
glued transversally, so that the points q; and qj are identified. The curve C is
equipped with n marked points (and tangent vectors at them), so that the points
indexed by I come from the marked points on Cy, while those indexed by J come
from Cy.

(ii) The morphism ,0?/]{ is compatible with the projections to the Grassmannians and
with the morphism
GUI|=h, 1) xG(J| =k, |J]) > G(n—g,n)
sending a pair of subspaces (V, V') to V®V'.
(iii) The morphism ,0?]; s a closed embedding that factors through the closed subscheme
Zyy C Hgfn, given by the conditions
(1) H'(C, O ics Pi)) #0 for all S C [1, n], such that |S| = g and either |SNI| <
hor|SNJ| <k;

(2) for every S C [1,n] and s,t € [1,n], such that |S| =g, |SNI|=h, |SNJ| =k,
and either s e SNI,t € SNJ orse SNJ,t e SNI, the morphism

n
HO(C, 0(2ps +> m)) — H(C, O(p))/0) & ) H(C. O(pi)/0)
i=1 igs
has rank <n—g.
Note that the nonvanishing of H' in (1) can also be expressed as a degeneracy

locus of the morphism of vector bundles over Ug,”n, so we have a natural subscheme

structure on Zj,j. Furthermore, there exists a retraction morphism from Zj j onto
the image of pi’f

Proof. (i,ii) The fact that C; and C; are glued transversally means that there is an exact
sequence
0— Oc— Oc,®Oc, - Oy — 0.

This leads to an isomorphism
H'(Oc) ~ H'(Oc) ® H' (Oc,), (1.3.2)
so the arithmetic genus of C is h +k = g. Similarly, the exact sequence
0— Oc(pr+---+pn) — OC;<ZP1‘) GBOCJ(ij) - 0y >0
iel jeJ
shows that

H (Oc(pi+--+pn) = HI(OCI (Z p’)) ®H1<OC] (Z pj>>

iel jeJ
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(since the constants in H’(Oc, (3 ;s pi)) surject onto HO((’)q)). Similar argument works
in families, so our morphism is well defined. The compatibility with the morphism of
Grassmannians follows from the decomposition (1.3.2), which is compatible with the
similar decomposition of H'(O¢c(p1+---+ pn)/Oc).

(iii) For any subset S C [1, n] we have an exact sequence

0— OC(ZPi) — (’)c,( Z p,-)GBOCJ( Z pj> — 0y >0
ies ieSni jesny

which gives an isomorphism

w(eoc(Bm))=m(eo( X n))en(cro( 2 n))

Thus, if |SN1| <h then H'(C;, O ;c5n; i) # 0, so that H'(C, Oc (Y ;e i) # 0.
Similarly, we get the nonvanishing of H'(C, Oc (X ies i) if [SNJ| < k. Assume now
that S is as in condition (2), s € SNI and t € SN J. Using the exact sequence

n
0— OC<2PS+ZP5) — Oc¢, (2ps+2pi> ®Oc, (ZP/) -0y >0

i=1 iel jedJ

we see that the degeneracy required in (2) is equivalent to the condition that the
morphism

H0<C1, @<2Ps + Zpi)) ® HO(CL O(Z Pj))
iel jeJ
— H(Oy) @ H(O(py)/0) & P H(O(pi)/0)
igs
has rank < n — g + 1. But this follows from the fact that the composition of this morphism
with the projection to H(O(p;)/0) & EBjeJ\S HO(O(pj)/O) has rank < |J| — k. Indeed,
this composition factors through a map

H"(CJ, 0(2 p;)) — HO(p)/0) o @ H(O(pj)/0)

= jeJ\S

whose cokernel is H'(Cy, O(ZjeSﬁJ\{t})) # 0. This shows that our morphism factors
through the subscheme Zj ;.
Next, we are going to construct a retraction

r:Zny— CN,'I”I X@Z’fj. (1.3.3)

It is enough to construct compatible morphisms on all the affine opens Zj ; ﬂZjlg,,,(S),
where S C [1,n], |S| = g. By condition (1), the intersection is nonempty only when |S N
Il =hand [SNJ| =k. Let (C, pe, ve) be the restriction of the universal family to Z; ;N
Ug 1 (S).
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Recall that over Z/ng,n(S) we have generators f;, h;, hs ; of O(C\ D), where D = p; +
-+++ py (see the proof of Theorem 1.2.2). Let us consider their restrictions over Zj ;
(denoted in the same way). We claim that for every i € SN I and i’ € I'\ S the functions
fi, hi and hg ; are regular at any p;, where j € SN J. Indeed, for hg ;s this follows from
the exact sequence

HO(c, O(p,-/ +Zp,-)) — H'(C,0(pi)/0) - Hl(c, O(p,-/ + ) pl-)) —0

ieS ieS\{j}

since by condition (1) the first arrow is zero (due to the way we represent the nonvanishing
of H' as a degeneracy locus). Since over Ug 1 (S), for i € SN 1, we have an exact sequence

0— H0<C, (9<2p,' + Zp,-/)) — HO(C, (9(2;:,- + Z p,-/)) — @ H(O(pir)/O) — 0,

i'eS i'=1 i'gS

condition (2) implies the vanishing of the morphism

H°<C, O(Zp,- + pr)) — H(O(p))/0)

i'eS

for any j € SN J. This shows that f; and h; have no poles along p; for such j, proving
our claim.
Now we construct two families of curves over Zj ;. Let us set

Ap:=0C\{piliel}), A;:=0C\{piliel},
C; :=ProjR(A;), Cy:=ProjR(Ay),
where R(Aj) (respectively, R(A;)) are the Rees algebras associated with the filtrations

by the order of pole along >, pi (respectively, 3., pj). Note that the algebra Ay is
a free module over O(Z; ;) with the basis

(fl.”’,fl.’”h,-,h’s”;ﬁl), ieSNILi'elI\S,mz>0.

Indeed, this is checked easily by considering polar parts at p; with i € I, similarly to
checking that (1.2.3) is a basis of O(C \ D). This implies that the generators (f;, i, hg i),
wherei € SN1,i’ € I\ S, satisfy similar relations as the full set of generators of O(C \ D),
and so, as in the proof of [10, Theorem 1.2.4], we get that C; is a curve of arithmetic
genus |SNI| = h, that extends to a family in ZJIZLSI' Similar argument works for Cy, so we
get a morphism ’

Note that we have natural morphisms C — C; and C — Cj. Let us consider the
compositions

Pj Pi
q:Z1g —>C—>Ci, ¢ :Z 5 —>C—Cy,

for some fixed indices ig € I, jo € J. These allow to lift the morphism 7 to the required
morphism (1.3.3). One can immediately check that r o p?f is the identity morphism. This

implies that pﬁ'lj is a closed embedding. O
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Example 1.3.3. In the case g = 0 the subscheme Z; ; coincides with the whole space ﬁé“n

Thus, in this case the embedding ,o?’g admits a retraction defined on Z:igsn

Remark 1.3.4. One can also consider the gluing morphism that associates with a
curve (C, pi, ..., pp) of arithmetic genus g — 1, equipped with extra two points ¢q; # ¢2
(possibly singular), different from py,..., p,, the curve (C, py,..., p,) of arithmetic
genus g, where C is obtained by transversally identifying ¢; and g» on C. In order to
guarantee that H'(C, O(pi +---+ p,)) = 0 one has to assume that H'(C, O(p1 +-- -+
pr)) = 0 and in addition the morphism

evy, —evg, : H(C,O(p1+-- -+ p) — k,

is surjective (where evy, is the evaluation at ¢;).

14. Case g=1,n=2

In this section, we work over Spec(Z[1/6]). The scheme Z:{V{“Z is glued from two affine open
pieces U; and U, determined by the conditions H!'(C, O(p1)) = 0 and H'(C, O(p2)) =0,
respectively.

Note that we have U] = L?{’fz(l, 0). The latter moduli space was described explicitly
in [11, §3.1] as the affine 4-space with coordinates (a, b, e, ). Let us rename these
coordinates on U as aiz, b12, e12, w1. Thus, the universal affine curve C\ {p1, p2} over
U is given by the equations

W= fi+mfi+s, (1.4.1)
fihia = ainhy +bishia +azerz, (1.4.2)
hihiy = app fE + ernhia +anbia fi + aa(m + b)), (1.4.3)

where s = e%z —b1o(my +b%2). Note that the projection U; — Al c P! is given by the
coordinate ajz.

Let us denote by f», hy, hy| the generators of the algebra of functions on the universal
affine curve C\ {p1, pa} over Us, so that hy € HO(C, O(p1+ p»)) and hy = 1/11 at py.
Let also ap1, ba1, e21, m be the coordinates on U, similar to those on U;. Note that over
U1 NU, the function hyy — #hlz is constant along the fibers of the projection to the base.

Hence, hy = lll;Z at p», so we have

1
ar] = —.
a2

Lemma 1.4.1. Over U; NU, one has
hat = axyhiy,  fo =hiy—a, fi—ahbi,  ha = hiy —ajyhi —3ahbinhin —2ahen,
b21 = a%2b12, e = a132612, ) = a‘bm , Sy = a162S1.
Proof. Note that U N, is the open subset in U, where ajp does not vanish. On this
open subset, we can express /) in terms of f] and fi, using (1.4.2):
_ fthia biohio
T oan an

/’l1 e12. (1.4.4)
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Substituting into (1.4.3) we get

2 2

a1 a1
which is the single equation defining the universal C \ {py, p2} ((1.4.1) follows from this
and (1.4.4)). Note that this is a quadratic equation in f;. Therefore, we can define an

involution of C \ {p1, p2} over Uy NU, by

h? biah? hi2
f12—< 12 b12>f1+ 12+23120_12+7Tl+b%2=0

h2
(h12, f1) = <h12, —2 —bip - f1>-

a1
We claim that this involution extends to an involution t of C permuting p; and ps.
Indeed, this immediately follows from the fact that it preserves the filtration by the degree
of pole along p; + p> (so that deg(hp) = 1, deg(f1) = 2), together with the observation
that t*(f1) has a pole at ps.
Note that

h2
() = 5 —bin— fi, (1.4.5)
a1
which has the expansion az]—tz +--- at pp. Similarly
1272
hi2 biahia 1
™ (h) = —1t*(f1) - —eR =5zt
a2 a2 aj,ty

at p>. Now the equation
T h)? = D T () s

(obtained from (1.4.1)), together with the definition of (f2, h2), shows that

1 1

() =5 f, ) = —5-ho, (1.4.6)

ai a1

T = afzm, 52 = a?2s1.
We also have

bat = fo(p1) = ap,(T* f1)(p1) = ai, f1(T(p1) = aiy f1(p2) = atybia.
Similarly, we get that ey = afzezl. Finally, we get the required formulas for f, and h;
by using (1.4.5), (1.4.6) and (1.4.4). O

The above lemma shows that the functions bio, ej2, w1 (respectively, by, ez, m21)
defined on U (respectively, Uy) actually extend to regular functions on the entire moduli
space.

Proposition 1.4.2. Let us work over Z[1/6]. The scheme 1;71”“2 is isomorphic as a
P!-scheme to the total space of the vector bundle O(=2) ® O(=3) ® O(—4) over P'. This
isomorphism is an—equivariant, where we use the natural action of an C GL; on P! and
its standard lifting to O(@).

Proof. The morphism LN{f”2 — Pl is given by (1 :ajz) on Uy and by (az; : 1) on Uy,

where ajp = az_ll on the intersection. Since Z:if”z is glued from the open subsets U and
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U, using the identifications of U; and U, with A* and the transition formulas from

Lemma 1.4.1, we obtain that Z:l}”z is isomorphic to the subscheme of P! x A® given by the

equations 1

tlzbzl = t22b12, t13€21 = t23€12, tff[z = l‘gﬂ’l,

where (11 : 1) are homogeneous coordinates on P!. Hence, b1z/t12, elz/tf and 7y /tf' extend

naturally to regular sections of 7*O(—2), 7*O(—3) and 7 *O(—4), respectively. This gives

a morphism from Z:{Jf”z to the total space of O(—2)® O(=3) ® O(—4) over P!. Since it

restricts to isomorphisms over the open subsets #; # 0 and £, # 0, it is an isomorphism.
O

Remark 1.4.3. Under the isomorphism of Proposition 1.4.2, the G,,-invariant points
in 1;7{“2 (see Theorem 1.2.2(ii)) get identified with the zero section in the total space
of O(=2)® O(=3)® O(—4) over P'. Over P\ {0, 00} the corresponding curve is the
tacnode, while at 0 and co we get the union of the genus 1 cuspidal curve and of the
projective line, joined to the cusp transversally.

In the remainder of this section, we work over an algebraically closed field k of
characteristic # 2, 3.

Corollary 1.4.4. The graded algebra

A= HU,. 70m) =P HOP', S(02)) @ S(O(3)) ® S(OA)(n))
n=>0 n>0

can be identified with the k[t;, t2]-subalgebra of klt1, 12, x,y,z] (where t1,t2,x,y,z are
independent wvariables), such that the nth graded component A, is spanned by the
monomials

ek ylZ"  with i+ j = 2k + 30+ 4m +n.

This identification is compatible with the an—actions, where x,y,z are Gi—z’nvariant,
while t; and tp have an—weights (1,0) and (0, 1), respectively.

Proof. We use the G?n—invariant regular sections of 7*O(—2), 7*O(—3) and 7*O(-3),
x=b12/l‘12, y=612/t13, Z=JT1/Z‘?. ]

Using the above description we can describe the GIT quotients Z;{VI’“Z Iy Gi with respect
to the Gi-linearizations on the line bundle O(1) on Z/N{f”z, which differ from the standard
G2 -equivariant structure by (rational) characters x (Ao, A1) = Aoy of G2, (if u and v are
fractional this means that we really work with O(N) for some N).

We have _

' 1 Ga, = Proj(A(u, v)),
where A(u,v) C A is the corresponding subalgebra of invariants with respect to the
x-twisted G2,-action on the algebra A:

A, v) = Ay ® x )

n=0
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(here, if x is not integral, we have to pass to a Veronese subalgebra of A). Using Corollary
1.4.4 we see that the A(u, v), is spanned by the monomials

xR ylzm with n(u v — 1) = 2k 431+ 4m. (1.4.7)

Note that A(u, v) reduces to constants if either u <0 or v <0 or u+v < 1. In the
case u >0, v >0, u+v =1, the algebra A(u, v) has a basis of monomials 77", so it is
isomorphic to an algebra of polynomials in one variable t]N ”tév v where N > 0 is minimal
such that Nu, Nv are integers. Thus, in this case the GIT quotient reduces to a point.

Proposition 1.4.5. Assume u >0, v>0, u+v > 1. Then A(u,v) is isomorphic to a
Veronese subalgebra in k[x, vzl where deg(x) = 2, deg(y) = 3, deg(z) = 3. Hence, for
u+v > 1 the GIT quotient Z/If'sz 1 Gi is isomorphic to the weighted projective plane
P(2,3,4). The x-unstable locus in UI”SZ s the union of the locus of G,-invariant points
and ofrr’l(th” =0) Un’l(tévv = 0), where N > 0 is such that Nu, Nv € Z.

Proof. Let N > 0 be minimal such that Nu, Nv are integers. We associate with each
monomial (1.4.7) the corresponding monomial xKylz™. This gives an isomorphism of
A(u, v) with the subalgebra of k[x, y, z] spanned by all such monomials with n := %
belonging to NZ. Let ng be minimal such n > 0. Then this subalgebra is precisely the
Veronese subalgebra corresponding to ng(u + v — 1). The identification of the unstable
locus follows from the form of the monomials (1.4.7), since the locus of Gp-invariant

points coincides with the locus where all the sections x, y, z vanish. O

1.5. Case g =1, arbitrary n>2: connection to Smyth’s moduli

As before, we work over Z[1/6].

Recall that for integers 1 < m < n, Smyth defined in [14] the moduli stack M ,(m) of
n-pointed m-stable curves of arithmetic genus 1, parametrizing curves (C, py, ..., py) of
arithmetic genus 1 with n distinct smooth marked points such that
e C has only nodes and elliptic [-fold points, with / < m, as singularities;
eif E C C is any connected subcurve of arithmetic genus 1 then |[ENC\ E|+|EN

{p1,--. pa}l > m;

e HY(C, Tc(—p1 — -+ — pn)) = 0, where T¢ is the tangent sheaf.

Smyth showed that /\_/11,n(m) is a proper irreducible Deligne-Mumford stack.

Proposition 1.5.1. Assume m > % Then there exists a morphism
-A_/ll,n(m) - fz‘sn
extending the obvious map on the locus of smooth curves.
Proof. It is enough to check that ﬂl,n(m) is an open substack of Z/ll",sn‘/ (see Definition
1.2.4) for these values of m. Indeed, then we can compose this open embedding with the
morphism L{{”“;’/ — Uy, constructed in Proposition 1.2.5.
Now we recall (see [14, Lemma 3.1]) that every m-stable curve has a fundamental

decomposition
C=EURIU---URy,
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where E is the minimal elliptic subcurve, i.e., the connected subcurve of arithmetic genus
1 without disconnecting nodes, and each R; is a connected nodal curve of arithmetic
genus 0 meeting £ in a unique point such that ENR; is a node of C (and R;NR; =0
for i # j).

We claim that there is at least one marked point p; on E. Indeed, otherwise the
m-stability of C implies that k > m > %, ie., k> "—';1 But each R; contains at least
two marked points (due to the last condition in the definition of m-stability), so the total
number of marked points is > 2k > n, which is a contradiction.

Let p; € E. Then one has
H'(C,O0c(pi) = H'(E, Op(pi)) = 0.

Indeed, the vanishing of H'(E, O(p;)) can be deduced from the classification of the
possible minimal elliptic subcurves (see [14, Lemma 3.3]): E is either a smooth elliptic
curve, or an irreducible nodal curve, or a wheel of projective lines, or an elliptic [-fold
curve (which includes the cuspidal curve for I = 1). Hence, we have h'(C, O(p; +---+
pn)) = 0, as required. O

Remark 1.5.2. Recall that for each i =1,...,n we have an open subset Z;{VL,, (i) =
7\ ¢ Uy’ consisting of (C, ps, ve) such that h'(p;) = 0. The intersection N U (D)

n
corresponds to the curves (C, p., Ve) such that hl(pi) =0 for each i. As shown in [11,
Proposition 3.3.1], there is a natural projection

n

(\thn(i) — U,

i=I
which is a Gﬁ[l—torsor, where the space ﬁ;"; classifies (C, pe, ), where C is of arithmetic
genus 1, h'(p;) = 0 for each i and w is a nonzero global section of the dualizing sheaf on
C (and O(p1+---+ pp) is ample). The space Uy’ was studied in [6], where we showed
in particular that considering the GIT quotients of ﬁf"lj by the Gy,-action rescaling w,
we recover Smyth’s moduli space of (n — 1)-stable curves ﬂl,n (n —1). Proposition 1.5.1
suggests that for m > %, there should be a close relation between Smyth’s moduli spaces
M., (m) and some GIT quotients of L{I’“n by G,. In [12] we showed that for m > n — 3, the

morphism M, (m) — Uy factors through a certain open substack of GIT-semistable
points in U" .

2. Ay -moduli

2.1. Nice quotients

Below we work with schemes and group schemes over a fixed base scheme S.

Definition 2.1.1. Let G be a group scheme, X be a G-scheme. We say that a G-invariant
morphism 7 : X — Q is a nice quotient for the G-action on X if locally over S (in Zariski
topology) there exist a section o : @ — X of 7 and a morphism p : X — G, such that

x=px)o(x(x)) and p(ckx)) =1. (2.1.1)

We say that 7 is a strict nice quotient if p and o can be defined globally over S.
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In the case when S is a point we obtain precisely the situation of [10, Definition 4.2.2],
where we called o (Q) a nice section for the action of G on X.

Note that a nice quotient is automatically a categorical quotient (in the category
of S-schemes). Indeed, let f: X — Z be a G-invariant morphism, where Z has trivial
G-action. Then f(x) = f(o(m(x))), so f is a composition of foo : Q — Z with w. This
implies that the existence of a nice quotient is a local question in S. Namely, if X; — Q;
are nice quotients for X; = p*I(Ui), where (U;) is an open covering of S, p: X — Sisa
projection, then we can glue them into a global morphism 7 : X — Q.

Remark 2.1.2. If 7 : X — Q is a nice quotient for the G-action on X then 7 is a universal
geometric quotient (see [8]). Indeed, any base change of 7 is still a nice quotient. The
following properties are clear: 7 is surjective, U C Q is open if and only if 7 71 (U) is open,
geometric fibers are precisely the orbits of geometric points. Finally, we claim that Og
coincides with G-invariants in 7,Ox. Indeed, given a G-invariant function f on 7 ~!(U)
then f(x) = f(o(m(x))), so it descends to the function foo on U.

Let us consider the topology on the category Schg of S-schemes, such that open
coverings of p : T — § are pull-backs under p of Zariski open coverings of S. We call
this S-Zariski topology. Let us consider the following presheaf of sets on Schg:

T — X(T)/G(T).

Lemma 2.1.3. Let w : X — Q be a nice quotient for the G-action then the sheafification
of the above presheaf with respect to the S-Zariski topology is naturally isomorphic to
the functor represented by Q. Thus, a T-point of Q can be represented by a collection of
V;-points of X, where V; = f~1(U;) for some open covering (U;) of S, such that for any
i, j, the corresponding V;j-points of X, where V;; = V; NV, differ by G(V;;)-action.

Proof. We have a natural morphism from X (7)/G(T) to the sheaf represented by Q,
which becomes an isomorphism over an open affine covering of S (due to the existence
of a decomposition (2.1.1)). This immediately implies the assertion. O

We have the following relative analog of [10, Lemma 4.2.3].

Lemma 2.1.4. Let G be a group scheme over S acting on a scheme X over S. Assume
that G fits into an exact sequence of group schemes

l1>H—>G—>G —>1

and that the projection G — G’ admits a section s : G’ — G which is a morphism of
schemes (not necessarily compatible with the group structures). Suppose we have a scheme
X' with an action of G' and a morphism f : X — X' compatible with the G-action via the
homomorphism G — G’'. Assume that there exist a nice quotient wy : X — Qg for the
H-action on X and a nice quotient &’ : X' — Q' for the G'-action on X'. Finally, assume
that the following condition holds: for any S-scheme T and any points x € X(T), g € G(T)
such that f(gx) = f(x) there exist an open covering T = UT; and a point h; € H(T;) for
each i, such that gx = hjx. Then there ezists a nice quotient for the G-action on X. The
same assertion holds for strict nice quotients.
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Proof. It is enough to prove the assertion for strict nice quotients. Without loss of
generality we can assume that the section s : G’ — G satisfies s(1) = 1. By assumption,
we have sections o : Qg — X and o' : Q' — X’ and the corresponding maps pg :
X — H and p': X' — G’ satisfying (2.1.1). Let us define morphisms py : X — G and
wp: X — X by

pr=sop'of, mx)=pp) .

One immediately checks that
forng=0'on'of.

In particular, 77 (x) € f~'(0/(Q"). Let us set 0 = f~'(0(Q")) C X. Note that for x € O
we have

pr(x) =s(p' (f(x)) =s(1) =1,

since p’|47(g1y = 1. Hence, for x € é we have 7 7(x) = x. Now we set

0 =05"(0) C 0n.

and define the maps 7 : X — Q and p: X — G required for the definition of a nice
quotient by

T =mgomy,

p(x) = psx)pn (s (x)).

liote that 7 is well defined. Indeed, we need to show that (ocpmyms)(x) € é But mr(x) €
0, so this follows from the identity

(oumums)(x) = pu(mp(x) ' mp(x)

and the fact that é is preserved by the action of H. We also have a section 0 : Q — X
of w given by 0 = on|g. As in [10, Lemma 4.2.3], we check that our data defines a strict
nice quotient for the G-action on X (to prove that 7 is G-invariant, we observe that our
assumption implies that 7 r(gx) and 7 ¢(x) locally in T belong to the same H-orbit). [

2.2. General Ay -moduli

We follow the same conventions on the notions related to Ase-structures as in [10]. In
particular, by gauge transformation of minimal A-structures (i.e., those with m; = 0)
on the fixed graded space we mean the Aso-morphism (fi, f2,...) with f; =id (the
same terminology is used in [13]). We refer to Aso-morphisms, for which the map f is
only required to be invertible, as extended gauge transformation. We say that a minimal
Aoo-structure is trivial if it has m, = 0 for all n > 3, and homotopically trivial if it is
gauge equivalent to a trivial Ase-structure.

For a graded sheaf F of locally free O-modules over a scheme S we denote by
CH*Y(F/S); the sheaf of homomorphisms of O-modules F® — F of degree t. We
have a natural notion of an A,-structure (respectively, Aso-structure) on F, given by
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a collection of global sections
m=(my,...,my) € H'(S, CH*(F/S)1 x --- x CH*(F/S)2-n)

(respectively, m = (m1,mp,...) with m, € CHZ(]-'/S)z_n), satisfying the standard
Axo-identities involving only my, ..., m, (respectively, all As-identities). Note that in
the case when 2 is invertible on S the identities for A,-structures can be written as
Yoioimi,mep1-i1=0, for r = 1,...,n, where [, -] is the Gerstenhaber bracket.

The action of the group of gauge transformations on the set of minimal A,-structures
also immediately generalizes to the relative context: we have a sheaf of groups & over S,
where an element of &(U) is a collection of sections

f=(fi=id fr,..) e HU,CH (F/S$)-1 x CH'(F/S)a x--+),

with the product rule obtained by interpreting f as a coalgebra automorphism of the
bar-coalgebra of F (see [10, Definition 4.1.3]). We use the notation &[2,n — 1] := &/& >,
introduced in [10, § 4.2], for the quotient of & acting on the set of minimal A,-structures
on F. We denote the projection & — &[2,n—1] by u > ug,_1.

Remark 2.2.1. The above definition of an A,-algebra over a scheme is a bit naive. A more
flexible notion should involve defining m;’s only over an open covering U; of S, and the
gluing should be given by a collection of higher homotopies defined on intersections U;; N
---NU;,. We do not need the most general definition since we only aim at constructing
the usual space as a moduli space of Aso-structures (in good situations), not an co-stack.
Even at this level we need a certain gluing procedure, but a much simpler one.

Now let us fix a scheme S and a sheaf £ of graded associative Og-algebras over S.
We assume also that £ is locally free of finite rank over Og. We denote by & the fiber
of £ over a point s € S. Roughly speaking, our goal is to classify families of minimal
Aso-algebras, up to gauge equivalence, such that the corresponding family of graded
associative algebras is induced by &.

To begin with, for every n >2 we define the functor A, = A, ¢ (respectively,
Aso = Axo.g) on the category of S-schemes, which associates with f: 7 — S the set
of minimal A,-structures (respectively, Aso-structures) extending the sheaf of graded
associative Or-algebras f*€. This functor is clearly represented by an affine scheme
A, (E) over S. Namely, A,(E) is the closed subscheme in the total space of the vector
bundle CHZ(E/S)_l DD CHZ(S/S)Q_,, given by the As-equations. We have a natural
projection

Tt Ay = Ay tm— mgpo. (2.2.1)

Next, we have the sheaf of groups & of gauge transformations acting on each functor
A, through the quotient &[2, n — 1], and we make the following definition.

Definition 2.2.2. Let ﬂn denote the quotient-functor associating to an S-scheme f : T —
S the set A, (T)/B[2,n — 1](T) of gauge equivalence classes of minimal A,-structures on
f*E. We denote by Moo the similar quotient-functor for gauge equivalence classes of
minimal Ao-structures.
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Note that the sheaf of groups &[2, n — 1] is representable by a unipotent affine group
scheme over § which we still denote as ®[2,n —1]. Note also that the projection
® — &[2,n — 1] admits a section (not compatible with the group structures) and so is
universally surjective. However, the quotient-functor Mn is not necessarily representable.

For a bundle V over a scheme S, and a point s of S, we denote by V; the fiber of V
over s, which is a vector space over the residue field of s.

Lemma 2.2.3. (i) Let (V*,d) be a bounded below complex of vector bundles over S such
that H'(V®) =0 fori < p for every point s € S. Then fori < p, the image im(d")
of the differential d' : VI — Vit is 4 subbundle of ViT!.

(ii) If in addition S is affine then there exist decompositions of vector bundles Vi =
B @K', fori < p, such that fori < p one has d'(K') = Bt and the map

d'|gi : K' — B!

is an isomorphism. In this situation for any f : T — S the complex HO(T, f*V*)
s exact in degrees < p.

Proof. (i) It is enough to prove that im(d”~') is a subbundle in V?. Without loss of
generality we can assume that V! =0 for i <0 and p > 0. Then the map dy : V0 — V!
is injective for every s € S. We claim that this implies that d : VO — V! is the embedding
of a subbundle. Indeed, it is enough to prove the similar assertion for a morphism f :
A™ — A" of free modules over a local ring A, such that f modm is injective, where m C A
is a maximal ideal. But in this case we can choose a projection p : A" — A™ to a subset
of m coordinates, such that po f modm is an isomorphism. This implies that det(p o f)
is nonzero mod m, hence it is invertible in A. Thus, the composition po f : A" — A" is
an isomorphism, so coker(f) is free.
Hence, V!/d(V?) is a vector bundle, and we can replace our complex with

0—>Vvidw® > v:- ...

and iterate the same argument.

(i) The first assertion follows from part (i): we set B’ :=im(d'~!) and let K’ be the
image of any splitting of the projection V! — Vi/B' (which exists since S is affine). These
decompositions carry over to the complex HO(T, f*V*), which implies its exactness in
degrees < p. O

We denote the Hochschild differential [mj;,?] on CH*(E/S) by 8 and its graded
components as _ _ '
8 CH'(E/S); — CHtY(&/S),.

As usual, the second grading on the complex CH* induces the second grading on the
Hochschild cohomology HH*.
Lemma 2.2.4. Let S be an affine scheme.

(i) Let us fix an integer d > 2. Assume that HH' (&)—j =0 for every point s € S, for
i<land j=1,...,d—2. Nowlet f : T — S be a morphism of schemes, and let
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m and m’ be a pair of minimal A,-structures on f*E for some n >d, such that
m is gauge equivalent to m’ (over T) and mgy = m’gd. Then there exists a gauge
equivalence u over T, such that ugy—1 =id and m’ = u -m.

(ii) Assume that HH' (E5) <0 = 0 for every s € S, for i < 1. Then the natural map

Moo(T) — 1im M, (T)

n
s an isomorphism for every S-scheme T .

Proof. (i) The proof is similar to that of [10, Lemma 4.1.6]. By assumption, we have
a gauge equivalence # € &(T) such that uwm =m’. Then iy sends mgy to itself.
Now Lemma 2.2.3(ii), applied to the Hochschild complexes (CH*(£)_;, §), implies that
HH'(HY(T, f*€)/O(T))-; =0 for j=1,...,d—2. Hence, arguing as in [10, Lemma
4.1.6], we can correct u to a gauge equivalence u € &(T) such that u-m =m’ and

ugq—1 =1id.
(ii) The proof is identical to the argument in the proof of [10, Corollary 4.2.5], with part
(i) replacing the reference to [10, Lemma 4.1.6]. O

Definition 2.2.5. Let us denote by M, (respectively, M) the sheafification of the functor
M, (respectively, /\/loo) with respect to the S-Zariski topology.

The following theorem, which is a relative version of [10, Theorem 4.2.4, Corollary
4.2.5, Corollary 4.2.6], shows that under certain vanishing assumptions on the Hochschild
cohomology, the functor M, (respectively, M) is representable by an affine S-scheme.
Note that these assumptions are slightly stronger than in [10, Theorem 4.2.4].

Theorem 2.2.6. Assume that HH' (&)—j=0fori <1landl < j<n—3, for every point
ses.

(i) There exists a nice quotient A,(E)/B[2,n—1] for the action of &[2,n—1] on
An(E). This quotient A,(E)/G[2,n— 1], which is affine of finite type over S,
represents the functor M,. If in addition S is affine then there exists a strict
nice quotient A,(E)/G[2,n — 1], and the natural map of functors ./\7,1 — M, is
an isomorphism.

(ii) Assume that HH' () _j=0fori<1andj>1, for everys € S. Then the scheme
11m My, affine over S, represents the functor Meso. In the case when S is affine,
the natural map ./\/loo — My is an zsomorphzsm

(iii) Assume that HH' (&)—j=0 fori <1, j=1, and in addition HHZ(ES)_j =0 for
Jj >n—=2, for every s € S. Then the morphism Mo, — M, is a closed embedding.
If in addition HH3(SX),]~ =0 for j >n—2, for every s € S, then My, — M, is an
isomorphism.

Proof. (i) It is enough to prove the existence of a strict nice quotient for the ®[2,n —
1]-action on A, = A,(£) in the case when S is affine. Indeed, then it would follow that
M, is represented by this quotient, and hence, the map M, — M, is an isomorphism.
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Similarly to the proof of [10, Theorem 4.2.4] the existence of a strict nice quotient is
proved by the induction on n, using Lemma 2.1.4. Assume that n > 2 and we already
have a section S,_; for the &[2, n —2]-action on A,_;. We have an exact sequence of
sheaves of groups over S,

0— CHY )y — B[2,n—1] - &[2,n—2] — 0.

We want to find a section for the CH'(E)>_,-action on A,. By Lemma 2.2.3(ii), there
exists a complement /C%_n ccC H22_n to the subbundle im 5%_,1. Let A, denote the closed
subset of A, given by the condition m, € IC%_n. Since the action of x € CHY(E),_, on
(my, ..., my,) € A, changes m, to m, +8!1(x) and does not change (my, ..., m,—1), we see
that A is a section for the CH'(£)y_,-action on A,. Now we can apply Lemma 2.1.4
to the projection (2.2.1) and the compatible actions of &[2,n — 1] — &[2, n —2]. Note
that to apply this Lemma we need to check that the intersection of an &[2, n — 1]-orbit
with a fiber of 7, is a C H'(£),_,-orbit. But this follows from Lemma 2.2.4(i). Thus, we
deduce that
Spi= A N (S 1)

is a section for the &[2, n — 1]-action on A,.

(ii) First, assume that S is affine. Then, combining part (i) with Lemma 2.2.4(ii), we
derive that the functor /ﬁoo is represented by the scheme 1(i£1n M,,, affine over S. Hence,

in this case the map Mw — M is an isomorphism. Thus, in the case of general S the
map of sheaves My, — l(il_nn M,, becomes an isomorphism over an affine open covering
of S, hence, it is an isomorphism.

(iii) We can assume S to be affine. For the first assertion, it is enough to prove that if
HH<2(5S)_,,+1 = 0 for all s then the projection S,4+1 — S, is a closed embedding. To this
end we recall that 4,1 is a closed subset of A, x C le—n given by the equation

8% (mat1) = —n(m<n),
where ¢, : A, - CH?

1-n
830 ¢, = 0. Now by Lemma 2.2.3(ii), there exist decompositions of vector bundles

CH*(E)_p =B*® K2, CH*E)_,=B oK

is a certain morphism (see [10, Lemma 4.1.2(ii)]) such that

such that B3 is the image of 82 and the restriction 8| K2t K? — B3 is an isomorphism.
Let (¢B, ¢xc) be the components of ¢, with respect to the decomposition of CH?_n. Then
the equations defining 4,4+ become

82(mpt1) = pp(m<n), 0= grclmy).

Thus, on the subscheme A 41 cut out by the condition m,4; € K%, we can
solve the first equation for m,;;, which shows that the projection A s
A, is a closed embedding. Hence, the same is true for the projection
Sn+1 —> Su-

For the last statement, we observe that the assumption HH<3(SS),,,+1 =0 for all s
gives in addition the vanishing of the component ¢x. Thus, in this case the projection
A +1 = Ay is an isomorphism, and hence the same is true for the projection S,11 —
Sn. O
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2.3. A -structures associated to curves

We want to study the relative moduli space of Ax-structures on the family of graded
associative algebras (Ew) over the Grassmannian G(n — g, n) (see (0.0.4)).

First, let us describe more precisely the corresponding sheaf of O-algebras &, , over
G(n—g,n).

Let R be a commutative ring, and let Jy be the two-sided ideal in the path algebra
R[Q,] of O, generated by the elements

AiB;A;, BiA;B;, A;Bj,
where i # j. Given an R-submodule W C R" such that R"/W is locally free of rank r,

we define Jy C R[Q,] as the ideal generated by Jy and (W), where ¢ : R" — R[Q,] is
the embedding of R-modules given by

te)=0BiA;, i=1,...,n
The corresponding quotient algebra
Ew = R[OQx]/Jw
is projective as an R-module. In the case when R"/W is a free R-module with a basis
(bj), the algebra Ew is also free as R-module, with the basis given by the elements
(Ai), (Bi), (u(bj)).

For an n-tuple of invertible elements A = (Aq,...,A,) = (R*)" we have a natural

isomorphism

Ew — E,w:A; — A;, Bi — A;B;,
where the transformation W — A - W is induced by the rescaling of the basis ey, ..., e,
of R".

Applying the above construction to the tautological subbundle over an affine covering
of the Grassmannian G(n—g,n) and gluing, we obtain a G, -equivariant sheaf &g ,
of O-algebras over G(n— g, n), where G/, acts naturally on G(n—g,n) (as diagonal
matrices). We can consider the corresponding relative moduli of minimal Ase-structures
defined in §2.2.

Definition 2.3.1. The moduli functor ./F\/Vloo on G(n— g, n)-schemes associates with f :
S — G(n — g, n) the set of gauge equivalence classes of minimal A-structures on f*&, ,.
The functor M is obtained from /\700 by the sheafification with respect to G(n —
g, n)-Zariski topology.

Similarly to [10, § 3] we have a natural morphism of functors
U, - M. (2.3.1)

Namely, for every open affine subset U C ﬁé’,’fn we can construct a minimal Ayo-structure
on w*&g »ly. This minimal Ae-structure is obtained by applying the homological
perturbation procedure to the sheaf of dg-algebras over S and homotopies on it defined
using some relative formal parameters along the marked points as described in [10, § 3].
Note that if we choose different formal parameters with the same underlying tangent
vectors, then we get an isomorphic sheaf of dg-algebras over S but it will be equipped
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with different homotopies needed for the homological perturbation. However, it is well
known that the minimal Ay-structure obtained by the homological perturbation does
not depend on a choice of homotopies up to gauge equivalence. Thus, the map (2.3.1) is
well defined. Furthermore, it is compatible with the G}, -actions, where the GJ;,-action on
M is induced by the rescalings

Ai— A;, B;j— A;B;,

for (A1,...,4,) € GJ,.

Next, we want to prove that M, is represented by an affine scheme of finite type over
G (n — g, n). For this we want to apply the criterion of Theorem 2.2.6, which requires some
information about the Hochschild cohomology of the algebras Ew. As in [10], we will get
this information geometrically by identifying HH*(Ew) with the Hochschild cohomology
of the corresponding special curve.

Lemma 2.3.2. Let Cy = (C(E), De, Vo) € Z:igfn be the special curve corresponding to W €
G(n—g,n) (see Proposition 1.1.2). Then the natural As-structure on Ext*(G, G) for G
given by (0.0.3) is homotopically trivial, and hence, we have an isomorphism

HH*(Cw) >~ HH*(Ew),

where W = (C, p1, ..., pn). The second grading on HH*(Ew) corresponds to the weights
of the Gy, -action, coming from the natural Gy,-action on Cy.

Proof. This is similar to [10, Proposition 4.4.1]. O

Lemma 2.3.3. Let C be a reduced projective curve over a field k with a Gy, -action, which is
the union of irreducible components C;, i = 1,...,n, joined in a single point q. Assume
that C\{q} is smooth and that each normalization map Ci—Cj isa bijection, with
51‘ ~ P'. Assume also that the action of G,, on the Zariski tangent space at ¢ has negative
weights. Then

(i) the action of G,, on H'(C,O¢) has positive weights.

(ii) Assume in addition that C = Cyw for some subspace W C k", where W =0 ifn = 1.
Assume also that char(k) # 2, and if n = 1 then also char(k) # 3. Then H'(C,T) =
0, and the action of G,, on H°(C,T) has weights 0 and 1.

(iil) Keep the assumptions of (ii). Let p; € C;i\{q} be the unique Gy, -invariant point,
and let D =Y, p;. Then one has

HC,T(-D)) = H(C, %, H(C,T(-2D))=0.

Also, the natural map HY(C, T (nD)) — H(C, T (nD)|p) is surjective for n > 0.

(iv) For W = k", withn > 2, the assertions of (i) and (iii) hold without any restrictions
on the characteristic of k.

Proof. (i) Let V = C\{g}. We can choose a coordinate x; on an affine part of C; ~
P! containing ¢ such that x;(¢) =0 and x; has positive weight w; with respect to the
Gu-action. Let U be an affine neighborhood of g obtained by deleting on each C; the
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point where x; has a pole. We can calculate H'(C, O¢) as the quotient of O(U \ {¢}) by
O(V)+O(U). Since every x;' with n < 0 extends to a regular function on V, we see that
H'(C, O¢) is spanned by positive powers of x;’s, so G,, has only positive weights on it.
(i) The case n =1 and W =0 corresponds to the cuspidal curve, for which the
assertions of (ii) and (iii) are known (see e.g., [10, Lemma 4.4.2]). So we assume n > 2.
We use the coordinates x; on affine parts of the normalizations 55 from Definition 1.1.1.
The space H(C, T¢) embeds into the space of vector fields on V ~ U (Ci\ {g}), which
is spanned by x/"9,, with m < 2. Exactly as in the proof of [10, Lemma 4.4.2(ii)] we check
that if a vector field v = (P;(x;, xl._l)axi) on U\ {gq} extends to a derivation of O(U) then
P; € xjk[x;] for every i (this uses the assumption char(k) # 2). Thus, if v extends to a
global section of 7¢ then each P; is a linear combination of x; and xiz, which implies
that the weights of G,, on H%(C, T¢) are 0 and 1. Similarly, we see that if P; € xizk[xi]
for every i then v extends to a derivation of @(U). Thus, HO(U, T) and H°(V, T) span
HO(U \ {g}, T), which gives the vanishing of H'(C, T¢).
(iii) A vector field on U \ {g} has zero (respectively, double zero) along D if each P; €
xik[x; 1] (respectively, P; € k[x; 1]). Together with calculations of (ii) this immediately
implies our assertions about H(C, T (=D)) and H°(C, T (—2D)). Next, similarly to (ii)
we can represent sections of HY(C, Te(nD)) as vector fields v = (P; (x;)0x;) on U\ {q}
with deg(P;) < n+2, and the last assertion follows from the fact that v extends to a
regular derivation of O(U) whenever P; € xl.zk[xi].
(iv) We can argue as in the proof of [10, Lemma 4.4.2(ii)], with x? replaced by x;
(complemented by zeros in all other places), to show that vector fields on V that extend
to U are precisely v = (P;dy;) with P; € x;k[x;]. The rest of the proof is the same as in
(ii) and (iii). O

Remark 2.3.4. One can check that the assertions of Lemma 2.3.3 hold for C = Cyw
without any restrictions on the characteristic of k, provided n > g+2 and W is not
contained in any of the coordinate hyperplanes k"~! ¢ k.

Corollary 2.3.5. Let k be a field of characteristic # 2 (respectively, # 2,3 ifn = 1). Then
for any subspace W C k", where W =0 if n = 1, one has

HH(Ew)<o = HH' (Ew) <o = 0.
The same result holds for W = k™, n > 2, with no restrictions on the characteristic.

Proof. By Lemma 2.3.2, we have HH'! (Ew) ~ HH' (Cw), where Cy is the corresponding
special curve, and the second grading is induced by the G,-action on Cy. Now
HH'(Cy) = H°(Cy, O) lives in degree 0. For HH' we use the exact sequence

0—> HY(Cw,0) — HH'(Cw) > H(Cw,T) = 0

(see [5, §4.1.3]). Now the assertion follows from Lemma 2.3.3(i)(ii). O

Proposition 2.3.6. Let us work over Z[1/2] if n > 2, or over Z[1/6] if n = 1, or over Z if
g = 0. Assume that either n > 2 or g = 1. Then the functor Moo of Ao-structures (up to
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a gauge equivalence) on the family (Ew) is represented by an affine scheme of finite type
over G(n—g,n).

Proof. Due to Corollary 2.3.5, the criterion of Theorem 2.2.6(ii) implies that My
(respectively, M,) is represented by an affine scheme (respectively, of finite type) over
G(n — g, n). Next, we note that by Lemma 2.3.2, HH' (Ey) is finite-dimensional for every
i. Hence, by Theorem 2.2.6(iii), we derive that Mo, >~ M, for sufficiently large n, so it
is of finite type over G(n — g, n). O

For a scheme S over a field k we denote by Lg the cotangent complex of S over k.

Lemma 2.3.7. Assume that either W =k™ and n > 2, or k has characteristic # 2
(respectively, #2,3 if n=1). Let C = Cw be a special curve over k, where W =0 if
n=1, andlet D=p;+---+ pn, U= C\ D. Then the natural morphism

Ext'(Lc, Oc(=2D)) — Ext' (L¢, Oc(—D)) (2.3.2)
is surjective, while the natural morphism
Ext'(Lc, Oc(~D)) — Ext'(Ly, Op)
is an isomorphism. The natural morphism
Ext*(Lc, Oc(-2D)) — Ext*(Ly, Oy)
s an tsomorphism.

Proof. The proof is almost the same as that of [10, Lemma 4.4.5], using Lemma 2.3.3.
The difference is that in our case the map

H(C, T(-D)) - H(C, T(-~D)Ip)

is not necessarily surjective, so we cannot assert that the map (2.3.2) is an isomorphism,
only that it is surjective. O

Now we can use the results of [10] to compare the deformation theory of a special curve
Cw with that of Ew, viewed as an Ax-algebra.

We refer to [7] for the basic deformation theory and for some terminology used below,
such as deformation functor, smooth (étale) map of deformation functors, etc. Let us fix a
field k and consider the category Art(k) of local Artinian algebras with fixed identifications
of the residue field with k. Morphisms in this category are local homomorphisms inducing
the identity on the residue field. Given a curve (C, py, ..., pu, V1, ..., Uy) with smooth
distinct marked points and nonzero tangent vectors at them, we have the corresponding
deformation functor

Def(C, pe, ve) : Art(k) — Sets

associating with R the set of isomorphism classes of flat proper families of curves mg :
Cr — Spec(R) with sections pf, e, p,lf , and trivializations of the relative tangent bundle
along them, such that the induced data over Spec(k) C Spec(R) is (C, Pe, Vs)-
On the other hand, for any finite-dimensional minimal A.-algebra E we have the
deformation functor
Def(E) : Art(k) — Sets

https://doi.org/10.1017/51474748017000408 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000408

Moduli of curves with nonspecial divisors and relative moduli of Aso-structures 1325

of extended gauge equivalence classes of minimal Ay-algebras Eg over R, reducing to
E over k. Thus, for a fixed (n — g)-dimensional subspace W C k", we have the functor
Def(Ew), where we equip Ew with the trivial Aso-structure. We also consider the relative
deformation functor

Def(Ew/G(n — g, n)) : Art(k) — Sets

associating with R the set of pairs (Wg, m,), where Wg is an R-point of G(n — g, n),
reducing to W over k, and m, is a minimal A-structure on Ew,, extending the given
my and reducing to the trivial Ago-structure on Ew, viewed up to a gauge equivalence
reducing to the identity modulo the maximal ideal. The difference of this functor from
Def(Ew) is that we do not allow arbitrary variations of m, but only the ones coming
from varying W in the Grassmannian.

As in [10, Lemma 4.5.1], one can show (using Corollary 2.3.5) that Def(Ew /G (n —
g,n))(R) can be identified with the fiber of the map My (R) — Mo (k) over the point
corresponding to the gauge equivalence class of the trivial Ax-structure on Eyw . It follows
that the functor Def(Ew /G (n — g, n)) is prorepresented by the formal completion of the
scheme M, at this point. We have a natural forgetful morphism

Def(Ew/G(n — g,n)) — Def(Ew).

Lemma 2.3.8. The tangent space to the functor Def(Ew/G(n —g,n)) can be identified
with

HH*(Ew) <0 ® TwG(n — g, n).
There is a complete obstruction theory for this functor with values in HH>(Ew) <.

Proof. The tangent space classifies pairs ( f, m,), where f : Spec(k[t]/(t?)) = G(n — g, n)
is a morphism sending the closed point to W, and m, is a minimal As-structure on
f*E, extending the given mj, reducing to the trivial one modulo (¢), up to a gauge
equivalence. Then f corresponds to a tangent vector in TwG(n — g, n), while the class of
(m3,my, ...) is an element in HH3(Ew) o (see e.g., [10, Lemma 4.5.2]). The obstruction
theory is obtained from the usual obstruction theory for Asc-structures (see e.g., [10,
Lemma 4.5.2]) using the fact that G(n — g, n) is smooth. O

Remark 2.3.9. In general the spaces HH'(Ew)-o are given by the products of the
components HHi(EW)j for j <0. However, in our case the spaces HH'(Ew) are
finite-dimensional, by Lemma 2.3.2, so for each i there is only finitely many j with
HH'(Ew); # 0.

For each special curve Cw = (Cyw, Do, Vs) € Z:{Z,’; corresponding to a subspace W e
G(n — g, n)(k), where k is a field, the morphism (2.3.1) induces a morphism of deformation
functors

Def(Cw) — Def(Ew /G — g, n)). (2.3.3)

Proposition 2.3.10. Assume that eithern > 2 and g =0, orn > 2 and the characteristic

of k is £ 2, orn = g = 1 and the characteristic of k is # 2,3. Then the morphism (2.3.3)
is an isomorphism.

https://doi.org/10.1017/51474748017000408 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000408

1326 A. Polishchuk

Proof. Let Uy be the affine curve Cy \ D, where D = p; +---+ p,. Let also C be the
(non-full) subcategory in the A-enhancement of the derived category of Qcoh(Cy) with
the objects (Oc, Op,, ..., Op,, Oyy,), all morphisms (including Ext*) between Oc, (O),),
and all morphisms from O¢ to Oy, and from Oy, to Oy, (but we do not consider any
other morphisms between these objects). As in the proof of [10, Proposition 4.5.4], we
consider additional functors Def(Uyw), Def,,.(Uw) and Def(C) (in [10] they are denoted by
Fuy, Fuy .ne and Fg¢), corresponding to deformations of Uy, of O(Uw) as an associative
algebra, and of C as an Asc-category. These functors fit into a commutative diagram

Def(Uy) ~— Def(Cy) — Def(Ew /G (n — g, n))
(2.3.4)

Def,e (Uw) Def(C) Def(Ew)

It is easy to see that each functor in this diagram is a deformation functor in the
sense of [7, Definition 2.5], as it describes deformations of some algebraic structure with
coefficients in R (to check the first condition in the definition one can use the appropriate
obstruction theory).

Step 1. The map Def(C) — Def(Eyw) is étale. This is proved in the same way as in Step
1 of [10, Proposition 4.5.4].

Step 2. The map Def(Cy) — Def(Uyw) is smooth, while the map Def(Uw) — Def,.(Uw)
is étale.
First, we observe that the maps on tangent spaces induced by these maps are

Ext!(Lc,, O(=2D)) — Ext'(Ly,,, Ov,) — HH*(Uw),

the first of which is surjective by Lemma 2.3.7, while the second is an isomorphism by
[10, Lemma 4.4.6]. Similarly the maps of obstruction spaces are

Ext’(Lc,,, O(=2D)) — Ext*(Ly,,, Ou,,) — HH>(Uy),

of which the first is an isomorphism by Lemma 2.3.7, while the second is injective by
[10, Lemma 4.4.6]. Hence, the maps Def(Cw) — Def(Uw) and Def(Uw) — Def,.(Uw) are
smooth and the second is étale (see [7, Proposition 2.17]).

Step 3. The map Def(Cy) — Def(C) (respectively, Def(C) — Def,.(Uw)) induces a
surjection (respectively, isomorphism) on tangent spaces.

Indeed, Step 2, together with the commutativity of diagram (2.3.4), implies that
Def(C) — Def,.(Uw) induces a surjection on tangent spaces. But

HH*(Uw) ~ HH*(Cw) ~ HH*(Evw),

so the dimensions of tangent spaces are the same. Hence, Def(C) — Def,.(Uw) induces
an isomorphism on tangent spaces.

It follows that the maps induced on tangent spaces by Def(Cw) — Def(C) and by
Def(Cy) — Def,.(Uw) are isomorphic, so the required surjectivity follows from Step 2.
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Step 4. The map Def(Cy) — Def(Ew /G (n — g, n)) (respectively, Def(Ew/G(n — g, n)) —
Def(Ew)) induces an isomorphism (respectively, surjection) on tangent spaces.

Note that by Steps 1 and 3, we know that the map Def(Cwy) — Def(Ew) induces
a surjection on tangent spaces. Hence, the same is true for Def(Ew/G(n—g,n)) —
Def(Ew). We claim that there is a commutative diagram with exact rows

B

K —%+ Ext!(L¢, . O(=2D)) HH*(C) — 0

= y y' (2.3.5)

! !
K" —% HH(Ey)<0® TwGn—g.n) Lo HHX(Ew)<o — 0
where the arrow o (respectively, ') is induced by the G”,-action on the functor Def(Cy)
(respectively, Def(Ew/G(n — g, n))), while the right commutative square is induced by
the right commutative square in (2.3.4) (flipped about the diagonal). Note that we already
know that y’ is an isomorphism and B’ is surjective. To see the exactness of the top row
we observe that by Steps 1 and 2, the map B can be identified with the morphism

Ext!(Lc,,, O(=2D)) — Ext'(L¢,,, O(—=D)) — Ext'(Ly,,, Ouy,),

where the second arrow is an isomorphism by Lemma 2.3.7. Hence, its kernel is the
image of the coboundary map H’(Cw, T(=D)|p) — Ext! (Lcy,, O(=2D)), which can be
identified with «. The exactness of the bottom row in (2.3.5) would follow from the
exactness in the middle of the sequence

K" > TwG(n—g,n) - HH*(Ew)o — 0,

where the second arrow is the tangent map to the map W — Ew, and the first arrow
corresponds to the G/ -action on G(n — g, n). But this follows from the observation that
a k[t]/(t*)-point of G(n — g, n), W, can be recovered from the isomorphism class of the
corresponding algebra Eyy up to a GJ,-action.

Note that diagram (2.3.5), together with the fact that y’ is an isomorphism,
immediately implies that p is surjective. It remains to prove that the restriction of y
to im(a) is injective. To this end we use the fact that each point Cy € Hgfn lies in the
section o(G(n —g,n)) of the projection to G(n —g,n), and that the G?-orbit of Cw
still lies in o (G(n — g, n)). Hence, the tangent space to this orbit maps injectively to
TwG(n — g, n), which implies our assertion.

Step 5. The morphisms Def(Cw) — Def,.(Uw), Def(Cw) — Def(C) and Def(Cw) —
Def(Ew) are smooth, and the morphism Def(Cy) — Def(Ew/G(n—g,n)) is an
isomorphism.

The first morphism is equal to the composition

Def(Cw) — Def(Uw) — Def,,(Uw),
where both arrows are smooth by Step 2. But it is also equal to the composition

Def(Cw) — Def(C) — Def,.(Uw).
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By Step 3, the first arrow induces a surjection on tangent spaces. Hence, by [10, Lemma
4.5.3], the morphism Def(Cy) — Def(C) is smooth. Using Step 1 again we deduce that
Def(Cw) — Def(Ew) is smooth. Thus, the composition

Def(Cy) — Def(Ew/G(n — g, n)) — Def(Ew)

is smooth, and the first arrow induces an isomorphism of tangent spaces. Hence, by [10,
Lemma 4.5.3], the morphism Def(Cw) — Def(Ew/G(n — g, n)) is smooth, and hence,
étale. But the functor Def(Ew /G (n — g, n)) is homogeneous, since it is prorepresented
by the formal completion of the scheme M, so our morphism is an isomorphism by [7,
Corollary 2.11]. O

Theorem 2.3.11. Assume that either n > g > 1, n > 2 and the base is Spec(Z[1/2]), or
n =g =1 and the base is Spec(Z[1/6]), or g =0, n = 2 and the base is Spec(Z). Then

the morphism ng"; — Moo (see (2.3.1)) is an isomorphism.

Proof. We know that both schemes are affine of finite type over G(n — g, n) (by Theorem
1.2.2 and Proposition 2.3.6), and that the morphism (2.3.1) is compatible with G,,-action.
Furthermore, the G,,-invariant loci of each scheme provide a section of the projection to
G(n—g,n), and over each open affine cell Us C G(n — g, n) our morphism corresponds
to a homomorphism f : A — B of nonnegatively graded algebras such that fy: Ag — By
is an isomorphism (here we use the fact that G, acts on (’)(Zjlgy,, (S)) with nonnegative
weights by Theorem 1.2.2(ii)). Furthermore, by Proposition 2.3.10, for every closed point
of Spec(Ag) =~ Spec(Bp), the map f induces an isomorphism of deformation functors.
Hence, applying Lemma 2.3.12 below we deduce that f is an isomorphism. O

Lemma 2.3.12. Let f: A — B be a morphism of degree zero of monnegatively graded
commutative algebras such that the induced map Ao — Bg is an isomorphism. Assume
that Ay is Noetherian, A and B are finitely generated as algebras over Ag =~ By, and
for every mazximal ideal m C Ag the map f induces an isomorphism A— B of the
completions with respect to the mazximal ideals m+ A~ and m+ B., respectively. Then
f is an isomorphism.

Proof. It is enough to prove that f induces an isomorphism A /Ai’o — B/ Bivo for each
N > 0. Note that A/A1>v0 (respectively, B/Bivo) is a finitely generated module over Ay
(respectively, Bp). Note that for any maximal ideal m C Ay =~ By, the (m+ A-¢)-adic
topology on A/ A1>V0 is equivalent to the m-adic topology, and similarly on B/ B]>Vo- Thus,
we have a morphism

A/AY, — B/BY,

of finitely generated Ag-modules, inducing an isomorphism of m-adic completions of
localizations at every maximal ideal m C Ag. Since Ag is Noetherian, such a morphism
is an isomorphism. O

Remark 2.3.13. For g > 1 let us define the open subset U C G(n—g,n) to be the

complement to the union of the images of n embeddings G(n—g,n—1) C G(n — g, n)
associated with the coordinate hyperplanes k"' < k™. It is easy to see that the
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preimage 7~ (U) C LN{g,’fn parametrizes (C, pa, Vo) such that H'(C,O(D — p;)) =0 for
every i (where D = p;+---+ p,). Using Remark 2.3.4 one can see that the analog
of Proposition 2.3.6 gives a relative moduli of As-structures on the family (Ew) over
U, when working over Spec(Z), provided n > g 4+ 2. Similarly, Proposition 2.3.10 holds
without any restrictions on the characteristic, for W € U and n > g +2. This suggests
that for n > g+2, working over Spec(Z), one could still show that the morphism
7 ' (U) = U is affine of finite type. Then the analog of Theorem 2.3.11 would give
an isomorphism of 7 ~!(U) with the corresponding relative moduli of Asc-structures

over U.
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