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Let L : dom L C L?(2) — L?(£2) be a self-adjoint operator, £2 being open and
bounded in RY . We give a description of the Fucik spectrum of L away from the
essential spectrum. Let A\ be a point in the discrete spectrum of L; provided that
some non-degeneracy conditions are satisfied, we prove that the Fucik spectrum
consists locally of a finite number of curves crossing at (A, A). Each of these curves
can be associated to a critical point of the function H : 2 +— (|z|,z) 2 restricted to
the unit sphere in ker(L — AI). The corresponding critical values determine the slopes
of these curves. We also give global results describing the Fuéik spectrum, and
existence results for semilinear equations, by performing degree computations
between the Fucik curves.

1. Introduction

Let £2 C RY be open and bounded. We will consider, in the Hilbert space L2(£2)
of real-valued functions, semilinear equations involving a self-adjoint operator L.
These equations contain an asymmetric nonlinear term, also called a ‘jumping non-

linearity’,

Lu=oau® —fu” + f, (1.1)
where u™ = max{u,0}, v~ = max{—u,0} and f € L?(£2). We will also consider
the equation

Lu = aut — Bu” +g(-, u), (1.2)

assuming that g(z,u) has a sublinear growth in wu, for |u| — oc.
The first sections of our paper deal with the homogeneous equation,

Lu = aut — Bu™. (1.3)

The set of points («, 3) for which this equation has non-trivial solutions is called
the Fucik or Dancer—Fuéik spectrum, Dancer [5] and Fuéik [8] having recognized
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its importance in the study of semilinear boundary-value problems. This spectrum
will be denoted by X'(L). We will also denote by o4(L) the discrete spectrum of
L (i.e. all the isolated eigenvalues of finite multiplicity), and oess(L) the essential
spectrum of L, which is the complement of 04(L) in o(L), the spectrum of L.

We give in §2 a characterization of the Fuéik spectrum. The result is not new,
but recalled here in a form adapted to its use in the later sections. Let I C R
be an open interval such that I No(L) = A € 04(L). Using a Lyapunov—Schmidt
decomposition together with contraction mappings arguments, we show that the
points of the Fuéik spectrum within I X I can be seen as points where a real-valued
function,

ho(-, o, B) : ker(L — A\I) — R,
to be defined below, admits 0 as a critical value. This observation has already been
made by Gongalves and Magalhaes [12], although under less general hypotheses.
As a consequence, the sets

F‘:{(a,ﬁ)elxﬂ ho(x,a,ﬁ)zo},

min
x€ker(L—AI), ||z||=1

F+={(a,B)GIxI| ho(x,a,ﬁ)zo}

max
x€ker(L—AI), ||z||=1
are contained in the Fuéik spectrum. In the case where dimker(L — AI) = 1, the
spectrum (within I x I) is easily seen to be reduced to these sets; this case has
been studied by Gallouét and Kavian [11]. Results concerning the general case
have been obtained by Gongalves and Magalhées [12], Magalhaes [15], Cac [3] and
Schechter [21], through variational methods. Basically, all these works only pay
attention to the sets F* and F~.

For what concerns the structure of the Fuéik spectrum between F'T and F—,
examples of Margulies and Margulies [16] have shown that many curves in X' (L)
can pass through the point (A, A). One of the main purposes of our paper is to
provide a general and precise description of this part of the Fuéik spectrum. Using
a modified problem equivalent to (1.3) when « # 3, we start, in §3, by describing
the Fuéik spectrum in the neighbourhood of the point (A, A). Roughly speaking, we
show in theorem 3.1 that, close to (A, A), X(L) is made of curves, each one being
associated to a non-degenerate stationary point of the function

H:ker(L—MX)—R:xzw— (|z|,2)

restricted to the unit sphere ((,-) denotes the scalar product in L?(£2), the norm
being denoted by || - ||). Notice that this local result does not require L to have a
compact resolvent. Examples are given with several curves emanating from (A, A).

Section 4 is devoted to the global study of the Fucik spectrum. Let J C R be an
interval such that J N oess(L) = (. Using a non-degeneracy condition introduced
by Micheletti [18] and Pistoia [19] for elliptic equations, we show that the curves
obtained in §3 for some A € J can be continued up to the boundary of J x J.
Moreover, we show that any element of X' (L) in J X J belongs to one of these curves.
Hence, provided the non-degeneracy conditions are satisfied, the Fu¢ik spectrum can
be completely described within J x J. A related result is also presented in § 7, which
does not require this non-degeneracy condition.
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Section 5 is a remark about situations where the component of the Fucik spectrum
containing the point (A, A) is reduced to a single curve (at least within the square
I x1).

Existence conditions for solutions of the non-homogeneous equation (1.1) and
of (1.2) are given in §8. Results of this type are well known outside the regions
between the curves F~ and FT (i.e. in type-I regions), where no other part of
the Fuéik spectrum is present. Some results were obtained by Schechter in [22]
concerning the regions between F'~ and F't (type-II regions), but the conditions
he imposes on the forcing term are of a different nature with respect to ours. For
instance, his conditions do not apply for (1.1) when f is non-trivial. Instead, our
assumptions are similar to those for type-I regions, but apply only in some parts of
the type-II regions. These existence conditions are based on results obtained in § 6
concerning topological degree computations. In the neighbourhood of (A, A), the
computations eventually reduce to the study of the index of each critical point of
the function H above, restricted to the unit sphere in ker(L—AI). As a consequence,
if dimker(L — AI) = 2, if (a, §) does not belong to the Fuéik spectrum and is close
to (A, A), we are able to show in corollary 8.2, that a solution of (1.1) exists for all
f € L%(£2), if the function

S' Cker(L—A) —R:z— i(a—pB)H(z)+A—1(a+p)

has only simple zeros, the number of zeros being different from 2. This result is
obtained by showing that the topological degree with respect to large balls is dif-
ferent from 0. Examples are provided showing that this can occur between some of
the Fucik curves obtained by theorem 3.1. This contrasts with the more common
situation of a degree 0 between Fuc¢ik curves emanating from the same point of
the diagonal o = 3. We also study an example where dimker(L — AI) = 3 and as
many as 14 curves arise from the point (A, ). In this last example, the index of
the critical points of H restricted to the unit sphere (i.e. the topological index of
the gradient field VH projected on the unit sphere), as well as the corresponding
critical values, are computed.

Being away from the essential spectrum of L allows the use of fairly simple
techniques for studying (1.1), (1.2) and (1.3). We use a Lyapunov—Schmidt decom-
position, contraction mappings for the component of the equation in Im(L — AI),
and degree arguments for the component in [Im(L — A\I)]* = ker(L — AI). For the
local description of X'(L) in theorems 3.1 and 4.2, we use an appropriate version of
the implicit function theorem given in the appendix.

Notice that the results dealing with the restriction of the function H above to
the unit sphere in ker(L — AI) are presented in such a way that dimker(L —\I) > 2
is implicitly assumed. The corresponding statements when dim ker(L — AI) = 1 are
straightforward, and not presented.

2. Reduction to an equivalent problem

Let J C R an open bounded interval such that J No (L) = {A1,..., A} C oq(L).
We will denote by P; the orthogonal projector onto ker(L — \I) (1 < ¢ < p)
and by P the projector onto X := @le ker(L — A\;I). Using a Lyapunov—Schmidt
decomposition, we obtain the following lemma.
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LEMMA 2.1. For any o, 3 € J, f € L*(2) and x € X, the problem

14

Lu=Y_ NPz + (I—P)laut — pu~ + f], (2.1)
=1

Pu==zx (2.2)

has a unique solution uy, = uy(f, o, B). Moreover, the solution u.(f,a, 3) is locally
Lipschitzian with respect to z, f, a, 3.

Proof. Let = 4(a+ ). The operator
Ly=(L—pl)x: : X+ — X+ (2.3)

is invertible and [|L;'(| 7" = dist(u,0(L) \ {A1,...,Ap}). Equations (2.1) and (2.2)
are equivalent to

u=x+ L' [(I=P)(lou’ —Bu” — pu+ f)]. (2.4)
The function
u— out = fuT = pu+ f = (o —put — (8- puT + f = 3(a—B)ul + f,

is Lipschitzian with constant k = 3|8 — . Since k||L;!|| < 1, the right-hand side
of (2.4) is a contraction mapping, so that (2.4) has a unique solution u, € L?(12).
The fact that u, = u.(f,«, ) is Lipschitzian with respect to =, f, o, § follows
from standard arguments about fixed points of contraction mappings. O

Let uy = uy(f, a, B) be the solution of (2.1), (2.2). Define

p
c(x, f.a,B) = —Plau} — ug + fl+ Y NPz

i=1
p
= —3(a=B)P(lus]) = P(f) + D_ (N — )Pz,
i=1
so that wu, verifies
Lugy = auf — Buy + f + c(z, f, o, B). (2.5)

Equation (1.1) admits a solution if and only if there exists * € X such that
c(z, f,a, B) = 0. The problem is therefore reduced to a problem in a finite-dimen-
sional space. Notice that c(rz,rf, o, 8) = re(z, f,«, 8) for all » > 0. The existence
of the solution u, can also be obtained through variational techniques (see [3,11,
12,15]).

We now turn our attention to the homogeneous equation

Lu = aut — Bu™. (2.6)

The values of («, ) for which (2.6) has a non-trivial solution form the Fucik spec-
trum of L. Results about this spectrum can be found in the papers of Gongalves and
Magalhaes [12], Magalhées [15], Cac [3] and Schechter [21]. We will study in more
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detail the structure of the spectrum in the square J x J. We will write ¢q(z, «, 3)
for ¢(z,0, o, 3). Hence we have

p p

co(@, @, B) = =Plauf — fuz] + Y NP = —§(a— B)P(jus]) + (A — ) Pz,

i=1 i=1
where v, = u,(0,«, ) is given by lemma 2.1.
Such a function ¢g has been introduced by Gallouét and Kavian [10,11], for the
case p = 1, with a one-dimensional eigenspace for A\1. The point («, 3) belongs to
the Fuéik spectrum if and only if ¢q(z,c, ) = 0 for some z # 0. The functional

ho: X X JxJ—-R:(z,a,B) v (co(z,a, ), )
will be useful in the sequel. Notice that
ho(z, v, B) = (co(w, v, B), )
= (co(x, v, 3), uz)
= (Lug,ug) — alluf |2 = Blluz |1*.
This last formula relates hg to the energy functional
H —R:ue 3(Lu,u) = galu®|? = 3]l |?

associated to (2.6), which has been used in [12,15,19,21], in particular when L =
—A. We present a few properties of the functions ¢y and hg, starting with an obvious
observation.

LEMMA 2.2. If a = 3, then

P
Jcaﬁ:Z)\—a
=1

LEMMA 2.3. The function hg admits partial derivatives with respect to o, 8 € J, is
differentiable with respect to x € X and

Q) st 8) = =luflP, o) = =l
(11) Vxho(x,a,ﬁ) = 2CQ($,O[,B). (27)

For the sake of completeness, we provide a proof of lemma 2.3, although the same
results can be found in [12,15], with a different method of proof.

Proof. For (i), we prove, for instance, the first relation. Considering the solutions
Uy, Vg corresponding to two different sets (o, 3), (o, 3) of coefficients, we can write

Lu, = auf — pu, + co(z, a, B),
Lv, = o'v] — Buvy +co(z,a, B).

Multiplying the above equations, respectively, by v, and w, and subtracting, we
obtain, since L is self-adjoint,

(a—a)(uf, vf) = (a—p)(uf,v7) + (o' = B)(ug,vy)
+ {co(z, o, B) — co(x, 0, B),x) = 0. (2.8)
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Since u, = u4(0,a, 3) is Lipschitzian with respect to «, there exists K > 0 such
that
{uf,v7)| < Kla— a2

A similar result holds for (u, ,v;). Dividing (2.8) by a — o/ and letting o’ tend to
«a, we obtain

0

+12
—(co(z,a, B),x) = —||luS||7.
—(eo(ir, 0, 8),2) = — [ |

For (ii), let u, and u, be solutions given by lemma 2.1, respectively, for z and
for y in X. We thus have

Multiplying the above equations, respectively, by u, and by u,, and working as
above, it is easy to prove that

<CQ($,O£,B) + co(y,a,ﬁ),x - y) = (CQ(.%‘,@,B),.%‘) - (co(y,a,ﬁ),y) + O(”l‘ - y||2)7

or, since co(z, o, 3) is Lipschitzian with respect to z,

2(co(x,a,ﬁ),x - y) = (CQ(.%‘,@,B),.%‘) - (co(y,a,ﬁ),y) + O(”l‘ - y||2) (210)

This shows that the function ho(-, o, 8) :  — (co(x, o, B), ) is differentiable and
that its gradient is given by (2.7). O

Since (a, ) belongs to the Fuéik spectrum if and only if ¢g(z, ar, 3) = 0 for some
x # 0, the following theorem, which provides a characterization of that spectrum
within J x J, is an immediate consequence of the previous lemma (see [15]).

THEOREM 2.4. Let L : dom L C L?(2) — L?(£2) be self-adjoint and let J C R
be such that J N oess(L) = 0. Then the point (o, 3) € J X J belongs to the Fucik
spectrum of L if and only if 0 is a critical value of the function

hO('7a7B) B <CQ($,O[,B),$>;
this critical value being reached at some point x % 0.

Let us now take for J a smaller interval, say I, such that I No(L) = A € oq(L).
Theorem 2.4 can be used directly to characterize parts of the Fu¢ik spectrum, which
can be considered, in a certain sense, as the outermost parts of that spectrum within
the square I x I. Let us introduce the sets

Fr={(.perx1 i . 8).2) =0},
(a, B) L I C LY

F+={(a,B)EIxI| (co(x,a,ﬁ),x)zo}.

max
z€ker(L—AI), ||z||=1
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It results from lemma 2.3 and theorem 2.4 that F'~, F'T are contained in the Fuéik
spectrum of L. On the other hand, by lemma 2.2, if « = 8 < A, we have

(co(z,a, B8),z) >0 forall z #0,
whereas, if « = 3 > A,
(co(z,, B8),z) <0 forall z #0.
Consequently, the sets F'~, FT are non-empty and separate the sets
{(,@)eIxT|a<A} and {(a,a) €I XI]|a> A}
On the other hand, because of lemma 2.3,
(a,)eF~ = (\8)¢X(L)NIxI) ifd <a, f/<8.

A similar result holds for FT. It is in this sense that F~ and F'T are the outer-
most parts of the Fuéik spectrum. The same sets have been obtained through a
variational approach by Gongalves and Magalhées [12], Magalhaes [15], Cac [3] and
Schechter [21], for semilinear elliptic boundary-value problems.

In some problems, it can happen that, for some subspace S of ker(L — AI), the
following hypothesis holds:

se€S = cs,a,0) €S foralla,pel. (H)

Adapting the arguments of lemma 2.3 and theorem 2.4, it is easy to see that the
sets

Fo = { B elxI '
s (e, B) | e, =1

F;: = {(a,ﬁ) el xI| xes{nﬁﬁ\:l(%(%ayﬁ)’x) = O}

(eo(ar,, B),2) = 0}

then also belong to the Fucik spectrum. Because of lemma 2.3, Fg’ must be on the
right of (or coincide with) F~, and F§ on the left of (or coincide with) F*, in
the («, B)-plane. For the partial differential equation with Laplacian in example 3.2
below, where 2 = (0,7) x (0,7/+1/6), one could take, for instance,

S ={ue L*(2) | u(z,y) = u(z,m/V6 —y)}

It can be seen that the curves F;, Fg are distinct from FT, F~.

3. The Fucik spectrum close to (A, A)

In this section, I is an open bounded interval such that I No(L) = A € o4(L).

The projection onto ker(L — AI) is denoted by P. We will construct hereafter some

curves belonging to the Fu¢ik spectrum within I x I. This result follows from the
application of an implicit function theorem to a system equivalent to

Lu=ou® — fu”, (3.1)

Jull? = 1. (3.2)
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Since we are interested in values of (o, 3) € X(L) close to (A, A), we let
e=3(a=p), sla+p)=A+en,

and we aim at determining 1 as a function of ¢, for ¢ ‘small’. The system (3.1),
(3.2) can be rewritten as

Lu = elu| + (A + en)u, lul|? = 1.
For € # 0, it is equivalent to

u = Pu+ EL;I[(I — P)(|u] + nu)] + P(|u] + nu), (3.3)

lull® = 1.

We want to solve this system for u, 7 as functions of €, for € close to 0. A difficulty
lies in the fact that the set of points at which the term P(|ul) is differentiable need
not be open in L2(£2). For this reason, we will need a version of the implicit function
theorem that only requires a (strong) Fréchet differentiability at one point; such a
version is presented in the appendix.

For € = 0, the system (3.3), (3.4) reduces to

P(lul +nu) =0, wu€ker(L— M),

lul® = 1.

Let (xo,m0) € ker(L — AI) x R denote a solution of this system. The condition
P(|zo|) + noxo = 0 can be interpreted as expressing the fact that zp is a sta-
tionary point for the mapping H : ker(L — AI) — R : z +— (|x|,x) restricted to
the unit sphere, 1y being then a Lagrange multiplier (the value of 7 is given by
1o = —{|xol, x0)). On the other hand, provided that u # 0 almost everywhere in 2,
for all u € ker(L —AI)\ {0}, it can be seen that the differentiability condition of the
appendix is satisfied for (¢,7n,z) = (0,10, o). Indeed, P(|ul) is the only term in (3.3)
that may be problematic. Due to the projection P onto the finite-dimensional space
ker(L — AI), this is not the case. It remains to introduce an invertibility condition
for the derivative; this non-degeneracy condition can be written

y €ker(L — M), (zo,y) =0, P(sgn(wo)y) = (vo,|zol)y = y=0 (NDI1)

(notice that y € ker(L — AI), (xo,y) = 0, P(|xzo|) + noxo = 0 imply {|zo|,y) = 0).
The application of the implicit function theorem yields the following result.

THEOREM 3.1. Let L : dom L C L?(2) — L?(£2) be self-adjoint and let X € oq(L).
Assume that u # 0 almost everywhere in 2, for all u € ker(L — XI) \ {0}, that the

function
H:ker(L— M) —R:z— (|z|,z),

restricted to the unit sphere, has a stationary point xo and that condition (ND1) is
satisfied at xo. Then there are continuous functions n(-),u(-), defined in a neigh-
bourhood £ of 0, such that

(i) u(0) = 0,n(0) = —(|zol, z0),
(il) Lu(e) = elu(e)| + (A + en(e))ule), |lu(e)|| =1 fore € £.
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Since n(0) = —H (z(), the above theorem means that there is a curve in the Fuéik
spectrum emanating from the point (A, A), with slope

(H (o) +1)/(H (20) = 1). (3.5)

It is obvious that |H (zo)| < 1; the slopes, as expected, are negative. On the other
hand, since the function H is odd, its extrema can be grouped by pairs of extrema
of opposite signs. Those pairs correspond to Fu¢ik curves which are symmetric
with respect to the line o« = g (if u is a solution of (2.6), —u is a solution of
Lu = But — au™). The particular case |H(zg)| = 1 occurs when (2.6) admits a
solution of constant sign; the lines « = A, 8 = A then belong to the Fué¢ik spectrum.
However, in this case, the non-degeneracy condition (ND1) will not be satisfied.
Notice that when dimker(L — AI) = 1, condition (ND1) is trivially satisfied,
but theorem 3.1, reformulated according to the remark in the introduction, brings
nothing more than a local description of the sets F'™ and F~ introduced above.
The non-degeneracy condition (ND1) could be replaced by a different one (which
is more general for extremum points, but excludes saddle points). This alternative
condition requires H to have a ‘true’ (local) maximum or minimum on the unit
sphere S"~1 in ker(L — AI), at the point z, meaning, for a maximum, that

there exists a neighbourhood U C S™"™ 1, of x¢, such that } ND1/

max{H (z) |z € U} = H(xzp) and H(z) < H(xg), for all z € OU. ( )
A true minimum is defined similarly. In these cases, the stability of true minima
(respectively, true maxima) under perturbation is used instead of an implicit func-
tion theorem (see [1]).

If condition (ND1) is satisfied at any zg € S™™1, it results from the above theorem
that to each stationary point of H restricted to the unit sphere corresponds a Fuéik
curve emanating from the point (A, A). Notice that, with (ND1) satisfied at any
2o € S™71, the stationary points of H are necessarily isolated on S™"~!, meaning
that the Fuéik spectrum in the neighbourhood of (A, ) consists of a finite number
of curves.

The above result is illustrated by examples which deal with situations where
ker(L — M) is of dimension 2 or 3. In the first case, {v(}), v} will denote an
orthonormal basis of ker(L — AI). It will be convenient to use polar coordinates in
ker(L — AI'). We define

29 = cos M) + sin hv®

and introduce the function h : [0,27] — R : 6 — H(zp) = (|z0],20). Condi-
tion (ND1) is not easy to verify in practice; when dimker(L — \I) = 2, it is easier
to rely on the alternative non-degeneracy condition (ND1’), based on the existence
of ‘true’ maxima or minima. For the third example, condition (ND1) was only
checked numerically, by computation of the Hessian along sequences converging to
the critical points.

EXAMPLE 3.2. The following example is inspired by Margulies and Margulies [16].
Consider an equation with Laplacian and an asymmetric nonlinearity, together with
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Dirichlet boundary conditions, i.e.

0?u  9%u _
—@ - 8_y2 = au+ - Bu N (36)
Ujp2 = 0. (37)

We will take for 2 the rectangle (0,7) x (0,7/+/6). With
L=—A, dom L = H?(2) N Hy (),

the operator L admits an eigenvalue A = 55 of multiplicity 2, the eigenspace being
spanned by the functions sinzsin(3y+/6) and sin(7x)sin(yy/6). The eigenvalues
closest to 55 are 49 and 58. It is easy to check that (3.6), (3.7) admit solutions of
the form u(z,y) = sinzp(y), with p verifying

P+ (a=1)p" = (B-1)p~ =0, (3.8)
p(0) = p(r/6) = 0. (3.9)
By classical results for the Dirichlet problem for ordinary differential equations

with asymmetric nonlinearities (see, for instance, Fué¢ik and Kufner [9]), non-trivial
solutions exist if

or if
1 2 1
NSRS (3.11)
Similarly, the system (3.6), (3.7) also admits solutions of the form
u(z,y) = q(z)sin(y/6)
if
\/% + ;’_ ==1 (3.12)
or if
. S (3.13)

va—=6 6—6

Consequently, the four curves defined by (3.10)—(3.13), which all pass through the
point (55,55), belong to the Fuéik spectrum of —A, with Dirichlet boundary condi-
tions. Using the results of theorem 3.1, we will show that two more curves passing
through the point (55,55) also belong to the Fuéik spectrum. For this purpose, we
have to search the maxima and minima of the function h above. Since

ker(L — AI) = span{sin zsin(3y+/6), sin(7x) sin(y+/6)},

https://doi.org/10.1017/5030821050000086X Published online by Cambridge University Press


https://doi.org/10.1017/S030821050000086X

Structure of the Fucik spectrum 251
Table 1.

extrema  values of the slopes of the
of h at  extrema of h  Fucik curves

0 1/3 05
/2 17 —3/4
1.1381 0.1316 —0.7674
4.2797 —0.1316 —1.3032
37 /2 —1/7 —4/3
T —-1/3 -2

we have to compute values of

h(0) = (|20, z0)

4 7/\/6 ™
= #/ / | cos 0 sin x sin(3y+/6) + sin 6 sin(7z) sin(y+/6)]
™ Jo 0
X [cos @ sin z sin(3y+/6) + sin @ sin(7z) sin(y+/6)] dzdy.

Numerical computations provide the values given in table 1, for the extrema of h
on [0, 27|, with the indication of the points where the extrema are obtained. From
these values, using formula (3.5), the slopes of the Fuéik curves emanating from the
point (55,55) are deduced.

The first and last extrema correspond to solutions of the form sin xp(y), i.e. to the
curves defined by (3.10), (3.11), whereas the second and fifth extrema correspond
to solutions of the form q(z) sin(yy/6), i.e. to the curves given by (3.12), (3.13).
The other two extrema lead to supplementary Fucik curves, with respect to those
obtained by Margulies and Margulies [16]; as can be seen from the values of the
slopes, they are, however, very close to the curves corresponding to solutions of the

form q(z) sin(y+/6).

EXAMPLE 3.3. As a second example, we consider a boundary-value problem for an
ordinary differential equation of order four,

u® + (m? + " = aut — pu, (3.14)
u(0) = u(r) = 0, u”(0) = " (7) = 0. (3.15)
We assume that m, n are integers with m # n, so that A = —m?n? is an eigenvalue

of multiplicity 2 for the operator
L:domL C L?(0,7) — L*(0,7) : u+— u™ 4+ (m? + n?)u”;

we take dom L = H?*(0,7) (the real Sobolev space of order 4). The eigenspace
associated to A is spanned by the functions sin mz, sin nz. According to theorem 3.1,
the Fuéik curves for (3.14), (3.15), passing through the point (—m?n?, —m?n?), can
be related to the extrema of the function h : [0, 27] — R,

2 (7 . . . . . .
0— — | cos 6 sin ma + sin 0 sin nz|(cos 6 sin ma + sin @ sinnz) dz.
T Jo
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Table 2.
extremal values slopes
+1/15 —7/8 and —8/7
+0.0437 —0.9163 and —1.0914
+0.0348 —0.9327 and —1.0721

Choosing, for instance, m = 15, n = 22, it is observed that h has six extremal
values. Table 2 gives the extrema of h. From these values, using (3.5), the slopes of
the Fuéik curves emanating from the point (108 900,108 900) are obtained.

Notice that, in this problem, some of the extremal values are obtained at two
different points, since h(0) = h(27 —0).

ExAMPLE 3.4. We now consider another equation with an elliptic operator and an
asymmetric nonlinearity, together with Dirichlet boundary conditions, i.e.

0%u 0%u _
_w — a_y2 =aut — Bu, (3.16)
Ujp2 = 0. (317)

We will take for 2 the square (0,7) x (0, 7). With
L =-02—-20, dom L = H?*(2) N Hy (12),

the operator L has a purely discrete spectrum. It admits an eigenvalue A = 99 of
multiplicity 3, the eigenspace being spanned by the functions

sinzsin(7y), sin(7z)sin(by) and sin(9zx)sin(3y).

Using spherical coordinates on S? C ker(L — AI), we obtain, by numerical cal-
culations, 14 critical points. Two of the curves can be explicitly calculated; they
correspond to solutions of the form u(x,y) = sin(x)v(y) and are represented by the
equations

4 4
3 =1 and 3 + =1

Jia—1) : NETCREY Jie-1)  JiB-1)

Table 3 gives the critical values of H and the deduced slopes of the Futik curves
emanating from the point (99, 99).

4. Global structure of the Fuéik spectrum: non-degenerate case

Hereafter, we extend the Fué¢ik curves constructed in the previous section and also
describe the local structure of the Fuéik spectrum away from the diagonal. As
before, J is an open bounded interval such that J N oess(L) = . These continua-
tion results require a non-degeneracy condition introduced by Micheletti [18] and
Pistoia [19] for elliptic equations. If this condition is satisfied at («,3) € J x J,
then locally near («, ) the spectrum is the union of a finite number of curves.
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Table 3.
critical values slopes
+0.168 —0.712 and —1.404
+0.156 —0.731 and —1.369
+0.148 —0.742 and —1.348
+0.143 —3/4 and —4/3
+0.077 —0.858 and —1.166
+0.054 —0.898 and —1.114
+0.0018 —0.996 and —1.004

This result follows again from the application of an implicit function theorem to a
system equivalent to

Lu=oau™ —pu”,

lull® = 1.

The application of the implicit function theorem relies on the possibility of defining
derivatives for the functions v — u* and u — u™, in the sense of the following
result of Solimini [23], in which | - ||, denotes the norm in LP(£2), £2 C RY being,
as before, an open bounded set.

ProOPOSITION 4.1. If 1 < q < p and if u € LP(£2) is such that u # 0 almost
everywhere on {2, given ¢ > 0, there exists a neighbourhood U C LP(§2) of u such
that

luf —uf — Xfus0y(ur —u2)llg < ellur —uzll, for all uy,uz € U.

In other words, if 1 < g < p and if u # 0 almost everywhere, the function u — u*
has a strong Fréchet derivative at u, as a function from LP({2) to L9(£2). This result
will be used below, with ¢ = 2 and p > 2. As already noted in the previous section,
a difficulty lies in the fact that the set of points u € LP({2), at which derivatives
are guaranteed to exist by proposition 4.1, will not be open. Therefore, a version
of the implicit function theorem must be used which requires only the existence
of a (strong) Fréchet derivative at one point. We will use the one presented in the
appendix.

The non-degeneracy condition, where (ag, 8g) € X(L), can be written as follows:

for any u # 0 verifying Lu = aou™ — Bou™,
we have u # 0 almost everywhere on {2 and (ND2)
dim ker(L — (@oX {u>0} + BoX{u<o})) = 1.

Here, x{y4>0} is the characteristic function of the set {t € £2 [ u(t) > 0}, and x{u<o}
is defined similarly. With condition (ND2), an implicit function theorem can be
used to describe locally the structure of the Fuéik spectrum.

THEOREM 4.2. Let L : dom L C L%(2) — L%*(2) be self-adjoint, J C R be such
that J N oess(L) = 0 and ag # Bo be such that (av, Bo) € (J x J)NX(L). Assume
that the equation Lu = Au has no solution of constant sign for A\ € J, that the non-
degeneracy condition (ND2) holds and that dom L C LP({2) for some p > 2, the
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injection being continuous when dom L is equipped with the graph norm. Then, if
ug is a solution of Lug = apug — Boug , with ||uo|| = 1, there exists neighbourhoods
A of ag, B of Bo, U of ug and continuous functions 3(-) : A — B : a — [(a),
u(-): A— U :a— u(a) such that

(l) B(O[Q) = BO; U(O[()) = Uo,

(i) Lu(a) = aut(a) = fla)u~(a). [u(a)]| = 1 for a € A4

(iii) Lu = aut —pu™, |lul| = 1, withu € U, a € A, 3 € B = u = u(a),
B =pB(e).

Moreover, (3(-) is differentiable at cg and

)2

B (o) =

THE (43)

Proof. As indicated above, the idea of the proof is to apply the implicit function
theorem of the appendix to a system equivalent to (4.1), (4.2). Since
Lug = aguy — Boug = (@0 X fuo>0} + BoX{uo<0})U0>

we have, by (ND2),

ker(L — (%X{uo>o} + ﬁoX{uo<o})I) = Ruy.

We will denote by @ the orthogonal projection on that set, that is, Qu = (u,ug)uo.
Let

K = ([L = (20X {uy>0} + BoX{uo<op)]jug ) 7"

As the injection dom L — LP({2) is continuous, the operator K, considered as
an operator from L?(§2) to LP(2), is continuous. The system (4.1), (4.2) can be
rewritten as

u = T(u7a7ﬁ)7
ul® =1,
where

T(u,a, B) = {(u,up)uo + K(I —Q)[au™ — aou(‘f — QOX{uo>0} (U — up)
— Bu” + Boug — BoX{ue<o} (U — uo)]
+ [o{u™, ug) — ag(u,ud) — Blu™, up) + Bo(u, ug )]uo.

The implicit function theorem will be used to solve locally (4.4), (4.5). For this
purpose, we note that 7' : LP({2) x J x J — LP({2) is Lipschitzian with respect to
a on bounded subsets of LP({2) x J x J — LP({2), and that the partial derivatives
(8T/8u)(u0, «, BO)a (aT/aﬁ)(u()y Q, BO)a given by

oT
%(on a, 30)§ = (&, uo)uo + (a — ao) K(I — Q)(X{up>0}5)
+ (O[ - a0)<§7 U?{), U, (46)
a_ﬁ(u(h O[,BQ) = —K(I - Q)u() - ||u0 || U, (47)
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are such that, for € > 0 given, there exists neighbourhoods A; of «g, By of Gy and
U, of ug such that, for a € Ay, 8,3 € By and u,u’ € Uy,

”T(’U,, Q, B) - T(ul7 «, ﬁl) - g_z;(u(h O[,ﬁ())(u - ul) - g_;(u07 Q, ﬁo)(ﬁ - BI)
<elllu—u||+ 18— 8]

This result follows from proposition 4.1. In other words, the differentiability condi-
tion of the appendix is satisfied and the implicit function theorem A.1 can be used.
It remains to check the invertibility of the derivative. More precisely, we must show
that, given z € LP({2), t € R, the system

¢ = I tug, a0 50)E — 2L (up, a0, fo)s = =, (4.8)

T
ou op
has a unique solution (&, s). First, multiplying (4.8) by ug gives
SH’U/(T”Q = <UQ, Z>7

leading to the value of s. Indeed, ||ug || is different from 0, since we have assumed
that the equation Lu = Au has no solution of constant sign for A € J. From (4.8),
we then deduce, using (4.6), (4.7),
(L - (aOX{uo>0} + BOX{HO<O})I)(€ - Z) = —S(I - Q)ua7
from which (I —Q)(§ — z) is uniquely determined. Since Q¢ is obtained from (4.9),
a unique ¢ is deduced from (4.8), (4.9).
To prove (4.3), we observe that, for a € A, with z(«) = Pu(«), we have
ho(z(a), a, B(a)) = 0.

Since V ho(z, o, 8) = 2¢o(x, o, ), co being continuous and z Lipschitzian in « by
theorem A.1, we can write, with x¢ = z(ag) = Puy,

ho(xo, @, B(a)) = ho (0, 0, fo) = —[ho(z(e), a, B(a)) = ho (0, @, ()]
= 2co(z(), @, B(a)) (z(@) = o) + o(|a — aol)
for « — a. But co(z(), o, B(x)) = 0, so that
ho(zo, v, B(a)) — ho(z0, o, Bo) = o(|av — ag)  for o — ap.
An application of the mean-value theorem then yields

280 (46, 10, 8(0)) (0 — ) + %_]E)(wo,ao,ﬁ)(ﬁ(a) ~Bo) = ofla—aof) fora = aq,

where (3 € [8o, 8(a)]. Dividing by a — a and passing to the limit, we see that 3(-)
is differentiable at g and that
(Oho/0a) (o, o, Bo) [lug |I*

F(0) = = By [9B) (w0, a0, o) g2
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In §2, given (a, 8) € X(L) N (J x J), the non-trivial solutions u of

Lu = aut — fu” (4.10)

have been put in relation with the non-trivial solutions of co(z, a, 3) = 0. Under
the hypotheses of theorem 4.2, the (normalized) solutions of (4.10) are isolated
in the sense of (iii). Consequently, the solutions of co(x,,3) = 0, ||z|| = 1 are
isolated; the number of solutions (of norm 1, for instance) must therefore be finite.
This explains why, near («g, g), the Fuéik spectrum consists of a finite number of
curves. If (ND2) holds for any (agp, o) € X(L) N (J x J) (with a9 # Bo), it can
be shown, using continuation arguments, that the Fucik curves whose existence is
proved locally in theorem 4.2 can be extended up to the boundary of J x J on one
side, and up to a point (A, \), where A € o(L)NJ, on the other side. The proof makes
use of the fact that if (a,, 5) belongs to the Fuéik spectrum X(L) forn =1,2,.. .,
and if o, — a*, B, — [* for n — oo, then (a*, 3*) also belongs to X(L). Indeed,
by hypothesis, there exists u, # 0 such that Lu, = a,u} — B,u, . Keeping the
notation of §2, if x, is the projection of u, on X, we have co(zn, an,Bn) = 0.
Since by lemma 2.1, x,, = 0 implies u,, = 0, we can take, without loss of generality,

lz,.|| = 1. Extracting a subsequence of {z,} converging to some
e P ker(L—-AD), |z =1,
A€o (L)NJ

it follows that Lu,« = a*u}. — 3*u_., showing that (a*,3*) belongs to the Fuéik
spectrum. This argument, combined with theorem 4.2, leads to the following state-
ment.

THEOREM 4.3. Assume that, for all X € o(L) N J, the hypotheses of theorem 3.1
are satisfied for each xo € ker(L — XI) such that P(|xo|) is parallel to xg. Assume
also that the hypotheses of theorem 4.2 are satisfied for each («g, Bo) € X(L)NJ x J
with ag # Bg. Then the Fuéik spectrum within J X J is made of a finite number
of curves, each one extending to the boundary of J X J and passing through a
point (A, A) for some A € o(L). These curves are graphs of decreasing functions
a +— B(a). Moreover, any such a curve can be associated with a critical point of the
function
H :ker(L— M) — R, x — (|z|,z),

restricted to the unit sphere. That is, the curves locally constructed in §3 and

extended here are the only ones within J x J.

Proof. Only the last statement is not yet proved. Let (o, 3,) € X(L) such that
(an, Brn) = (A, A) along one of the Fuéik curves. Let u,, a solution of the correspond-
ing Fucik equation and x,, its projection onto ker(L—AI). As x,, # 0, we can assume
that ||z, || = 1 and, going if necessary to a subsequence, that x,, — x* € ker(L—M\I).
Thus we have

0= CO(-rny Qn, ﬁn) = —%(an - Bn)P(|an
and, with the notation of §3,

) + (>‘ - %(an + ﬁn))xn

P(|u33n

)+ npx, = 0.
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By lemma 2.1, u,, — u,- = x*, so that P(|a*|) = —na* for some n € (—1,1)
(n = —1 or n = 1 would imply that z* is of constant sign, which is excluded
by (ND1)). This shows that z* is a critical point of the function H, restricted to
the unit sphere, and ends the proof. O

If the operator L has a compact resolvent, the interval J can be taken arbi-
trarily large. Hence, provided that the non-degeneracy conditions (ND1), (ND2)
are satisfied globally, the Fu¢ik curves provided by theorem 4.3 can be extended
indefinitely. Moreover, if the eigenfunctions associated to an eigenvalue Ay are of
constant sign, it can be shown that the Fu¢ik spectrum does not intersect the sets
(—00, Ag) X (Ag, +00) and (Ag, +00) X (—00, Ag). Consequently, if A > Ay is another
eigenvalue of L, the Fuéik curves issued from (A, A) must have asymptotes o = a*,
B = p*, with o*, * € [Ag, A]. It is actually possible to prove (but the proof will be
omitted here) that if the slope of a Fuc¢ik curve is p at (A*, A*), the values of o, §*
must lie within the interval [Ag, (A + Alp|)/(1 + |p|)], where A is the point of o(L)
nearest to A on the left. Similar statements hold for A < Ag.

5. Fucik spectrum in I x I reduced to a curve

Let I be an open bounded interval such that I No(L) = A € o4(L). The Fucik
spectrum turns out to be particularly simple when the following hypothesis holds:

for any (a, 8) € I x I, if there exists
x € ker(L — AI) such that co(z, o, 3) =0, (H)
then co(x,«, 3) = 0 for all x € ker(L — AI).

Under this hypothesis, the sets F~ and F'* defined in §2 coincide, and no other
point of the Fuéik spectrum is contained in I x I.

Condition (H) appears, under a different form, in [6]. It is shown there that the
condition is satisfied for periodic boundary-value problems for ordinary differential
equations, when the operator L is autonomous. More precisely, the following result
is presented in [6].

LEMMA 5.1. Let H = L?(0,27) and L : dom L C H — H be a self-adjoint linear
ordinary differential operator of order 2N with constant coefficients, where

dom L = {u € H*M(0,27) | w(0) = u(2n),...,u®*N7V(0) = «®¥ =V (27)}.
If dimker(L — M) = 2, then (H) holds.

Another situation where condition (H) holds is provided by the example L = — A,
2 = B(0,1) C R?, under Dirichlet boundary conditions. Denoting by z,, the ith
zero of the Bessel function J,,, it is well known that the numbers 27,
of L, of multiplicity 2, for n > 1. Using the symmetry of rotation, a family of
solutions of (1.3) is deduced from a particular solution, meaning that (H) is verified.

Hence F~ = F'*, an observation already made by Magalhaes [15].

are eigenvalues
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6. Degree computations

In order to solve the inhomogeneous equation (1.1), and also (1.2), we want to
compute, for fixed (o, 3) € I x I, the Brouwer’s degree of the map

co(r,a, B) s ker(L — M) — ker(L — \I),

defined in §2, with respect to sets containing 0. As before, I is an open interval

such that I No(L) = A € o4(L). We assume that («,3) ¢ Y (L) (non-resonance

situation), so that co(x, «, 8) # 0 for  # 0. Let

_ Co (.1', a, B)
||C()(‘%‘7O[7ﬁ)”7

where n = dim ker(L — AI). By the Lefschetz formula (see [2]),

f:8" ' CkerL— A — S" ' Cker L —\I: T

o0

Yo La(f) =) (1)t Hy(f,R),

ola=(x) p=0

where H,(f,R) denotes the induced linear map on the p**-homological space of
S™~1and L,(f) is the Lefschetz number of the fixed point 2 (also called the mul-
tiplicity of z). As, for the sphere S"~! only H® and H™ ! are non-trivial, this
formula reduces to

Y Lo(f) =1+ (=1)" ' deg(f).
z|r=f(z)

Since co(x, v, B) is non-zero for & # 0, we have deg(f) = (—1)" deg(co(-, o, 3)), so
that
deg(co(n /) =1= 3 La(f).
z|f(z)=x

Let x € S~ ! be a fixed point of f. Thus
Co(l',a,ﬁ) = —”C()(l',a,ﬁ)“l'

and, by lemma 2.3,
Vxho(x, Q, B) = —2”00(.1', Q, ﬁ)”l‘

This shows that z is a critical point of the function hg(-, o, 3), restricted to the unit
sphere in ker(L — AI), with a negative critical value.
Let fr be the vector field obtained by projecting f on S™~!, that is,

fr(z) = f(x) = (f(z), )z,

and co 1 the equivalent for cg

cor(z) = colz, e, B) — (co(z, 0, B), x) .

The Lefschetz number of a fixed point x of f is nothing but the topological index of
the corresponding zero of the vector field — fr (see [14]). By a homotopy argument,
it is clear that this index is the same as that of the vector field cor (they are
everywhere parallel with a strictly positive coefficient of proportionality). We thus
obtain the following result.
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THEOREM 6.1. Let (a,3) € (I x I)\ X(L). Assume that the restriction of the
function ho(-,«,3) to the unit sphere S™' C ker(L — AI) (denoted hg|gn—1) has
only isolated critical points. Then

deg(co(-, o, 8),U,0) =1 — > ind, (V(ho|gn-1)),

n—1
V(ho‘sn—1)(x)=0
ho(z,a,8)<0

where U is any open bounded neighbourhood of 0 € ker(L — \I).

Notice that working with the function —f instead of f yields the equivalent
formula

deg(co(-, e, 3),U,0) = (=1)" — > ind, (V (ho|gn-1)),

n—1
V (ho jsn—1 ) (x)=0
ho (z,0,3)>0
which can also be deduced from the preceding one using the Hopf formula for the
Euler characteristic.

When dim ker(L—AI) = 2, the indices of the zeros of Vhg|s1 are 1 for a minimum
point and —1 for a maximum one. Moreover, the number of zeros of hg g1 is twice
the difference between the number of negative minima and the number of negative
maxima. The computation of the degree is then particularly simple, according to
the following result.

THEOREM 6.2. Let (o, 8) € (I x I)\ X(L). Assume that dimker(L — A\I) =2 and
that the restriction of the function ho(-, a, 3) to the unit sphere S C ker(L—AI) has
only isolated critical points and a number 2z of zeros. Then the Brouwer’s degree
of co(-, o, B), with respect to any open bounded set U containing 0, is equal to 1 — z.

Notice that these degree computations can also be performed for (o, 8) € J X J \
Y (L), where J is an open bounded interval such that J N oess(L) = 0.

7. Global structure of the Fucik spectrum: general case

The Fucik spectrum can be considered as the boundary of the regions where the
degree of ¢y(+, v, B) is constant. This observation allows us to obtain global results
for the Fucik curves without assuming the non-degeneracy condition (ND2) of
Micheletti [18] and Pistoia [19]. Indeed, let A € JNo (L) and d be a critical value of
the function h : x — (||, z) defined on the unit sphere in ker(L — AI). We assume
that the non-degeneracy condition (ND1) is satisfied for each critical point xg with
h(xg) = d. The critical point(s) associated to d give rise to Fuéik curves, locally
defined according to theorem 3.1, which we denote by C4, ..., C,,. Take r > 0 small
enough so that the open balllf := B x(r) does not intersect any other point (AN
with A € 04(L). The connected component containing every C; in X(L) is denoted
by C and D :=C\ U~ (C; nU).

The following theorem does not require condition (ND2). Roughly speaking, it
asserts that a component of the Fu¢ik spectrum within J x J ‘connects’ a point of
the diagonal to the boundary of J x J or to a (not necessarily distinct) point of the
diagonal.
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THEOREM 7.1. With h : x — (|z|,z) defined on the unit sphere in ker(L — \I),

assume that
> ind, VA #£0. (7.1)
z|Vh(xz)=0
h(z)=d
Then one of the following holds.
(i) DNa(J x J) # 0.
(ii) There exists \* € J N o (L) such that (\*,\*) € D.

Proof. The proof being rather long and cumbersome, we will only give a sketch of
it. If none of the above statements is satisfied, then there exists ¢ > 0 sufficiently
small such that if some («, ) belongs to D, where D, is the boundary of the
e-neighbourhood of D, and (a, 3) € X(L), then («,3) € C;NU for some 1 < i< m
(see [20] for a related result). Condition (7.1) ensures that the degree of the function
co(-, o, B) is different, on one side of all the C;, from the degree on the other side, at
least locally (see the next section for a precise statement and proof). The technical
part lies in showing that each component of D, can be parametrized as a closed
curve; this is in fact only true for almost all small €. The local parametrization is
performed using the differentiability properties of the ‘distance to a set’ function
(see [7]), Sard’s lemma and the implicit function theorem. For almost all €, this
curve has a finite length due to the co-area formula and is closed. The contradiction
then follows by performing a homotopy of ¢y along D, without crossing the Fuéik
spectrum. O

8. Existence results: non-resonance situation

When (a, 3) does not belong to the Fuéik spectrum (a case which can be considered
as a non-resonance situation), theorems 6.1 and 6.2 provide existence conditions for
the non-homogeneous equation (1.1). Indeed, if the degree of ¢y (-, o, 3), with respect
to open bounded sets containing 0, is different from 0, by continuity, the same will be
true for the function z — c¢(x,ef, a, 3), provided that ¢ is small enough. Therefore,
the equation

Lu=ou™ — Bu™ +¢f,

and, consequently, also (1.1), will have at least one solution, for any f € L2({2).
On the other hand, according to lemma 2.1, we have, if o # 3,

ol ) = Pl = 2L 0(l(a, )= N1 for (a,6) = ).

Notice that the coefficient in front of x above only depends on the slope of the line
joining (A, A) to (a, B); if we write 5 = A + p(a — A), then

2\—a—fF p+1
a—p  p—=1

The following is thus deduced from theorem 6.1.
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Table 4.
slopes of the Fucik
curves at (A, ) degree

—0.5
~0.75 _(1)
—0.7673 0
~1.3032 .
—1.3333 0
-2

COROLLARY 8.1. Let p € R\ {1} be such that (p+1)/(p—1) is not a critical value
of the function h: S ' Cker(L — X)) — R : 2 +— (|z],z). If

> ind, Vh # 1, (8.1)
z|Vh(xz)=0
h(z)<(p+1)/(p—1)
there exists n(p) > 0 such that, if |a — X < n(p) and 8 =X+ p(a — N), then (1.1)
has at least one solution for any f € L*(£2).

Notice that, when p = —1, the sum in (8.1) must be even, since co(x, «, 3) is then
close to the even function (3 — o) P(|z|).

When dimker(L — M) = 2, we obtain the following result from theorem 6.2.

COROLLARY 8.2. Letp € R\ {1} be such that the function

1
St Cker(L—X)—R:xw (|x|,x)—%

has only simple zeros, the number of zeros being different from 2. There exists
n(p) > 0 such that, if |a — A < n(p) and B =X+ p(a— ), then (1.1) has at least
one solution for any f € L?(£2).

These two results allow us to compute, in particular examples, the degree of the
function c¢o(-, v, B) in the regions between the Fuéik curves around (A, A). This is
what we have made in the following examples.

ExAMPLE 8.3. For instance, coming back to the problem of example 3.2, defined
by (3.6), (3.7), and looking at the graph of h, the degree of ¢y(-, v, 3), with respect
to open bounded sets containing 0, can be computed in the neighbourhood of (A, A).
Table 4 indicates the values of degree obtained in the zones between the various
Fucik curves.

For instance, for p = —0.76, the degree is —1. Therefore, for any function
f e L%(0,7) x (0,7/4/6)), the problem
0%u  9%u
— + -
ujpn =0

has at least one solution if |a] is sufficiently small.
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Table 5.
extremal values of h slopes degree
—0.16064 —0.7232 1
—1/13 —6/7 y
1/13 —~7/6 o
0.16064 —1.3828
Table 6.
slopes of the Fucik slopes of the Fucik
curves at (99,99)  degree  curves at (99,99)  degree
—0.712 0 —1.002 1
—0.732 1 —1.112 0
—0.744 9 —1.165 1
—-3/4 _1 —4/3 9
—0.859 0 —1.345 1
—0.899 1 —1.367 0
—0.998 0 —1.404
—1.002

ExXAMPLE 8.4. We consider problem (3.14), (3.15) of example 3.3, taking now m =
6, n = 13. Table 5 gives the extremal values of h, the corresponding values of the
slopes at the Fuéik curves at (A, ) = (6084,6084), as obtained by (3.5), and the
value of the degree between the Fucik curves, deduced from the graph of h. Notice
that the maximal value 0.16064, as well as the minimal value —0.160 64, is reached
at two different points.

It is observed that, for this problem, equation (1.1) always has a solution if («, 3)
does not belong to the Fuéik spectrum (at least for (o, ) close to (A, A)).

ExAMPLE 8.5. Coming back to the elliptic operator of example 3.4, we observe
numerically that the critical points of the function H restricted to the unit sphere
are all non-degenerate and as follows, in order of critical value: first three minima
followed by two saddle points, then one minimum and one saddle point for the first
seven ones. The last seven ones are deduced by symmetry: one saddle point then a
maximum, two saddle points and finally three maxima. Using theorem 6.1, table 6,
giving the degree values between the Fucik curves, is deduced.

Then the existence of a solution for (1.1) is ensured by corollary 8.1, in the regions
between the Fué¢ik curves where the degree is non-zero.

Adding compactness hypotheses, it is possible to treat similarly the equation
with a supplementary nonlinear term,

Lu=ou® — Bu” + g(-,u), (8.2)

assuming g(x, u) to have a sublinear growth with respect to u, for u — co. Existence
conditions for this equation are based on the following lemma, which relates the
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Brouwer’s degree of ¢y(+, a, 3) to the coincidence degree of L — A, where
A L) — L*(2) :ur aut — pu”,

relatively to L (for the definition and properties of the coincidence degree, see [17]).
The coincidence degree with respect to a ball B(0, R) of centre 0 and radius R is
denoted by D (L — A, B(0, R)), the Brouwer’s degree being denoted as before by
deg(co(-, o, 3), B(0, R),0) (the ball appearing in this last expression is, of course,
in ker(L — AI)).

LEMMA 8.6. Assume that L has a compact resolvent and that («, 3) does not belong
to the Fucik spectrum. Then, for R > 0 sufficiently large,

|DL(L — A, B(O7 R))| = |deg(CO('7 a7B)7B(07R)7 0)|

The above lemma is a consequence of results appearing in [17] (see corollary I1.28
therein).

Using lemma 8.6 and taking the same hypotheses on the growth of g as in [21],
it is an easy matter to obtain existence conditions for (8.2).

COROLLARY 8.7. Assume that L has a compact resolvent and that g is a Cara-
théodory function on {2 X R satisfying

lg(@,u)| <V (2)'77ul” + W(2),

where 0 < o < 1 and V,W € L?(£2). Assume also that the hypotheses of corol-
lary 8.1 are satisfied for a given p. Then (8.2) has at least one solution, provided
that |a — | is small enough.

Appendix A.

Let X, Y, Z be Banach spaces, g € X, yg € Y. Let U be a neighbourhood of zg, V' a
neighbourhood of yg, F' : UXV — Z a continuous function. Assuming F'(xg, yo) = 0,
we want to use an implicit function theorem to solve the equation F(z,y) = 0 with
respect to y. As usual, we require that the derivative (OF/0y)(xo,y0) : Y — Z is a
linear homeomorphism, but, in opposition to the usual hypotheses, we will not ask
F' to have continuous derivatives on a neighbourhood of (xg, y0). That hypothesis
is replaced by the following form of ‘strong’ Fréchet differentiability:

there exists a bounded linear map

(OF/0y)(xg,y0) : Y — Z such that, for any € > 0, there
exist neighbourhoods U’ C U of 29 and V' C V of yo with
(A)
<ely =¥l

HF(x,y) oy %—5(3307 yo)(y — o)

fory,y eV, z eU.

On this basis, the following implicit function theorem can be written (see [4, propo-
sition 4.3.1] or [13] for closely related statements).
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THEOREM A.l. With the above notation, let F : U XV — Z: (z,y) — F(z,y) be
continuous with respect to x at (xo,yo), with F(xo,y0) = 0. Assume that (A) holds
and that (OF/0y)(xzo,y0) : Y — Z is a linear homeomorphism. Then there exists a
mapping g : Uy — Y, defined on a neighbourhood Uy C U of xg, continuous at xg,
such that g(xg) = yo and F(x,g(x)) = 0 Yo € Uy. Moreover, there exists Vi, C V
such that

F(z,y)=0 forxelU;,yeVL = y=g(x).

If F is Lipschitzian with respect to x on U XV, g is Lipschitzian on Uy.
Theorem A.1 is applied here to functions involving the mappings
Jx LP(2) — L*(2) : (a,u) — au’™ and J x LP(2) — L*(2) : (B,u) — Bu~,

with p > 2. Due to the result of Solimini [23], it is easily seen that these mappings
have strong Fréchet derivatives in the sense of (A).
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