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A STOCHASTIC DIFFERENTIAL GAME FOR
QUADRATIC-LINEAR DIFFUSION PROCESSES
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Abstract

In this paper we study a stochastic differential game between two insurers whose surplus
processes are modelled by quadratic-linear diffusion processes. We consider an exit
probability game. One insurer controls its risk process to minimize the probability that
the surplus difference reaches a low level (indicating a disadvantaged surplus position of
the insurer) before reaching a high level, while the other insurer aims to maximize the
probability. We solve the game by finding the value function and the Nash equilibrium
strategy in explicit forms.
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1. Introduction

Stochastic differential games are used to model dynamic competitions or cooperations. In
[2] and [3], some noncooperative stochastic differential games were solved and explicit optimal
plays given. It is shown that values of games exist if the Isaacs’ condition holds. In [5], sup-
value and sub-value functions of a finite-horizon game were defined, which were shown to be
the unique viscosity solutions of the Bellman—Isaacs equations. In [1], games between two
investors were considered using a general payoff function. Conditions under which a game
has an achievable value were provided. In an exit probability game (and some other specific
games), the value function and resulting equilibrium portfolio strategies are found explicitly. In
[14], analytically tractable solutions of cooperative stochastic differential games with subgame
consistency were derived. In [10], a theorem giving the Hamilton—Jacobi—Bellman—Isaacs
conditions for a two-player game in a jump diffusion setting was proved. The result was then
used to study risk minimization problems. In [16], an exit probability game between two
insurers was considered for the first time with proportional reinsurance control under a linear
diffusion model, where the Nash equilibrium of the game was given in explicit form. In [13],
a nonproportional zero-sum game for insurers was studied. In [9], a proportional reinsurance
game with a win scenario of absolute dominance was considered. Parameter conditions under
which the game is solvable were given. In each solvable case, the value function and the Nash
equilibrium strategy were found explicitly.

In this paper we study a competitive game between two insurance companies. Related risk
models and game problems can be found in [1], [6], [7], [11], and [16]. For each insurance
company, the surplus process is modelled by a diffusion process with one controllable variable,
where the diffusion term is proportional to the variable (linear) and the drift term is a quadratic
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function of the variable. This quadratic-linear diffusion process has been considered in [6],
[7], [11], and others, which can be applied in a reinsurance model with a varying reinsurance
premium rate, or in a capital model with a friction factor of productivity. As in [1] and [16],
we define and consider an exit probability game. We note that the controlled risk process (in
quadratic-linear form) in this paper is different from the ones in [1] and [16], where the drift and
diffusion terms are both linear functions of the controllable variable. We first define a winning
event (for insurer two) that the difference in surplus levels (between insurer one and insurer
two) hits a given low level a before it hits a given high level b. In the game, insurer one tries to
minimize the probability of the winning event of insurer two, while insurer two tries to maximize
the probability. In other words, insurer one controls its risk to push the surplus difference to
exit the interval (a, b) through the high level b, while insurer two controls to pull the difference
to exit through a. Using a min-max criterion, a value function is defined. With appropriate
regularity, the value function can be characterized by the so-called Fleming—Bellman—Isaacs
(FBI) equations (see [13], [15], and [16]) which involve supremum and infimum operations.
Using special parameter classifications, the FBI equations are solved and a classical C2(a, b)
solution is given explicitly in each parameter case. By a verification result, the solution is
shown to be the value function. When solving the FBI equations (with supremum and infimum
operations), a saddle point is found explicitly, which yields an optimal strategy of the players,
i.e. the Nash equilibrium strategy, in a feedback form.

The rest of the paper is organized as follows. In Section 2 we introduce the mathematical
model and formulate the game problem. In Section 3 we present the FBI equations and prove
a verification theorem. We solve the FBI equations explicitly in Sections 4 and 5 via different
parameter cases. In Section 6 we give examples and discussions.

2. Quadratic-linear risk processes and game problem

In this section we formulate the game problem and define the value function. We begin
with the surplus processes R; for company i, i = 1, 2, which are described by the following
diffusion processes:

dR; = w;(u;) dt + o; (u;) dw;,

where {w;};>0, i = 1, 2, are uncorrelated standard Brownian motions adapted to information
Sfiltration {¥:};>0 in a probability space (€2, ¥, IP) and the drift and diffusion terms are given
by

i (i) = au? + Biui + vi, oi(u;) = oju;, (D

which are in a quadratic-linear form (see, e.g. [6] and [7]), where u; (0 < u; < 1),i =1, 2, are
levels of risk exposure and o; (> 0), i = 1, 2, are insurance volatilities that represent the risk
levels of the insurance companies. This particular form (of the linear-quadratic surplus process)
can be viewed as a result of a varying reinsurance premium. For example, suppose that without
reinsurance the surplus for company i is approximated by dR; = pu; dt + o;dw;, i = 1,2
(see, e.g. [4]). If reinsurance is bought with risk exposure level u; at a constant reinsurance
premium level A;, then the surplus is approximated by dR; = [; — A; (1 — u;)]dt + oju; dw;
(see, e.g. [12]). However, if we suppose that the reinsurance becomes cheaper when more
reinsurance is bought; specifically, if we assume that the reinsurance has a decreasing premium
rate of the form A;[1 — k; (1 — u;)] with some constant 0 < k; < 1 (i.e. the reinsurance
premium decreases linearly when more reinsurance is bought), then the insurance surplus
becomes dR; = {u; — A;(1 —u;)[1 — ki (1 — u;)]} dt + oju; dw;, which follows the quadratic-
linear form of (1) with o; = Ajk;, Bi = Ai(1 — 2k;), and y; = ui — A; (1 — k;). We note that,
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from this reinsurance formulation, the parameters «;, i = 1, 2, are positive. We also note that,
in a model of [6] on the capital of a company (with u; representing the size of the company), the
parameter «; is assumed to be negative. The parameter is called the internal competition factor
which reflects a friction (counter-productivity) phenomenon of the company when over-hiring.
However, from the mathematical point of view in this paper, we do not need to require any
restrictions on the parameters «;, i = 1, 2 (i.e. they can be either positive or negative).

Now we suppose that the insurers earn interest at a constant rate. So for eachi = 1, 2, the
surplus process is governed by the following stochastic differential equation (SDE):

dR; = [rR; + p;(u;)]dt + o; (u;) dw;,

where r is the risk-free rate.

Next we consider dynamic reinsurance control, i.e. the risk exposures u;, i = 1,2, can
be changed over time. We denote by RiU ' the controlled surplus process of insurer i under a
dynamic reinsurance control policy with risk exposure process U; := {u;(t)};>0. Write the
difference of the surplus processes by XV1-02 := RIUl — Rg 2, which is then governed by the
following SDE:

dX,Ul’U2 = (l’XtUl’U2 + alu% + Bruy — Otzu% — Bousr + 6)dt + ojuy dwy — orus dws,
Uy, U.
XU = 6)
where x is the initial surplus difference and § = y; — y».

A reinsurance control policy with risk exposure process U := {u(t)};>0 is said to be
admissible if

B 0=<u@ =1
(i) u(t) € ¥ forall t > 0; and
(ii1) u(r) is square integrable over [0, T'] for all 7 > 0 almost surely ( fOT u?(t) dr exists).

We denote by I the set of admissible controls.

For an initial difference x in interval (a, b), where a is the lower boundary and b is the upper
boundary, we define a hitting time of the controlled surplus difference process under a paired
admissible policy (U, Us), i.e.

t)(,/"Uz =inf{r: X""Y2 =y} foranya <y <b.
Now we give the definition of a performance function under (Uy, U>), i.e.
VUL (x) 1= Py (rU0V2 < o0, U002 < 012, 3)

where P, (-) = P(- | X é] B2 x). The performance function can be viewed as the probability
that insurer two wins the game, i.e. the difference of the surplus levels (between insurer one and
insurer two) reaches the low target level a (indicating a relatively high surplus level of insurer
two) at a finite time (before reaching the high target level »). Using the performance function,
we formulate a noncooperative game. In this game, insurer two controls its risk to maximize the
performance function, while insurer one tries to minimize it. Now we use a min-max criterion
to define the value function of the game. We first define sub-value and sup-value functions

V(x):= sup inf VUrU2(x), V(x):= inf sup VUrU2(x). )
Uyell U eIl Uell UyeIl
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Obviously, V(x) < V(x) for all x € (a, b). In the case V(x) = V(x) for all x € (a, b), we
define the function as the value function, denoted by V, i.e.

V() =Vx) = V).

In this paper we show that the value function always exists in explicit form, and so does the
Nash equilibrium strategy (U}, U5), which satisfies

VU2 () < VUV (x) < VU2 (1) )
for any admissible controls Uy, U;, and
Vx) = VYUY (x) on(a,b). (6)

3. FBI equations and verification theorem

In this section we give the FBI equations that govern the value function and prove the veri-
fication theorem that a classical solution to the FBI equations satisfying appropriate boundary
conditions is the value function.

Suppose that the value function of the game exists and is a C>(a, b) function. Furthermore,
suppose that there exists an admissible Nash equilibrium or saddle point strategy (U}, U3),
satisfying (5) and (6), and that the strategy is a feedback strategy, determined by a pair of
risk exposure functions (u7(+), u3(-)) (i.e. the risk exposure levels at any time are the function
values of u7(x) and u3(x) at the then-current difference level x). One can show that the value
function V solves the following FBI equations (see, e.g. [13], [15], and [16]):

sup L2y (x) =0, inf LYWy (x) =0, (7)
ur€[0,1] u1€[0,1]

where the operator L is defined by
uy,u2 _ 2 2 / 1, .22 2 2Ny
L V(x) = (rx + ajuy + Brur — oqu; — Pous +8)V'(x) + 5(01 ui +o5u3) V7 (x),
and functions u7 (x) and u} (x) satisfy

ui(x) =arg inf L0y (x), us(x) = arg sup LUy (1), (8)
u1€[0,1] ur€[0,1]

That is, the pair (4] (x), u5(x)) is a saddle point of L*!**2V (x). From (7) and (8), it holds that
LY@y (xy = 0, 9)

We note that the FBI equations are simplified Bellman—Isaacs equations when both the value
function and the Nash equilibrium strategy exist (see [5] and [15]). In the following, we prove
the verification theorem that if a decreasing C 2(a, b) solution to (7) with boundary conditions

V=1 and V(})=0 (10)

exists, then the value function exists and coincides with the solution.
Below we give a result that under certain admissible controls, the surplus difference process
exits the interval (a, b) almost surely.
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Lemma 1. For admissible controls U; = {u;(t)};>0, i = 1, 2, satisfying 0'1214%(1‘) + 0221/!%(1‘) >
g, for allt > 0 and a given positive ¢, it holds that Py(z; "> A1, "7 < 00) = 1, where
a<x<bh.
P ; _ U0 U1,U . As .
roof. Write T = 1, AT, . Applying It6’s formula, we obtain

U1,Up

AT UL.Uy AT UL.Us
eKXoar ™ _ oK :/ KeKXi M, dt +01K/ ul(t)eKXf dwq
0 0
AT U.Uy
Kx/ v
— crzK/ uy(t)e™ dwy forany T > 0 and any K,
0

where
M, = rXtUl’U2 +oz1u1(t)2 + Bru(z) —Olzuz(t)2 — Bour(t) + 6 + %K[Ulzul(l‘)z +C722u2(l‘)2].

Taking the expectation on both sides, we obtain
ULU AT ULLU
B, [eK XA~ — K7 =Ex[/ KeKX "2y, dti|. (11)
0

Choosing a large K (> 0) such that %Ks > e +rlal + |a1| + |B1] + oz + | B2] + |81, it holds
that M; > e for0 <t < t. From (11), we have

T UL
ekt _ k¥ > KR, |:1{T>T}/ KX 2edt] > KeeXTP, (v > T),
0
where 1 is the indicator function.
Letting T — o0, we obtain lim7_, o P, (t > T') = 0. The lemma is proved. O
In the following, we prove the verification theorem.

Theorem 1. Suppose that

(i) W is a decreasing C*(a, b) solution to the FBI equations (7) subject to the boundary
conditions (10) with the saddle point (u’f(x), Lt;(x)) determined by (8);

(i1) W’ is bounded on [a, b];
(iii) there exists ¢ > 0 such that u3(x) > & for x € [a, b].

Then the value function V exists and it holds that W (x) = V (x) for x € la, b]. Furthermore,
the feedback control strategy (U, Uy) given by

U, UF Ux,Ux
U1* = {MT(th 2)}t20 and Uz* = {ME(X;I 2)}t20

is the Nash equilibrium control such that yUrU3 (x) = V(x), where {XtUl U3 }i>0 is the surplus
difference process that solves SDE (2) under policy (U}, U5).
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. . .. . * Uf.U Uf .
Proof. For convenience, write hitting time 7Vi"V2 = ¢,/""? A T 7, '"". Forany time 7 > 0
and admissible controls U; = {u;(¢)};>0, i = 1, 2, applying It6’s formula, we obtain

"
VU2 AT

wxUt” ) we =/ Lo )uz(t)W(X
0

X
YT V2 47

Uity gy

U¥.U
Y2 AT
T Ur,Us

+o w' X, (x U0 dw,y

S—

02T U*U U*U
—02/ W (X, " () dwa W (X, ) dZ;
0
PSR IN o
501/ W x"T) (xUY du
0

Ul UZ/\T .
— o / W (XU un (1) dw,
0

where the inequality is because W solves the first equation in (7). Taking the expectation on
both sides, we have

UY, U
W) = Ed WX )]
T AT
= PX(XUZ;I;’{; =a, V1 < TYW(a) + P, (XU‘ L =b, U < TYW ()
Ut
Ul Us
EAW X7 )L vrn_p)]
> P, (XUU*LZIZ2 =a, Uiz T),

where the last line is due to the boundary conditions and the fact that the function W is
nonnegative on [a, b]. Letting T — oo, we have

U¥, Uy U U U ,Us U* Uy U*,Up
W(x) > ]P’,C(XT[};‘,U2 =a, 17" <00)=Pu(r," T <, T < 00),

which gives
W(x) > VUV (y). (12)

U,Uf _ T;fl’Uz Ui,

. U .. .
On the other hand, write T AT, 2, from the second equation in (7) we obtain

Wx) < EX[W(X LU U* )]
Y2 AT

P, x"Y — g VY S TYyW(a) + P, (XU,j;ff}* = b, T < TYWh)

UIU*_

U,

FEIWOG DT s (13)

U3 >T}
From uj(x) > ¢ on [a, b], using Lemma 1, we have limT%OOIP’(tUl’Uik > T) = 0. Passing
T — oo in (13) and using the boundary conditions, we have

U1,U2* U1,U2*

U.,U * U1,Uy
2 Ul < o0y =Pu(z, " % < T, ) Ta < 00),

W(x)<IP’(X *—ar
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wherefrom
W(x) < VUi (x). (14)
Thus,
V@) = inf VU = W) = sup VU () = V).
Uell Upell
From V (x) < V(x), we conclude that V (x) = W(x) = V(x) = V(x).
Furthermore, if we replace U, by U5 in (12) and U; by Uy in (14), we then obtain

W(x) = VUIUI (x). O
Remark 1. We observe that the hitting times r,f/ %2 and r,f] %2 ynder an arbitrary admissible

control (U1, U>) can be infinite with a positive probabililt/y. For example, under an admissible
control (U1, Uz) with u1(t) = ua(t) = 0, the process X, 102 can stay at level O forever when
6 = 0. In Lemma 1, the condition alzu%(t) + 0'221,{%([) > ¢, i.e. the volatility of the controlled
process X ,U 1.U2 being uniformly bounded above 0 (which is called the uniform parabolicity
condition; see, e.g. [8]), guarantees that the minimum of the two hitting times is finite almost
surely.

Remark 2. In the event that the hitting times 7./"*Y and rbU 12 ynder an admissible control

(U1, Up) are infinite, i.e. the controlled process X ,U U2 stays in the interval (a, b) forever,
it indicates that insurer two does not win, by the definition of the performance function (3).
To prevent this event from occurring, insurer two can take a strategy with the risk exposure
level uniformly bounded above O (so that the uniform parabolicity condition holds). In the
verification theorem, we assume that the Nash equilibrium reinsurance strategy of insurer two
satisfies this condition in order to prove the optimality.

In the next two sections, we solve the game problem. To do that, we solve the FBI
equations (7) for an explicit solution with boundary conditions (10). By the verification theorem,
the solution coincides with the value function.

For any C%(a, b) function W, write

. B1W'(x) . BaW'(x)
M]’W(.x) - - 2 1 B ) MZ,W(-X) - 2 P ; ) (15)
of W’ (x) + 201 W' (x) oy W (x) — 200W'(x)
which satisfy
dL*-"2W(x) —0 dL*1"2 W (x) _0
du; o dus e

ur=i,wx) uz=1i w(x)
Noting that L¥!"*2W is a quadratic function of u| and u», the expressions in (15) are used to
determine the minimizer or the maximizer in the equations (7), and, hence, the saddle point of
Lz w,

Suppose that the value function V is CZ%(a, b) and solves the FBI equations (7) with V/(x) <
0 on (a, b). In what follows, we proceed to identify V. In the following two sections, we

consider two parameter conditions:
(i) B1 > 0 and B > 0 (symmetric case); and
(i) B1 < 0 and By > 0 (asymmetric case).

The symmetric parameter condition is more reasonable in the practical world; however, the
asymmetric parameter case is mathematically interesting. The other parameter cases can be
treated similarly and we omit them.
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4. Explicit solutions — symmetric case

In this section we solve the FBI equations (7) in order to find the value function and Nash
equilibrium strategy explicitly in a symmetric parameter case: 8; > 0,1 = 1, 2.
Write, fori =1, 2,

20; + B
§ = %
i
The parameters &;, i = 1, 2, play a key role in classifying the solution of the FBI equations.

We consider three parameter cases in the following subsections:
@) &1 +8& <0;
(i1) & + & > 0; and
(iii) & +& =0.
4.1. The case with & + & < 0
Note that &, < —& in this case. Define the following sets:

X1={x€[a b]: Ez<%< 51}

V// V//
Xzz{xe[a b]: —/<$2} X3={xe[a,b] —5157}.

We find these sets explicitly. To do that, we first give a simplified equation that governs the
value function on each set. We then determine the end point(s) of each set using the definition
condition(s) of the set.

On set Xl, from the assumption that i > 0, we have V"/V’ < —& < —2a; /o, which
implies that ale” + o1 V' >0.Soiuy > 0. In addition, from V”/V’ < —§&, we have

; Bi B1

Uiy = — < — =1.
ot (V"] V') + 20 o2 (—&1) + 20

Thus, the minimizer in u#; € [0, 1] of L¥1"*2V is i),y and it holds that

inf LUriey = vy,
u1€[0,1]

On the other hand, from V" /V’ > & > 2a2/02, we have 2 503 2y — @, V' < 0. So iy > 0.
Also, from V”/V’ > &, we have

R B2 B2

Uyy = < =1.
2,V GZQ(V/// V') — 20 02252 — 2

We then conclude that the maximizer in us € [0, 1] of L*1"*2V is i1 v and it holds that

sup Ly = puiavy,
ur€[0,1]

Hence, the pair (i1, v, i2,v) is the saddle point of L*!"*2V, and from (9), V solves

LBv®iv@®y () =0 on X. (16)
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Equation (16) can be simplified to

2y/2 2y/72
V=2 V'</2
(rx +8)V' — 2ﬂ‘ 2__ 2’32 / =0,
of V" +2a, V! GZV”—ZOQV/
or )
V// V//
(rx + 5)(7> + f1 (x)<7> = falx) =0,
where
fi(x) =2(rx +8) (@ — @) — 5(B151 + B2p).,
fo(x) =4aia(rx + 8) + a1 f2p2 — @211,
and
= — 5,.:’3—;, fori =1,2.
Gi Gi
Thus, we conjecture that
% A1)+ 200 + 400 +8) o)
_— = f(_x) = — on x]. (17)
%4 2(rx 4+ 6)

Note that

FEG) +40rx +8) f2(x) = [2(rx + 8) (@1 + &2) — 3(B1B1 — B2B))* + P1B1B2B2 > 0,

wherefrom the function f is well defined. From

’

i _ 2(@p1Bi — a1B282)
im f(x)= = —
x—>=8/r B1B1 + B2B2

we see that f is continuous on (—oo, 0o0). Furthermore, we can check that f is a decreasing
function on (—o0, 00) by differentiation. Noting that &1 + @y < 0, we have

f(x)=—a; +a; —|a; +az| =2a; asx — oo,
f(x)=—a; +a+|a; +az| = —2a; asx — —oo.

Note that 2o < & < —&1 < —2a7. So inequality f(x) < —&; gives x > x1, where

_Bi@ + @)+ Bib+BB)/2 8

M r(&1 + 2a7) r’ (18)
and f(x) > & gives x < x, where
y o Br@1 a0+ (BiB1+ BaB2)/2 8 )

r(& + 2a1) r

Hence,
X1 = (x1,x2) N[a, b].
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On X, from V"V’ < & < —&; and the discussions on the set X |, we see that the minimizer
inu; € [0, 1] of L¥1*2V is i1,y and we have 1nful€[0 1] Ly = L“l V42V on X,. Next,
We consider three cases in order to 1dent1fy the maximizer in uy. If 205/ 02 < V"]V’ < & then

2V” —ayV' <Oandiipy > ,82/(0%52 — 2a) = 1; hence, the maximizer in u; € [0, 1] of
L’“ nyisl. IfV"/V/ < 2012/02 then 5 V” an’ > Oandiip,y < 0; hence, the maximizer
inuy € [0, 1]isalso 1. If V") V' = 2012/02 then Jo2V" — V' = 0; from —B, V' > 0, the
maximizer in up € [0, 1] is still 1. To summarize, it holds that sup,, ¢ 1) L*""*?V = L Aty
when V”/V' < &. Thus, the pair (i1 y, 1) is the saddle point of L"1-*2V and we have

LUv@ly )y =0 on X,. (20)
Equation (20) is equivalent to

BiV"?/2

10_2‘/// __~nr e
2 ole”+2a1V/

(rx+8—a2—ﬂ2)V/+2

which can be simplified to

where
rx+48 _ ~ _ _(rx+48 _ 1 ,31,81
g1(x) = —— —aw— fatap, g2(x) =—2a1< 5 —O&-ﬁz) .
o5 o5 2 02

Now, we conjecture that

V//
v =80 =g — g1(x) +2g2(x) on X. 2L

Note that , -
rx+é s - BB
g1 () +2(x) = ( 3 —062—/32—061> +— =0,
02 0'2

and we see that the function g is well-defined. We also note that g is a decreasing function in
x € (—o0, 00) and

2
lim g(x) = —00, lim g(x)= lim §2() — _2a.
X—>00 X—>—00

TR g1 — /82 (x) + 282(x)

From & < —2a; (which is equivalent to &1 + & < ,31), inequality g(x) < & gives x > xp,
where x» is defined in (19). Thus, we conclude that

X2 = [x2,00) N|a, b].

On set X3, if =& < V"V’ < —20(1/01, we have 2012V” + a1V’ > 0 and u V >
—/31/(01( &)+ 2011) = 1. So the minimizer in #; € [0, 1] of L*1-*2V is 1. If — 2011/01
V"V’ we have 20 2yt 4o Vo< 0 and i1y < 0; hence, the minimizer in u; € [0, 1]
is 1. If =201 /0 = V")V, we have ofV" +a1V' = 0and BV’ < 0, so the minimizer
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inuy € [0, 1] is still 1. We conclude that inf,, o ; L"1""2V = L2V on X3. Also, from
& < —& < V”/V’ and the discussions on X, we see that the maximizer in u; € [0, 1] of
L"1*2V is {15 y. Thus, we conclude that the pair (1, ii,y) is the saddle point of L*1"#2V and
it holds that

LYV (x) =0 on X;3. (22)

The equation (22) is equivalent to

BIV"?/2
022V” —2ap V' N

1/v" 2 A v N 0
§<7> + 1<x)<7>— 2(6) =0,

(rx+8+ar+ gV’ Loayn _
1+ B1) +201

which simplifies to

where
rx +48  _ - _ _(rx+46 _ - 18
hi(x) = —5— + a1+ B — a, hz(X)=2062< +a1+ﬂ1>+——ﬂ2§2.
] 1 2 oq
We let
V//
v = h(x) i= —hi(x) +/h3(x) + 2h2(x) on X3. (23)
From
rx +6  _ _ ~ 2 3
h3(x) 4 2hy(x) = ( 5>— +a1+ B +a2> + ,32_/32 >0,
(71 0'1

the function 4 is well-defined. Note that 4 is a decreasing function in x € (—o0, c0) and

2h
lim h(x) = lim 20) =&, lim h(x) = oco.

e T hy () + R (x) + 2k (x) A

From 2a, < —&; (which is equivalent to &1 + & < Bz), inequality A (x) > —&; is equivalent
to x < x1, where x; is defined in (18). So we conclude that

x3 = (_OO, xl] N [av b]
To summarize, we have

h(x), x € X3 = (—o00,x1]N]a,b],

v//
V/((;C)) = ¢()C) = f()C), X € Xl = (xl’ XQ) al [Cl, b]7 (24)
gx), x € X2 =[xz, 00)N|[a,b].
Note that f(x1) = h(x1) = =& and f(x2) = g(x2) = &. So ¢ is a continuous function on

[a, b]. Since functions A, f, and g are decreasing in x, function ¢ is a decreasing function.
From (24) and the boundary conditions (10), the value function V can be determined. Hence,
we obtain the following theorem.
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Theorem 2. If &) +& < Oand B; > 0,1 = 1,2, then the value function of the game is a
decreasing C? function given by

[? expt [ ¢ (v) dv} du
[ expt [“ ¢ (v) dv} du

and the Nash equilibrium strategy is a feedback control associated with the risk exposure
Sfunctions given by

(7 (x), u3(x))

Vx)=

forx € la,b), (25)

B2 L
(l,m), x € X3 = (—o0,x1]N|a, b],
Bi B2
=1\ X1 = Nla,b
aff(x)+2a1’a§f(x)—za2>’ ¥eXi=mn)Nla bl 26
Bi B
( 0128(x)~|-2a1’1 ’ * € Xz =[xz, c0) N, 5],

where functions ¢, f, g, and h are givenin (24), (17), (21), and (23), respectively, and threshold
points x1 and xy are given in (18) and (19), respectively.

Proof. From the discussions in this subsection, we see that V defined in (25) is a Cz(a, b)
function and solves the FBI equations (7) subject to the boundary conditions (10) with the saddle
point given in (26). Its derivative V' is continuous on [a, b] and, hence, bounded. Furthermore,
from f(x1) = h(x1) and Bo/(03 f(x2) — 2a2) = B2/(03& — 2a2) = 1, the risk exposure
function 1} is continuous on [a, b]. So u is uniformly bounded above 0. The results of the
theorem immediately follow from the verification theorem. (]

Remark 3. In Theorem 2 for the Nash equilibrium strategy, the risk exposure function u] is a
decreasing function in surplus difference x, and u3 is an increasing function. This implies that
if any insurer is into a better surplus position (e.g. insurer one holds a better surplus position
when the surplus difference x is higher), then the insurer takes a lower level of risk exposure
and buys more reinsurance.

Remark 4. In[9] and [16] under the linear model, the Nash equilibrium strategy (17, u3) occurs
on only the boundary of the control region [0, 1] x [0, 1], 1i.e. ata given surplus difference level, at
least one insurer must take a trivial risk exposure strategy 0 or 1. However, under the quadratic-
linear model, the Nash equilibrium strategy can occur inside the control region [0, 1] x [0, 1],
e.g. in Theorem 2, it holds that 0 < uf <1,i=1,2,0on X;.

4.2. The case with & + & > 0
We have —&1 < & in this case. Define sets
V//
X4 = {x €la,b]: —& < — <Ez},
V/
=
Similar to the previous subsection, now we find these sets explicitly.
On set X4, we have —&; < V”/V’; from the discussions on X3 in the previous subsection,

we see that the minimizer in u; € [0, 1] of L"""*2V is 1 and it holds that inf,, ¢[o 1) L""""2V =
L2V . On the other hand, from V”/V’ < & and the discussions on X5, we see that the

V// V//
xsz{xe[a,b]:€2<—}, X6={x€[a,b]:7§—$1}-
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maximizer in up € [0, 1]is 1 and conclude that sup,,, ¢[o. 1] L"""*?V = L"“1V . Hence, the pair
(1, 1) is the saddle point of L*1-*2V . So it holds that

LY 'V(x)=0 on X4, (27)

which gives
(rx +8+a1+pi —ar — )V + Lo + o))V =0.

Thus, we have

V' (x) 20x +8 + a1 + B1 —az — Bo)
—— = k(x) := — é ﬂ; P , (28)
V/(x) of +0;
which is a decreasing function. So k(x) < &, gives x > x3, where
2—a — 1_\o2
r 2 r r
Also —&1 < k(x) gives x < x4, where
2—ay — _ 1-\o}
x4=_u+(al+_ﬁ]>_2___ (30)
r 2 r r

Hence,
X4 = (x3, x4) N [a, b].

On Xs, from & < V”/V’ and the discussions on X in the previous subsection, we have
303V —ayV' < 0and ila,y < Bo/(03& — 2a3) = 1. Thus, the maximizer in u; € [0, 1] of
L"1*2V is i v and it holds that sup,,, (9 1) L*""*2V = L*1"*2V V. Furthermore, from —&; <
& < V”/V’ and the discussions on X3 in the previous subsection, we see that the minimizer in
uy € [0, 1] is 1 and it holds that inf,, 1o 1 L’“’LfZV = L2V So we conclude that (1, i.v)
is the saddle point of L*1**2V and V solves L'#2VV = (0 on X5. We then conjecture that

V//(x)
V'(x)

=h(x) on Xs,

where £ is given in (23). Note that inequality & < h(x) gives x < x3. So we come to
XS = (_OO, x3] N [a3 b]»

where x3 is given in (29).

On X, from V”/V’ < —&; and the discussions on X in the previous subsection, we see
that the minimizer in u; € [0, 1] is &1,y and it holds that inf,, ;g 1) L""""?V = Livvwy,
Furthermore, from V”/ V' < —&| < & and the discussions on X5 in the previous subsection,
we see that the maximizer in u € [0, 1] is 1 and it holds that sup,,, (o 1) L*!"*?V = Lty
So we conclude that (i1, v, 1) is the saddle point of L*1“2V and V solves L1y = (0 on Xg.
Hence, we conjecture that

V//(x)
V'(x)
where g is given in (21). Also inequality g(x) < —&; gives x > x4. So it holds that

= g(x) on Xg,

X6 = [x4,00) N[a, D],

where x4 is given in (30).
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Summarizing the discussions, we conjecture that

h(x), x e Xs5=(—00,x3]N][a,b],
=@(x) = {k(x), xe X4=(x3,x4)NJ[a,b], 31D
g(x), x e Xg=[x4,00)N]a,b],

V//(x)
V'(x)

where functions 4, k, and g are given in (23), (28), and (21). Noting that k(x3) = h(x3) = &
and k(x4) = g(x4) = —&1, we see that ¢ is a continuous function on [a, b]. Since h, k, and g
are decreasing functions, so is ¢.

Theorem 3. If &) +& > Oand B; > 0,1 = 1,2, then the value function of the game is a
decreasing C? function given by

fxb exp{ [ ¢(v) dv} du

vV =
0 fab exp{ [ ¢(v) dv} du

for x € [a, b],

and the Nash equilibrium strategy is a feedback control associated with the risk exposure
functions given by

B2
l, 5———— = (— b
<’a§h(x)—za2>’ x € X5 = (=00, 1310 [a, b,

(ui(x), u5(x)) = § (1, 1), X € X4 = (x3.x4) N[a, bl.

22!
ko o _ )
(Gzlg(x)Jrza]’ ) x € X = [x4,00) Na,b],

where functions ¢, g, and h are given in (31), (21), and (23), respectively, and threshold
points x3 and x4 are given in (29) and (30), respectively.

4.3. The case with & + & =0

In this case, we observe that

&1 =86 = f(x1) = f(x2) = h(x1) = h(x3) = k(x3) = k(xg) = g(x4) = g(x2),

and it holds that x; = xp = x3 = x4. So for the Nash equilibrium strategy, the two insurers
now share a common threshold point. We then let

V//’(x) — ) = h(x), x € (—o00,x1]N]a,b], (32)
V/(x) g(x), x € (x1,00)N[a,b],

and obtain the following theorem.

Theorem 4. If& +& = 0and B; > 0,1 = 1,2, then the value function of the game is a
decreasing C? function given by

J? exp( " ¥ (v) dv) du
fab exp{ [ ¥ (v) dv} du

Vix)= forx € la, b],
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and the Nash equilibrium strategy is a feedback control associated with the risk exposure
functions given by

( B2 )
I, w—=———), x e (=00, x1]N[a,b],
2
(Ui (x), us(x)) = ) h():g)1 — 207
Y . S
( olg(x) + 20 ) x € (x1,00) Nla, b,

where the functions , g, and h are given in (32), (21), and (23), respectively, and x| is given
in (18).

5. Explicit solutions — asymmetric case

In this section we solve the game under an asymmetric parameter case: 81 < 0 and 8 > 0.

Define
2(ery + B1)
1=
9]
The parameters 0 and & play a key role in classifying the solutions. We consider three
cases:
1) 61+& <0
(i) 61 + & > 0; and
(iii) 61 +& =0.
5.1. The case with 6; + & < 0
In this case, we have & < —6;. Define the following sets:

V//
Y= {xeab] §2<7< 01}

V// V//
%2={X€[a,b]17§§2}, y3={xe[a,b] —9157},
Now we identify these sets.

On set Y1, from B; < 0, we have —20(1/(71 <—0,. ITV"V < 20[1/01 then V”—i—
a1V > 0and iy < 0; hence, the minimizer in u#; € [0, 1] of L*-*2V is 0. If — 20[1/01 <
V')V < -6 then V” 4+ a1V’ < 0and

. B1 Bi 1

iy =— > — —
YTV 420y T 02(=6) + 21 2

So the minimizer in u1 € [0, 1] of L“1*2V is also 0. If V"/V' = —2a; [0} then 4 30 2y” 4
a1V’ = 0; from 81V’ > 0, the minimizer in u; € [0, 1] is still 0. Hence, we see that the
minimizer in u; € [0, 1] of L¥-*2V is 0 and it holds that

inf LYy =002y ony,.
ui€l0,1]

On the other hand, from V”/V’ > &, and the discussions on X in the previous section, we
see that the maximizer in up € [0, 1] of L¥"*2V is i1 v and it holds that

sup Ly = [4ivy  on 'y
u€[0,1]

https://doi.org/10.1017/apr.2016.69 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.69

1176 S.LUO

Hence, the pair (0, i3,y ) is the saddle point of L***2V. Thus, V solves

L0V y () =0 onY,. (33)
Then (33) is equivalent to
2v,72
V'=/2
(rx+5)v/——2’32 / =0,
o3V’ =20V’
or p _
14 B2B2 _
pu— = — 2 . 34
Vi m(x) rxt 8 +2a; onY, (34)

Note that m is a decreasing continuous function on (—§/r, 00). Also, note that the range of
function m is (2a2, 00) on (—6&/r, 00), and 20y < & < —01. Som(x) < —60; gives x > xs,
where

_ _ﬂz—ﬂ_z _ é
ST 00 +2a0) (35)

Also m(x) > & gives x < xg, Where
8
X6 = & - —. (36)

T2 o

Hence, we conclude that
Y1 = (x5, x6) N la, b].

On Yo, from V”/V’' < & < —0; and the discussions on the set Y1, we see that the minimizer in
up € [0, 1T of L*1"*2V is 0 and it holds that inf,, .o 1) L*"""2V = L%V From V"/V' <&
and the discussions on X, in the previous section, we see that the maximizer in u» is 1 and it
holds that sup,,,¢jo, 1) L"""?V = L“:'V. Thus, the pair (0, 1) is the saddle point of L“1-42V/
and we have

L%'V(x)=0 on%Y,. (37)

Then (37) is equivalent to
(rx +8 —ar — p)V' + 1a3V" =0,
which gives
v 2(rx +8 —ax — Ba)

— =nx) = — 3
%4 o5

on Y. (33)
Note that n(x) < & gives x > xg, where x¢ is given in (36). Thus, we conclude that
Y2 = [x6, 00) N [a, b].
On set Y3, from —2011/(712 < —0; < V"/V’, we have %ale” + o1V <0and

A Bi Bi 1
upy =— = - ==
’ of(V"/V) +2a1 T of(=61) +201 2

So the minimizer in u; € [0, 1] of L“"*2V is 1 and we conclude that inf,, ¢[o 1j L2V =
L2V on Y3. Also, from & < —6; < V”/V’ and the discussions on X in the previous
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section, we see that the maximizer in u, € [0, 1] of L#1:*2V is L:tz,v. Thus, we conclude that
the pair (1, i3,y ) is the saddle point of L*1-#2V and V solves LV#2vy (x) = 0,ie.(22) on Ys.

So v

7 h(x) on Y3,
where A is given in (23). The inequality h(x) > —0; is equivalent to x < x5, where x5 is
defined in (35). Then we conclude that

y3 = (_OO, )CS] N [av b]
To summarize this subsection, we have

h(x), x € Y3=(-00,x5]N]a,b],
=¢(x) = {m(x), x €Y =(xs5,x6) Nla,b], (39)
n(x), x € Yo =I[x¢,00)N]a,b],

V//(x)
Vi(x)

where n, m, and h are given in (38), (34), and (23). Note that h(x5) = m(x5) = —60; and
m(xg) = n(xe) = &. So ¢ is a continuous function on [a, b]. Obviously, ¢ is a decreasing
function.

Theorem 5. If0) + & < 0, 1 < 0, and B2 > 0, then the value function of the game is a
decreasing C? function given by

fxb exp{/, ¢(v)dv}du
17 expt " £ (v) dv) du

and the Nash equilibrium strategy is a feedback control associated with the risk exposure
functions given by

Vx) =

for x € [a, b],

(LL)’ X € y?’ Z(—OO, xs]ﬂ[a,b],
20

azzh(x) —

@y (), w3 (x)) = (0’ L) x € Y1 = (x5, x6) N [a, b],

Uzzm(x) —2ap
0, D), x € Yo = [x6,00) N [a, b],

where functions ¢, h, and m are given in (39), (23), and (34), respectively, and threshold
points xs and x¢ are given in (35) and (36), respectively.

Remark 5. The Nash equilibrium strategy for insurer one in Theorem 5 shows a bang-bang
behaviour in that it takes only the extreme values O (full reinsurance) and 1 (no reinsurance).

5.2. The case with 6; + & > 0
It holds that —0; < & in this case. Define the following sets:

y4={xe[a,b]: — 0 <%<§2},

V// V//
y5={x€[a,b]:§2§7}, yﬁz{xe[a,b]tvf—e]}.

‘We find these sets as follows.
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On set Y4, from —0; < V”/V’ and the discussions on Y3 in the previous subsection, the
minimizer in u; € [0, 1] of L*!"*2V is 1 and it holds that inf,, ¢[o ;; L""?V = L2V From
V"]V’ < &, and the discussions on Y5, the maximizer in u, € [0, 1]is 1 and

sup L2y = putly,
ur€[0,1]

So the pair (1, 1) is the saddle point of L*1-*2V . Also V solves LUV (x) =0, ie. (27) on Yg4.
Thus,

V//(x)

V/(x)
where k is given in (28). Since inequality k(x) < & gives x > x3, where x3 is given in (29),
and —601 < k(x) gives x < x7, where

= k(x),

2
050 + 8
X > 01 ay+ B _ 2 (40)

2r r r

so we obtain
Y4 = (x3,x7) Nla, b].

On Ys, from & < V”/V’ and the discussions on X in the previous section, the maximizer
inuy € [0, 1] of L¥"*2V is #i5 v and it holds that SUp,,ef0.1) L2V = L2y From
—01 < & < V”/V’ and the discussions on Y3 in the previous subsection, we see the minimizer
inu; € [0, 1]is 1 and it holds that inf,,, ¢[0 1 L’“:“QV = L'*2V_ So we conclude that (1, i)
is the saddle point of L***2V and V solves L*2VV = 0, i.e. (22) on Ys. Thus,

PO iy ony
=h(x) onYs,
V/(x) ’
where  is given in (23). Note that inequality & < h(x) gives x < x3, where x3 is given in

(29). Thus,
ys = (_OO, x3] N [aa b]

On Y, from V”/V’ < —0; and the discussions on ¥ in the previous subsection, the
minimizer in u; € [0, 1] is 0 and it holds that inf,,, ¢fo ;; L2V = L%"2V. From V"/V' <
—01 < & and the discussions on X in the previous section, the maximizer in up € [0, 1]is 1
and it holds that sup,,,¢[o 1] L""""?V = L“:'V. So we conclude that (0, 1) is the saddle point
of L*1:#2V and V solves L%V =0, i.e. (37) on Ye. Then it holds that

V//(x)
V'(x)

where n is given in (38). Inequality n(x) < —6; gives x > x7, where x7 is given in (40). Thus,

Yo = [x7,00) N[a, b].

=n(x) on¥Ys,

So we have
h(x)a X € yS = (—OO,X3] N [aa b]a

=0(x) = 1k(x), x € Ys=(x3,x7)N][a,b], 41
m(x), x € Y =[x7,00)N][a,b],

where functions %, k, and n are given in (23), (28), and (38). Noting that k(x3) = h(x3) = &
and k(x7) = n(x7) = —61, we see that ¥ is a continuous and decreasing function on [a, b].
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Theorem 6. If 01 + & > 0, 1 < 0, and B > 0, then the value function of the game is a
decreasing C? function given by

17 exp( " 9 (v) dv) du
fab exp{[)' ©(v) dv}du

Vix) = forx € [a,b),

and the Nash equilibrium strategy is a feedback control associated with the risk exposure
functions given by

<1, L) x € Ys = (—o0, x3] N [a, b],
— 200

0Zh(x)
(1, 1), x € Y4 = (x3,x7) N[a, b],
0, 1), x € Yo = [x7,00) N [a, b],

(i (x), u3(x)) =

where functions © and h are given in (41) and (23), and threshold points x3 and x7 are given
in (29) and (40), respectively.
5.3. The case with & + & =0

In this case, we observe that
—01 =& =n(x7) = k(x7) = k(x3) = h(x3) = h(xs5) = m(xs) = m(xg) = n(xe),

and it holds that x3 = x5 = x¢ = x7. So the two insurers share a common threshold point. We
then let
v (x) B
Vi)

_Jhx), x € (—oo,x3]1Nla,b],
N n(x), x € (x3,00)N|[a,b],

n(x) : (42)

where functions / and n are given in (23) and (38), and obtain the following theorem.

Theorem 7. If 01 + & = 0, 1 < 0, and B > 0, then the value function of the game is a
decreasing C? function given by

th exp{ [} n(v) dv}du
[7 expt [ n(v) dv} du

Vix)= forx € [a, b],

and the Nash equilibrium strategy is a feedback control associated with the risk exposure
Sfunctions given by

B2
1, —r2 _ b
U (x), u3(x)) = <’022h(x)_2a2>’ x € (—00, x3]N[a, b],
O, D), x € (x3,00) N[a, bl,

where the functions n and h are given in (42) and (23), and x3 is given in (29).

6. Examples and discussions

In this section we give three numerical examples and some discussions. We also present
concluding remarks.
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— Value function
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FIGURE 1: The case with &1 + & < 0, 81 > 0, and B2 > 0 in Theorem 2.
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FIGURE 2: The case with &1 + & > 0, 81 > 0, and B2 > 0 in Theorem 3.

Example 1. In this example, we set the parameters as follows: a = —10,b =5,r =0.1,0) =
1.5, 00 = =25, =25,6=15,8 =0.1,01 =2,and 0 = 1.5. So & + & = —0.1806,
x1 = —7.5984, and xo = —3.1983. The value function and the Nash equilibrium strategy given
in Figure 1 are calculated using the results in Theorem 2. We see that the parameter settings
in this example seem to be more advantageous for insurer one. The value function in Figure 1
reflects this observation. In fact, one can see that the value function, i.e. the probability for
insurer two to win under the Nash equilibrium strategy, is low on a large sub-interval of (a, b).

Example 2. In this example, we set the parameters as follows: ¢ = —30, b = 40, r = 0.1,
a1 =03,00=0.5,8=0.5,8=0.7,§ = -0.2,01 = 2,and 02 = 3. S0 & + & = 0.4639,
x3 = —6.2778, and x4 = 23.8750. The value function and the Nash equilibrium strategy
are given in Figure 2 and they are calculated using Theorem 3. The parameter settings in
this example seem to be fairly even for each insurer. The value function exhibits a somewhat
symmetric pattern in the interval (a, b). The value function has one reflection point at xg =
(a2 + B2 — a1 — B1 — 8)/r = 6. The function is concave below the reflection point and convex

above it.
Example 3. In this example, we set the parameters as follows: a = —5, b = 10, r = 0.1,
ap = 1.5, ap = =25, 1 = =25, 8 =15, = 0.1, 01 = 2,and 0 = 1.5. So

01 4+ & = —2.0556, x5 = 0.8367, and x¢ = 6.5. The value function and the Nash equilibrium
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— Value function
--Nash equilibrium strategy — insurer one
- Nash equilibrium strategy — insurer two

Surplus difference

FIGURE 3: The case with 0] + & < 0, 81 < 0, and 8> > 0 in Theorem 5.

strategy are given in Figure 3 which are calculated using Theorem 5. The risk exposure function
of insurer one has a jump at x5. The value function has one reflection point at

PP 3o

dra, r

X0 =

From the explicit results, we observe that for each insurer the Nash equilibrium strategy has
a unique reinsurance threshold point (provided that the threshold is within the target levels a
and b). The threshold point separates the interval (a, b) into a no-reinsurance region and a
reinsurance region. For example, in the symmetric parameter case with & 4+ & < 0, insurer
one has a unique threshold at x1. That is, when the surplus difference is below this level, the risk
exposure is equal to 1 and no reinsurance is bought; and when the surplus difference is above
the level, the risk exposure level is less than 1 and some reinsurance is bought. We also observe
that the Nash equilibrium strategy for each insurer is monotone in the surplus difference. The
value function has at most one reflection point (where concavity changes), and the function
can be convex (see Figure 1), concave or S-shaped (see Figures 2 and 3) on the interval (a, b).
Another interesting observation is that in the asymmetric parameter case (8; < 0 and 8, > 0),
the Nash equilibrium strategy for insurer one shows a bang-bang property, i.e. the risk exposure
function takes only the values 0 and 1, while the risk exposure function of insurer two is always
continuous; and in the symmetric parameter case (81 > 0 and > > 0), all risk exposure
functions are continuous.

In this paper we focused on two parameter cases — a symmetric case and an asymmetric case.
Using parameter classifications (depending on the signs of S, B2, &1 + &2, and 61 + &), the
game is solved with explicit solutions given in each case. We note that under other parameter
cases, e.g. f1 < 0 and B, < 0, the Nash equilibrium strategy for insurer two may take the
value 0 on some interval and a modified verification theorem is needed. However, the main
methodology in this paper is still applicable for these parameter cases and we omit them. We
also note that the two insurance surplus processes are uncorrelated in our model. In the model
with correlation, the game problem becomes more difficult. In some parameter cases the game
may not be solvable and the value function may not exist. We leave these problems for future
research.

https://doi.org/10.1017/apr.2016.69 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.69

1182 S.LUO

Acknowledgement

The author would like to thank an anonymous referee whose suggestions have helped improve
this paper. The author also acknowledges the support of a summer research fellowship from
the University of Northern Iowa.

References

[1] BROWNE, S. (2000). Stochastic differential portfolio games. J. Appl. Prob. 37, 126-147.
[2] ErLioTT, R. (1976). The existence of value in stochastic differential games. SIAM J. Control Optimization 14,
85-94.
[3] ErLLioTT, R. AND DaAvis, M. H. A. (1981). Optimal play in a stochastic differential game. SIAM J. Control
Optimization 19, 543-554.
[4] EMANUEL, D. C., HARRISON, J. M. AND TAYLOR, A. J. (1975). A diffusion approximation for the ruin function
of a risk process with compounding assets. Scand. Actuarial J. 1975, 240-247.
[5] FLEMING, W. H. AND SOUGANIDIS, P. E. (1989). On the existence of value functions of two-player, zero-sum
stochastic differential games. Indiana Univ. Math. J. 38,293-314.
[6] Guo, X. (2002). Some risk management problems for firms with internal competition and debt. J. Appl. Prob.
39, 55-69.
[7] Guo, X., L1u, J. AND ZHOU, X. Y. (2004). A constrained non-linear regular-singular stochastic control problem
with applications. Stoch. Process. Appl. 109, 167-187.
[8] KryrLov, N. V. (1980). Controlled Diffusion Processes. Springer, New York.
[9] Luo, S. (2014). Stochastic Brownian game of absolute dominance. J. Appl. Prob. 51, 436-452.
[10] MATARAMVURA, S. AND @KSENDAL, B. (2008). Risk minimizing portfolios and HIBI equations for stochastic
differential games. Stochastics 80, 317-337.
[11] MENG, H., S1u, T. K. AND YANG, H. (2013). Optimal dividends with debts and nonlinear insurance risk processes.
Insurance Math. Econom. 53, 110-121.
[12] TAKSAR, M. I. AND MARKUSSEN, C. (2003). Optimal dynamic reinsurance policies for large insurance portfolios.
Finance Stoch. 7,97-121.
[13] TAKSAR, M. AND ZENG, X. (2011). Optimal non-proportional reinsurance control and stochastic differential
games. Insurance Math. Econom. 48, 64-71.
[14] YEUNG, D. W. K. AND PETROSYAN, L. A. (2004). Subgame consistent cooperative solutions in stochastic
differential games. J. Optimization Theory Appl. 120, 651-666.
[15] YEUNG, D. W. K. AND PETROSYAN, L. A. (2006). Cooperative Stochastic Differential Games. Springer, New
York.
[16] ZENG, X. (2010). A stochastic differential reinsurance game. J. Appl. Prob. 47, 335-349.

https://doi.org/10.1017/apr.2016.69 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.69

	1 Introduction
	2 Quadratic-linear risk processes and game problem
	3 FBI equations and verification theorem
	4 Explicit solutions -- symmetric case
	4.1 The case with 1+2<0
	4.2 The case with 1+2>0
	4.3 The case with 1+2=0

	5 Explicit solutions -- asymmetric case
	5.1 The case with 1+2<0
	5.2 The case with 1+2>0
	5.3 The case with 1+2=0

	6 Examples and discussions
	Acknowledgement
	References

