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Abstract We consider a certain family of Kudla—Rapoport cycles on an integral model of a Shimura
variety attached to a unitary group of signature (1, 1), and prove that the arithmetic degrees of these
cycles are Fourier coefficients of the central derivative of an Eisenstein series of genus 2. The integral
model in question parameterizes abelian surfaces equipped with a non-principal polarization and an
action of an imaginary quadratic number ring, and in this setting the cycles are degenerate: they may
contain components of positive dimension. This result can be viewed as confirmation, in the degenerate
setting and for dimension 2, of conjectures of Kudla and Kudla—Rapoport that predict relations between
the intersection numbers of special cycles and the Fourier coefficients of automorphic forms.
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1. Introduction

In their article [8], Kudla and Rapoport investigate integral models of Shimura varieties
attached to unitary groups of signature (n — 1, 1). These models are defined as moduli
spaces of abelian varieties equipped with an action of the maximal order o in a fixed
imaginary quadratic field, together with a compatible principal polarization. Kudla and
Rapoport go on to construct a family of ‘special’ cycles, and prove that when such
a cycle is zero dimensional and is supported in the fibre of an unramified prime, its
degree can be identified with a Fourier coefficient of the derivative of an incoherent
Eisenstein series for U (n, n) at its centre of symmetry. This result is in line with a deep
conjectural programme, initiated by Kudla and supported by his collaborators, that
aims to establish systematic relations between arithmetic cycles on Shimura varieties
and Fourier coefficients of automorphic forms; see the survey article [5].

In this paper, we study an extension of the problem of Kudla and Rapoport in the case
when n = 2, where we allow the polarizations to be non-principal in a controlled way.
Though the cycles in this setting might not be zero dimensional, our main result asserts
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that their degrees, suitably defined, are again identified with the Fourier coefficients of
the central derivative of a (non-standard) Eisenstein series for U (2, 2).

We now give a more precise account of this result. Let £ be an imaginary quadratic field,
with ring of integers oy, and fix an odd squarefree integer d € Z-¢, all of whose factors
are inert primes in k. We define M?Ll) to be the moduli stack of triples A = (A, i, 1),
where A is an abelian surface equipped with an action

i:or — End(A)

that satisfies a signature (1, 1) condition, see Definition 4.1 below, and A is a polarization
such that

(i) the corresponding Rosati involution induces Galois conjugation on the image i (0k);
and

(ii) ker(A) C A[d] is contained in the d-torsion of A with |ker(r)| = d>.

This moduli problem is representable by a Deligne-Mumford (DM) stack that is flat over
Spec(ox).

Next, we let £ be the DM stack parameterizing triples E = (E, ig, Ag) consisting of
an elliptic curve E with an og-action ig: o — End(FE) satisfying the signature (1, 0)
condition, and a principal polarization Ag whose Rosati involution again induces Galois
conjugation on the image ig (o).

Following [8], we define the Kudla—Rapoport cycles on the product M := & x,, Mfll,l)
as follows. Suppose that we are given points E € £(S) and A € M‘(jlyl)(S) valued in some
connected base scheme S over Spec(or). Then the space

HomS,ok (E,A)

of og-linear morphisms admits a positive-definite og-Hermitian form defined by the
formula
(x,y) =21z oyYorgox € Endy (E) = 0.

Given an integer m € Z, we define 3(m) to be the moduli space of tuples
3(m)(S) ={(E, A, x) | (E, A) € M(S),x € Homg ,, (E, A) with (x, x) = m}.

This moduli problem is representable by a DM stack, and the natural forgetful map
3(m) - M is finite and unramified. We thereby obtain a cycle on M, which, abusing
notation, we denote by the same symbol 3(m).
Similarly, for any matrix T € Hermy(og), we define 3(T) to be the moduli space of
tuples
3(T)(S) = {(E, A, 0}

where (E, A) € M(S) as before, and x = [x1, x2] € Homg ,, (E, A)2 is a pair of maps such

that
(x.%) = ((Xlﬁxl) (X1,X2)> 7T

(x2,x1) (x2,x2)

As before, the forgetful map 3(7") — M defines a cycle, denoted by the same symbol.
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Let T = (t1 *) Then there is a decomposition

* 1)

3t xm 3= ][ 3
r-(t)
over all cycles 3(T’) corresponding to matrices T’ with the same diagonal entries as T'.
When T is non-singular, it turns out that the generic fibre 3(7T); is empty, and so the

support of 3(T) is concentrated in finitely many fibres of non-zero characteristic. In this
case, we define

deg3(T) = Y x(B3(T)p. O3() O O3()) log(N (p)

pCoxk

as the sum of the contributions to the Serre intersection multiplicity of 3(¢1) and 3(#;)
that appear within the support of 3(T), weighted by the factors log N (p).

Our main result relates this degree to the Tth Fourier coefficient of the derivative at
the centre of symmetry (s = 0) of an Eisenstein series £(z, s), constructed in § 4.3, on
the Hermitian upper half-space $), of genus 2; here, the derivative

d
&z, 5)=—E@,s)
ds

is taken with respect to the variable s € C.

Main Theorem. Suppose that T € Hermy(ox) is positive definite, and define
Diff(T) := {¢ inert, £ { d, orde det T odd) | J{¢|d, ord; det T even).

If IDIfE(T)| > 1 and Diff(T) # {2}, then
— 2h(k
deg 3(T)g! = |0(X|)5’T(z,0>,
k

where h(k) is the class number of k, and, for z € $,, we set g7 = e(tr(Tz)).

The novel aspects of this theorem emerge when Diff(T) = {p} is a single inert prime p
dividing d. In this case, the cycle 3(T) is supported in the fibre M. This fibre in turn
bears a close relationship to the Drinfeld upper half-plane D which, as we recall in § 2,
admits an interpretation as a moduli space of p-divisible groups.

Our first task, carried out in § 2, is therefore to consider a family of local
Kudla—Rapoport divisors on D defined in terms of deformations of p-divisible groups,
and study their intersection behaviour. Explicit equations for these divisors were found
n [14]; by combining that information with a combinatorial description of the reduced
locus Dyeq in terms of the Bruhat-Tits building for SL>(Q,), we arrive at an explicit,
and surprisingly simple, formula for the intersection number of two local Kudla—Rapoport
divisors; see Corollary 2.17.

In § 3, we show that one can express the same formula in terms of local representation
densities and their derivatives, which play an essential role in the determination of the
Fourier coefficients of Eisenstein series. The key tool is the development of a closed-form
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expression, in the particular case that we need, of Hironaka’s general formula [2] for
Hermitian representation densities in the unramified setting; see Proposition 3.1.

Finally, we connect the local calculations with the global setting and prove the main
theorem; our approach here follows [8, §§ 7-10] quite closely.

The first half of § 4 concerns structural results regarding the geometry of M and
the special cycles 3(T); in particular, a p-adic uniformization result allows us to
express d/f%S(T) as a product of a local factor, corresponding to a local intersection
number as calculated in § 2, and a global factor that is essentially a lattice point count.

We then turn to calculating the right-hand side of our main theorem; after recalling
some general facts about Siegel-Weil Eisenstein series and their Fourier coefficients, we
describe the particular choice of parameters that give rise to the Eisenstein series that
figures in our main theorem, and compute the Tth Fourier coefficient of its derivative in
Theorem 4.13. The formula we derive also decomposes as the product of a local factor,
expressed in terms of representation densities, with a global lattice point count. A direct
comparison of the two formulae yields the proof of the main theorem; see Corollary 4.15.

Notation. Throughout this paper, k will be a fixed imaginary quadratic field, with ring
of integers oy and discriminant A < 0. We denote the non-trivial Galois operator on k by
ard.
Let Z := [1; Z¢, and, for any prime p, we put 7P = Hz#p Zy. If M is a Z-module, we
set
M= M®Zz, and MP := M®ZZP.

2. Local Kudla—Rapoport cycles on the Drinfeld upper half-plane

In this section, we fix an inert prime p # 2. Let k, denote the completion of k at p, and
ok,p C kp the ring of integers. Fix an algebraic closure F = F, and an embedding

70: o, p/(p) < F.
Denote the non-trivial Galois operator on k, by a + a’, and let 71(a) := 19(a’) be the
conjugate embedding; if W = W () is the ring of Witt vectors, then 7y and 7 lift uniquely
to embeddings
T ok, p —> W.

Finally, we let Nilp denote the category of W-schemes such that p is locally nilpotent,
and, for S € Nilp, we set §:= S xw F.

We begin by recalling the construction of the Drinfeld upper half-plane as a moduli
space for p-divisible groups, following [9].

Definition 2.1. Let S € Nilp. An almost-principally polarized p-divisible group over S is
a triple (X, i, 1) consisting of
(i) a p-divisible group X over S of height 4 and dimension 2;

(ii) an action i: og , — End(X) satisfying the following signature (1, 1) condition: for
every a € ok, p, the characteristic polynomial of i(a) on the Lie algebra Lie(X) is

det(T —i(@)lLie(x)) = (T —a)(T —a') € Os[T]; and
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(iii) a polarization A such that
p-ker(l) =0, [ker()| = p?,
and such that the induced Rosati involution * satisfies

i(a)*=i(a") forallae€og,.
The following lemma asserts that there is a single isogeny class of such tuples over F.

Lemma 2.2. Suppose that (X,ix,Ax) is a triple over IE":]F_[, as above. Then X is
supersingular (i.e., its Dieudonné module is isoclinic of slope 1/2). Moreover, the data
(X, ix, Ax) is unique up to isogeny; that is, given another triple (X', ix/, Ax/), there exists
an ok, p-linear isogeny X — X' such that the pullback of Axs is Ax.

Proof. As X has height 4, dimension 2, and is polarizable, its rational Dieudonné module
Mg := M(X) ®z Q is isomorphic to one of the following three possibilities:

Dy ® D)2
Mg = | (Dy ® Do) & (D ®Dy)
Do ®Dy/2 @ Dy.

Here, D, is the simple isoclinic rational Dieudonné module of slope u. Since there are
no non-zero maps between isoclinic Dieudonné modules of different slopes, the action of
ok,p decomposes into an action on each isoclinic component. In particular, the third case
is impossible: there is no action of o , on either Dy or Dy, as End(Dg) = End(D) = Q,.

We exclude the second possibility by contradiction. Suppose that Mg = (Do & Do) &
(D; & D). Upon identifying DY ~ Dy, the polarization A = (X9, A1) decomposes as a pair
of endomorphisms, where

ho: (D)* = (DY) = (Dp)* and Az (D1)* — (Dy)* = (D)7,
and such that )»g = A1. By the assumptions on the kernel of A, we must have
ord, detA; = ord, detA, = 1.

On the other hand, both maps anti-commute with the corresponding o, , action; since
End((D)?) ~ End((D})?) ~ M; (Qp), this implies that the determinants of the maps 1; lie
in N (kl’,‘)7 and in particular have even valuations. This contradiction establishes the fact
that M(X)g ~ (]]])1/2)2, i.e., that X is supersingular.
For the second part of the lemma, note that the slopes of the operator pV =2 on M (X)
are 0, and so
M(X) =A@z, W, where A = ME)PY 7,

The embedding 7p: or,, — W makes A into an ok, ,-module of rank 4. We define a pairing
h(-,-) on M(X) by the formula

h(x,y) = 10(8) " {x, Fy)s,
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where (-, -), is the alternating form on M(X) corresponding to A, and § € okx’p is any
element such that 8’ = —§. The form A restricts to an ok, ,-Hermitian form on A, which we
also denote by h(-, -). Furthermore, the action ix: o, , — End(X) induces an orthogonal
splitting A = Ao @ A into rank-2 Hermitian og,, modules, where

Aj={x e Alix(a) -x =r1i(a)x for all a € o p}.

Note that one can recover the pair {ix, Ax} from the data of the Hermitian form & on
A together with the splitting A = Ao @ Aj. In particular, the isogeny class of (X, ix, Ax)
depends only on the isometry classes of

Co := Ao ®z, Qp and Ci:= A ®z, Qp
as kp-Hermitian spaces of dimension 2. As V restricts to an o, ,-antilinear isomorphism
V. C = Cy of vector spaces with

h(Vx,Vy) = ph(x, y)°,

and the isometry class of a local vector space U is determined by its local invariant
det(®Y) € Q;/N(k;), we find that C; >~ Cy. To conclude the proof, we now show Cy is
always split.

Let MY = M(X)V denote the W—linear dual of M = M(X) with respect to the
polarization A, and set M; = A; ®,, , W. Then, by the assumptions on A and the signature
condition,

MoC MY Cp~'My and Mo C V™'Mi C p~' M.

On the other hand, an easy calculation gives
V(A)) @, W = MY,
where A? ={x € A1 ®z, Qp | A(x, A) C o, p}. Thus
Ao S LCp Ay, where L:=V(AH+V (A,

Since dimg , (p~'Ao/Ao) =2, either (i) L = V(A’f) = V~I(Ay); or (ii) L = p~'Ag. One
easily checks that the lattice L is self-dual in the first case, or satisfies L? = pL in the
second. Since p is inert, the existence of a lattice L C Cyp satisfying one of these two
properties implies that Cy is split. O

We fix a triple (X, ix, Ax) over F once and for all, which will serve as a base point for
the following moduli problem.

Definition 2.3. Let D denote the following moduli problem over Nilp: for a base scheme
S e Nilp, the points D(S) parameterize isomorphism classes of tuples

D(S) :={X = (X, ix,  x, px)}/~,
where (X, ix, Ax) is an almost-principally polarized p-divisible group over S, and

Ox: X xs8 > XxpS
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is a height-0 quasi-isogeny of p-divisible groups over S := S xw F that is equivariant with
respect to the action of o, and such that

px(xs) = Ay s- (2.1)

Two such tuples X = (X, ix, Ax, px) and X' = (X', ix/, Ax’, px’) are isomorphic if there
is an oy, p-linear isomorphism ¢: X — X’ such that px = px’ o (¢y) and ¢*Ay = Ax.

This moduli problem is representable by (a formal model of) the Drinfeld upper
half-plane; see [9]. In particular, it is a regular formal scheme over Spf(W).

Remark 2.4. The moduli problem considered in [9] is a priori more general. There, the
authors consider the moduli space Ny whose points valued in a connected base scheme S €
Nilp parameterize isomorphism classes of tuples X = (X/S,ix, Ax, px) as above, except
they impose the condition that

* P _ X
pxkx‘s = c)LX’S for some ¢ € Zp,

instead of the equality imposed in (2.1). Two such tuples X and X’ are deemed isomorphic
in N (S) if there is an o, linear isomorphism of p-divisible groups ¢: X — X’ such that
px = px o (¢s) and ¢*Ax € Zjhx.

As oy, p is an unramified extension of Z,, the norm map N: ka,p — ZIX, is surjective,
and so every isomorphism class contains a representative for which we have ¢ = 1. To
be precise, given a point (X, i, A, p) € Ni(S) as above with ¢~! = N(u), the map ¢ =
i(u™") gives rise to an isomorphic tuple X' = (X, i, A, p’), where p’ = poi(u) satisfies
(P rg5 = rx.s

Thus, in the unramified setting, the moduli problem D coincides with N, and so the
representability follows from [9, Theorem 1.2]. <

Let Y be supersingular p-divisible group Y over F of dimension 1 and height 2 (i.e.,
the p-divisible group of a supersingular elliptic curve). We also fix an action iy: ok , —
End(Y), and a principal polarization Ay such that the induced Rosati involution acts by
Galois conjugation on the image iy (o, p).

Following [7], we define the space of special local homomorphisms:

V= Hom,, ,(Y,X)®z, Q). (2.2)
This space comes equipped with a natural Hermitian form: for by, b, € V, put
(b1, b2) == Ay' oby oAxoby € Endy, , (V) ® Qp ~ kp.

It turns out that with this Hermitian form, V is split; see [14, Remark 3.4].

Definition 2.5.

(i) Suppose that A C V is an oy ,-lattice, and let A* denote the dual lattice. We say
that A is a ‘vertex lattice’ of type 0 (respectively, type 2) if A = A (respectively,
A* = pA). In what follows, we shall use the term ‘lattice’ to mean a vertex lattice
of type 0 or 2.
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Figure 1. A portion of D,.q for p =3 as a union of projective lines indexed by vertex lattices.

(ii) Let % denote the Bruhat—Tits tree for SU(V), which is a graph with the following
description. The vertices are the vertex lattices, and edges only occur between
lattices of differing type. Two lattices A and A’ of type 0 and 2 respectively are
connected by an edge if and only if

pA C ACA,

where the successive quotients are F -vector spaces of dimension 1. In particular,
this graph is a (p 4+ 1)-regular tree.

The reduced locus Dy.q4 can be described by the Bruhat—Tits tree 4 as follows. Each
irreducible component of D,.q4 is a projective line Py over F indexed by a vertex lattice.
Two such lines Py and P4+ intersect at at most one point, which we call a ‘superspecial’
point, and this happens if and only if A and A’ are neighbours in %. On a given
component P,, the superspecial points are precisely the F,-rational points, of which
there are p + 1; see Figure 1.

Definition 2.6. Let Dy be the moduli space on Nilp that, for a scheme S € Nilp,
parameterizes isomorphism classes of tuples

Do(S) :={Y = (Y, iy, Ay, py)}/~;

here, Y is a p-divisible group over S of dimension 1 equipped with an action iy: o , —
End(Y), and Ay is a compatible principal polarization. Finally,

Py : YxS§—> YX]FE
is an o, p-linear quasi-isogeny of height 0.
Note that the moduli functor Dy is trivial; i.e., it is represented by Spf(W). Indeed, by

using Gross’ theory of (quasi-)canonical liftings for example, see [1], one may show that,
for any S € Nilp, there is a unique lift Y of Y that is determined by the action iy.
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We turn now to the local Kudla—Rapoport cycles, which are parameterized by elements
in V.

Definition 2.7. Let b € V. We define the local Kudla—Rapoport cycle Z(b) as the closed
formal subscheme of Dy xw D defined by the following moduli problem: for S € Nilp,
the set of S-points Z(b)(S) is the locus of pairs (¥, X) € (Dy xw D)(S) such that the
quasi-morphism
p;lobopy: Y xsS —> X x58

lifts to a morphism ¥ — X over S.

Similarly, if b = [by, by] € V2, then we define the cycle Z(b) to be the locus (Y, X)
where p;I ob; o py lifts for i =1, 2.

These cycles were studied in detail in [14], where it was shown that the cycles Z(b)
corresponding to a single element b € V are in fact divisors; i.e., they are locally cut
out by a single non-zero equation. There is an explicit decomposition of these divisors
into irreducible components as described below; note that, since Dy ~ Spf W, we shall
henceforth implicitly identify the formal schemes

D() X Spf(W) D~D

over Spf(W).

Definition 2.8. Let b e V with ord,(b,b) =m > 0. Set t = LmTHJ and B:= p~'h, so
ord, (B, B) is either 0 or —1. Then by [14, Lemma 3.8], there exists a unique vertex
lattice A such that B € A\ pA, and moreover A is of type 0 (respectively, type 2) if m
is even (respectively, odd). We call this lattice the central lattice for b.

Theorem 2.9 [14, Theorem 3.14]. Let b € V, such that m := ord, (b, b) > 0. Then, as a
cycle on D,

Z(b)=Z®)'+ Y mb, NPy =: Z(b)" + Z(b)",
AeB(b)

where
(1) Z(b)" is a horizontal divisor isomorphic to Spf(W) that meets the special fibre of

D at a single non-superspecial point on the component Py, corresponding to the
central lattice Ao;

(ii) B(b) := {A wvertez lattice | b € A}; and
(iii) the multiplicities m(b, A) are given by the formula
t—|d(A, Ao)/2], if m =2t is even

m(b, A) =
t—Ld(A, Ag)+1)/2], if m=2t—1 is odd;

here, d(A, Ag) is the distance between the two vertex lattices in the Bruhat—Tits
tree. [
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Remark 2.10.
(i) For notational consistency, if b € V with ord, (b, b) <0, we define Z(b) =0 and
B) = 0.

(ii) By [14, Lemma 3.12], A € B(b) <= d(A, Ag) < m. In other words, B(b) is simply
the ball of radius m in the Bruhat-Tits tree, centred at Ag.

(iii) Note that, for vertex lattices that lie on the boundary of B(b), i.e., those A for
which d(A, Ag) = m, we have m(b, A) = 0. While such vertices contribute nothing
to Z(b), it will make our formulae somewhat neater if we include them in B(b).

(iv) The following reformulation of the multiplicities will also be useful:
1 | m—d(A, Ao), if m=d(A, Ap) (mod 2)

mb, A) = — - (2.3)
2 | m—d(A, Ag)+1, ifm#£d(A, Ag) (mod2).

2.1. Local intersection numbers

Given two formal closed subschemes Z and Z’ of D such that the sum of their defining
ideals is open in Op, we define their intersection number to be

(2,7 = x(Oz " Oy,

where the tensor product is taken in the derived sense, and x is the Euler characteristic
of the resulting complex; see [6, § 4].
If Z(b) is a cycle corresponding to a pair b = [by, b2] € V2, we set

deg Z(b) := (Z(b1), Z(b2)).

The aim of this section is to compute the intersection (Z(by), Z(b2)) of two local
cycles attached to linearly independent vectors by, by € V, where ord,(b;, b;) > 0. Via
Theorem 2.9, the intersection pairing (Z(b1), Z(b2)) can be expanded as

(Z(b1), Z(b2)) = (Z(b))", Z(b2)) + Z m(by, A)(Py, Z(b2)) (2.4)
AeB(b)NB(b:)

= (ZbD", ZB)" +(ZB)" ZO)Y+ D mbr, A)(PA, Z(b2)).
AeB(b))NB(by)

Lemma 2.11. Let Ay and A, denote the central lattices for by and by, respectively, in the
notation of Theorem 2.9. Then

Z) Z(by)?y — | M Er A A A€ Blb).
0, otherwise.
For any vertex lattice A, we also have
I,  if A eBb) and d(A, Ay) = ord,(by, by) (mod 2)
(Pa, Z(b2)) =\ —p, if A € B(by) and d(A, Ay) # ord, (b2, by)  (mod 2)

0  ifA¢Bb).
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Proof. By [6, Equation (4.7)], we have that, for any vertex lattice A,

" 1, if A=A
(Z(b1)",Pp) =

0, otherwise.

The first statement in the proposition follows immediately.
Next, we recall the following formula; see [6, Lemma 4.7]: if A and A’ are any two
vertex lattices, then

—(p+1), fA=A
(Pa, Pary =11, ifdA, A) =1
0, otherwise.

Now suppose that A is any vertex lattice, so that

(Pa, Z(b2)) = (Pa, Zb2)") + Y m(ba, A)(PA, Py).

AN eB(by)
d(A’, MK

When A ¢ B(b;), it follows immediately that (Pa, Z(by)) = 0; see Remark 2.10 for the
case when A is of distance 1 from the boundary.

Suppose next that A € B(b) and A # A;. Then A has one neighbour, say A%, that is
strictly closer to A than A is. Suppose further that d(A, Az) =m (mod 2). Then (2.3)
implies that

m(ba, A®) = m(by, A) + 1.

For any other neighbour A” of A, of which there are p,
m(by, A’) = m(ba, A).
Therefore, we obtain

(Pa. Z(b2)) = m(by, A*)(PA. Ppz) +m(by, A)(PA.Pa)+ Y m(by, A")(Py, Pys)
Ab

(m (b2, A) + 1) +m(by, A)(—p — 1) + pm(ba, A)

= 1.

The case where d(A, Az) # m (mod 2) follows from similar considerations.
Finally, suppose that A = Aj. If ord, (b2, by) = 2t is even; then we see by (2.3) that A
and all of its neighbours occur in Z(by) with the same multiplicity ¢, so that

(Pay Z(b2)) = (Pay, Z()") 41+ (Pay. Pay) + Y 1Py, Ppo)
d(A”, Ap)=1
= l+4t(—p—D+t-(p+1) =1.

On the other hand, if ord, (b2, bp) = 2t — 1 is odd, then
m(by, Ay) =t =m(by, A°) +1
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for every neighbour A”. Thus

(Pay. Z(62)) = (Pay, ZB)") +1- Pay Pa) - 3 (1= 1){Pay, Py
d(A”,Ap)=1

l+t(=p—D+@—1)-(p+1)=—p. O

Lemma 2.12. Let by, by € V, with corresponding central lattices A1 and A», respectively,
and assume that

my :=ord, (b1, b1) < ord, (b, by) =: mj.

Suppose further that B(b1) NB(by) is non-empty, and let A denote the unique shortest
path between Ay and Ay. Then the intersection B(by) NB(by) is the ball of radius

—d(A1, A
r::min(ml_‘_m2 (A1 2),m1) (2.5)

2

around the unique vertex lattice I' € 2 such that
dA,T)=my—r, and d(A2,T)=d(Ay, A2)—(my—71). (2.6)

Proof. This follows easily from the fact that % is a tree, and that B(b;) and B(by) are
balls of radius m; and my, respectively. O

Remark 2.13. Recall that the type of the central lattice A attached to b € V is determined
by the parity of ord, (b, b), as in Definition 2.8. As lattices of differing type are always at
an odd distance apart,

mi+moy=d(Ar1, Ay) (mod 2), (2.7)

andsor eZ. ¢
We now come to the main theorem of this section.

Theorem 2.14. Suppose that by,by € V are linearly independent vectors, with my :=
ord, (b, b1) and my :=ord,(by, ba) and central lattices Ay and Aj, respectively. Assume
that 0 <my < my.

(i) If B(b1) NB(b2) = @, then (Z(b1), Z(b2)) = 0.
(i1) If B(b1) C B(ba), then

—d(A1, A "1
i, z)_p(f’_1>+<z<b1)”,2(bz)h>.

(Z(b1), Z(b2)) =

(See Proposition 2.15 below for the calculation of the final ‘h—h’ term.)
(iii) Suppose that B(b1) N B(by) # @ but B(by) ¢ B(by), and let r be as in (2.5). Then

r—1
(Z(b1). Z(b2) = r— p (” )
p—1
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Proof. (i) When B(by) N B(by) = ¥, one sees immediately from (2.4) that the intersection
pairing vanishes.

‘Case (ii): B(b1) C B(by) ‘

In this case, we have B(b1) NB(by) = B(b1), which is the ball of radius m; centred
at Aj. Let
Zb)'= Y m(b. AP,
AeB(by)

denote the ‘vertical’ part of Z(b;). We may express its contribution to the intersection
by expanding radially from Aj:

(Z(b1)", Z(b2)) = m(br, A1) - (Pa,. Z(b))+ Y m(b1, A) - (Pa, Z(b2))
A=t
ot Y mbi, A) (P, Z(b)).
d(Al,IX):ml
Suppose first that m; is even. Then
m(bi. A) = 2L~ (A1 A)/2]
and, by (2.7), we have that d(A, Az) = m; (mod 2). Therefore, applying (2.3),
Z(b)', Z(by) = =L . (1 1) D(Z-1).a
(ZG)". ZE)) = T+ (p+ DT (=p)+pp+ 1) (5= 1) - (1)
my—2 mi
ot " 2 p 1) (= mi = 1)/21) (=p)
my—1 m_
+p" 1) (5~ mi/21)

m _
=S +@+DEp—p == p™MTh

_m (P ]
R W

On the other hand, using (2.3) and Lemma 2.11,

—d(Ar, A
(ZB)", Z(12)") = m(ba, A1) = w
and so
(Zb1). Zb) = (2B 26" +(Z1)". ZB2)") + (261" Z(b2)

—d(A, A -1
_ my+my _ (A 2)—p<p — >+<Z(b1)h,Z(b2)h),

as required.
Next, if m; is odd, then setting t; = (m| +1)/2 gives
d(Ay, A)+1

m(bl,A)ztl—{ >

J , for any A € B(by).
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Since d(A1, Ap) # my (mod 2),

(Z(b1)'. Z(b2)) = m(br, AD) - (Pa,. Zb2)) + Y m(bi, A) - (P, Z(b2))
d(A1{\A)=1

ok Y mb1 A) - (Pa, Z(b2))

d(Al,Al)\=m1—2

n-(=p)+@+Dt—1-+pp+DE—1-(—p)

o ™M (p+ D — [my —1)/2))

+ ™72 (p+ Dty — [m1/21)(—p)

=n—(+DA+p*+p*+-+p™mh

_omp+1 pmtl—1
T2 p—1 '

(ZD", Z(b2)Y) = m(ba, Ay) =

By (2.3), we have

my —d(Aq, Ax)+1
2 9

so that

—d(Ay, A mtl
(Z(b1), Z(byy) = TEm2 A 2)+1—<”—1)+<Z(b1)”,2(b2>’“>

2

—d(Ay, A -1
_ M d(, A (” 1 >+<Z(b1)h,2<bz)h>,

as required.

‘Case (ifi): B(by) ¢ B(ba)

Recall that the intersection B(b1) N B(by) is a ball of radius

_ mi+my—d(Ay, Ar)
= 5 ,

centred at a vertex I' along the geodesic 2l connecting A and A,. We start by calculating

(Z(b1)", Z(b2))

as follows. Consider taking a walk along 2, starting from I' towards A. We stop walking
either after a distance of r units, or when we arrive at A, whichever comes first; i.e., we
travel a distance of min(r, d(A1, I')). For each vertex we encounter, say after k steps, we
add up the contributions of all the lattices branching off of that vertex away from 2, and
call that sum F (k). More precisely, let I'®) denote the vertex in 2 which is a distance of

d(A1,T)—k away from A and a distance of k away from I'. Then the sum

Flky= Y m(bi, A)(Pa, Z(b2))
AeF (k)
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is taken over the set F (k) consisting of lattices A € B(b;) N B(by) such that the unique
shortest path between A and A; first meets 2 at r'® . The points I' = r® and A (if
indeed we end up walking that far, as the vertex A contributes if and only if d(A, ") <
r) are different from the rest, because at these points there are p directions leading away
from the path 2, whereas at all the intermediate vertices there are p — 1.

For convenience, set uy := m(by, T®) and dy = d(A1, T®). Our first step is to prove
the following calculation for F(0):

r—1
,uo—pz(p2 1), if r is even,
p2—

FO=1
—p <p2—> , if r is odd.
pc—1

To prove this, first suppose that r is even. Then dy = m| — r has the same parity as m.
By (2.3), a vertex A contributing in F(0) that is s units away from I' appears in Z(b;)
with multiplicity m(by, A) = wuo — |s/2]. Therefore,

FO) = po-(Pr, Zba))+ Y po-(Pa, ZG2)+ Y (no—1)- (P, Z(b2)

AeF(0) AeF(0)
d(A,I)=1 d(A,T)=2
ot D> (o= (r/2) - (Pa. Z(b2)).
AeF(0)
d(AT)=r

From (2.6) and (2.7), it follows that d(Az, I'?)=m, (mod 2), and so, applying
Lemma 2.11,

FO)=po-(M+ Y po-(=p)+ > (o—D-W+-+ > (uo—/2)-(1)

AeF(0) AeF(0) AeF(0)
d(A,T)=1 d(A,T)=2 d(A,T)=r

= po+p-po(=p)+p*-(wo—D+p*-(wo—D(=p)+---+p - (no—7/2)
=po—p*=pt—p

= po— p* it
O pz_l 9

as required.
Similarly, when r is odd,

FO) =po-(=p)+ Y (o—D-M+ Y (o—1(=p)

AeF(0) AeF(0)
d(AT)=1 d(A,T)=2
o Y (o—(r+1)/2)- (1)
AeF(0)
d(A.T)=r
= po-(=p) + plo — 1)+ p* (o — 1) - (=p) + P> (o —2) + - -+ p" (o — (r + 1)/2)
=—p-p—p
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pr+1 -1
=\ )
as required.
Next, when 0 < k < dy = d(A1, T @) and k < r, we have the following calculation:
pr—k -1
wk— (p—1(p) (ﬁ) , ifr=k (mod?2)

r—k+1 -1
p—> Cifr#£k (mod?2).

F(k) =
_Mk—(P—1)< P

To prove this claim, we first consider the case r = k (mod 2). Then
dA, T®)Y =d(A, TOY—k=m;—r—k=m; (mod 2),

and
d(A, TP =d(M, T4 k=my—r+k=my (mod 2),
as well. Hence, for ux = m(b;, I'®), we have
Fy = me-M+ D u-(=p+ Y, Gu—1-1D)
AeF (k) AeF (k)
d(A,T)=1 d(A,T)=2
r—k
oty (Mk—T>'(1)
AeF (k)
d(AT)=r—k
= e+ (p— Dk - (=p)+ p(p = V(e — D+ p*(p — DGk — 1) - (= p)
r—k—1 r—k
+eotp (p=D{m———) D
= w+(P=D(=p=—p’ == p"
r—k _

P
o= p(p = DE

The case when r # k (mod 2) follows from similar considerations, and we omit the proof.
Finally, we consider the case k = dy = d(A1, T'?), which only arises when r > dy. The

calculation is almost identical to the case k = 0, and so we omit it; the result is
r—doy _ 1
1dp — P (1’2—) _ ifr=dy (mod?2)
pc—1
F(dO) = pr—do+1 -1
pl——): ifr #dy (mod 2).
pc—1
Now, we consider the sum over all the contributions F (k). Observe that, if k£ > 0 and

k =r (mod 2), then
(2.8)

F()+Fk+1) = e — a1 — (P75 = 1.
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We first assume that r < dp and r is even. The first assumption implies that A ¢
B(b1) NB(by), and so (Z(b1)", Z(bs)) = 0 in this case. Thus

(Z(b1). Z(b2)) = (Z(b))". Z(bp)) = ) _ F(k)
k=0

r/2—1
= FO+F)+| Y Fen+FQn+1) | +F(r)
n=1
r pr 1 r/2
= —lk — 2 _1 ( — )_ r—2n_1
]g e e ;(p )

r r
pr—1 r
=2 D=+ p) () + 5
p-—1 2
k=0
Since r is even, we have dy = m| (mod 2), and so uy = wo+ [(k+1)/2]. Thus

> D = o — (o + D)+ (ro + 1) = (o +2) -+ (o +7/2) — (o +7/2) = po
k=0

and, recalling (2.6) and (2.3), we have pog = r/2. Therefore

p—1
(Z(b1), Z(b)) =V—P( )
p—1

which proves the proposition for r < dy with r even. A similar calculation gives the same

result when r < dy and r is odd.
Next, we consider the case that r > dy. Then we have

(Z(b1), Z(b2)) = (Z(b))", Z(b2)) +(Z(b1)", Z(b2)).

The proof proceeds by a further case-by-case analysis, depending on the parity of r
and dp. Suppose that both are even. Then

do/2—1
(Z(b1)?, Z(b2)) = F(O)+ F(1) + Z F2n)+FQ2n+1) | + F(do)
n=1
(P =1 pr—1
= po— —u—(p—1
Mo — p <p2—1) mr—(p )<p2_1
do/2—1 oo 1
+ D s — poap — (P = D)+ gy — p <ﬁ>
n=1
do —do+2
dO ‘ ) pr -1 pr _pr o
=2 — Dk uy — —1 -
5 +§( Yk =@+ p=D( 5 o

—d
pl—do 1

2( 2 >'
p—1
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Using the fact that in this case Zk(—l)k,u,k = o =r/2 and simplifying the above
expression, we obtain

dy r p—1 mi pr—1
Zb)', Zb)=—+=-—pl—>5>——)=——— .
(ZB)" 20 = T+ 5 p<pz_1) : p<p2_1

On the other hand, we note that
(Z(b)", Z(b2)) = m(ba, Ao).

Combining (2.6) with the assumptions that r and dy are even, we have d(A1, A) =m;
(mod 2), and so, by (2.3),

my—d(A, A m

by, A1) = .
m(by, A1) > >
Therefore

p—1

(Z(b1), Z(b2)) =r—p .

p—1
as desired, in the case r =dy =0 (mod 2). Again, the remaining cases are entirely
analogous, and so we omit the proofs. O

We turn to the ‘horizontal-horizontal’ terms appearing in Theorem 2.14(ii). As usual,
let b1, by € V be linearly independent, with

my = ord, (b1, b1) < my :=ord, (b, ba)

and central lattices A| and Aj, respectively. For i = 1, 2, set

m;+1 .
= LZTJ, and B := plib;,

so that B; € A; \ pA; by the property characterizing central lattices.

Proposition 2.15. With notation as in the previous paragraph,

if Ay £ Ay
ordy (B, ), if At = A,

(Zb)", Z(b)") =

where B] € Ay is any vector such that {B1, i} forms an orthogonal basis for Aj.

Proof. Recall from Theorem 2.9 that Z(b;)" meets the special fibre at a single
non-superspecial point in the component P,;. Hence, if A1 # Aj, the pairing clearly
vanishes.

Thus we may assume that A = Ay = A, and we suppose further that A is self-dual,
so that m| = 2¢; and my = 21, are even. We may fix a basis {e, f} for A with respect to
which the Hermitian form is

()
-5 ’

where § € 0,:p is a generator for k,/Q, with §' = —§. Writing

Bi=p "bi=rie+sif, Br=p 2br=re+sf,
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we note that
(Bi, Bi) = 8(ris; —risi) € Ly,
and so r;, s;, and r;s] —r/s; are all units in o .
Set B = rje+s| f, so that {B;, B} forms an orthogonal basis for A. Then we may write

Bo = uBi+e€py, for some p, € € o, € #0.

The local equations for these cycles are described explicitly in [14, § 3]; in particular, by
Proposition 3.7 there,

Z(b)"(F) = Z(h)"(F) < B and B, are collinear mod pA
< peo; and € € (p).

Ifee okx’p7 then Z(bl)h and Z(b2)" do not intersect, and so
(Z(b1)", Z(b2)") = 0 = ord, € = ord, (B2, B},

as required.
Finally, we consider the situation Z(b1)"(F) = {x} = Z(b2)"(F). As described in [14,
Proposition 3.10], the point x has a formal affine neighbourhood

Spf W[T, (I'? —T)"'1Y =: Spf R (2.9)

such that the two cycles Z(b1)" and Z(by)" are given by

Spf R/(r1T —s1) and Spf R/(rnT —s2),
respectively. As € € 02 p» We may write

rT —sy=pu-(nT —si+ep” (T —s)),
and, since the cycles intersect properly, it follows immediately that

KOy ® Ozyy) = length(R/(n T —s1) @& R/ (12T — 52))x
= length W/(ep ™' (r}s1 — r1s}))

= ord,(e),

as required.
When A is a type-2 vertex lattice, we may fix a basis {e, f} such that 4 ~ p~! (_(s 5).

Writing
Bi =rie+sif
as before, Proposition 3.11 of [14] tells us that the local equation for Z (b)" is given by
siT+r; =0
for i =1, 2. The result follows from similar considerations to the previous case. O

We have now completed the computation of the pairing (Z(b1), Z(b2)). The next step
is to show that this pairing depends only the matrix of inner products, as in the following
lemma.
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Lemma 2.16. Suppose thatb = [by, by] € V is a linearly independent pair of vectors, and
let

(b2, b1) (b2, b2)
denote the matriz of inner products. Set m; =ord,(b;, b;), and let Ay, Ay denote
the central lattices of by and by, respectively, with d :=d(A1, Ay). Replacing T by

a GLj (o, p)-conjugate if necessary, we may further assume that my < my. Then the
following hold.

(i) T € Herma(ox,p) if and only if B(b1) NB(by) # B.

(ii) If B(b1) C B(ba) and Ay # Aa, then T is GLa(ok p)-conjugate to the matriz
diag(p®, p?) with

T =(b.b) = ((bl, by) (b17b2)>

a=my—d, b=mj.
(i) If B(b1) ¢ B(by) and B(b1) NB(by) # @, then T ~ diag(p”, p"), where
miy+mo—d
y=-—
2
(iv) If Ay = Ay, then T ~ diag(p®, p?), where
a=my+2 ord,(B2, B), b=my;
here, By and B| are as in Proposition 2.15.

Proof. If m| <0, then clearly T ¢ Hermy(ox,,), and, by definition B(b;) =, so the
lemma holds trivially in this case. Hence we assume that 0 < m1 < my.

Case 1: A1 # Az‘

First suppose that A is self-dual, and so m is even. We can assume that A; and Aj
lie on the ‘standard lattice chain’. In other words, there exists a basis {e], fi} for Aj such
that

(a) with respect to this basis, h ~ (_5 5), where § € okxp with 8’ = —§, and

(b) the lattice Ay has basis {ez, f2}, where

{p~%e1, p*fi}, if d = 2k is even
{e2, fo} =
{p~* ey, pFf), ifd =2k+1is odd.

For a proof of the existence of such a basis, see [15, Proposition 4.10].
Set t{ = ZL and 1, = LszHJ Then T has the form

2
_(p™ - (unit) p* - (unit)
r= < p® - (unit) p™2. (unit)) ’ (2.10)

where
H+tmh—k if d =2k > 0 is even,

th+t—k—1 ifd=2k+1is odd.
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Since m is even, we have my = d (mod 2), and so in fact

mp+my—d
2

in both cases. Hence
T € Hermy(og) <= d < mj+my < B(b)) NB(by) # 0,

which proves (i), at least when A # A (on the other hand, if A} = Ay, then (i) is
trivial).

Note that, in general, if T ~ diag(p?, p?) with a > b > 0, the numbers a and b are
characterized by the facts that

e b is the lowest valuation appearing among the entries of T'; and
ea+b=ord,detT.

We also observe that
B(b1) C B(by) <= m1 <my—d < m; <s.

Thus statements (ii) and (iii) of the lemma follow from a moment’s contemplation of
(2.10), and, begging the reader’s forbearance for yet another instance of this refrain, the
proof when A1 is a type-2 lattice is entirely analogous.

‘Case 2: A = Az‘

Abbreviate A; = Ay = A. Recall that we defined 1, = Lm"THJ and B; = p~'ib; as in
Proposition 2.15, so that g; € A — pA and ord,(8;, B;) is equal to 0 or —1, depending on
whether or not m; and m, are both even or both odd.

We may choose an element ] € A — pA such that (81, #;) =0 and (8], B}) = (B1. B1)
with {1, B} forming a basis for A. Write

Bo=wu-Bi+e- B,
where 1, € € ok, , with at least one of them being a unit. Then

p2l1 pll+l2M/ )

T =B, B1)- (p””zu pH2(n() +n(e))

The smallest valuation appearing is

2t1 +ord, (B1, B1) = my,

and the determinant of T has valuation
ord,, det(T) = 2ord, (B, B1) +2(t1 +12) +ord,, n(€) = my +mz+2 ord, (B2, B}).

This proves (iv). O
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Corollary 2.17. Suppose that b = [by, by] € V? is a linearly independent pair of vectors
with T = (b, b) as above. Then the pairing deg Z(b) := (Z(by), Z(b2)) depends only on the
G Ly (o, p)-conjugacy class of T. More precisely, if T € Hermy(oy) and T ~ diag(p®, ")
with a > b, then

a+b pP—1
deg 2(b) = (2(00). Zb2) = 5= = p (© = ) = (D). (2.11)
Proof. This follows immediately from Theorem 2.14 and Lemma 2.16. O

3. A closed-form formula for certain representation densities

Suppose that § € Herm,, (o, ) and T € Herm, (o, ;) for some integers m and n, where
we continue to work with the localization oy , at an unramified prime p. Then we may
consider the representation density

a(S.T) 1= lim p~ "= #(x & My n(ox,p/p") |'()Sx =T (mod pY}. (3.1)

which will play a crucial role in our determination of the Fourier coefficients of Eisenstein
series. As this quantity depends only on the GL,(ox p)-conjugacy classes (respectively,
G L, (0, p)-conjugacy classes) of T and S, respectively, we may suppose that they are
diagonal. Moreover, for a fixed S € Herm,, (ox, ), we write

S
S, = < Idr> € Hermy,, 1, (o, p).

As we will see shortly, there is a polynomial F(S, T; X) € Q[X] such that
a(S,, T)=F(S,T;(—p)™").

The aim of this section is to prove the following closed-form expression for F(S, T, X)
when T € Hermy (o, ) such that ord, det(T) is even, and § = diag(p, 1). This can be seen
as the counterpart to Nagaoka’s result [12], which considers the case S = Id,.

Proposition 3.1. Set S =diag(p, 1). Then
(i)

F(S,1dp; X) = (I_X)Pﬂ and
_(-X)(X+p)

X2 —(p*—p)X+1).

F(S.("p): X)

(ii) Let T = diag(p*, p?), where a > b >0 and a+b is even. Set

p

0, if b is even,

1, if b is odd,

€ =
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and define
1-X)(X
Fe(X) = F(S, p*-1dy X) = T EED 2 pyx e,
Then
(X —D(X+p) (PX)? — (pX)¢
F(S,T: X) = F€<X)+X—”{<pX>(1 —py P P
-p pX—1
+X2( - —1x) 2b_X26
p—p —X2—1
Xa+1 _Xb+l

The proof of this proposition, which appears at the end of this subsection, amounts
to specializing Hironaka’s explicit formula [2, Theorem II] to the case at hand. We shall
briefly review Hironaka’s notation in the general case. First, given integers u > v > 0, we
define a symbol

H _ [T (1= (=p)™
v T T = (=) OIS A= (=p) )
Let
Zhy=la=(a1....aq) € Z" |ay > ay > -+ ax > 0}
denote the set of non-increasing non-negative vectors in Z¥. Givena = (ay, ..., a) € Z’;O,
we set

a=(am+1,....aq+1) ez,
and, for any i > 1, we let
aj:=#{j |a; >i}.
=

Next, suppose that A, u € Zkzo. For an integer j > 1, we define!

min((A);, 1.1} NG 3V
T USRI A Al B I
J ’ T ' TY/ . TN/ /
i=pL./f+1 ()\')j-i-l —1 ()»)/ —/,L/
We also define a partial order on Zkzo by declaring
a<b < ag;<bjforali=1,..., k.

Finally, we put
k

k
la| :=Zai, and n(a) == Z(i—l)ai.

i=1 i=1

With all of this notation in place, we can state Hironaka’s formula.

IThere is a typographical error in the statement of Theorem II of [2]: the corresponding formula in
appears without the necessary tilde in the exponent of (—p).
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Theorem 3.2 ([2, Theorem II]). Let 1 € ZL, and & € ZT, with m >n. Suppose that

T, € Herm, (or) is GLy(0x)-equivalent to diag(p’', ..., p*), and that Se 15 equivalent
to diag(p®, ..., psn). Then
a(Sg, T) = Z (_1)|M\(_p)—n(ﬂ)+(n—m—1)\ﬂl+(5 )L l_[ 1i(w, 1),
WeZ, jz1
n<a
where (§', ') = Z,’;l E,-/ILQ' O

We now specialize this formula to our case of interest: taken =2, m =r +2, A = (a, b)
with @ +b even, and & = (1,0, ..., 0) € Z[*. If we put

T =T, :=diag(p®, p?), and S =diag(p, 1),
then in particular S, = S® 1, = S¢. Taking X := (—p)~" in Hironaka’s theorem gives us
the expression

a+1 min(c,b+1)

F(S.T:X)=)_ Z (=D p2=exetd(—pyted . TT 1 ((§ (3.2)
c=0 d=0

j=>1

where €. is equal to 0 if ¢ = 0, and is equal to 1 if ¢ > 1; we define €, likewise.
Our first step towards giving a closed-form expression for (3.2) is the following table
of values for I;(-, -), which is easily proven by explicit computation.

Lemma 3.3. Suppose that £ = (a, B), and (c,d) < (@ + 1, B+ 1) are integers with ¢ > d.
(i) Ifc > B+ 1 >d, then

—p, 1<j<d
pP—p3, j=dd<p+1
Ij<(c),£>= P, d+1<j<pB+1
d —p, B+1<j <c (includingd = B+ 1)
1—p, j=c<a+l
1, j=c=a+1lorj>c.
(ii) If B = ¢ > d, then

-p3, 1<j<d
P> =, j=d

¢ 2
I; d’g =1 P, d+1<j<c

(1+pH(1—=p7hH, j=c

1, Jj >c.
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(i) If c =d < B, then

-p>, 1<j<d
Ij<(j>,€)= (+pH(-p), j=d
1, j>d.
(iv) Ifc=B+1,d < B, then
-p°, 1<j<d
p*=r’, j=d
Ij<<ﬁ+1>’£>= P’ d+1<j<p+1
d —pl+l—p, j=B+l<a+l
1—p~ !, j=B+1=a+1
1, j>pB+1

(v) Ifc=d =B+1, then

—-p3, 1<j<B+1
B+1
I‘ ag == —_— .:
,<<ﬂ+1 I—p, j=B+l<a+l

1, j>B+lorj=8+1=a+1. O

Next, we give a pair of lemmas describing inductive formulae for the representation
densities.

Lemma 3.4. Suppose that T =diag(p®*t?, p?) and T = diag(p?, p®) for a pair of
integers a, b such that a + b is even. Then

XHX+p(x—-1

% (_pb+](X _ 1) +pr+l _pflxb‘l*z)’
-p

F(S, Tt X)—F(S,T; X) =

where S = diag(p, 1).

Proof. Let A = (a +2,b) and A = (a, b), and abbreviate
F(A):=F(S,Tt,X) and FQO):=F(,T,X).

Note that, if ¢ < a, then I; ((2) , A) =1 ((2) , A), and so

b+1
F(A) = F() = —p~ Xty (=) p=2 x4 (—p)«
d=0

AT () )T () )
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b+1 a+2
—(a+1) ya+2 d —2d~d €
—p @D XN (1) X (- p),ﬂ, (( ; )A)

d=0
(a+2) 3bJrl d,—2d yd a+3
GRXIN (1) p M x (=) [ ] 1 (( J ),A)
d=0 j
b+1
— _p—aXa-H Z(_l)d(_p)—Zd-i-edXd
d=0

AT () )T () )
ST (7)) 51 ((3) )

The term in curly braces can be computed explicitly using Lemma 3.3, and the result
readily follows. O

Lemma 3.5. Suppose that T = diag(p?*2, p?*?) and T = diag(p®*?, p?), and set S =
diag(p, 1). Then

XX+ p(x-1
X—p

2 i1, PP =X s
X | (@4 p = pHX = p)p7 b = X

F(S,TY;X)—F(S,T; X) =

Proof. Set A := (b+2,b+2) and A = (b+2,b), and abbreviate
F(A):=F(S,T*;X), FQ):=F(S,T;X).

Note that, for ¢ < b and any j, we have /; (( ) A) =1 ((;) , A), and so

b+1
F(A)—F() = ) (=14 (—p) 2t 1teaxd
d=0
b+3 c
S n,((),g_n,,.((;),g
c=b+1 j=1
b+3
+ (_1)b+2(_p)—2b—2xb+2 Z —CXC ] << > , A)
c=b+2
b+3
+(_1)b+3(_p)—2b—4xb+3 p—(b+3)Xb+3 1—[] << )A) ’
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where
0, ifd=0,

1, ifd > 0.

eq =

The terms in curly braces can again be computed via Lemma 3.3, and the proposition
follows after straightforward algebraic manipulations. O

Proof of Proposition 3.1. First, we note that the formulae for F(S, Idp; X) and
F(S, pIdy; X), which correspond to the cases (a,b) =(0,0) and (a,b) = (1,1),
respectively, can be verified directly via (3.2), proving (i).

Next, for notational convenience, set

F(r,s) ::F(S,(pr ps>;X)a

where, as usual, r > s > 0, and r + s is even. By applying Lemmas 3.4 and 3.5 in sequence,
we have that, for any r > 0,
XX+ p(x-1
X—p
< {p A= p)(pX + 1)+ XA+ X)) (p - p' X)),

Fr+2,r+2)—F(,r) =

which upon repeated application yields the formula

(b—e)/2
F(e,e)+ Z FQi+e2i+te)—FQi—24¢€2i—2+¢)
i=1

F(b, b)

_ X+pX-1 (PX)" = (pX)©
= F(e, €)+X—_1]|:(PX)(1 _P)T
) . XZb_xZe
+X(p—p X)ﬁ}'

On the other hand, for a > b > 0 with a + b even, the repeated application of Lemma 3.4
yields the relation

X X —1 Xa+l _ Xb+1
Fla.b) = F(b,b) + 2T PE D [—pb+1(X — 1)+ pxPt - p_le+2] e
X—-p X-—1
which then implies the proposition after a little straightforward algebra. O

The motivation for our calculations so far is to facilitate computing the derivative

a (S, T) = — [%F(S, T: X)]
X=1

Corollary 3.6. Let T € Hermy(ok, ) such that T ~ diag(p®, p?), wherea >b >0 and a +
b is even. Then

2

/ +b b_1
(p_fl)z [a ((pl)’T)+lfp2a(Idz,T):| =a2 —p(l;_l ) =t pp(T).

https://doi.org/10.1017/51474748015000109 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000109

926 S. Sankaran

Proof. We recall Nagaoka’s formula [12] for the representation density for § = Idy:

b a+b—2¢
F(1dy, T; X) = (1+p ' X001 =p72X) Y _(pX)" Y (=X,
=0 k=0

Thus
3 _ pb—H —1
@(Idy, T) = F(1e0, Ti X)x=1 = (14 7)1 = p )=
On the other hand, the derivative o’ ((1 [,),T) can be computed directly
from Proposition 3.1, and the proposition follows via straightforward algebraic
manipulation. O

4. Global cycles and Eisenstein series

In this section, we turn to global aspects: we describe the Shimura varieties of interest
and their global cycles, the construction of the relevant Eisenstein series, and prove our
main theorem relating the two. Our presentation and approach is closely modelled on the
account given by Kudla and Rapoport in [8]: we shall refer freely to the results therein
and content ourselves in the present work to describing the necessary modifications to
their arguments as the need arises.

4.1. Preliminaries on Hermitian spaces

Here we recall some basic notions about Hermitian spaces. Let V be a Hermitian space
over k of signature (r, s). To every rational place £ < 0o, there is an associated invariant

. 1, if det(V) € N(k)),
invg(V) 1= (det(V), Ay =
—1, if det(V) ¢ N(k)),

where det(V) = det((v, v)) € QZ /N(k;) is the determinant of the matrix of inner products

of any basis v = {vy, ..., v,4s} of V. In particular, inveo (V) = (—1)%, and, if £ is split, then
invg(V) = 1. These invariants satisfy the product formula
1= ]‘[ inv (V).
<00

Using the same definition, we may also define the local invariant invy(Vy) = (det Vg, A),
for a Hermitian space V; over k;. When £ is a finite prime, two local Hermitian vector
spaces are isometric if and only if they have the same dimension and their invariants are
equal. If £ = oo, there is a unique isometry class for each signature.

Suppose that we are given a collection of signs (a,) p<co, almost all of which are equal
to 1, satisfying the product formula [] p<oolp = 1. Then, for any pair of integers (r, s)
such that (—1)¥ = ax, there exists a Hermitian space V over k of signature (r, s) such
that invg (V) = ay for all £, and furthermore V is unique up to isometry; in other words,
the Hasse principle holds for Hermitian vector spaces.
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Finally, let L be an ox-Hermitian lattice, i.e., a projective og-module of finite rank
equipped with an og-Hermitian form, and set V = L ®7 Q. The genus [L] is the set of
isomorphism classes of lattices M C V such that

M®ZZZL®ZZ

as Hermitian og-modules. In other words, M € [L] if and only if Mg = V, and, for every
finite prime ¢, there exists an element g, € U (V) such that g¢(My) = L.

Suppose that either £ # 2 or £ =2 is unramified in k, and that A is a self-dual
ok,¢-lattice. Then, by [4], the set of self-dual lattices in V; = Ag, forms a single
U (Vp)-orbit. Furthermore, if ¢ is inert, then the existence of a self-dual lattice forces
invy (V) = 1.

When ¢ # 2 is an inert prime, we say that an oy ¢ lattice A is almost self-dual if
A*JA ~ F,2, where A* is the dual lattice. In this case, inv(Ag,) = —1, and the set of
almost self-dual lattices in Ag, again forms a single orbit under the action of U(Ag,).

4.2. Global moduli problems and p-adic uniformizations

Fix an odd squarefree integer d whose prime factors are all inert in k. We define the
moduli space of almost-principally polarized abelian surfaces as follows.

Definition 4.1. Let M?l,l) denote the Deligne-Mumford stack over Spec(og) defined by the

following moduli problem: for a scheme S over Spec(og), the points M‘(l1 1)(S ) parametrize
the category of tuples A = (A, i, Aa), where

(i) A is an abelian surface over S;

(ii) ia: o — End(A) is an og-action satisfying the following signature (1, 1) condition:
on (the locally free Og-module) Lie(A), the induced action has characteristic
polynomial

det(T —is(a)lLie(a)) = (T —a) (T —a') € Og[T] for all a € ox; and (4.1)
(iii) A4 is a polarization such that the induced Rosati involution * satisfies
ia(@) =isa).
In addition, we require that

ker(Aa) C Ald], and |ker(hp)| = d>.

Proposition 4.2. M‘(i1 1 is flat over Spec(ox) and smooth over Specox[(d - A)~'].

Proof. This follows from combining the results of [8, § 2], for primes away from d, with [9]
for those primes dividing d. O

We also set € to be the DM stack over Spec(oy) that parameterizes principally polarized
elliptic curves with multiplication by or. More precisely, for a scheme S/og, the points
£(S) parameterize tuples E = (E,ig, Ag), where

(i) E/S is an elliptic curve;
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(ii) ig: ox — End(E) satisfies the signature (1, 0) condition: concretely, this means that
on Lie(E),
ig(a)llier)y = ts(a@) for all a € o,
where t5: o — Og is the structural morphism; and
(iii) Ag is a principal polarization whose corresponding Rosati involution induces Galois
conjugation on ig (o).

This is the stack denoted by M (1, 0)"*¢ in the notation of [8]; in particular, it is proper
over Spec(oy) of relative dimension 0.
Finally, we set
. d
M =& Xspecoy M(l,l)'

Next, we describe the Kudla—Rapoport cycles on M, as introduced in [8, § 2]. Given
a scheme S/or and a point (E, A) = (E,ig, Ag, A,ia, Aa) € M(S), the space of special
homomorphisms

Hom,, s(E, A)

can be equipped with a positive-definite Hermitian form, defined by the formula

(x,y) =25 oyY orsox € Endy (E) = oy. (4.2)

Definition 4.3. (i) Let m € Z~o. We define the special cycle 3(m) to be the moduli space
over Spec o, whose S points parameterize triples

3(m)(S) = {(E, A; y) | (E, A) € M(S) and y € Homy,,s(E, A) with (y, y) = m}.

(ii) Suppose that T € Hermy (o). We define 3(T) to be the moduli space over Spec ok
whose S points parameterize tuples

3(T)(S) = ((E. Ary) | (E. A) € M(S) and y € Hom,, s(E, A)* with (y,y) = T},
where, for y = (y;, y2), the matrix (y, y) is the matrix of inner products

_ (O1nyD) O1,32)
¥.y) = ((yz,yo 2, yz)) € Herma (o).

Both moduli problems are represented by DM stacks. Furthermore, the natural forgetful
maps to M are finite and unramified, see [8, Proposition 2.9], and so their images can
be viewed as cycles on M. In what follows, we shall abuse notation and use the symbols
3(m) and 3(T) to denote both the representing stacks and the corresponding cycles on
M, and hope that the intended meaning can be inferred from the context.

The aim of this section is to compute the arithmetic degree of a cycle 3(T), which we
define as follows: suppose that

T = (m,l ¢ > € Hermy (o),
a mj

where m1, my € Z~¢. A glance at the definitions above reveals that
3m) xm 3m) =[] 31> 3.

(M1 *
=" )
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Suppose that T is positive definite. As we shall shortly see (see Lemma 4.9), we have

3(T)g =9, and so 3(T) is supported in the fibres of finitely many finite primes. We then

define the arithmetic degree in this setting to be the Serre intersection multiplicity
deg3(T) =Y xB(T)p. O3m)) ®,, O30m))l0g(N (p))

pCox

of 3(m1) x 3(m2) in 3(7T).
We begin by describing convenient decompositions of the space M and the special
cycles, in terms of genera of Hermitian lattices.

Definition 4.4.
1. Let R4 denote the set of isomorphism classes of genera [L], where L is a Hermitian
or-lattice such that
(i) V := L ®zQ is a Hermitian space of signature (1, 1);
(il) L¢:= L ®yz7Z¢ is a self-dual oy ¢-lattice for all £ t d; and
(iii) for every £|d, we require that L, is an almost self-dual lattice; equivalently,

we require that L, is a maximal lattice in a non-split Hermitian space of
dimension 2 over ky.

2. Let Ro denote the set of isomorphism classes of genera [Lg], where L is a self-dual
Hermitian o-lattice and Vo = Lo g is of signature (1, 0).

Here, we consider two genera [L] and [L’] to be isomorphic if and only if there are
representatives L € [L] and L’ € [L'] such that L ~ L’ as Hermitian og-modules.

Suppose that p is a prime, let Fl, denote an algebraic closure of I, and fix a
trivialization R R
ZP(1) = [ ] e @p) ~ 27
t#p
of the prime-to-p roots of unity over Fp. Given a geometric point A = (A, iz, Ag) €
M‘(il,l)(Fp), the prime-to-p Tate module

TaP(A) = ]—[ Tay(A)
t#p
is an 0rP-module via the action induced by is. The polarization A4 determines a Weil
pairing
e, : TaP(A) x TaP(A) — ZP (1) ~ ZP,
which in turn induces a Hermitian form (-, -)5, by the formula

(X, Y)ia = 2(e1, (VA @), y) + VA e, (x, Y)).

Lemma 4.5. Suppose that p # 2.
(i) For every A € M?l 1)(F17)’ there is a unique genus [L(A)] € Rq such that
TaP(A) ~ L(A) = L(A) @7 2P

as Hermitian opP-modules.
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(i1) The genus [L(A)] depends only on the connected component of Mfl)l) that contains
the point A.

(iii) For each [L] € Ry, there exists a point A € M‘(il’l)(Fp) with [L(A)] >~ [L].

Proof. (i) To prove uniqueness, suppose that L, L’ € Ry with LP ~ L'P. Since L and L'
have the same signature, the completions L @ R and L' ® R are also isomorphic, and so
the Hasse principle implies that

L®ZQP ~ L/(X)ZQP.

By definition of R4, the localizations L, and L’p are self-dual lattices when p 1 d, and are
identified with the unique maximal lattice in the two-dimensional non-split Hermitian
space over k, when p|d. In either case, they are isometric, and so L and L’ lie in the
same genus.

The existence claim is proved in [8, Proposition 2.12] when p t d. When p|d, the claim
follows from [10, Proposition 3.5]; see also the proof of Theorem 6.1 of [10]. The idea is
roughly as follows: one shows that there exists a point A’ € M(dlyl)((C) such that

Ta?(A) ®zQ ~ TaP(A) ®zQ

as Hermitian & ®A?—modules. Note that the homology group V = H{(A’,Q) is a
Hermitian space of signature (1, 1). We may then find a lattice L C V by identifying
L ®z ZP with Ta’(A), and insisting that L, is self-dual (respectively, almost self-dual)
when p 1 d (respectively, p|d). One then needs to verify that the genus [L] is independent
of all choices, and that [L] € Ry.

(ii) This follows immediately from the proof of [8, Proposition 2.12].

(iii) This follows from a straightforward modification of the proof of [8, Lemma 5.1]. [

Similar assertions hold for the stack &£: for each geometric point E € £ (Fp)7 there is a
unique [Lo(E)] € Ro such that

Ta”(E) ~ Lo(E)”,

which depends only on the connected component containing E, and every element of Rg
appears in this way.

Our next task is to apply the p-adic uniformizations of Rapoport and Zink, which
relate M = & x M?I‘U and the special cycles to the moduli spaces e\f p-divisible groups
that appeared in § 2. In the following, we fix an odd prime p. Let M denote the formal
completion of M‘(il’l) along its fibre at p. By Lemma 4.5, we have a decomposition

M= ] miH (4.3)
[L1eRa

into components that are characterized by the property that, for any geometric point
Ae M[L](F,,), there exists an isomorphism Ta?(A) 2~ L? of o;”-Hermitian modules.
Fix a lattice L € R, as above, and set V = L ®7 Q. Let K? = Stab(L?) C U(V)(Al})

denote the stabilizer of L”.
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Next, we let V' be the Hermitian space of dimension 2 over k whose invariants differ
from those of V at exactly p and co. Fixing an isomorphism

V' @Al ~VegAl
induces an embedding
U(V) Q) = UV)AD = U W) AD,

and U(V')(Q) acts on U(V)(A?)/Kp by left multiplication.
Finally, fix a geometric point A € M‘(’l1 1)(F1’) with [L(A)] =[L]. When p|d, the
corresponding p-divisible group
X:=A[p™],
together with the induced polarization and o ,-action, serves as a base point for the
Drinfeld upper half-plane D; see Definition 2.3. Noting that V1; is split by construction,
the proof of Lemma 2.2 gives an identification

U(V)(Qp) = (¢ € (Endy, ,(X) ®z, Qp)* | ¢*Ax = Ax),

and consequently U(V')(Q),) acts on D by the formula ¢ - (X,i, A, p) = (X, i, A, pop).

With this notation in place, we obtain the following p-adic uniformization theorem,
which is a special case of the general results of [13]; details regarding this particular case
can be found in [10, Theorem 6.11].

Theorem 4.6. Suppose that pld, so in particular p #2, and let W = W(Fp) denote the
ring of Witt vectors. Then there is an isomorphism of formal stacks

M x,, , SPEW = [U(V)Q@\D x (U(V)(AR)/KP)]. O (44)

Completely analogous results hold for the stack £ at an odd inert prime p: let Lo € Ro
be a lattice, and let ELLo) be the corresponding component of the formal completion
&, in analogy with (4.3). Fixing a geometric point E = (E, ig, Ag) € E(F), we have
isomorphisms

{¢ € End,, (B) | ¢*hp = Ag} = k' = U(Vo)(Q),

where k! is the group of norm-1 elements of k, and Vp := Lo ®z Q.

Let Y = E[p°°] denote the p-divisible group attached to E, which comes equipped with
the induced oy, p-action and principal polarization, and which serves as the base point for
the moduli space Dy; see Definition 2.6. The reader is reminded that Dy >~ Spf W.

By [8, Theorem 5.5], and in analogy with Theorem 4.6,

0T X, SPEW = [U (Vo) @)\ Do x U (Vo) (A})/K{ 1, (45)

where K§ C U(Vp)(AF) is the stabilizer of Lo”.

Remark 4.7. Fix an isomorphism Vy =~ k, under which the lattice L is identified with a
fractional ideal a, and such that the Hermitian form is given by

xy, x,yek;

(x,y) — N

https://doi.org/10.1017/51474748015000109 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000109

932 S. Sankaran

note that Ly determines the class of a in the ideal class group Cl(k). Under this
identification, we have U(Vo)(A?) ~ (A]‘Zf)l7 and the stabilizer K(‘)D of Lo? is identified
with 03”'!. Recalling that Dy ~ Spf W,

Eol ., SpfW ~ [kl\A,f;}/o}P»l]. o

Let M denote the formal completion of M = & x,, M?l 1 along its fibre at p. We have

a decomposition
M= ][] MoHs,

[LoleRo
[L1eRq

where M LoML] .= E1Lol x MIL] Combining (4.4) and (4.5) yields the p-adic
uniformization
MUEMED 5 Spf w
= [U(Vo)(@Q) x U(VY@\(Do x U(Vo)(AF)/K§) x (D x U(V)(AL)/KP)].

We now turn to the p-adic uniformization of the special cycles. Suppose that T €
Hermj;(og), let 3(T) be the formal completion along its fibre at p, and let

3(n)EME = 3(T) x g MM

denote the component corresponding to the pair of genera ([Lg], [L]). As before, we fix a
pair of base points (E, A) € M [LoLILY(F) | with corresponding p-divisible groups (Y, X).
By considering local invariants, one can check that there is an isomorphism of Hermitian
spaces

V' ~ Hom,, (E, A)q, (4.6)

where V' is the Hermitian space whose invariants differ from those of V = Lg at exactly
p and oo, and the Hermitian form on Hom,, (E, A)q is given by (4.2).

Given an element x € V', we may use (4.6) and take the corresponding completions to
obtain elements

Tal(x) € Homk®A;} (Ta’(E)q, Ta’(A)g) and x, € Homy,, ,(Y,X)g, = V.
The following proposition is proved in the same way as [8, Proposition 6.3].

Proposition 4.8. Let T € Hermy(ox), and as usual, suppose that p|d. Then there is an
isomorphism

(LM 5, SpfW U(V’)(Q)XU(VO)(Q)\L[]_[ [ zxp|.

& 80 xeQ(T.g,80)
where g and go range over U(V)(A?)/Kp and U(Vo)(Aﬁ)/K(f, respectively,

Q(T, g, g0)
={x=[x,xle(V)|xx) =T and g ' oTa”(x;) 0 go € Hom(Lo, L) ®Z”},

and Z(Xp) 1is the local cycle corresponding to X, = [X1,p, X2, p] as in Definition 2.7. O
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Next, we collect some information regarding the support of a special cycle 3(T).

Lemma 4.9. Suppose that T € Hermy(oy) is positive definite, and set

Diff(T) := {€ 1d inert, ordy det T odd} ]_[{Z | d,ord; detT even}.

Also, let Vy denote the vector space k> with Hermitian form given by the matriz T.
(i) The generic fibre 3(T)q is empty.
(ii) Suppose that 3(T)(F,) # W. Then, for all inert £ # v, we have invg Vi = —1 if £|d
and inve Vp =1 if £1d.
(ifi) If #Diff(T) > 1, then 3(T) = 0.
(iv) IfDiff(T) = {£} is a single odd inert prime, then (a) the support of 3(T) is contained
in the fibre My at £; and (b) we have a decomposition

3= ] [[ 3mtbohis (4.7)

[LoleRo [L1eRq
L®A§:VT®A§
Proof. We argue as in [8, Proposition 2.22]. Suppose that F is an algebraically closed
field, and that (E, A, x) € 3(T)(F) is a geometric point. Since T is non-degenerate, the

pair x = [x1, x2] determines an isomorphism
Vr >~ Hom,, (E, A)g

of Hermitian spaces.
If F = C, then we have an embedding

Vr >~ Homy, (E, A)g <> Hom,, (Hi(E,Q), Hi(A,Q)) >~ Hi(A, Q),

where H (A, Q) is endowed with the unique Hermitian form (-, -) such that the Riemann
form (-, -)», induced by A4 satisfies

<i(«/K)x, y> = %trk/Q(X, »).

A

The signature of Hj(A, Q) is (1, 1) by the signature condition (2.7), while the signature
of Vr is (2, 0) by assumption; hence we obtain a contradiction that proves (i).
Suppose next that F has characteristic v > 0, so that

Vr(A}) = Homyy (Ta"(E)g, Ta"(A)g). (4.8)

Let € # v be an inert prime. Then, if £1d, the space Vr ¢ contains a self-dual lattice,
and hence inv, Vr = 1; if £|d, then V7, is the non-split Hermitian space over k¢, and so
invy Vr = —1. This proves (ii), from which (iii) and the statement regarding the support
of 3(T) in (iv) follow easily.

Finally, it follows from (4.8) and the definition of the component 3(7T)L0ME that there

is a decomposition
3y = ] 3@t

[Lol.[L]
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where the union is over genera [Lo] and [L] in Ro and Ry, respectively, such that
Hom(Lo, L) ®z A ~ Vi ®g A’
However, note that there is an isomorphism of k-Hermitian spaces

Hom(Ly, L)g =~ Lg,

since
det(Hom(Lg, L)g) = det(Lo)Q)2 det(Lg) = det(Lg) mod NE&™).
Thus
Hom(Lo, L) ®z A% ~ Vr ®g A§ — L®zA% ~Vr®g A‘;,
and the second part of (iv) follows immediately. O

Let T € Hermy(og) be positive definite with Diff(T) = {p}, where p|d. By the previous
lemma, we may restrict our attention to lattices L such that L ®z Al ~ Vr ®q Afc.

Viewing P =1L X7 7P as an adelic lattice in Vr ® A?, we define the Schwarz function
(p/LP e ((Vr® A?)z) := characteristic function of (Zp)Z.

Let K'P C U(VT)(A[;) be the stabilizer of L”?, and write

UV A =] U@k, hj e UVrAD. (4.9)
J
Finally, we define I'; := U(V7)(@Q) Nk, K’Ph;l.
Theorem 4.10. Suppose that T € Hermy (o) is positive definite with Diff(T) = {p} for pld.

Let [L] € Rq with L @ AL ~ Vp ®A?, and fix any [Lo] € Ro. Then, with notation as in
the previous paragraph,

(k)

Ton (LollL] _ MW ) P —1 . 2
deg 3(T) = ozt M) D 2. elh'% | logp?,
k J xe(vp)?
h(x)=T
mod 1“;.

where 0(A) is the number of prime factors of the discriminant A of k, and pu,(T) is the
quantity defined in (2.11).

Proof. We may fix isomorphisms:
Hom(Lo, L) @ AL ~ LR AL ~ Vr ®A§. (4.10)

In particular, the invariants of V7 differ from those of V := L @ Q at exactly p and oo.
Thus V' = V7 in the notation of Proposition 4.8, and so

3(1)EME s Spf W U(VT)(Q)XU(VO)(Q)\]_[ [I zxp|.

8,80 xeQ2(T,g,80)
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where, for x € Vr, we let x? denote the image of x in Hom(L¢, L) ®A? in (4.10) above,
and
Q(T. 8. 80) = {x = [x1.x2] € (V7)? | (x.x) = T and g~ o (x/)” 0 go € Hom(Lo, L) ® Z"}.
For a given pair x = [x{, x2] € Q(T, g, go), we have already computed the degree of the
local cycle Z(xp); indeed, Corollary 2.17 tells us that

K BT, Ozxy ) & Oz1y) = (Z(x1,p)s Z(x2,p)) = 1 (T),

which in particular depends only on T. Thus

deg 3(T)HOME = (1) - # [U(VT)(Q) x U(%)(@)\ [[e.e, go):| log p?,

&80

where, on the right, we need to compute the ‘stacky cardinality’.
Fixing momentarily an element gg € U(Vo)(A’;-) = (A,f f)x’l, we first compute the
cardinality ‘

4 [U(vm@) \ [ <« go)} (4.11)
€UV (AD)/KP
where, as we recall, K? C U(V)(A;’-) is the stabilizer of LP = L®Z”7 and hence is
identijied with K'? c U (VT)(A?). Without loss of generality, we may normalize (4.10) so
that L? is identified with R
go-Hom(Lg, L) ®7z Z7,
and so the quantity in (4.11) then becomes

# [U(vn(@)\ [] (xeWn)’lxx=Tandxe <g-ip>2}] L (412
§eU(Vr)(AR)/K'P
Since T is non-degenerate, the stabilizer of any x appearing in (4.12) is trivial, and so

-1
(4.12) = Z Z ¢/Lp(hj X).
7 xe(vr)?
x,x)=T
mod l“"i
Note that this quantity is independent of gg, Lg, the choice of representative L in its
genus [L], and the choices of isomorphisms in (4.10).
On the other hand,

U(Vo)@\U (VO)(AD) /K = kK I\AL ) ot

and the latter double quotient is easily seen to be isomorphic to CI(k)%, where CI(k) is
the class group. Since the 2-torsion in CI(k) has order 2°®~1 the order of Cl(k)? is
h(k)/2°™ =1 and so (taking automorphisms into account)
#HU(V, U (Vo) (AP)/KP] = #i< AP sart] = — 1K)
[U(Vo)N\U (Vo)(A})/KP] = #[k™ \A ' /ox ]—W‘

Combining these calculations yields the proposition. O

https://doi.org/10.1017/51474748015000109 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000109

936 S. Sankaran

4.3. Non-degenerate Fourier coefficients of Siegel Eisenstein series

In this section, we recall some general definitions and formulae for the Eisenstein series
attached to unitary groups that are of interest for our main theorem. Let G = U(n, n) be
the quasi-split unitary group, and let P be the standard Siegel parabolic; we view both
as algebraic groups defined over Q.

Fix a multiplicative character n: A — C* whose restriction to Aa) corresponds to the
quadratic character xx attached to the field extension k/Q. We also let ¥ : A = Ag — C*
denote the standard additive character that is trivial on Z and Q.

Central to our investigation is a family of degenerate principal series representations,
parameterized by a variable s € C, and defined via smooth normalized induction:

I(s.n) := Indg(3) (n o det)|det]},.

A holomorphic section is a family of vectors ® (s, -) € I(s, n) parameterized by s € C such
that, for each g € G(A), the assignment

s> D(s, g)
is holomorphic as a function of s; for such a section ®, we form the Fisenstein series

Eg.s. ®):= Y = ®(s.yg). (4.13)
yeP(Q\GQ

at least for Re(s) sufficiently large.

The aim of this section is to collect information about the Fourier coefficient Er (g, s, ®)
for a non-degenerate matrix T € Herm, (o). When Re(s) is sufficiently large and & =
®®, is factorizable, there is a product expansion

Er(g,s,® = [| Wro(g s, @) (4.14)

v<Loo

in terms of the local Whittaker functions

Wr,0(gu, 5, Do) 1= / @, ((—u 1,,) b gy, s) Yy (—tr(Th)) db,

Herm,, (ky)
where db is the additive Haar measure on Herm, (k,) normalized to be self-dual with
respect to the pairing (n1, ny) — ¥, (tr(niny)). Each Whittaker function is entire in s.
Furthermore, for any sufficiently large finite set X of places, there is an L-function L* (s)
such that the expression

Er(g.s, ®) =L7)" - [ Wru(gu. s, @) (4.15)
veX

furnishes a meromorphic continuation of (4.14) to all s € C that is holomorphic for
Re(s) > 0; see [8, § 8] or [16].

Note that any standard section @ is determined by its value ®(0,-) € 1(0, ), and so
we would like to understand this latter space as a representation of G(A). We begin by
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describing the local case: let V, be an n-dimensional Hermitian space over the local field
ky, for some place v, and let S(V}}) denote the space of Schwarz functions on V;'. We
obtain a map

Ry: SV = 1,(0,ny) = Ind§ ") (g (det)),  where Ry(9,)(8) = (0u(80)90)(0),

and w, is the local Weil representation. If R,(V,) is the image of this map, there is a
decomposition
1,0, n0) = €D Ru (V1)
Vu

into irreducible components; see [11]. Here, the sum is over isomorphism classes of
Hermitian space V, of dimension n, and so there are either 1, 2, or n+ 1 summands,
corresponding to the cases v split, v non-split, and v = 0o, respectively. Given a Schwarz
function ¢, € S(V}), we let &, (s) denote the unique standard section of I,(s, 1)
such that @, (0, ) = Ry(¢y); the section ®, is called the Siegel-Weil standard section
attached to ¢, .

Proposition 4.11 [8, Proposition 10.1]. Suppose that v is a finite prime, ¢, is the
characteristic function of (Ly)" for an ok, Hermitian lattice L, of rank n, and ®,(s)
is the associated Siegel-Weil standard section. Then, for r € Zx,

Wru(e, r, @) = yp (V)" IN(det S)I/?| Ay (S, T),

where

(i) S is any matriz representing the Hermitian form on Ly;
(ii) ay(Sr, T) is the representation density as in (3.1);
(iil) A is the discriminant of k and e := J—‘n(3n +4r —1); and
(iv) yo(Vy) is an eighth root of unity depending only on V, =L, ®zQ; see [,
Equation 10.3].

In particular,
Wi (e, 0, @y) = 1, (Vy)"|N (det S)[2/?| AlSer, (S, T) - log v. O

Passing to the global picture, we observe that I(0, n) = ®'I,(0, n,) can be decomposed
as a restricted tensor product: a pure tensor ® = ®®, lies in 1(0, ) if and only if, for
almost all v, the local component @, is the indicator function of G(Z,). As a consequence,
we may write

10,7 = P RO,
C

where the sum on C is over isomorphism classes of Hermitian spaces over A; of rank
n, such that inv,(C Q4 ky) =1 for almost all v. If ], inv,(C,) = 1, then there exists
a Hermitian space V over k such that C =V ®; Ay, and in this case we say that C is
coherent.
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Theorem 4.12 (Extended Siegel-Weil formula, [3, Theorem 4.2]). Suppose that V is
an n-dimensional positive-definite Hermitian space over k, and let H=U(V). If ¢ €
V(A" is an adelic Schwarz function, we define

(g, ¢) = / > 0@t 'x) | dh, g e GA). (4.16)
HQ\H®) \ oy
Here, the measure dh is the Haar measure normalized so that vol(H(Q)\H (A),dh) = 1.
Then
E(g,0,®y) =2 I(g, ¢),
where @y, is the Siegel-Weil standard section corresponding to ¢. [

Specializing to the case n = 2, we now describe the Eisenstein series that figures in our
main theorem. Let L € Ry be a lattice. We define a (non-standard) section ®] = ®®7 ,
as follows.

o If £ td is a finite prime, set @7 4(s) to be the standard Siegel-Weil section attached to
the characteristic function ¢z, ¢ of (L¢)?.

o If £ = oo, take ®} _(s) to be the Siegel-Weil section attached to the standard Gaussian
on the positive-definite Hermitian space (C")2.

e Suppose that €|d, so that in particular ¢ is odd. Let & , denote the Siegel-Weil
section attached to the characteristic function of (Lg)z, and recall that inv, V, = —1.
Let V;' be the Hermitian space with invy VZ‘ = 1, and fix a self-dual lattice Lz' inside it.
Denote its characteristic function of (Lj)2 by ¢ L and let @ Lt (s) be the corresponding
Siegel-Weil section. We then define 4 4

Dy (s) = @, (s) + Ae(S)q’L; (s),

where?

Ar(s) = 5 5 —07%).

(1-¢%)
Next, let
E(g,s,[L]) :=E(g,s, D7)
be the corresponding Eisenstein series, which only depends on the genus [L]. We also
consider the ‘classicalized’ Eisenstein series, as follows. Let

1
o= {z € My(C) | v(z) := Z(Z—IZ) > 0}

denote the Hermitian upper half-space; for z € 7, we may write v(z) = a-'a for some
a € GLy(C), and we set u(z) := %(z—}—tZ). Define elements

Idy u(z) a
Gr00 = < Id2> < ,&_1> €eGMR), and g;=(g:.00,1,1,...) € G(A),

and set | X
E(z, 5, [L]) == noo(deta)™ " det(v)™ E(gz, s, [L]).
2Tt will turn out that for our purposes, only the values Ay(0) =0 and A/Z(O) = ll‘ig[g will be relevant, and

so one may instead take any other function that yields the same values when it and its derivative are
evaluated at s = 0; we have chosen this particular function only for the sake of concreteness.
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This normalization ensures that £(z, s, [L]) transforms as a Hermitian modular form of
weight 2 on 9.

Let T € Hermj;(og) be a positive-definite matrix. As was the case in the previous section,
it turns out that we are most interested in genera [L] € R4 such that L ®7 AP ~ vy ®Q

Alf); we fix such a lattice L and an isomorphism in the following discussion.

Let V:=L®Q; ie. V is, up to isomorphism, the unique Hermitian space of signature
(1, 1) whose invariants differ from those of V7 at exactly p and oco. Fix a non-zero element
b e /\a Herm;(k)*, and non-zero elements

8 8
ay € /\(Vz)* and ay, € /\(VTZ)*.
Q Q

As explained in, for example, [8, § 10], these elements determine gauge forms wy =
w(ay,b) on V and wy, = w(ay;,b) on Vr, which in turn induce factorizations

1 —1 1 —1
di = > L(1, i) 1:[dvh and - dhy = SL(1, xe) ]:[ dyhr (4.17)

of the Haar measures dh and dh7 on U(V)(A) and U(V7)(A), respectively, in terms of
Tamagawa measures; for example, each term dyh is a measure on U(V)(Q,) determined
by wy. We say that the gauge forms (or the respective decompositions of Haar measures)
are matched if wy, = y*wy for some isomorphism y: Vr ®Q@ v R0 Q.

We briefly recall the notation that we had set up in the previous section: we view Lr
as an adelic lattice in Vp ®A?, and define a Schwarz function

ol € S((Vr @A) (4.18)
as the characteristic function of (Zl’)z. Put
K= StabU(VT)(Ajv_)(zp) C U(Vr)(Ah),

and, writing

uvpah =11 vvp@h;k’, (4.19)

J
set F;. = th”’h;l NU(Vr)(Q).

Theorem 4.13. Let [L] € Ry, and suppose that T € Hermy(oy) is positive definite. Set
Diff(T) := {€1d inert, ord; det T odd} U {€|d,ordydetT even}.

(i) Suppose that p € Diff(T), but L®z A’f’ # Vr ®q A?. Then &}(z,0,[L]) =0.
Moreover, this is the case whenever #Diff(T) > 2.

(ii) If Diff(T) = {p} is an inert prime with p|d, and L Qg A? ~ Vr ®g Afc, then

Er @0 LD =Cruy ) Y o (h7'%)-pp(T)log(p)g”, (4.20)
J erT2
x,x)=T
mod F;.
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where g7 = 2T T T gpd
Cry= L1, %) " vol(U (Vi) (R), deoh) VOl(K 1, d®h).

Here, K CU(V)(Ay) is the stabilizer of L= L®Z and the measures deohT
and d®h = ]_[U#oo dyh are components of a matched decomposition as in (4.17).
Moreover, the constant Cry is independent of T and all choices appearing in the
decompositions of Haar measures.

Proof. Taking g = g, € G(A) as above, let X be a sufficiently large finite set of primes
containing all the primes in Diff(T) so that, upon taking the derivative in (4.15), we
obtain

L*(0)

E/T(g, 0,[LD) = _LE—(O)2

[ Wr.(g0. 0, 3)
veX

+LZO 7 DD W (80, 0. 0% | Wrw(gw. 0.9 | (4.21)
ex =5
’ ?}’jﬁv

for [L] € R4 and ®* = @7 . If v is a finite prime such that L ®zQ, % Vr ®g Qu, then
L, does not represent T, and so the representation density «,(S, T') vanishes, where S is
any matrix representing the Hermitian form on L. By Proposition 4.11,

Wr.v(82.v, 0, ®}) = Wr (e, 0, }) =0

as well. Thus, if there are at least two such primes, then E7.(g, 0, [L]) = 0, as each term
in (4.21) vanishes.

By the definition of R4, we have that L ®z Q¢ # Vr ®g Q¢ for any prime £ e Diff(T),
since invy(L ® Q) = 1 when £ 1 d, and inve(L ® Q) = —1 when £ | d. This proves the first
statement.

Thus, from this point on, we suppose that Diff(T) = {p} for some p|d, and we fix a
lattice [L] € Ry with an isomorphism L Qg A‘? ~ Vr ®g A’;. Then (4.21) gives

E7 (8.0, [L]) = Wy (e, 0, ®%) - L¥©) " | Wr.u(g0. 0, ). (4.22)

veX
v#Ep

By using Proposition 4.11 and the definition of @7,

Wi (e, 0, @) = vp (V)2 1P e, (1), T) log p+ yp (V)P AL, O (1) . T)

v (V)2 vp(V)?
log p - (Pp_;ap((lp),f)+’1’_—Pza,, (! 1),T)>.

p
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It is easily seen that yp(V;) = —yp(V,); see [8, Equation (10.3)]. By Corollary 3.6,

(p+1)?
Wi (e, 0, @} ) = yp(V,)? e - up(T) -log p. (4.23)

We may compute the remaining terms in (4.22) via the Siegel-Weil formula. Let
LCVr (4.24)
be a lattice such that £ ®Zp is identified with L ®Zp and £, is self-dual. We then have

a Schwarz function
¢ =9l ®¢) € L (Vr (A,
where (p} is the indicator function of (,Q(X)?Zf)2 in (Vr®A f)2, and ¢/, is the standard

Gaussian on the positive-definite space (V7 ® R)? ~ C*. Note that (p;f’ = (p/Lp as before.
Let @ =Q®®, be the corresponding standard Siegel-Weil section. It follows
immediately from definitions that

Wr.v(gv, 0, @) = Wr y(gy, 0, ®F) for all v # p.

Combining this fact with the extended Siegel-Weil formula (Theorem 4.12) and the
product expansion (4.15), we have, for any g € G(A),

207 (g, ¢) =Er(g,0, ) = L¥O) " | [] Wr.u(gu, 0, ®}) | Wr p(gp, 0, ),

veX
v#p

where

Ir (g, ¢") = / Y @ (hy'x) | dir
Hr (Q\HTr(A)

xe(Vy)?
x,x)=T

is the Tth Fourier coefficient of the theta integral (4.16), and, for ease of notation, we
have abbreviated U (V7) = Hr. Writing

Hr(A) =] [ Hr (@ -h; - K7 - Hr(R) - Hr (Qp)
J

for a collection of elements h; € Hr (A’;) appearing in (4.19), we then have

Irg.or) =) . / ()¢ (h7'h;'x) dhy
Joxer (K Hr R Hr (@)
mod T}

We again specialize to the case

g = gZ = (gZ,007 17 17 . ) € G(A)
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Recall that we had chosen matched factorizations

1 -1 1 —1
th = EL(I’ Xk) Udth and dh = EL(la Xk) l:[ dvh

for the Haar measures dhr and dh on Hy(A) and H(A), respectively. If we set dP*° hy =
]_[v;,,&‘,,’C>O dyh7, then, by definition of K’ and ¢/,

f <p;f’(h_1h;lx) dP®h = (p’f”(h;lx) vol(K'P, dP"®hy) = go/Lp(h;lx) vol(K?, dP">°h),
K'P

where we use part (i) of Lemma 4.14 below in the second equality. On the other
hand, a straightforward computation using the archimedean Weil representation, see |8,
Equation (7.4)], yields

/ ©(82,00)¢0 (h7 ' 17 '%) doghy = VOl (Hr (R), dooh )00 (det @) det(v)g -
Hr (R)

Combining these calculations with part (ii) of Lemma 4.14 below gives

Ir(g,¢)=CY | Y ¢7® |ne(deta)det)Wr ,(e,0, ®))q", (4.25)
J | xevr)?
x,x)=T
mod I‘}

where
C = 3L, x)~" vol(Hr (R), dochr) VOl(K 1, d*h).

The proof of [8, Lemma 9.5] implies that C is independent of T as well as the choices
involved in the decompositions of Haar measures; indeed this constant can be written as
a ratio of volumes for which the independence is immediately evident.

Using (4.23) and (4.25),

217 (g2 ¢)

E'(g;,0,[L el
(8: (LD Wrp (e, 0, q)}])

Wi (e, 0, &%)

2C - up(T)- (Z o <x>) oo (deta) - det(v) -log p - " .

The result now follows from rewriting the above in terms of the classicalized Eisenstein
series £(z, 0, [L]). O

It remains to prove the following lemma.

Lemma 4.14. With the notation as in the previous theorem, we have

(i) vol(K?,dP*°h) = vol(K'?, dP*°hr); and
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p3

(p+1)?

/ ¢/ (h7' %) dyht =y, (V)2 Vol(K 1 p. dph) - Wr, (e, 0, @),
HT(@p)

where x € (Vr ® Qp)? with (x,x) = T.

Proof. We use the following expression, found in [8, Lemma 10.4], for the volume of the
stabilizer K, = K|, , of the localized lattice L, at a finite place v. Fix a basis e = {ey, e2}
for L,, with S = (e, e) the corresponding matrix of inner products. We also fix a Z,-basis

f={f1. f2. 3. fa} for of ,, so that
e@f = (e;®f; i=12j=1,....4

is a Zy-basis for L%. Finally, fix a Z,-basis ¢ for Herma (o, ) whose span is a self-dual

lattice. Then

Vol (Ko, dyh) = Lo(1, 0 2C2Dl \1 o5, 9, (4.26)

o)y
where a € /\(8@(‘/2)* and b € /\a Hermy (0r)* were the fixed non-zero vectors used to
construct the local measure dyh on H(Q,) = U(V)(Qy). Similarly, if K’ C Hr(Ay) is
the stabilizer of the lattice £ C Vr as in (4.24), then

la’ (e®D)ly

(K, dyh7) = Ly(1,
vol(K,, dyhr) o1, xx) B

|Ayay (S, S"),
where a’ = y*a is the pullback under an isomorphism y: V7  Q = v ®Q, and §' =
(¢/, ) is the matrix of inner products of any basis € of £,. Furthermore, Kudla and

Rapoport compute
la'(€® f)ly  |detS'|?

- v, (4.27)
la(e® flv |det ST
and then conclude in [8, Lemma 10.4] that
vol(K}, dyhr)  |detS'2ay(S', ) (4.28)

vol(K,, dyh) — |det S|2a, (S, S)

If v # p, then £, >~ L,. In particular, we may choose the bases x and x’ so that S = §’
in the above display, and from this (i) follows immediately.

To prove (ii), we apply a standard calculation relating orbital integrals and Whittaker
functionals, see the proof of [8, Lemma 10.4], and recall that here p is inert:

/ @' (hy'x)dphr
Hr(Qp)

! (o
N UG- AL, o
Yp(VT) p(’Xk)|detS/|§,|b(c)|pWT’p(e’0’ »)
la(e® f)I
=y,(VH2L, (1, ) ———L—Wr (e, 0, D’ by (4.27
Yp(VH7Lp( Xk)|dets|%|b(c)|p T.p(e,0, @) [by (4.27)]
= ¥p (VD)2 -vol(K . dph) - (|det S|3a (S, $) ™"+ Wr p(e, 0, @) [by (4.26)].
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By definition, L, is the maximal lattice in the non-split Hermitian space of dimension 2
over kp, and so we may choose a basis so that § = (p 1). A direct computation using
Hironaka’s formula (Theorem 3.2) gives the expression

ap (). (")) =p'p+ 12
which, when combined with equation preceding it, yields the statement of the lemma. [

By combining the above calculation with the geometric computations of § 4.2, we obtain
our main theorem, relating the arithmetic degree of a special cycle 3(T') to the Eisenstein
series

E.s) = Y (Cp™'E(z. s, [L]).
[L1eRq

Corollary 4.15. Suppose that T € Hermy(ox) is positive definite and that |Diff(T)| > 1

with Diff(T) # {2}. Then
— 2h(k)
deg3(T)g" = =7z, 0).
|0k |
Proof. If |Diff(T)| > 2, then the right-hand side vanishes by Theorem 4.13(i), and the
left-hand side vanishes by Lemma 4.9(iii).
Next, suppose that Diff(T) = {p} for some p|d. Then, comparing Theorems 4.10
and 4.13,

4h(k) C;lE(z,0,[L])

deo [Lol,IL], T _
deg 3(T) q = o 2o ® [L]

for any [Lo] € Ro and [L] € Ry. Note that the right-hand side is independent of [Lg].
Given a Hermitian space Vj of signature (1, 0) such that invy(Vy) = 1 for all inert £, there
is a single genus of self-dual lattices in Vj; conversely, if Lg is self-dual, then inv,(Lo ®
Q) =1 for all inert £. Thus, by counting the possibilities of the invariants of Vj,

#Ro = #{Vo | invg Vo = 1 for all £ inert} jisom, = 2°“W~1,
and so
deg3(Mg” = Y Y deg3(m)ltolitly”

[L1eR4 [LoleRo

= 201 Geg3(yiboliLlyT
[L1eR4
2h(k
=W 0.
|0k |
Finally, when Diff(T) = {p} for some odd p1td, the desired result is exactly [8,
Theorem 11.9] applied to the case at hand. [
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