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In this paper we characterize the boundedness on the product of Sobolev spaces
H3(T) x H*(T) on the unit circle T, of the bilinear form A, with symbol b € H*(T)
given by

Ap(p,¥) = / ((=4)° + 1) (p¢) (md(n) do (n).
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1. Introduction

In [20], V.G. Maz’ya and LE. Verbitsky characterize the class of measurable func-
tions V' such that the Schrédinger operator —A + V' maps the homogeneous Sobolev
space W1’2(R") to its dual, obtaining necessary and sufficient conditions for the
classical inequality

<C IVo(2)|?dz, u € D(R™),
R’!L

JRCEIRLOLE

to hold. They also obtained analogous characterizations for the non-homogeneous
Sobolev space W12(R™). In this paper we will consider a similar problem on the
unit circle T for the space W*2(T), 0 < s < 1/2.

The space W*2(T) s >0, is the space of functions ¢ € L?(T) such that if
(@(k))rez is the sequence of its Fourier coefficients, then

1/2
lollwszem) = (Z(l + kls)zlﬁ(k)F) < o0.

kEZ
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2118 C. Cascante and J. M. Ortega

When 0 < s < 1 and for functions in C>°(T), this norm is equivalent to ||| z2(r) +
[(=A)*¢l|z2(my, where (=A)® is the fractional Laplacian defined, up to a con-
stant, by
s P(O) = »(n)
(=A)*()(C) = P-V-/dea(n)

and the space W*2(T) coincides with the completion of C*°(T) with respect to this
norm. In turn, this space coincides with the space of Riesz potentials, that we will
denote by H*(T) := I,(L?*(T)), where I is the Riesz kernel defined by I,(¢,n) =
((T((1+ )/2)2)/T() (/1 = G1*) and [@llzsm) = [l z2my, i 9 = L(8).

We are interested in the case where 0 < s < 1/2. When 1/2 < s < 1, H*(T) is an
algebra and the problem that we will consider becomes trivial.

Let A be the bilinear form with symbol b € H*(T) given by

Mol i= [ (=8 +1) () a)blo) doto)
The main object of this paper is the characterization of the symbols b € H*(T)
for which the bilinear form A, is bounded on H*(T) x H*(T), that is,

18 (2, V)] S llpll e (m 191l 22 () - (1.1)

This problem is equivalent (see proposition 4.6), to the characterization of the
functions ¢ € L?(T) that are trace measures (that may change sign) for the space

H(T), i.e.,
[Iotedo
T

In R", V.G. Maz'ya and L.LE. Verbitsky considered this problem for s =1
(see [20]), showing that the inequality |[5. |¢|*cdo| < ||<p\|%11(Rn), is equivalent
PPI(=2)"12(e))? do| < @l gny, where [(=A)71/2(c)]? is
now a non-negative measure (see also [21] and [15] for related problems). In [9] it is
considered the case 0 < s < 1/2 in R. We also recall that N. Arcozzi, R. Rochberg,
E. Sawyer and B.D. Wick in [5] have considered a result on the boundedness of
a holomorphic version of this problem on the Dirichlet space (see also [8] for a
different proof).

Some of the main difficulties when dealing with fractional Laplacians arise from
the fact that on one hand these operators are non-local and on the other hand,
there is a complexity on the computation of fractional Laplacians when applied to
products of functions. In order to avoid these difficulties, we will follow the ideas
in [9] and consider an equivalent bilinear problem on a subspace of a weighted
Sobolev space W#, _, (D), of extensions of functions on H*(T) by a generalized
Poisson operator P, whose definition is given in §2. For R", a similar extension
operator was considered by L. Caffarelli and L. Silvestre in [7].

Our main result is the following

< llellzreery

to the inequality ’ fRn

THEOREM 1.1. Let 0 < s < 1/2 and let b € H*(T). Then, the following assertions
are equivalent:
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Bilinear forms on potential spaces in the unit circle 2119
(i) For any ¢, € C>=(T),
Ao (0, )| S ol ms oy 191 2o (m) 5
(ii) For any ¢,v € C>(T),

/D V(P (e)V(PL(B)(1 — [2[2)12 dm(2)

+(1- QS)Z/DPS(WJ)Ps(b)(l = [2) 72 dm(2)| S Nl 19l e (oy;

(iii) For any ¢, € C(T),

/D V(Pu(9) P () V(Pu(B) (1 — |2[2) 2 dim(z)

+(1—28)2/DPS(<P)PS(1/J)Ps(b)(1—|Z|2)_2SdM(Z) S llellers (o 91 e (y;

(iv) The measure dv := ’(—A)S/Q(b)|2 do is a trace measure for H*(T), that is,
H*(T) C L*(dv);

(v) The measure du := |V (Ps(b 2|?)1=25 dm(2) is a Carleson measure for
(

|
Py(H*(T)), that is, Py(H*(T)

We observe that as it happens in the real case for s =1 (see [20]) or n =1 and
0 < s <1/2 (see [9]), the problem on traces in H*(T) for measures that may change
sign is reduced to a problem of traces of non-negative measures on H*(T), whose
characterization is well known.

The theorem answers the question posed at the beginning of the paper. Namely,
the symbols b € H*(T) that satisfy the bilinear problem given in (1.1) are the ones

for which the non-negative measures dv = |(—A)S/ 2(b) |2 do are trace measures for
H*(T) (which correspond to statements (i) and (iv)). Since those trace measures
are non-negative, there are well-known characterizations.

The strategy of the proof of this equivalence is the following: the fact that (i) =
(iv) will be deduced from a delicate estimate of the norms in H*(T) of appropriate
test functions, norms that will be estimated using the extension operator P;. The
implication (iv) = (i) will be obtained observing firstly that, by the properties of
the extension Ps and Stoke’s theorem, (i), (ii), (iii) are equivalent. We then prove
that (iv) = (v), that is, we relate the traces measures on T with suitable Carleson
measures on D. Then, since trivially (v) = (iii), we obtain the result.

The paper begins with the study of the extension kernel P, which gives an
isomorphism between the space H*(T) and a subspace of the weighted Sobolev
space Wll’l,gs(D) defined in §2. The Euler-Lagrange equation for a norm in this
space is a partial differential equation whose solutions are given in terms of the
so-called (a, a)-harmonic functions (see [3]). The solution of the corresponding
Dirichlet problem for this PDE is given in terms of a kernel defined, up to a
constant by ((1 — [2]?)2%)/(]1 — 2¢|**2%). The associated extension operator P, is
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studied in §3. In particular, the above-mentioned isomorphism. We also obtain
a formula that represents the fractional Laplacian of a function, (—A)%¢(¢), in
terms of the radial derivative of its extension, showing that, up to a constant,
lim, ;- (1 —72)1725(0/0r) Ps(0)(r¢) equals to ((—A)* + Ie(C).

In §4, we consider the relation of the discrete Fourier multiplier operator
((—A)® + I) with the Riesz operator I on T, obtaining a basic relation between
these two operators, namely, ((—A)® + I)Iss = I. The family of Riesz kernels on T
are not a semigroup with the convolution and, in particular, 1215/ 2 # I, defined as
discrete Fourier multi}/)liers. In order to deal with this fact, we prove that the Fourier

21_1

+ 17" can be realized as a Calderén-Zygmund operator of type

multiplier operator I 21
zZero.

Sections 5 and 6 are technical, and they are necessary to obtain our main theorem,
whose proof is finished in § 7. In this section we show that (iv) = (v) using two non-
trivial facts: first that if pg is the potential asssociated with an extremal capacitary
measure, then there exists « such that p% is in the Muckenhoupt class A; and
||p%||%{S(T) < Cap,(E). The second one establishes a weighted estimate for an area
function of a kernel related to a convolution of P, with a Riesz kernel.

Finally, the proof that |(—A)*/2(b)|?do is a trace measure for H*(T), that
is, (i) = (iv), is proved applying the hypothesis (i) to the test functions
(I;S/Q(XEIQ_S(l/Z)b))/p%ﬁ and pf; s where pg s are regularizations of pp. We use a
delicate estimate of the norm in H*(T) of the first test function, deduced from the
the technical §§ 5 and 6.

Throughout the paper, the letter C' may denote various non-negative numerical
constants, possibly different in different places. The notation ¢(x) < ¢ (x) means
that there exists C' > 0, which does not depend on z,¢ and 1, such that p(z) <
Cp(x). We will write p(x) = ¢(z) if p(x) < ¢(x) and ¢(x) < ¢(x). The fact that an
estimate holds for > 1, will mean that it holds for « big enough. All the function
spaces considered will be real valued, the points in T will be denoted either by ¢ € C
or parametrized by €!®, the points in the unit disc D will be denoted either by z € C
or rel” 0<r<1and |l—2(|=|z— (| will denote the Euclidean distance from
z€Dand ¢ €T.

2. The weighted Sobolev space W12,1—25

If 0 < s < 1, the space is defined by W, o := W}, ,, (D), as the completion of

functions @ in the space of real-valued C* functions on D, C*°(D), with respect to
the norm

[Blhwz, . 2= [ IV0()P(1 =)~ am)
+/ |®(2)]%(1 — |2]*)* 72 dm(z) < .
D
This space coincides with the space of real-valued functions ® defined a.e. on D,
such that ® and its distributional derivatives are in L?((1 — |2]?)'725 dm(z)) (see,

for instance, [22]).
The following lemma is well known (see [14] for the details of the proof).

https://doi.org/10.1017/prm.2019.16 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.16

Bilinear forms on potential spaces in the unit circle 2121

LEMMA 2.1. The trace operator T : C*°(D) — H*(T) defined by T(®) = ®p extends
by continuity to W1271_28 Hence we have that for all ® € W12,1—23f

7@y 5 [ [99)P(1 = )~ dm)
2121 = 222 dm(z).
+/D|<I><>\<1||> dm(2)

From our next result we deduce an equivalent norm for W7, ..

LEMMA 2.2. Let 0 < s < 1/2 and let ® € C*(D). We then have that for any € > 0,
there exists C. > 0 such that

/D@ ()1 = |22)~2 dm(2) < C. /cp )2 d(2)
5/D|V<I>\2(z)(1—|z|2)1_28dm(z). (2.1)

In particular,

[ IF0@R@ - 222 dme) + [ @)1= 1) dm(z)
D D
~ [ IVePa - )2 dm(z) + [ 820 - [P) 2 dmo).
D D

Proof. As a consequence of Stokes’s Theorem applied to the form
w= 20(z,y)(1 -2 —y*)' "> dy — y®*(z,y)(1 - 2 — ¢*)' "> da

and the disc D, = {z € D; |z| <}, 0 <r < 1, we obtain
8
/ (2(2 — 25)®?(x,y) + o a: ) 2 (x, y)) (1 -2 —y?) 2% dzdy
D,
— / 2(1 — 25)®?(x,y)(1 — 2% — y*) "> dz dy
D,

2
= / ®2(rcost,rsint)r?(1 —r?)'=25dt > 0.
0
Hence, Hélder’s inequality gives that

2(1 - 28)/ O (x,y)(1 — 2% —y?) > dx dy
D

"

< / 8 (2, y)(1 — 2* — y?) 2 dedy + / V82 (2, y)|(1 - 2 — )" dedy
D,

™

5 / <I>2(x,y)(1 _ 1‘2 _ y2)1—25 dxdy
D

e [ WPt - ) dedy

r

https://doi.org/10.1017/prm.2019.16 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.16

2122 C. Cascante and J. M. Ortega

and (2.1) is then a consequence of Lebesgue’s Monotone Convergence Theorem. [

3. The generalized Poisson extensions Py

The Euler-Lagrange equation associated with the functional of the equivalent
norm in Wi, o, given by [ [Vu(2)]*(1—|z[*)! 725 dm(z) + (1 — 2s)* [} u?

(1 — |2]?)~2¢ dm(z) that corresponds to its stationary values, gives rise to the PDE
equation

(1 — (2* +y*)Au — 2(1 — 25) (x;u + yaa ) —(1—-2s5)*u=0, (3.1)

or equivalently to
div ((Vu)(1 — 2% — ) 72%) — (1 — 25)%(1 — 2% — y*) " *u = 0. (3.2)

The next theorem is proved in [3] and establishes that the Dirichlet problem
associated with the PDE equation (3.1) has a unique solution. Namely:

THEOREM 3.1. Let ¢ € C(T). We then have that the function

u(z) = Pu(g)(2) = / Pu(z,O)p(C) do(C),

where

(1—2*)*
= =g
with Cs = (T(1 + s/2)%)/T(2s) is the unique solution to the PDE given in (3.1),
which is a continuous function on D and extends ¢ to D.

In addition, this solution w can be given in terms of its Fourier expansion. If
a,b,c > 0, the hypergeometric function is defined by

F(a,b;c;x) = E n( nac",
(¢)nn!

n=0

Pi(z,¢) = Cs zeD,(eT,

where (a)o =1, (a), =ala+1)...(a+n—-1)ifn>1
If p(e%) = 3, cp @(k) €7 is the Fourier expansion of ¢, then the function u =
Py(¢) can be expressed as

(2) = 2 fulr @) ™ 4 p(—k)e ™), z=re, (33)

where fi(x) = (Fu(w)/Fe(1)) and Fi(x) = F(k — s+ (1/2), —s + (1/2)sk + L),
with uniform and absolute convergence on compact sets inD. In particular, if p = 1,
we have that

[ P01 a0(0) = otz (3.4)
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We will see (see corollary 3.6) that Ps gives an isomorphism between the space
H*(T) and its image in Wi, ..

Observe that (3.4) gives that, unlike what happens in the classical case for the
Poisson kernel (s = 1/2), Py(1) is not constant.

DEFINITION 3.2. Let 0 < s < 1. If ¢ € C}(T), the fractional derivative of order s is
defined by

Caree = 22 . [ Oy,

As it is usual, if the function ¢ is regular enough, the principal value of the
integral reduces to an ordinary integral of a function. We will see that this operator
can be also defined by a Fourier multiplier.

In R”, in [7] it is proved that an operator analogous to Pj satisfies that

lim o1 28%&(@@@ = —(~A)p(x)

and that this operator Py is an isometry. Our next theorems establish a version of
these results for the unit circle, which, in particular, permits to study the fractional
Laplacian on T through ordinary derivatives on Wf,1_23.

THEOREM 3.3. Let 0 < s < (1/2) and let ¢ € C}(T). We then have that

(1 - 25)

0
: 2\ 1-2s
lim (1 —17r%) T2 =)

r1— or

Ps()(r¢) = 2C; 5 (=8)*(9)(©) + ¢(C)) -

Proof. Let, as before, fi(x) be the function defined by fi(x) = (Fi(x)/Fx(1)). We
will first prove that

T(s+1/2)0(1 — 25) D(k + 5 + 1/2)

. —2s d —
lim (1 =)= fu(r?)rt = P2s)0(1/2—5) T(k—s+1/2)

k>0
r—1- dr

(3.5)

Indeed, we have that

2F (r?)r* 1t + krh =1 Ry (r?)
Fy(1)

% ()t = 2f5(r )t bt () =

Hence, using that by [13] page 58,

(k—s+1/2)(1/2 —s

)
F(k— 2,.3/2 —s; 2:
1 (k—s+3/2,3/ sk 4 2;5t),

Fi(t) =

we have that
i ok (k—s5+1/2)(1/2~s
o = TR @
ka71

+ ka(Tz).

)F(k —5+3/2,3/2 — s,k + 2;7%)2rF !
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Next, it is well known (see, for instance, [13] page 64) that if |z| < 1, then

F(a,b;c;2) = (1 — 2)"*"°F(c —a,c— by c; 2).
Thus the above equals to

(k—s+1/2)(1/2 —s)
(k+1)Fi(1)
krk—1 9
ka(T )

(L= F(s+1/2,k+ s+ 1/2;k + 2;r)2rk !

+

and

(1= L gyt

(k- s1/2)(1/2—s)
B (k+1)Fi(1)

k—1

F(s+1/2,k+s+1/2;k + 2;r)2rF

1-2s kT
Fi(1)

+ (1 —7?) Fi(r?) := Ap(r) + Bi(r). (3.6)
Since k+1—(k—s+1/2) —(1/2 —s) = 2s > 0, the series that defines the func-
tion Fi(r?) converges absolutely in r=1 ([13] page 57), so we have that
lim, - Fj(r?) = Fy(1). Hence, lim,_,;- By(r) = 0. Next, by hypothesis, we have
that k+2—(s+1/2) — (k+s+1/2) =1 —2s > 0, so using the preceding argu-
ment, we obtain that

lim A 2k —s4+1/2)(1/2—5) F(s+1/2,k+s+1/2;k+2;1)
Jim Ag(r) = (k+1) Flk—s+(1/2),—s+ (1/2)k+ 1 1)

But (see [13] page 61), if Rec > Reb > 0 and Re (¢ —a — b) > 0, we have that

T(e)T'(c—a—0b)

Flabe;1) = T(c—a)(c—0)

Thus, using that I'(z + 1) = 2I'(z), we obtain that

o Ay 2= T 1/2)(1/2 =) T(k+2)T(1 - 25)
Jim Ag(r) = k+1) T(k—s+3/2)T(3/2—s)
I(s+1/2)T'(k+s+1/2)
8 T(k+ 1)T(2s)

2k —s+1/2)T(s + 1/2)T(k + s + 1/2)T(1 — 2s) 57
 (k—s+1/2)T(k—s+1/2)(25)T(1/2 — s) '

T(s+1/2)0(1 —2s) T(k+s+1/2)

T2s)I(1/2—s) T(k—s+1/2)

=2

That gives (3.5).
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Next, we finish the proof of the theorem. Using (3.5) for k = 0, we have that

d
lim (1 7712)17255\/TPS(T€777) do(n)

r—1-
_ 1 _ 217253 _ (1 —2s)
= Jim (L= TR = 2 m g
Hence,
0 0
Jim (1= )12 2P p)(r0) = lim (1 =53 2L [ PCnbot) dotn)
0 1-2
= Jim (1= 2 [P (o) = 9(0) daln) + 20— gzlO)
(3.8)
We have that if (77 = e'*, |1 — (7] ~ |x|, and
2125 0 (1—1%)* _ 2y1-25 0 (1—r2)*
(1—7r9) 5|1*7’Cﬁ|1+25 =(1-r) E(l—i—r?—?rcosx)((l*%)/z)
—4sr (1 —7%)(r — cosx)

— (1+2s)

T (1472 —2rcosz)((1+2)/2) (1+ 72— 2rcosz)((1+2s)/2)+1

Consequently, since ¢ € CH(T), |o(n) —¢(¢)| = O(|z|) if z — 0 and |1 — (7| ~
(1 —=7) 4+ |x|, we have that

(1= 22 P o) = (0] 5 1oz € LT

Hence, the Dominated Convergence Theorem gives that

0
Jim (=225 [ () (o) = (0) o)
() — #(C) Il — 28)
= —4sC, | X —T"2do — = (=A)° . .
a0, [ PI—Eao(n) = 20, o (A (R(O) (39
This calculation and (3.8) finishes the proof of the theorem. g

THEOREM 3.4. Let ¢ be a C* function on T. We then have that

2Cepiia e (L2 [ot-ore)

/|VP 21 -2 -y dady

(1—2s) /|P 2(1—a2? —y?) 2 dady.
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Proof. Let w be the form defined on D by

o) = Pie):) (5 ay - D ) (a2 -y, sy

Let 7 < 1 be fixed, and let D,. be the disc centred at the origin and of radius r > 0.
Stokes’s Theorem and (3.2) give that

[ o= [ PR -2 ey
oD, D,

+1=29° [ RGP0 =) dedy. (30

r

The Lebesgue’s Monotone Convergence Theorem gives that

lim VP, (p)]*(1 — 2% —y*) " dady
r—1- D,

(128 / PU@)P(1 — 2® — y?) > dedy
D,

= [ [VP(@)]?(1 —2? — y*)' 7> da dy

+(1— 23)2/ |Ps(0)2(1 — 22 — y?) 25 da dy. (3.11)
D
On the other hand, we have

o OP4(p) LA
w = P, 1—p?)t—2s [ 22222 rCos T + ——t rsinz | do
/BDT /o (@)ion. ( ) < ox 10D, 9 |op,
27

_2s 0
= / (1—rHt=2 Pq(ﬁﬂ)\aDrTa*Pe(sﬁ)|aDr dz.
0 T

In order to pass to the limit when r — 17, we next check that we can apply the
Lebesgue’s Dominated Convergence Theorem. Since Pi(¢) € C(D), we just have
to check that the function (1 —r2)'=25(9/0r)Ps(¢)|op, is uniformly bounded for
r € [0,1] by an integrable function. Using (3.3) and (3.6), we have that

r(1 =2 2P () )

= 30 () + Bu(r) (B1) €™ + B—k) )

k>0
Since the hypergeometric function is an increasing function on r, we have that

F(s+1/2,k+s+1/2;k+2;1)

Ag(r) S )
Dk +2T(1—25) T/2+s)T(k+s+1/2) 5,
T T(k—s+3/2)0(3/2—s) T(k + 1)(25) Ak, k> L
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And
Bk(r) S k.
Since ¢ € C*°(T), we deduce that |p(k)| < (/1|k|"), for each I > 1. Hence,

1-2s < 00

sup (1 — r?) %Ps(ga)(reiw)

r<1

and consequently applying theorem 3.3,

27

lim Ps(o)(r eix)r(l — r2)1_2$gPS(g0)(r eix) dz
r—1= Jo 87"

- zcsm (fﬂ ©* + Kﬂ w(—A)S(¢)> :

Thus, using (3.10) and (3.11), we have proved the theorem. O
COROLLARY 3.5. Let v € C>°(T). Let v = ((=A)* 4+ I)p. For each k € Z,

~ o D(1/2=s)T(Jk|+5+1/2)
Y0 = R T — s + 172) 7 (3.12)

S

In particular, (—A)® can be defined as a Fourier multiplier.

Proof. By (3.6) and (3.7), lim,_,;— (1 — 72)1=25(9/0r) P;(¢)(r €*) has as a sequence
of Fourier multipliers

<2F(s+1/2)F(1—23) F(|k|+s+1/2))
TE)T(1/2—5) T(k—s+1/2)) ey

Since by (3.6) and (3.9),

9 .
. _2\1-2s 9 iz
Jim (1 =7%) 7 o Po(p)(re®)

— 20, s (Aot ) (),

we obtain (3.12). O
COROLLARY 3.6. For any ¢ € H*(T),

lllz=(r) = |Ps () w2

1-2s

Proof. Tt is a consequence of last theorem, the density of the functions C°°(T) in
H?*(T) and lemma 2.2, since by theorem 3.3 and Stirling’s formula we have that

I((=2)*) 2 (@)l 2 (ry = [(=2)*2 (@)l 2 (). O
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PROPOSITION 3.7. Let p € H5(T) and let W € W, o, and v its restriction to T.
We then have that

M AV, ) — — a2 2125 gy
QCSF(l/Q_S)z (_/TWD"‘/T@M A) 90) /DV‘I’VPs(SO)(l y°) dz dy
+(1- 25)2 /D VP (p)(1 — 2% — yz)_% dx dy.

Proof. Since C*°(D) and C>°(T) are dense in W}, _,, and in H*(T), respectively,

we may assume, without loss of generality, that ¢ € C>(T) and ¥ € C>*(D). Let w
be the form defined on D by

w(z) =V(z) (61051(:'0) dy — 81;550) dm) (1—2% -9y z2=x+iy.

Let r < 1 be fixed. Stokes’s Theorem and (3.2) give that

/ w= / VUVP, (o)1 — 22 —y*) 725 dxdy
oD, D,

+(1- 23)2/ VP, (o) (1 — 2% —y*) "2 da dy.
D

s

We now observe that since both V¥ and ¥ are bounded on D and by theorem
3.4, VP,(¢p) is in the vector-valued space L?((1 — |2]?)'=2* dm(z)) and Ps(p) € L?
(1 —|2/*)72* dm(z)), the Lebesgue’s Dominated Convergence Theorem gives that

r—1-

lim ( VUVP,(p)(1—2*—y*) "> dady
Dr

+(1- 28)2/ UP,(p)(1 — 2% —y?) 2 dx dy)

= / VUVP, ()1 -2 —y*) 725 dz dy
D
+ (1 —2s)? / VP (p)(1 — 2% — y*) "2 dw dy.
D

A similar argument to the one used in the proof of theorem 3.4, gives that

2m

. — 48 8
rl_l)I{lﬁ ; r(l —r?)l=2 \IJ|8D,,.EPS(§0)\8DW~ dz
. F(]. - 28) 2 °r s
2Csr(1/2_8)2< ; Yo+ ; Yv(=4A) (@)) O

Finally, we recall the following estimate that was implicit in [3] page 130, and
whose proof we include for a sake of completeness.
Let

Vpp(2) = (1= 2R, (1 - ") Ry) . (3.13)
where Ry(2) = 2(0¢/0z2)(2), Rp(2) = Z(0p/0Z)(2) are the radial derivatives.
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LEMMA 3.8. Let 0 < s < 1/2. Then

/ UpPy(5()do(Q)| S (1 - 2%, zeD.
T

Proof. Since (see [3] page 130), | [, VrPs(z,¢)do(Q)] S (1—|2]?)|[F'(1/2 — s,
1/2 — s;1;|2]?)| and, by [13] page 58, we have that F'(1/2 —s,1/2 — s;1;|2|%) =
(1/2 — 8)2F(3/2 — 5,3/2 — 5;2; |2]?) = (1 — |2|*)?*"LF(1/2 + s,1/2 + s;1;|2|%). The

assertion is a consequence of the continuity on D of the function F(1/2+ s,1/2 +
531;]2[%) (see [13] page 57).

4. The space H*(T) and weighted estimates for a Fourier multiplier
4.1. The space H*(T)

DEFINITION 4.1. Let 0 < s < 1. The Riesz kernel I on the unit circle is defined by

L((1+s)/2)? 1
L(s)  [1=qnl=

If f is an integrable function on T, the Riesz operator is defined by

I(¢m) =

(,neT.

L) = / L(C,m) £ () do(n).

The space I,(L*(T)) is the space of functions ¢ = I,(¢), ¢ € L*(T), normed by

1911, z2(my) = llell2(m).-
The Fourier coefficients of the Riesz kernel in T are the following (see for
instance, [2]):

LEMMA 4.2. Let 0 < s < 1. Then for any k € Z,

() = UKL (L= 9)/2)T((1 +5)/2)
S @) 2T+ (1 +9)/2)

THEOREM 4.3. Let 0 < s < 1/2.

(“A)* + D)o = 1.

Proof. Indeed, by corollary 3.5, we deduce that if ¢ € C*°(T) has as the sequence
of Fourier coefficients (P(k))gez, then the function ((—A)® 4+ I)¢ has as sequence
of Fourier coefficients ([(T'(|k| + s+ 1/2)T'(1/2 — s))/(T(|k| — s + 1/2)T'(1/2 + s))]
?(k))kez. The proof of the proposition follows then from the density of C*°(T) in
L?(T) and lemma 4.2. O

COROLLARY 4.4. Let 0<s<1/2. We then have that o€ H*(T) (ie.,
(=A)*2p,p € L*(T)) if and only if ¢ =1I,(), ¥ € L*(T) and el (r) =
¥/l L2cr)-

COROLLARY 4.5. If ¢(e') =30, ., @(k)e™®, then [olF.m) = Xpen [(k° +1)
Gk
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Proof. 1t is an immediate consequence of lemma 4.2, corollary 4.4 and Stirling’s
formula. 0

From theorem 4.3 we deduce a reformulation of the bilinear problem (1.1). Namely,

PROPOSITION 4.6. Let ¢ € L*(T). We then have that the boundedness of the bilinear

form
‘ / pedo
T

is equivalent to the boundedness of the bilinear form

S el as oy 19 s oy »

Aoy (02| = \ [ =87+ Do) as

< ||80||H5(T)||1/)||Hs(1r)-

Proof. The identity obtained in theorem 4.3, together with the self-adjointness of
the operator (—A)® + I, gives that

Ay o (p0t0) = / ppedo = / o (=D + 1) (I) (¢) do

= [(ay + Dl
from which we deduce the proposition. (|
4.2. Weighted estimates for the operator I213/2I_1

8

On the real line, the analogous to the operator Iy on T is the Riesz operator asso-
ciated with the kernel 1/(|z — y[!~%). This family of operators on R is a semigroup
and, in particular, I, I, = I,. This fact gives that, as multipliers on L?(R), we have

that I, = 1213/2 or, equivalently, 1215/2[;1 = Id. Here, in the unit disc, we can also
define 1215/ % as a Fourier multiplier, but it does not coincide with I,. Nevertheless,

the asymptotic behaviour is the same and, in particular, 121 S/ 7 -1 defines a bounded

operator in L?(T). We will need to check that it also defines a bounded operator
on L?(w), for any weight w the Muckenhoupt class A, on T.

We recall that the operator 1215/ I 1 is defined as a Fourier multiplier operator,
up to a constant, by

LI Y (0) (k) = Uy (k)B(k)
k € Z, where

_(Tllal +1/2 = )\ * (T(la 12— 5/2)
\IJs(x)—<1"(|x|+1/2+s)> <F(|:c|+1/2+8/2)> '

We observe that ¥y is a continuous function on R and by Stirling’s formula, it
follows easily that ¥, is bounded. The following proposition estimates the derivates
of the function ¥ (z).
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PROPOSITION 4.7. Let 0 < s <1/2 . We then have that ¥, € C(R)NC>®(R\ {0})
and satisfies that for any j € N, there exists C = C(j, s) such that

Proof. Without loss of generality, we may assume that x> 1, since ¥y has
bounded derivatives in a neighbourhood of the origen. We will first obtain esti-
mates of the derivatives of the quotient of Gamma functions involved in the
definition of the function W. Let ®5; be the function defined by ®q4(z) =
(T(x+1/2=19)/(T(x+1/2+s))), x = 0. We then have:

(i) For any j € NU {0}, there exists C' = C(j, s) such that

(ii) For any j € NU {0}, there exists C' = C(j, s) such that

(@, H(2) <O——, x> 1

xi—s

We begin with the proof of (i). The proof will follow by induction on j > 0. Stirling’s
formula gives that, provided z is big enough, (I'(z — s+ 1/2))/(T'(z + s+ 1/2)) =
1/22%. Then (i) holds for j = 0. Next, if we denote by P = (I"/T), we have that

(P(x —s+1/2) =Pz +s+1/2)). (4.1)

(F(x—8+1/2)>' CT(x—s+1/2)
Lx+s+1/2)) T(x+s+1/2)

Let us now estimate the differences P(z — s+ 1/2) — P(x + s+ 1/2). Observe
that

: 1 = 1
D () = (=) —— E B
PY(z) = ( ])j—lzl_;,_j + n:1( 7)1 (n+ 2)7t1
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Hence,

[Pz —s+1/2) =Pz +s+1/2)| < sup [P’ (y)].
r—s+1/2<y<z+s+1/2

For x big enough we have that

Z L <1 —s<t<s
— (n+ax+t+1/2)2~ 2’ '

Hence

|P(x —s+1/2) = P(x+s+1/2)] <

S

and in general,

. 4 1

) (g — _pW
’Pj(x s+1/2) P](m+s+1/2)‘§xj+l.

Next, assume that the estimate (i) is true for [ < j, and we will check that it also
holds for j + 1. By Leibniz’s formula, and the induction hypothesis applied to (4.1),

. _ (J+1) J
B+ (2) — <F(m s+1/2)) < 1 1 1

2 T(x+s+1/2) e i N sttt

A similar argument on induction proves (ii).
Next, Faa di Bruno formula, (see for instance [11]) gives that

(4) k
(‘bééz) (z) = Z mq!l- ..mj!(ljl)"“ e (gh)ma

><(1/2—1)--~(1/2—(m1+---+mj))

X Bog(a)t/2m(mat +m’)H (l) z))™
=1

b

where the sum is over all the I-tuples of non-negative integers (my, . .., m;) satisfying
that 1-my +2-mo+---+j-m; = 7.
Applying that by (i), |(<I>28)(l)( )< (1/(z% 1Y), for > 1, we then have

()" @

Finally, Liebniz’s rule together with this estimate and (ii) give that

1
< -
~ :I;SJ’_] )

x> 1.

0 11 1
@) S ————=—, z>1L O

xs-‘r]—z xt—s xJ

We recall the following result that can be found in [23], chapter VI, §4.4,
proposition 2.
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PROPOSITION 4.8. Let m be a bounded function that is in C*°(R \ {0}) and satisfies
that for any j > 0,

mD ()] < ||~

Let L be the distribution whose Fourier transform is m. We then have that L agrees
with a function L(x) away from the origin that is in C*°(R \ {0}) and satisfies that
Jor any j =0,

1LY ()] S ||~

Hence, L defines by convolution a Calderén-Zygmund operator and in particular we
have that for any Muckenhoupt weight w € Ay(R), we have that

IL() e @) S I loe(e)-
We will also need the following theorem in [6]:

PROPOSITION 4.9. Let1 < p < 0o andw € A,(T) (i.e., a periodic weight in A,(R)).
If U is a continuous function on R which is a Fourier multiplier for LP (R, w), then
Wz is a Fourier multiplier for LP(T,w).

THEOREM 4.10. For any weight w in the Muckenhoupt class Ay,

1/2 —
LI O e ) S elrw),  © € LP(w).

Proof. Since I21§ I ! coincides with (¥y)|z as multipliers, the proposition follows

from propositions 4.7, 4.8 and 4.9. O

REMARK 4.11. By similar arguments to proposition 4.8, the operator 121§2 can be
realized as an operator L satisfying |L(z)| < (1/(]z|*~*)).

5. Weighted estimates for a weighted area function

Let K: D x T — C x C be a vector-valued kernel. If ¢ is a function on T,

mwszKmowowm.

The area function associated with K is
am(z) 1/2
m(z
I, (1—1[=%)

where I'c, where I'(() = {2 €D; |z — (| < a(l — |2]?)}, @ > 1, is the cone with
vertex (.
For the proof of our main theorem, we need the estimate

Gk (O l2@w) S lellzzw) w € Ap.

The literature on estimates of this type is extense. It started with the area
function associated with the Poisson kernel. In the 60’s, E.M. Stein introduced
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the so-called Littlewood-Paley function on R™, ([~ [K¢(f)[*(dt/t))"/2, for kernels
Ki(xz) = (1/t)®(x/t), where ® is a function with integral zero. Later, the condition
on mean zero on the function ¢ were replaced by other conditions. Also there are
results on kernels that are not of convolution type. We refer, among others, to the
paper [10] and the references therein.

Since we do not have an explicit reference on the theorem needed for our results
(area function and kernel which is not of convolution type), we have opted to include
in Appendix a sketch of the proof of this theorem, adapting some of the known
results. Specifically, we have adapted to our context the arguments for convolution
kernels in [16]. Another type of results could have been adapted. For instance,
probably it would be possible to obtain the desired weighted estimate from a version
of the pointwise estimate in [12], lemma 1.6 or adapting for the area function the
arguments given for the Littlewood-Paley function in [10].

THEOREM 5.1. Let K:D x T — C x C be a vector-valued kernel satisfying that
there exist constants C,c > 0 such that:

() IGk(@)lLz(ry < llllzzcry, for any ¢ € L*(T).
(ii) [K(z Q) < (1= [2[*)7)/(11 = 2C[**9)), for some > 0.

(ill) For aq, a0, €T, 0 <r <1 such that |og — as| < ¢|]l — raq],

(1 =7r?)lar — asf”
|K(7‘0417 C) - K(TOZQ; C)‘ Sz |1 — TCOK71|1+26 ’

Then, for any w € A,, we have,
Gk () llzrw) S llellLrw)-

Our next goal is to check that the (vector-valued) kernel

O R A e = (5:2)

is in the hypothesis of theorem 5.1.

PROPOSITION 5.2. Let K(z,() be the vector-valued kernel defined in (5.2) and Gk
as in (5.1). We have that there exist constants C,c > 0 such that:

(@) IGk(@)llL2(ry < llllzzcry, for any ¢ € L*(T).
(ii") [K(z, Ol S (1 =1[2)*)/(11 = 2¢[*F*).
(iii") For ay,as,( € T, 0 <r <1 such that |a; — as| < |1 — rlaq],

(1—7%)%oy — apl?®
|1 —r¢ag|t+2s

|K(T’O&1, C) - K(T.OZQa C)‘ S

The proof of (i’) is an immediate consequence of Fubini’s Theorem, corollaries
3.6 and 4.4.
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For the proof of estimate (ii’), we write

2\—s 1 1
K(10) = (1= ) [ VoPiton) (—fors - ; _qus) do(n)

do(n)

+(1-— |z|2)SAVDPs(z,U)W :

=A(z,¢) +B(z().

Let us begin obtaining the desired estimate for |A|. Computing Vp and using that
we have that
1

a® b‘1

|a —bl(a® + b%)

T T 0 1a,b>0 5.3
S @ty o 0<e<lab>0, (5.3)

we obtain, considering separately the points 7 € T such that |1 — (7| < |1 — 2(| and
|1 — (7| > |1 — 2| respectively (see (3.13))

(L—12)® [t —=¢] =1 =l 1
ACOIE G [ g
(=12 [ 11 =2 =1 =Tl _
+ 11— 22‘1—5 11 — 271251 — (7] do(n) == Ai(z,¢) + Az2(z, ().
(112 |1 — 27|
) S G [ g et
< (=?)° do(n) < =127
11— 2C| Jp |l —2m2[1 = {qlt=s ™~ 1 — 2|t +s

Next, we bound As. Let 0 < § < 2s be fixed. We then have:
_ 2\s
(1- 1 _ =)

_ZC|1 S+5 |1—277|25|1_C77|1 5~ |1_ZZ|1+S

AQ(Z’ C) /S |1

For the estimate of |B(z, ()|, we use that by lemma 3.8, | [. VpPs(z,1)do(n)| S
(1 — |2]?)?*. Hence

Bl < QB (-
S Y g

Altogether gives that K satisfies (ii’).

Next we prove the estimate (iii’).

Assume first that |ag — as| >0, for some §>0. This case is immedi-
ate since if |a; —ag| < ¢/l —raq|, with 2¢ <1, we have that |1 —r(ay|~
1 | and [K(ray,C) - K(raz, )| < [K(rar, )| + [K(raz, ¢)| < [K(rar, Q).
Hence, using estimate (ii’) and the condition |a; — ag| > d, we deduce that

1—72 1 — 7%y — asl®
< < .
Y —rag|tts T |1 —rag |t

|K(rasi, ()

Now assume that |a; — az| < 6, for some ¢ > 0.
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We recall that as before, if 2¢ < 1 and |a; — as| < ¢|1 — r{aq], then |1 — r{ag| =
1 —rcal.

[K(ram, ¢) — K(raz, ()|
= |K(7"<,041) - K(TC7O‘2)|

1 1
2 s
Vi Ps(rd, — — — do
TAL “’”(u—nav—s ) 400
1
l—r \Y% P r —
<=y [ 19 C”‘u e = e
1 1
- . d
(|1—r4a11—s |1—r<a21—s>‘ o)

gv—s 1 1
) /TVDPS(rc,n) (Il—rCallls - |1—rga21s) da(n)’

=1-r

+(1-r

=D+ E.

This decomposition permits to avoid integrability problems when we introduce the
modulus inside the integral.

We first observe that by lemma 3.8, and using again (5.3), we have that since
1 —rCan| = [1 - r(az|,

1 1 (1 —7%)%la; — as|

E<(1—r?%)8 - <
T T e | e

~

(1 —r?)*las —asl* _ (1—77)%las — aof*
~ |1 _ r{ch|2*5+S*1 ~ |]_ _ 7"§071|1+25

In order to obtain the desired estimate for D, we consider separately the integra-
tion regions Oy :={n €T, |1 —r(7| > €|l —rlaz|} and Qo :={n e T, |1 —r(7| <
e|l —r¢aql|}, where ¢ <1 will be fixed later on. We denote the corresponding
integrals by D; and Ds.

We begin with the estimate of D;. Since in that case we are assuming that |1 —
r(7| = e|1 — r{a@y|) these are not integrability problems and we bound separately
the two summands. We have that

1
Dy < (1 =72 / Vi Ps(r ‘ do
1 ( ) o | D CTI‘ |1 nan |1 S |1—770{2|1 s (77)
1
+(1—72 / Vi Ps(r ‘ do
( )" Ql| pPs(r¢, )| = r(a = T = (n)

= D11 + Dqo.

On D13 we assume without loss of generality that |1 — nag| < |1 — naz|. Then, using
(5.3) and choosing 0 < ¢ < s we have that

D11 S (1 _ ,,,,2)5 |O[1 — O[2| / dg(n)

1 —rdan|'t2 Jo, [1—mor|t =+l — nag|'
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where ¢ satisfies that 0 < € < s. Hence,

|Oél — 052| 1
1 — o] 2 [oq — ap'~*

lon — agl®

2\s
Dy s (1-77) = rCar[i 2

— (1 _ 7“2)5

Next, we estimate Dj2. By (5.3) and the fact that since 2¢ < 1 for |ay — as| <
c|l — raq], we have that |1 — r(aq| = |1 — r{az|, then

(1—r?)® la1 — an|
Do S 75— =2 do(n)
1L —rar*~* Jj1—remiz1—rcar)/2 11— r¢nltt2s

(1 —7%)%a; — as| 1 (1—7%)%lag — az|®
[L—r¢anfre [l—rc@l> = [1—r¢agfte

We now estimate Ds. In this case, |1 — r(7j| < ¢|1 — r{aq| and we will use the
parametrization of the unit circle T by e't, t € (—m, 7). We denote ¢ = €%, n = e'¥,
ap = €', and ag = €'*2, where z,y, a1, a2 € (—7,7w]. With this notation we have

(1—r?)s 1
Dy < - -
2 X /|1rci(zy)<s|lrci(mal> |1 _ rel(z—y)|1+23 |1 _ el(y—a1)|1—s
1 1 1 d
Tl —e—a)|i=s |1 — peil—an|i-s + 11— rei@—an)i—s| Y

Next, for z,y € (—,7], such that [1 —rel@=¥)| < g|1 —rel*=@)| the function
1 1
(t) := 11— eilv—0[i=s - |1 — reil@—t)|i-s
_ 1 B 1
4(1—5)/2 (Sinz((y o t)/z))((l—S)ﬂ) ((1 _ T)Q + Ay Sin2(($ _ t)/2))(1—9)/2

is differentiable for ¢ € [a, as]. By the Mean-Value Theorem, we deduce that

1—1r?)® 2 q
D 5/ ( - / —®o(t dt’ d
2 1—r el |<e[1—reie—a)| |1 _ 7nel(:pfg,,)|1+2s o dt ( ) Yy

_ /1 (1—r )8(1)|—1j2S (1/2)

—rele—v)|Le|l—reilz—ar)| [1— rel(@—y

" sin((y — t)/2) cos((y —t)/2)
X /a1 (4(1—5)/2 (ban((y o t)/Q))((l—s)/2)+1

- rsin((x — t)/2) cos((z — t)/2) ) u
(1 =7)%+4rsin®((z — t)/Q)((l_s)/2)+l

dy.

We first observe that if we choose £ small enough, then the condition |1 —
rel@ V)| < gl —rel®=a)| gives that 1 —r < |1 —e!*=%)| and consequently, we
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have that |1 —e!(®=@1)| ~ |1 — rel*=@1)| Adding and substracting the interme-
diate term [bln((z —1)/2) cos((z — t)/2)41=9)/2] /[(sin? ((x — t)/2))==)/DH1] we
have that

(1—r3)%(1—s)

s [ .
~ Il_T.ei(zfy)‘ggll_.,- ei(z—a)l |]. - Tel(xfy)|1+25

y /az sin((y — t)/2) cos((y — t)/2)
a; [4(1=5)/2 (SinZ((y _ t)/2))(1_8)/2)+1

sin((x —t)/2) cos((x —t)/2)
4(1-5)/2 (Sin2((ac _ t)/2))((178)/2)+1

n / (1—7r3)%(1—s)
[1—rel@—v)|Le|l—rel(z—a)| |1 - rei(m—y)|1+2s
az
* / > (-=)/2)11
ar | 4(1=9)/2 (sin®((z — t)/2))
rsin((x —t)/2) cos((x — t)/2)
(1= 7)2 + drsin?((z —t)/2) 072+

dt dy

sin((x —t)/2) cos((x —t)/2)

dtdy = D21 -+ D22.

We begin with Da;. We apply the Mean Value Theorem, and for each ¢ € [ay, as],
there exists [; between x and y such that
cos?((ly —t)/2)

s [ (=7l —y [ {
~ [1—rei@=v)|Le|1—rel(@—a1)| |1 - rei(z—y)|1+28 ay |Sin((lt - t)/2)|3_b

sin?((l — )/2) sin2((l, — £)/2) cos?((l; — £)/2)
|sin((l; —t)/2)[>~* |sin((l; —1)/2)[>~* ‘} drdy
(1 —r3sla; —az| _ (1 —7?)°%a; — agl®

‘1 _ rei($7a1)|37s |1 _ rei(asfal)|l+28 ’

< ‘1 _ rei(x—a1)|1—2$

<

where we have used that for any ¢ € [a1, ag], |sin((l; —t)/2)] =~ |1 —rel@=9)| and
la1 — ag| < ¢|1 — r¢aq].

Finally, for the estimate of Dss, we use again the Mean Value Theorem and we
obtain that for each 0 < r < 1 and each t € [a1, as], there exists [ € [r, 1) such that

pu (=121 =)

[1—reile—1) |ge|1—reitz-ap)| |1 — rel@=¥)[1+2s
/“2 ( |sin((x — t)/2) cos((x — t)/2)|
X ., (1=s)/2)F1
ar \ ((1=1)2+4lsin’((z — )/2)

| Usin((@ = £)/2) cos((w ~ )/2)I(2(1 = 1) + dsin’((z - t>/2>> dtdy.
(1= )2 + dlsin?((z — 1)/2) O 7/D+2
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Since |1 — 7 el*=¥)| < |1 — re!(®=91)| we have that |1 — [e!(*=@)| & |1 — rell@—a)]
for any I € [r,1). Hence the above is bounded by

/ /“2 (1—72)5(1—r)
l1—r el -v)|<e|1—rei@—an| Jq; |1 —7el@V)|1+2s

1 1
X <|1 _ lei(x7a1)|27s + |1 _ lei(za1)|33> dtdy

- (1 o ,,,2)5(1 o r2)172s‘a1 o a2| - (1 o T2)s|0ll o aQ‘S
~ |1 _ ZO[71|373 ~ |]_ _ Zm‘1+2s :

where in the last estimate we have used that |ay — ao| S |1 — zag| and (1 —7r) <
|1 — zoq).

6. Capacities, trace measures for H*(T) and Carleson measures for
P, (H*(T))

DEFINITION 6.1. Let ' C T. The Riesz capacity of E is defined by
Cap, (E) = inf{||f |3 : T,(f]) > 1 on E}.

We list some properties of the equilibrium measure for a compact set in T, which will
be used below and that are essentially due to O. Frostman (see [1] theorem 2.2.7).

THEOREM 6.2. Given a closed set E C T, there exists a positive capacitary measure
vg on T, such that:

(i) vg is supported on E and vg(E) = Cap,(E).
(ii

) qp :=I;I(vg) > 1 a.e. on E.
(iii) gp € H*(T) and ||ge 3. () S Cap,(E).
)

(iv) There is a constant C' >0 independent of E, such that for any ( €T,

qe(Q) < C.

REMARK 6.3. Since 2s < 1, we have that I, * Iy =~ I55. This fact and corollary 4.5
give that the function pg := Iz (vE) satisfies properties (6.2) and (6.2), with prop-
erty (6.2) replaced by pg 2 1 a.e. on E. For our purposes this is the function we
will use when constructing appropriate test functions.

Let ¢: (—=m m) — [0,00) be a C* function on (—m,n|, non-increasing in |z/,
with compact support on (—m,7) and such that [* ¢ = 1. For § > 0, let ps(x) =
(1/0)p(z/0). We write vg 5 := Vg * @5, the regularizations of the measure vg. We
then have that vg s are functions in C* on T satisfying that dvg s := vgsdz — dv
in the sense of distributions and such that ||vg 5|1 = Cap,(E).

We denote by pg s = los * Vg5, 6> 0.

LEMMA 6.4 [18], chapter 2, lemma 3.6. If0 < s < 1/2 and § € (1,1/(1 — 2s)], then

p’% s 18 in the Muckenhoupt class Ay, with A;-constant independent of E and .
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THEOREM 6.5. Let E C T be a closed set and let pg be the function given in remark
6.3 and pg s the reqularization considered before. Let o > 1/2. Then,

(i) ||p%,5||?{s(1r) < Cap,(E).

Proof. We define the form ws by

) (D P
ws = (Ps(pp,s))** (1 —r*)t2 <&CPS(}9E,5) dy — ByPs(pE,é)d!E> .

Arguing as in theorem 3.4, using that pg s is bounded we can pass to the limit
under the integral sign. Then using theorem 3.3 and proposition 4.3, we have that

2
: : —2s a— 9
lim / ws = lim (1—r?)t=? (Ps(PE,J)\QanTa*Ps(PE,5)|BDT dz
oD, r

r—1-— r—1= Jo

- / P + (—A))ps
T

- / P dug s < / dvp,s = Cap, (E),
T T

Next, Stokes’s Theorem and the Lebesgue’s Monotone Convergence Theorem,
give that

2ag ! /D(l — )73\ (Ps(pp,s))*? dm(z)

lim ws =
r—1- oD, (0%

(128 / (1= 2)72|(Pu(piz,s))°? dim(2).

On the other hand, the function (Ps(pg,s))® has boundary values pg ;. Conse-
quently, by lemma 2.1, we have that

163 5112z S / (1= 12125V (P, (pi.5))°[2 dm(2)
+ / (1= 12)2%| (P (pis))* P dm(2)

~ lim ws S Cap,(E).
r—1-— oD,

6.1. Trace measures for H*(T) and Carleson measures for P;(H?*(T))

The characterization of the positive trace measures for H*(T) is well known (see,
for instance the book [17] or [1] theorem 7.2.1 for a proof). Namely

PROPOSITION 6.6. Let 0 < s < 1/2 and let u be a positive Borel measure on T.
Then, 1 is a trace measure for H*(T), that is, fT IfI2du < ”fH%{S(’]I‘) for every f €
H*(T), if and only if there exists C,, > 0 such that for any compact set E C'T
u(E) < CuCap (E).
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DEFINITION 6.7. Let £ C T. Then the tent over E, T'(E) is defined by T'(E) =
DA\ Uggp ()

The arguments for the proof of the next elementary lemma can be found, for
instance, [9] lemma 3.25.

LEMMA 6.8. Let 0 < s <1/2, and let E CT. Let [ be a non-negative measurable
function on T such that f > 1 a.e. on E. Then Ps(f) 21 on T(E).

Our next result gives a characterization of the Carleson measures for the space
P;(H*(T)). The proof heavily relies on Hanson’s strong capacitary estimate (see,
for instance theorem 7.1.1 in [1] for a proof) and in lemma 6.8 (see [9] theorem 3.26
for the details of the arguments of the proof).

THEOREM 6.9. Let 0 < s < 1/2 and let u be a positive Borel measure on . Then,
p is a Carleson measure for Ps(H*(T)), that is, [ Ps(¢)?dp S ||<p||Hs(T) for every

p € H*(T) if and only if, there exists C\, > 0 such that f0r any compact set E C R,
w(T(E)) < CpCapy(E).

We finish the section with two results that will give equivalent reformulations to

(iv) and (v) in theorem 1.1 and that will be used when needed in the proof of this
Theorem.

LEMMA 6.10. Assume that the measure |VPs(b)|*(1 — |2[?)'=25dm(z) is a Car-
leson measure for Ps(H*(T)), then the measure |Ps(b)|?(1 — |2]?)~2% dm(z) is also
a Carleson measure for Ps(H*(T)).

In particular, |V Ps(b)|2(1 — |2|*)} 72 dm(z) is a Carleson measure for Ps(H*(T))
if and only if (|VPs(b)|?(1 — |2%)172 + |Ps(b)|2(1 — |2|*)72%) dm(z) is a Carleson
measure for Ps(H*(T)).

Proof. Let ¢ € H*(T). Applying lemma 2.2, we deduce that
/D PRI PO — |22)% dm(= / IPu(@)PIPu()2(1 — [2?)' 2 dm(2)
4 / PV (@) Pu(b) (1 — [2[2)1% dmn(2)
+ / PP (B [V P (B)[(1 — [2?) 2 dim(z) = I + 1T + I11.
D

Now, we use the pointwise estimate for extensions of L? functions in T given in [3]
lemma 2.8, which gives in particular that |Ps(b)(2)| < (1/((1 — |2[>)'/?)), together
with corollary 3.6 to obtain

15 [ PGP0 = 1) am(z) S IRz, ~ Ielirecoy
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Next, Holder’s inequality and the same pointwise estimate |Ps(b)(z)] <
((1/((1 = [2[*)'/?)), give that

1T < (/DIPs(w)ZIPs(b)IZ(l — o)™ <1m(2))1/2

x (/DIVPs(ap)FIPS(b)P(l e dm(z))l/Q

’
,1—2s

<5 [IPRIP O~ ) am(z) + IRl

where € < 1. Hence, IT < ||Ps(<p)||‘24,121_2€ R~ H(,OH%[S(T)-

Finally, Holder’s inequality, the hypothesis and the pointwise estimate
[Ps(0)(2)] S ((1/((1 = [2[%)'/?)) give

117 < < / IPy() PP (B)2(1 — |2[2)12 dm<z>>1/2

X (/D |Py(0)|2|V Py (b)]2(1 — |2|*) 72 dm(2)> 1/2

< ([in@ra -1 dm<z>)1/2 12wz,

SIPI2, .~ el

Altogether gives finally that

/D PRI 537 dm(2) S 1PN~ ol

LEMMA 6.11. The following assertions are equivalent:
(i) The measure dv := ‘(—A)S/z(b)|2 do is a trace measure for H*(T).
(ii) The measure dv := |((—A)* + I)I/Z(b)|2 do is a trace measure for H*(T).

Proof. The proof is based in the following result by V. Maz’ya and I.E. Verbitsky
(see [19]):

PROPOSITION 6.12. Let g be an integrable function on' T such that |g|P do is a trace
measure for Is[LP]. Let h be a measurable function on T satisfying that for any

weight w in Aq,
[inpuws [ e
T T

We then have that |h|P do is a trace measure for Is[LP].
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Assume that (6.11) holds, that is |(—A)S/2(b)‘2 do is a trace measure for H*(T).
Let h = (—A)*/2(b) and g = ((—A)® + I)Y/2(b).

Then g = ((—A)* 4+ )Y2(=A)=%/2(=A)*/2b = Th, where T = ((—=A)° +I)*/?
(fA)’S/ 2. Applying corollary 3.5 and lemma 4.2 and using an argument sim-
ilar to the one used in proposition 4.7, we deduce that T is an operator of
Calderon—Zygmund type.

Hence, applying Theorem 4.10, we have that for any w € Ay C As,

/|g|2dw:/ |Th|2dw§/|h|2dw.
T T T

Now, proposition 6.12 gives that dv is a trace measure for H*(T), which is (6.11).
The implication in the other sense is proved in an analogous way. O

7. Proof of the main result (theorem 1.1)

7.1. Proof of (i) < (ii) < (iii)

If @, € C>°(T), then Pi(p), Ps(p) and Pi(py) are in W7, 5 N L>. Hence
Py(©)Ps(p) € Wi, _5, with the same boundary values, @i), as the function P (o).
Consequently, the equivalences between (i), (ii) and (111) follow from proposition 3.7.

7.2. Proof of (v) = (iii)
We first observe that if
[VP(b)](1 = [2[*)' 7% dm(z)
is a Carleson measure for P;(H*(T)), lemma 6.10 gives that the measure
(IVP@)P(1 = |27 + [P(0)P(1 — |2*)7%) dm(z)

is also a Carleson measure for Ps(H?*(T)).
Next, in order to prove (iii), it is enough to consider the case ¢ = 1. Then Holder’s
inequality and the above observation gives that

2)VP(b)(2)(1 — [2*)' 7% dm(2)

/ P& DIV L) ) IVE B (](1 — [22)1 =2 dm(2)
1/2
( / P(o) ()P IVPB)P(1 —|z|2>1-28dm<z>)

1/2
«( / VPP B an() S ol

Similarly,

/D(Ps(so))Q(Z)Ps(b)(Z)(l = |2*) 7% dm(z)

S el
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7.3. Proof of (iv) = (v)

By lemmas 6.10 and 6.11 it is enough to show that if [((—=A)* + I)Y/?(b)|? do is
a trace measure for H*, then |VP,(b)[?(1 — |z|*)}=25 dm(z) is a Carleson measure
for Ps(H*(T)(T)). Using theorem 6.9, we must show that for any closed set E C T,
Jrey IVPs)]2(1 = [22)172 dm(z) < Cap,(E).

Let E C T be closed and let pg be the potential of the extremal measure for
the set E. For z € D, let I, = {¢ € T; z € I'({)}. We have that if z € T(E), then
I.C E and |L| = (1 — |2]?). Let a € (1/2,1/(2(1 — 2s))]. Then, lemma 6.4, gives
that p2® € A1, and, in particular, p3* € As.

Since pg 2 1 a.e. on F, Fubini’s theorem gives,

/ VP0)()P(1— [22) 2 dm(2)
T(E)
1—2s 1 20 o m(z
S [ IVPOER 10 s [ (0 dotC)dm)
Py 201 22 —2s5, 2 m(z)do
,s/T/F(OWPS@)( V(1 — [2[2) "2 p20 (€) dm(2) do (C)
= [ [ 10 B VR 6 P O dm(e) do(c)
T JT'(C)
G )220

Since p%* € As, proposition 5.2 and theorem 5.1 give that the above is bounded by
2

([ 0@ r©a0©)) = 11 Ol e

Since I;1 = 12152[;1[2;1/2, theorem 4.10 gives
_ 1/2 —1/2 —1/2
I 0) 132 ey = 121 B 2 0) 1320y S o, 20320

<timint [ (1 GHQ P do(©

But I,/ = (=A)* + )Y/ and |I,,;"/*(b)(¢)|? do is by hypothesis a trace measure
for H%(T). Then we have that the above is bounded by liminfs_¢ Hp%ﬁH%{S(T),
which by theorem 6.5, is in turn bounded by Cap,(E).

7.4. Proof of (i) = (iv)

By lemma 6.11, we have that proving condition (iv) is equivalent to proving

that du(¢) = [((—A)* + DY2(B)(Q)1? do(¢) = |1, (B)(Q)?do(Q) is a trace mea-
sure for H?®. This will be checked by proving that it satisfies the capacitary
characterization given in proposition 6.6, that is, we will show that for each compact
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set £ CT,

/ 11,2 (0)(¢)2 do(¢) < Cap,(E).

Let E C T be a closed subset of T and let pg s = I2s * Vg s, 0 > 0, where vg 5 is a
regularization of the extremal capacitary measure of . Let o € (1/2,1/(2(1 — 2s)))
be fixed. We consider the test functions

1/2 —1/2
L (xel " ()

s 1= e, s, Vs = Dph s

We write gg = XE(I;;/2(b)). Applying the hypothesis (i), we have that

/E L) do = / 152 (0ss) 522 (0) do < loslarecmy ooy (7.1)

We next estimate each of these last norms. First, we have that by theorem 6.5,
||1/)5||§{S(T) = HpaE75||§IS(T) < Cap,(F). Our next objective is to prove that

: 2 < 2
tm ey < [ Lol dor (72)

If this estimate holds, we will have by (7.1) that [, |I_1/2( b)|?do < Cap,(E), which
is the estimate we wanted to prove.
Using lemma 2.1,

Py (Izls/Z(QE)) -
”906”%15(11‘)§/Dv NI (1 =122 dm(z)

Y ) [
+/D —(Ps(pE,a))a (1—1z9) dm(z)

</ V(PS (11/2( E))) 2( 2% dm(z)
D

- (Ps(pe.s))™
2
) (pE 6))‘ 2 1—25d
S e A
P (o)
—|—/D Pl (1—1z9) dm(z)

=1+II+1III.
We begin with the estimate of I. Let z € D. We have that

P(pps)(z / PE,s-
\I|
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Using this estimate and Holder’s inequality twice, we obtain that

15 [ 19 (R@een) Pa- 1B (o /Isz,(s(n)dU(n))_M ()

/ |V Il/2 ))) (1= [2)2)1 2 <|Ilz /I PE,I(S(”) do’(ﬁ))za dm(z)

—171/2 201 _ 1212)725 dm( 1 o
S [ 17 (L B 0) PO 1) dme) e 0) o)

Since by lemma 6.4, p%‘fé € Ao with constants independent of E and 6 (and hence

also pEQ(;O‘ € As), proposition 5.2 and theorem 5.1 give that the above is bounded,
up to a constant, by

1 1/2 2 1 g 1 g
/|I I (1) don) 5 /gEm)pm( ) do (),

E‘é

where in the last estimate we have used theorem 4.10, since p;ﬁ;}‘ € As. Altogether
we deduce that

ls/gm)pl (n) do ().

E,0

Now we proceed to estimate II. We consider the form given by
Py(I2g5))? OP, OP,
(4)5(2:) _ ( ( 2s gE25)>1 (1 _ |Z|2)1—23 ( (pE75) dy — (pE,5> da:) )
(Ps(pe,s))**t Ox dy

Integrating on the circle of radius r < 1, taking polar coordinates and letting
r — 17, we have (see theorem 3.3) that

(P(I,/%gg,))? @

lim ws = lim 1— 7,.2 1_287"— P s
=17 JaD, r—1- Jap, ( ) (Py(pE.s))2tt or (PE.s)
/2 2 1/2
(¢ g1,) s (14 g8,)*
= / 22047+1(5<(7A) +I)pE,5 - 22047+de5 2 0.
T pE,6 T pE75
Applying Stokes’s Theorem on D,., and letting » — 1~ as in theorem 3.4, we have
that
1/2
_ / 125/ 9?35 d
Ws = Jat1 Vo
T T PE;s

1/2 2
——a+) [ Wwwmm o) dme)

PISgVPISgVPp5 o
+2/ = 2 (pég)mfl) PE5) (1 |2f2)1-25 ()

o [ (PAL95))* [ pEs(C)
s [ P oot | e do(Q) dm(:).
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Since we have shown that fT ws = 0, we deduce that

P, (1IN gp)V P, (1IN g5)V Py (pE.s) ,
II</ s\£2s s\£2s S 5 1_22 1—2.5dm2
= Pr(ppg)ot] (1—1z*) (2)

+/D (Pulppg)re (L~ [F) dmz).

Next, we proceed to estimate the first term on the right. Holder’s inequality gives
that

/ Py(Ly)95)V P(I,!* 95)V Py (pE.s)
D

iy (1 - [22)' =2 dm(2)

1/2
Py (B (9m)) PIV (Pupes) P
</ ks (1~ |2)' = dm(2)
D |Ps(pp,s) 2t
1/2
/WP( o)) ¢ (1= [o[*)' 7% dm(2)
X — |z m(z
D Ps(pe.s)*®
= ITY21Y% < (1)) + eIl
In addition, (2.1) gives that
(Pu(L:*9,))? 22
—172 Sdm(z) SITIT+e(I +11).
/]DJ (Ps(pE,s))* =0 & ( :
Consequently, we have shown that
IT<T+1I11. (7.3)

Next, if we now choose 0 < &’ < 1, we have

111 <
1/2
:/ P(I2s/ gE) ( _|Z|2)1—23dm(z)
1—|z|2<e’ PS(pEé)
P(I;/29E) 2\1—2
+ “S5v2s 72 (1 — |z Sdm(z).
/ o P S A )

Since in the first integral 1 — |z|? < &', using (2.1) and (7.3), it is bounded by
e'(I + II 4+ IIT). We pass that to the left-hand side and obtain that

P, (12
I+II+III§I+/ Pollyy gp)”

1— 2|2 dm(2). 7.4
s Pulpmg)® (=27 (2) (7.4)

But, when 1 — |2]2 > &/, we have that P, (IQS/ (98)) = 1 I;S/Q(gE) and Ps(pgs) ~
fjrpE,6
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Hence, using Holder’s inequality and that by lemma 6.4, pQE‘fé € Ay, with
constants independent of £ and § we have that

1/2

P(Iz QE) 2\1-2
“5v2s IE (1 |z Sdm(z
/1z2>s/ Py(pE.s)* =1=F) )

< (fT121£2(9E)>2 < (ferQl@(z(gE))?.

T (hpes) T hePES

(7.5)

Fubini’s Theorem and the fact that the operator —’213/ % can be represented as a

convolution by a kernel Tk ((,n) satisfying that Tk (¢,n) < (1/(J¢ —n[t=%)) (see

remark 4.11), give that
1
__|1Sdo(n)gE<<>da<<>]isJ/|gE<<>|da<c>
T T

JERIGIEGIE

Plugging this estimate in (7.5), and using that gg is supported on F, we have that
Holder’s inequality gives that

2
1/2
([ 000) < UslopQ1do(©)* _ m(E) () do(
f'ﬂ‘ p%fa do < f']r pE,(; do ~ fqr pZEOjC; do '

So, we have just proved that, using (7.1) and (7.4), that

1 m(E 2 do
||Q05||Hé(11‘) ST+HIT+ 11T </ (n)pEé( n) do(n) + )fprg%E]i;fj)J (C)
THE,

We next have that p%fé is bounded above, and also bounded below (with constant
depending on E) since,

dVg( ) /
pEs(Q)= | —=7=5- 2 | dvs vs(T) = v(T).
£.5(C) i~ . () = vs(T) = »(T)
Hence, we can apply the Lebesgue’s Dominated Convergence Theorem and deduce
that
. 1 m(E) [;9%(¢) do(¢)
lim [|0s]|%. §/92n—andon+ T .
i lalloy & g ) dota) + ===

Next, since gp is supported on E and pg 2 1 on E, we deduce that

ti sl oy S [ b o) doto),
- T

which prove (7.2) and, as it was pointed out, finishes the proof of the theorem.
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8. Appendix: Proof of theorem 5.1

The proof of theorem 5.1 follows the scheme given in [16]. In consequence, we will
just sketch the specific parts of the proof for our situation and remit to this paper
to find the proofs of the remaining parts used here. We recall some definitions.

If f is a measurable function on T and @ is an interval on T, the local mean
oscillation of f on @ is given by

wA(£:Q) = i ((F = x@)"(NQD, 0<A<1,

where ((f — ¢)xq)* is the non-increasing rearrangement of (f — ¢)xq.
Let m(f,Q) be the median value of f over @, as a (possibly non-unique) real
number such that

max ([{¢ € Q; f(€) > m(f, @)}, {¢ € Q; F(O) <m(Q)}) <|QI/2.

Next, given an interval @, let us denote D(Qg) the dyadic intervals with respect
to Qo. The dyadic local sharp maximal function mz\%’go f is defined by

mio,f(()=sup  wi(f;Q).
CEQ'ED(Qo)

One key ingredient in the proof of the theorem is the decomposition of A.K.
Lerner in terms of the local mean oscillation. In [4], it is proved the following
version of Lerner’s estimate for homogeneous spaces:

THEOREM 8.1. Let f a measurable function on T, D a dyadic decomposition of
intervals of T. Let Qo € D. Then there exists € > 0 and a (possibly empty) sparse
family S(Qo) of intervals in D included in Qg such that for a.e. ¢ € Qo,

£ =m(f, Qo) <mZ o (HO)+ Y. welf,Qxa()-
QES(Qo)

We would like to apply this theorem to the function f = Gk (p)?, and we will
need to obtain estimates for mﬁQO(GK(Lp)Q) and w. (Gk(9)?, Q).

The following lemma follows from well-known techniques of splitting functions
in ‘good’ and ‘bad’ parts, which come from a method stated by A.P. Calderén and
A. Zygmund (see [16]).

LEMMA 8.2. There exists C > 0 such that for any A >0, f € L(T),

el (ao)

H{n: Gx(p)(n) > AH < 3

We now can prove the following version of Lerner’s estimate:

LEMMA 8.3. Let 0 < A < 1. Then, for any cube Q € D;,

wr (G ()% Q) < Z 2715 <|2le /sz |<p>2.

k>0
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Proof. Let Q € Dj. We decompose Gk (¢)?(n) in two terms given by

Cxc(9)* () = / [ X _dmiz) _

O Ty
+/D\T o)

/ch Jdo(q)] 4G

(1= 1[2?)?
= Lip)(n) + L2(0) (n)-
We will then have that if {; is an arbitrary point in Q,
Wi (G ()% Q)

< ((Gk(9)* = L(2)(C))xa)” (AQD

< (Ii(e)xa)” (MQI/2) + ((12(p) — I2(9)(G1))xq) " ((AQ1/2))

S (h(‘P)XQ) (AQD/2) + 12(p) — L2() (G )l 2= (@) (8.1)
We will first show that

ena) Q2 S Y 5 (g [ lelie)

261 5<1

Since (z + y)? < 2(2? + y?), we have that for any n € Q,
Ii(e)(n) < 2 (In(exa@) () + Lilexmaq) (1)
and consequently,
(L()xa)" NQI/2) S (I1(ex40))" (AQI/4) + (Li(pxma))” (AIQI/4).
By lemma 8.2 we have that

(o)) QU < (Gxciovie)®) a2 < (g [ lae)

Consider now the term (I1(¢xmaq))*(A|Q]/2). It will be enough to obtain, for
z € T(2Q), the following pointwise estimate:

1— |22\’ 1 1
Kewo@l s (0) Y g [, tan 2

l
Q E>1;2k16<1

Indeed, if (8.2) holds, then we will have that by Chebyshev’s inequality

y 11 (exm\aB(@))XQll Lt
(Il(‘pX]DJ\4Q)XQ) (>‘|Q|/4) S Q) /4

5)\|4Q/E/DXF

2
1 1
S E *7/ lpfdo | .
~ s ok
(k>2,2le<1 28 [28Q] Jarg

2

(Oxprag(€)da(Q)| (1~ [2*)72dV (2) do(n)
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Consequently, applying Schwartz’s inequality,

(Lxmaalva) QU S S 5 (g [ letmlastn)

k>2,2le<1

Let us prove (8.2). If z € T(2Q), we then have that

K (oxrug)(2)] = | / K (2, Op(Oxmao() do(Q)]

=12\ 11 /
< (LZ1E0) L
N( lo 2. g 2l 2kQM

k>2,2810<1

So, in order to finish the proof of (8.1), we are left to estimate |[I2(p) —
[2(<p)(<1)||Loo(Q). Let wi,ws € Q Then,

() ) ~ D) ()] < / xr., (2) = 1., ()]
k31, 2kl Y TEFIQNT(24Q)
SO
| [ KG.0p0d(0)| 7500 (53

We split the points z € T(25+1Q) \ T(2"Q) such that xr, () — xr,,(2) # 0 in
two connected sets, QF, Q5. We will obtain estimates for the integrals over one of
them, say QF, being the estimates over Q5 analogous. Then,

2

_dVi(z)
[I2(p)(w1) — L) (w2)] S K(z,()e(¢) do(C)
2(P) w1 2(P) w2 k>1;Q<l/ / 11— |2]2)2
S ;Q)e(¢)da(C)
k>1§v:lQ<1/ QkQ

2
dV(z)
DS /QJ_Q\WQKu,c)so(oda(o T

>k, 20g<1

Next, observe that if ¢ € 2¥Q and z € O, we have that (1 — |z|?) =~ 2¥lg and
|1 — 2¢| ~ 2¥lg. On the other hand, if ¢ €27Q\2/7'Q, j >k, we have that
|1 — 2C| 2 271g. Altogether gives, integrating in polar coordinates on Q} and using
the fact that the angle width is of order [, whereas the line integral on r is of order
2’“1@ , that the above is bounded, up to constant, by

2 S
(zle)Qs lg / oldo | + lg Z (leQ) fsz ol do
(2k1q)2(+9) (2F1g) \ Jar, (2%1q) (271g)t+s

>k, 2i1g<1
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Hence, adding up in k, we will have that (8.3) is bounded, up to a constant, by

2
1 1
— | =—— d
Z ok <2le /2le |l U)

k>1,2F16<1

1 1 1
+ ) Sk(1—25) > 2 2, /NQW

k>1,2k5<1 >k, 291g<1

By Holder’s inequality, the above is bounded by
2
> (1 / |30)>
ks k :
k>1,2806<1 2 2%Q Jaxig

We now sketch how to finish the proof of theorem 5.1. First, lemma 8.3 gives that
a.e. ( € Q, mﬁQG(d))Q(C) < M()(¢)?, where M (1)) denotes the Hardy-Littlewood
maximal function. Next, we have that for any @ € D?, there exists a sparse family
S(Q) = (Qf), Qf € D' so that if we denote by

1/2

7;5(1?)(0 = Z (%lB(Qf))?XQj (©) )
QyeS(Q)

then by theorem 8.1, we have that if
TS0 =3 ST W),
then for a.e ( € Q,
GICP = me(GI| & | MO+ X 577 (1°(6)°
Hence
GO~ ma(GWI? £ M) + TSW)(C),

where M is the Hardy-Littlewood maximal function.
It is proved in [16] that for any w € A3,

175 (W) L2 () S 191 L3 (w)-

Observe that here we are not interested in obtaining sharpest estimates and in
consequence, we could have chosen other index py > 2 instead of py = 3.
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On the other hand, the Hardy-Littlewood maximal function maps L3(w) to L3(w),

80, [[M (V)| 13(w) S |¥0]| 3w Altogether gives that

1 (G@)? = mo(G)*) Y sy S 16115 (w)-

Hence

1G@) sy = I1G@) I,
S lGw)y - mQ<G<w>2>||;é%<w) + o (G 5w

S Illse) + Imo(G)) 15 -

Finally, it is proved in [9] that

Rubio de Francia’s extrapolation theorem gives then that |[G(¢)|Lrw) S

191 2o ()

Im(G @) S 168

~

O
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