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Abstract The effect of disorder for pinning models is a subject which has attracted much attention in
theoretical physics and rigorous mathematical physics. A peculiar point of interest is the question of
coincidence of the quenched and annealed critical point for a small amount of disorder. The question
has been mathematically settled in most cases in the last few years, giving in particular a rigorous
validation of the Harris criterion on disorder relevance. However, the marginal case, where the return
probability exponent is equal to 1/2, that is, where the interarrival law of the renewal process is given by
K(n) = n73/2g0(n) where ¢ is a slowly varying function, has been left partially open. In this paper, we give
a complete answer to the question by proving a simple necessary and sufficient criterion on the return
probability for disorder relevance, which confirms earlier predictions from the literature. Moreover, we
also provide sharp asymptotics on the critical point shift: in the case of the pinning of a one-dimensional
simple random walk, the shift of the critical point satisfies the following high temperature asymptotics

. g
ﬂlgnoﬂz loghe(f) =~

This gives a rigorous proof to a claim of Derrida, Hakim and Vannimenus (J. Stat. Phys. 66 (1992),
1189-1213).
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1. Introduction

In statistical mechanics, the introduction of disorder into a system, that is, of a random
inhomogeneity in the Hamiltonian, can drastically change its critical behavior. However,
this change of behavior does not always occur and in some cases the disorder system keeps
the features of the homogeneous one, at least for small intensities of disorder. As most
systems encountered in nature possess some kind of microscopic impurities, this question
of disorder relevance, that is whether a disordered system behaves like the homogeneous
one, has been the object of a lot of attention in the physics community (see [39] and
references therein).
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The present paper deals with the question of influence of disorder for the pinning
model. This subject has been the object of a lot of studies in the past decades, either in
theoretical physics [11, 12, 23, 24, 26, 29, 30, 40, 41, 48, 49, 52], or rigorous mathematical
physics [1, 3-8, 17, 21, 22, 25, 34-38, 44, 51, 53, 54]. A reason why the question of disorder
relevance in the special case of the pinning model has focused much interest is that it
is a rather simple framework with a rich phenomenology, and thus gives a good context
to test the general prediction made by physicists concerning relevance of disorder [39].
Indeed, the pure model (i.e., the one without disorder) is exactly solvable in the sense that
there is an explicit simple expression for the free energy, see [28], but the specific-heat
exponent vgy associated to it can take any value in the interval (—oo, 1] by tuning the
value of the parameter « introduced in Equation (2.1):

vs = max(1,2 —a ™). (1.1)

Because of these characteristics, the disordered pinning model has been an ideal
candidate to check rigorously the validity of the renormalization group predictions, and
in particular, that of the Harris criterion [39]. The principal idea of Harris criterion is that
one can predict the effect of a small quantity of disorder by looking at the properties of the
pure system: disorder relevance only depends on the sign of the specific-heat exponent.

Specifically, when applied to the pinning model, the criterion leads to the following
prediction:

e when the return probability exponent « is strictly larger than 1/2, then disorder is
relevant;

e when « is smaller than 1/2, disorder is irrelevant;

e there is no specific prediction for the case o = 1/2, where the specific-heat exponent
vanishes.

Specific studies concerning disordered pinning [24, 29] give more detailed predictions:
in the case o > 1/2, there is a shift of the critical point of the disordered system with
respect to the annealed one; whereas for o < 1/2, the two critical points coincide, at
least when the inverse temperature 8 is small. The case @« = 1/2 has been studied in the
physics literature but has been the source of some controversy: in the case where no slowly
varying function is present, which corresponds to the classical models of two-dimensional
wetting of a rough substrate by a random walk, the authors of [29] predicted irrelevance
of the disorder, while a few years later [24] claimed that the critical point was shifted.
Both predictions then found supporters in the physics literature until the case was solved
mathematically (see [35] and references therein). The full claim in [24] is that for the
wetting model (see (2.14)—(2.17) for the difference between pinning a wetting) of a (p — ¢)
random walk the difference between the quenched critical point 4.(8) and the one of the
pure system h.(0) satisfies (see [24, Equation (1.7)])

p

. 2 . ___pT
Jim, B 1og (he(§) —he () = — . (1.2)

The smallness of this conjectured h.(8) for B close to zero explains why numerical
simulations where not able to produce a general agreement between physicists.
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While the cases covered by the Harris criterion have all been brought on a rigorous
ground [1, 3, 25, 34, 43, 53, 54], it turns out that the marginal case is still partially open.
In [35, 36] it has been proved that there is indeed a shift in the critical point in the
controversial case — o = 1/2, ¢(n) equivalent to a constant — the best lower bound which
is known on h.(B) is exp (—cbﬂ_b) for all b > 2 [36], while the best upper bound is given
by exp (—Cﬂ_z) for some nonoptimal constant ¢ [1, 53].

Moreover, there remains a very narrow window of slowly varying function for which
the issue of disorder relevance is still open (e.g., ¢(n) = \/logn). The aim of this paper
is to settle these two issues by exhibiting a simple necessary and sufficient criterion on
the return probability for disorder relevance; and by proving a generalized version of
conjecture (1.2).

2. Model and results

2.1. The disordered pinning model

We now define in full details the disordered pinning model. Let T = (,),0 be a recurrent
renewal process, i.e., a random sequence whose increments (7,41 — Tn)n >0 are identically
distributed positive integers. We assume that tgp = 0, and that interarrival distribution
satisfies

K(n) :=P(t; = n) = ) Lom)n= 1+, (2.1)

for some o > 0 and slowly varying function ¢(-) (the presence of (27)~! in the formula
is rather artificial but simplifies further notations). We denote by P the law of t. With a
small abuse of notation we sometimes consider t as a subset of N.

With no loss of generality, we assume that our renewal process is recurrent, i.e., that

P(1; = 0) = I—ZK(n) =0.

n=1

Indeed, in the case of a transient renewal process, the partition function can be rewritten
as of a recurrent renewal, at the cost of a change in the parameter & (see [31, Ch. 1]).

Let @ = (wy)nen (the random environment) be a realization of a sequence of IID random
variable whose law is denoted by P. We assume that the variables w, have exponential
moments of all order, and set for g € R

A(B) = log E[ef*] < 0. (2.2)

We assume (with no loss of generality) that the w’s are centered and have unit variance.

Given h € R (the pinning parameter), 8 > 0 (the inverse temperature), and N € N, we
define a modified renewal measure Pﬁ,’h’w whose Radon—Nikodym derivative w.r.t. P is
given by

1 N
——(7) = W exXp (Z(,Bwn +h— A(ﬁ))hner}) 1{N€r}7 (2~3)

N n=1
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where fo,’h’w is the partition function,

N
ZBhe g [exp (Z(ﬂwn +h— A(ﬂ))l{na}> 1{N€,}} . (2.4)

n=1
The free energy per monomer is given by
1 _ 1

F(B.h) = lim —log Z" Pas. Jlim —E [log zf;h’“’] . (2.5)
See e.g., [32, Theorem 4.1] for a proof of the existence and nonrandomness of the limit.
It is not difficult to check that it is a nonnegative, nondecreasing convex function. When
B =0, there is no dependence in w and we choose to denote the measure, partition
function, and free energy respectively by P/\l,, Zﬁ’v and F(h). Note that with our convention
E[fo,’h’w] = Zﬁ’\,, so that the partition function and free energy of the annealed system
(which is obtained by averaging the Boltzmann weight over w) corresponds to that of the
pure one.

The pure free energy has an explicit expression:

0 when 2 < 0,
F(h) = (2.6)
G~ '(h) whenh >0,
where G™! is the inverse of the function
R+ — R+,

€ty —log (Z e_’“‘K(n)) . (.7)

n=1

In particular, this implies that for a € (0, 1)
F(h) = h* §(1/h), (2:8)

where @(1/h) is an explicit slowly varying function (similar results exists for the cases
a > 1 and o = 0, we refer to [31, Theorem 2.1]). A simple use of Jensen’s inequality gives

E [log Zf/’h’w] < logE [Zg’h’w] = log Z,i(,, (2.9)
and hence
F(B, h) < E(h). (2.10)
Some other convexity property (see [31, Proposition 5.1]), on the other hand, implies
that
F(B,h) = F(h—A(B)). (2.11)
Hence, the quenched system also presents a phase transition
he(B) :=inflh e R| F(B, h) > 0}, (2.12)
and we have
0 < he(B) < A(B). (2.13)

The inequality on the r.h.s. is in fact always strict: we have h.(8) < A(8) (see [2]). On
the other hand, the question whether h.(8) is equal to zero or not turns out to have a
more complex answer, and is deeply related to the problem of disorder relevance.
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2.2. Back to the origins: the random-walk pinning/wetting models

Let us also, for the sake of completeness, describe models for pinning/wetting of a simple
random walk which is the one introduced and studied in [24]. Given a fixed parameter
p € (0,1), let P denote the law of a one-dimensional nearest-neighbor simple random
walk S on Z: Sp =0 and the increments X, := (S, — Sy,—1)n>1 form a sequence of IID
variables

P(X, =x1)=p/2 and P[X,=0]=¢g=1-—p

We define Pg,’ "9 which is a probability measure defined by its Radon—Nikodym derivative:

dPﬂh “ 1
(8) = i Dﬁwﬁh (BN 1is,=01 ) 1sy=0), (2.14)

n=1

where Zfi,’h’w is the partition function,

2N

Jh,

Zhhe .~ g |:exp <Z(,Ba),, +h— k(ﬂ))l{sn:0}> 1{52N:0}} . (2.15)
n=1

We notice that the set T := {n | S, = 0} is a renewal process. It satisfies for p € (0, 1) (cf

[31, Proposition A.10])

Pt =n)=P[S, =0; S #0,Vk e {1,....,.n—1}]" <~ /2ﬁn*3/2. (2.16)
T

It thus falls in our framework with @ = 1/2 and ¢(n) converging to +/2pm.

Remark 2.1. The reader can check that the case p = 1 which corresponds to the simple
random walk on Z is a bit different for periodicity issue (the condition Sy = 0 can only
be satisfied for even values of N) but is equivalent to p = 1/2 after rescaling space by a
factor 2.

The wetting measure which is the one studied in [24] is defined in a similar manner
but with the additional constraint that S has to remain positive, to model the presence
of a rigid substrate which the interface cannot cross,

dpie 1
N —
(9= 7o P Z(ﬂwnJrh BN 5,201 | 1sy=0:5,50.vnel0n)).  (2.17)

n=1

The constraint has the effect of shifting the pure critical point which is not equal to zero.
One has

2
he(0) :=log = (2.18)

Even though this is less obvious, the model also falls in our framework (see [31, Ch. 1]

for details) and the associated recurrent renewal process has interarrival law.

2 OV
Kn)i= ——P[Sp = 0; S > 0,k e {1,....n— 11" —— [ L =32 (2.19)
2—p 2—p\2n

In particular, one has o = 1/2 and ¢(n) converges to /2pm /(2 — p).
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2.3. Critical point shift and disorder relevance

Knowing whether the inequality h.(8) > 0 is sharp for small 8 is an important question
in terms of disorder relevance. It corresponds to knowing whether the annealed and
quenched critical points coincide. This question has been the object of a lot of attention
of theoretical physicists and mathematicians in the past twenty years [1, 3, 24, 25, 34—
36, 44, 53].

In [24], Derrida, Hakim and Vannimenus exposed a heuristic argument based on the
Harris criterion [39], which yields several predictions for the critical point shift for a
related hierarchical model. Their claims can be translated as follows in the case where
the slowly varying function ¢ is asymptotically equivalent to a constant:

(A) when o < 1/2 disorder is irrelevant;

(B) when o > 1/2 disorder is relevant, and h.(8) is of order ,3%;

(C) when o = 1/2 disorder is relevant, and —log h.(8) is of order 2.

Note that the case (C) presents a special interest, as it includes the pinning of a simple
random walk (2.14). Moreover, whereas (A) and (B) have met a general agreement in
the physics community, prediction (C) was in opposition to the earlier conclusion of [29],
and remained controversial for a long time (see [35] and references therein).

The heuristic argument which is presented in [24] is based on second moment
computations, and can easily be generalized for the case of nontrivial slowly varying
@ (see e.g., the discussion in [36, §1.3]). The prediction becomes:

(D) Disorder is relevant if and only if the renewal process ' := t()' N 7@ obtained by
intersecting two independent copies of 7, is recurrent.

Since their publication, these predictions have mostly been brought onto rigorous
ground. In [1] (see [44, 53] for alternative shorter proofs), it has been shown that when
7/ is terminating (i.e., is finite), the disorder is irrelevant. In [25] (see also [4, 34]), the
prediction (B) above was shown to hold true. The existence of the limit

2a
=limh,. T 2a—1
Ca ﬂl?g (BB

has been proved recently in [21], and it is shown that ¢, is universal, in the sense that
it does not depend on the law P. In [35], the prediction (C) was partially proved, it was
shown that h.(8) > 0 for all 8 with a suboptimal lower bound. The best standing( lower
bound on A.(B) is given in [36] where it is shown that for any & > 0, h.(8) > eilﬂﬁ.

Furthermore, the papers [35, 36] do not provide a complete proof of prediction (D)
but fails very close to it: for the case @ = 1/2 and ¢(n) ~ (log(n))*, the method in [36] is
sufficient to prove disorder relevance for x > 1/2, and is not able to provide a result only
for k = 1/2 (k < 1/2 corresponds to disorder irrelevance).

In this paper, we prove that (D) holds and prove a sharp estimate for the critical point
shift in the case o« = 1/2.

We also mention the recent works [19, 20] which proposes an alternative approach to
disorder relevance for pinning model. In the case where 7/ = 1™ Nt®@ is recurrent, the
authors consider weak coupling limits of the model by scaling 8 and & with N adequately.
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When o < 1/2 the right choice is to choose N of the order of the correlation length of the
pure system, and B such that the variance of the partition function remains bounded.
The existence of a nontrivial scaling limit is derived using the framework of polynomial
chaos [18]. The case a = 1/2 presents some extra challenge and is the object of ongoing
work [20].

2.4. Results

Our first theorem is the confirmation of the validity of prediction (D), in the standard
interpretation of disorder relevance.

Theorem 2.2. We have
{v8 > 0,h.(8) > 0}

if and only if
1
E - = 00. (2.20)
2T (p ()2

Note that as mentioned in the previous section, most of the theorem is proved in
previous papers, and we only need to prove one implication in the case o = 1/2.

Our second result concerns the sharp estimate for the critical point shift in the case
@ = 1/2 in the absence of a slowly varying function. In particular, in view of (2.16) and
(2.19) it provides a proof of the limit stated in the abstract and of the claim (1.2).

Theorem 2.3. Assume that there exists a constant ¢, such that lim,_ oo @(n) =cy, or
equivalently

Kn) "~ @m) e, n 32,
Then we have
lim B2 logh.(B) = ! (co)? (2.21)
B—0 ¢ 2 [ ’

In fact, we obtain a more general version of (2.21) which gives precise asymptotic
estimates for arbitrary ¢ (see Propositions 7.1-6.1).

2.5. Concerning renewals with more irregular tails

While the assumption that K (n) is regularly varying is quite natural (and is almost the
only one considered by the literature), one may ask oneself if (D) may hold with greater
generality. Let us restrict here the discussion to the case where there exists some o > 0
such that

K (n) = n~(H0+e) (2.22)

The proofs presented in [25] and [44] seem sufficiently robust to be adapted to this case
(even if some details might require some work). Hence, it is reasonable to say that (D) is
still valid when « # 1/2 (shift of the critical point for « > 1/2 and no shift for « < 1/2),
when (2.22) holds. When o = 1/2, the case of irrelevant disorder might also be treated
by adapting [44].
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However, it seems trickier to adapt the proof of the present paper concerning the
relevance of disorder when o = 1/2. Indeed, several estimates depend on limit theorems
that are specific to renewals with a regularly varying distribution, the most delicate point
being to find an estimate to replace Lemma 5.3. The problem, though a difficult one,
seems merely technical and the main ideas in the proof still apply. Therefore it is not
a very daring conjecture to assume that (D) holds true when (2.22) is satisfied, though
proving it could be quite challenging.

Predicting whether (D) holds with more generality, e.g., for all renewals such that

lim n~!'log K (n) = 0,
n—0o0

is a difficult matter, as irregular renewals can have a very pathological behavior.

2.6. Open questions

Our result completely settles the question of whether a small quantity of disorder induces
critical point shift in the pinning model. However, some issues concerning disorder
relevance are still open and even not settled at the heuristic level. This is, in particular,
the issue of smoothing of the free energy curve.

It has been shown in [37] that for Gaussian disorder, the growth of the free energy at
the vicinity of the critical point is at most quadratic

F(h, B) < 1;72“ (h—he(B)* (2.23)
When a < 1/2, in particular, this implies that the free energy curve of the disordered
system is smoother than that of the pure one (this is true in great generality, see [17]).
For @ > 1/2 instead, it is known [1, 44, 53] that for small 8 the quenched free energy and
annealed free energy have the same critical behavior (and in fact more precise results
are known [38]). However, it is not known if the quenched and annealed critical behavior
coincide in the marginal case @ = 1/2. Moreover, there is no general agreement on what
the critical exponent should be for the disordered system as soon as h.(8) > 0. Let us

mention the recent work [26] where heuristics in favor of an infinitely smooth transition,
cst.

of the type exp (—m), are expos.efl. . . .

Note that for our pinning model, critical point shift of the free energy and smoothing
of the free energy curve come together. However, these two phenomena are not always
associated. Let us mention a few variations concerning pinning.

e In [8], a special case of the pinning model is studied, for which the environment in w
is not IID. For this model, there is a smoothing of the free energy curve induced by
disorder, but no critical point shift.

e In [46], the case of much lighter renewal K(n) ~ ey €(0,1) is considered. In

that case, there is always a shift of the critical point, but when y > 1/2, there is

no smoothing and the transition of the disordered system is of first order.

e In [33, 47], the case of the pinning of the lattice free field is considered. This is somehow
the higher-dimensional generalization of the model considered here. It is shown in
[33] that for d >3, h.(B) =0 for all B, but that the quenched free energy grows
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quadratically at criticality whereas the annealed transition is of first order. For d = 2
also, it is shown in [47] that h.(8) = 0 for all B, but that the quenched phase transition
is of infinite order (in contrast with the annealed transition which is of second order).

2.7. About the proof

The proof of Theorem 2.2 and of the lower bound in Theorem 2.3 are based on the same
method, which is an improvement of the one used in [36]. We can divide the process into
three steps:

(i) We perform a coarse graining of the system, by dividing it in cells of large size .

(ii) For a power 6 < 1, we use the inequality (3" a;)? < Za? for nonnegative a;’s, in
order to reduce the problem to the estimate of the fractional moments of partition
functions reduced to a coarse-grained trajectory.

(iii) In the end, we estimate these fractional moments using a change of measure based
on a tilt by a multilinear form of the w.

Even though we tried to simplify the proof of some technical lemmas, the steps (i) and
(ii) are essentially the same as in [36]. The novelty lies in the change of measure which
is used: instead of using a g-linear form with ¢ fixed, we choose a ¢ which depend on ¢
(and we optimize the choice of g).

This is a rather simple and natural idea; indeed, it appears in [36] that a larger value
of q gives a better result. However, its implementation turns out to be tricky, as most
technical estimates of [36] blow up much too fast when ¢ goes to infinity. For this reason,
we have to introduce several refinements which allow us to prove better estimates. To
prove the lower bound in Theorem 2.3, we have to optimize the constant in several
estimates and this has the effect of introducing many small ¢’s in the computations: this
makes the proof of some technical Lemma a bit more delicate. Thus, for pedagogical
purpose and readability, it is more suitable to prove first a nonoptimal result.

Theorem 2.4. Assume that there exists a constant ¢, such that lim,_, @(n) = c,. Then
there exists a constant c; and some By > 0 such that, for all B < By one has that,

he(B) > e 1P (2.24)

We now outline the organization of the rest of the paper, which is divided into two
main parts.

In §§ 3-5, we jointly prove Theorems 2.2 and 2.4. Matching asymptotics for logh.(8)
are respectively proved in § 7 (lower bound) and 6 (upper bound) to complete the proof
of Theorem 2.3.

—In § 3, we present the coarse-graining scheme: we expose our choice of coarse-graining
length and, in Proposition 3.2, we explain how the proof reduces to having an
estimate on the noninteger (fractional) moments of partition functions corresponding
to coarse-grained trajectories.

— In §4, we explain how these fractional moments can be estimated by modifying
the law of the environment in the blocks corresponding to the contact points of the
coarse-grained trajectories. More precisely, we show how the proof of our main result
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reduces to estimating the partition function in (a fraction of) one coarse-grained block
with modified environment (cf. Lemma 4.1). We also give in §4.2 a motivated description
of the peculiar modification of the environment that we use, which is based on a
multilinear form of the (w,) with positive coefficients.

— §5 is devoted to the more delicate point: the proof of Lemma 4.1. It relies on
controlling moments of the multilinear form introduced in the previous section. What
makes this step difficult is that one has to deal with sums with a very large number of
interacting term, which requires several ad-hoc tricks to be estimated.

—1In § 6, we prove the optimal upper bound on 4.(8) of Theorem 2.3, see Proposition 6.1.
The technique is derived from [44] but relies only on a simple second moment
computations and does not use Martingale theory (see also [32, §4.2]).

— Finally, in § 7 we adapt the techniques developed in §§ 3-5, and we obtain the optimal
lower bound on h.(8) of Theorem 2.3, see Proposition 7.1. While it mostly relies on
optimizing the constant in the proof, several important modifications are needed: in
particular, we must change the relation between & and the coarse-graining length, and
prove a substantial improvement of Lemma 4.1.

2.8. On other potential applications of the technique

This method combining coarse graining, fractional moments and change of measure,
which originates from [34] before being refined in [25, 35, 36, 42, 53], has also been
fruitfully adapted for different models: copolymers [7, 16], random-walk pinning model
[10, 14, 15], directed polymers and semi-directed polymer [43, 50, 55], large deviation
for random walk in a random environment [56] and self-avoiding walk in a random
environment [45].

We believe that the improvement of the method presented in this paper could improve
some of the known results in these various areas. Let us provide an example here: for
the directed polymer model, the adaptation of the method of [36] in [50] improved the
lower bound for the difference AF(B8) between the quenched and annealed free energies
of the directed polymer in dimension 1+ 2 [43], from exp(—cB™) to exp(—cpB70), b > 2.
Adapting the method developed in the present paper, we improved the lower bound
to exp(—cp~2) (which matches the upper bound): we obtained in [9] the sharp high
temperature asymptotic limg o B%log AF(B) = —m.

2.9. Notations

For n € N, we let u(n) denote the probability that n is a renewal point (by convention we
set u(0) = 1). The asymptotic behavior of u(n) was studied by Doney [27, Theorem B],
who proved that for « € (0, 1)

un) =P e 1) "X7 2asin(ra)g(n) tnm 1, (2.25)
When o = % (this is the case on which we focus) we obtain

n—oo 1
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Recall that v/ = M Nt®@ denotes the intersection of two independent renewals with
law P. We have
P2 (n etV Nt@) = um)? (2.27)
and thus, from (2.25), one deduces that (2.20) is equivalent to the recurrence of t’. We
introduce the quantity

N
D(N) =Y u(n)*. (2.28)
n=1
Note that D(N) is a nondecreasing sequence. With some abuse of notation for x > 0 we
set
D '(x) := max{N € N| D(N) < x}. (2.29)

When lim,_ o @(n) =cy, or equivalently K(n) e (2n)_1c¢n_3/2, we have in
particular

DN) "% (c,) 2 log N. (2.30)

3. Coarse graining and fractional moment

In this section, we explain how our estimate on the critical point shift can be deduced from
estimates of the fractional moment of partition functions corresponding to coarse-grained
trajectories.

3.1. Choice of the coarse-graining length
We let £ denote the scale at which our coarse graining is performed. Let us fix
A = 64e*,

(the choice is quite arbitrary), and set

Lp.a =D (ABTHY (3.1)
The reason for this particular choice appears in the course of the proof. We are interested
in estimating the free energy for

h=nhga:=1/lg 4. (3.2)

More precisely, our aim is to prove the following proposition.

Proposition 3.1. There exists some Bo > 0 such that for all B < By,
F(B,hga) =0,

and hence
he(B) > D™ (AB™H ™.
Note that this is sufficient to prove both Theorems 2.2 and 2.4. For Theorem 2.2, one
just needs to remark that the restriction to 8 < By does not matter since 8 — h.(8) is an

increasing function [36, Proposition 6.1]. For Theorem 2.4, it follows from the definition
that

liminf 82 log(hg.a) > —256 ¢*(cy)?. (3.3)
B—0
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3.2. Coarse-graining procedure

The very first step is to transform the problem of estimating the expectation of log Zy
to that of estimating a noninteger moment of Zy. This is very simply achieved by using
the concavity of log. We have

4 4 3/4
E [log zfv”“‘)] = JE [log(Zfi;h’w)y“] < 3 logE [(zﬁ,’h’“’) ] : (3.4)

The choice of the exponent 3/4 here is arbitrary and any value in the interval (2/3, 1)
would do. Hence Proposition 3.1 is proved if one can show that

liminfE [(z,’sv’hﬁ-*‘""f/“] <cC, (3.5)
N—o0

for some constant C > 0.
We consider a system whose size N = m{ is an integer multiple of £. We split the system
into blocks of size £,

Vie(l,...,m), Bi={G—-1)+1,0G—1)+2,..., ¢} (3.6)
Given Z = {iy, ..., ij} € {1, ..., m} we define the event
Ere={lict, .mienB £0) =1}, (3.7)

and set ZZ to be the contribution to the partition function of the event E7,
7% = 2B ey = 28RS 1ED. (3.8)

Note that ZZ > 0if and only if m € Z. When t € E7, the set Z is called the coarse-grained
trajectory of 7. As the Ez are mutually disjoint events, Zf,’h’w = ZIE{I m) ZZ and thus

.....

using the inequality (3 a3 < ZaiSM for nonnegative a;’s, we obtain
3 3
E [(z,ﬂv””‘“)“} < Y E [(21)4} . (3.9)
Zc{l,...,m}
3
We, therefore, reduced the proof to that of an upper bound on E[(ZI)4], which can
be interpreted as the contribution of the coarse-grained trajectory Z to the fractional

moment of the partition function.

Proposition 3.2. Given y > 0, there exists a constant By > 0 such that for all B < Bo,
there exists a constant C¢ which satisfies, for allm > 1 and T C {1, ..., m},

3 IZ|
yAR] 14
2| ()< e [T =ms 10

where by convention we have set iy := 0.
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Proof of Proposition 3.1 from Proposition 3.2. Now we can notice that the r.h.s of (3.10)
corresponds (apart from the constant Cy) to the probability of the renewal trajectory
whose interarrival probability is given by

Kn) = yn 1079, (3.11)

provided that the sum is smaller than 1. Hence, we simply apply the result with

o —1
y = (Zn‘“’”) : (3.12)

n=1

and we let T be the renewal associated to (3.11). With this setup,

3
Y E [(21)4] < CePm € 7] < Cy, (3.13)
Zc{l,...,m}
mel
and thus (3.5) is proved. O

4. Change of measure

4.1. Using Holder’s inequality to penalize favorable environments

The starting idea to prove Proposition 3.2 is to introduce a change in the law of w in
the cells (B;);ez, which will have the effect of lowering the expectation of ZZ. Let g7(w)
be a positive function of (wp)uey,_; B; (that can be interpreted as a probability density
if renormalized to have expectation 1). Using Holder’s inequality, we have

E [(21)3/ 4} < (B[sz@]) " (2 [z 27]) ™. (4.1)

The underlying idea is that most of the expectation of ZZ is carried by atypical
environment for which ZZ is unusually large. One should think of applying this inequality
to a function g7 (w) which is typically equal to one, but which takes a small value for the
atypical environments which are too favorable.

We also want the first term E[g7(w)>]'/* to be small, or more precisely, not much
larger than one. Due to our coarse-graining procedure, it is natural to choose g7 (w) as a
product of functions of (w,)sep;, for i € I.

Our idea, which follows the one introduced in [36], is to give a penalty when the
environment in a block has too much “positive correlation”. The “amount of correlation”
in a block is expressed using a multilinear form of (w,)nep, With positive coefficient, let
us call it X (w) (see (4.16)). We normalize it so that

E[X'(@)] =0 and E[(X'(®)*] <. (4.2)
Then we set
gi(w) :=exp (_Ml{xi(w)geMz}) ,
gz(@) =[] &i(),

i€l

(4.3)

for an adequate value of M.
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With this choice, and for M > 10, we have for all i > 1
E [g,-(w)—3] =1+ (M —1)P [x"(w) > eMz] <1+ (M —1)e 2 o, (4.4)

and hence
Elgz(w) ] = Elg1(w) > 1H < 221, (4.5)

4.2. Choosing X' and motivating this choice with some heuristics

In order to have a clear idea of the effect of the multiplication by g7 on the expectation of
7T let us first expand ZZ in order to isolate the contribution of each block. Assume that
Z:={i1,i2,...,i;}, and let d; and f; denote the first and last contact points in TN B,-j.

We have

zE= 3" o N K@)u(fi —d)ZY Kdya— 1)+ K(di — fi-)u(N —d)Zl .
dl,fIEB,'l d]EB,'l
di<fi fi=mN

(4.6)

where we set

b
ZZ',;; =E |:exp (Z(ﬂwn +h—A(B)) l{ner})

n=a

a,be r:|. (4.7)

At the cost of losing a constant factor per coarse-grained contact point, we can get rid
of the influence of h: with our definition of 2 = 1/¢ we have, for all choices of d; < f; in
B;.
J

zh <My =eZ) . (4.8)
Writing Z, j for Zg‘b (note that E[Z, ] = 1), we have

zE <™ N T KU@nulfi —d) Zay, 5 K(da— 1) K(dy — fio)u(N — d) Zay v
d],f|€Bi1 d[EBl'l

i< fi
(4.9)
Thus, we want to choose X' such that for most choices of d;, f; one has, for some small §
Elg; (@) Z4;, 1] < B]E[Zdi,ﬁ] =4. (4.10)
A natural choice for X! would be to choose something like
> ulfi—d)Za,. 5, (4.11)
d;, fi€B;

shifted and scaled to satisfy the assumption on the variance and expectation. Indeed,
with this choice, g(w) would be small whenever the (Zy, s )’s are too big. However, in
order to be able to perform the computations, it turns out to be better to choose X as
a linear combination of products of the (w,),>0; hence, instead of (4.11), we choose X!
to be something similar to a high-order term in the Taylor expansion in w of (4.11) (and
which is close in spirit to the chaos expansion presented in [18]).
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This is the idea behind our choice of X: we perform a formal expansion of

b
u(b —a)E [exp <Z (Bewn — 1(B)) l{na}) abe r} :

n=a
which is analogous to the Wick expansion of the exponential of a stochastic integral: we
drop the normalizing term A(8) but also all the diagonal terms in the expansion. The
term of order g + 1 is given by

pat! > wigu(iy — i)y, ... uliq —ig—1)w,. (4.12)

a=ig<Ki|<ip<--<ig=b

Hence, after summing along all possibilities for @ and b in the block (say Bj), and
renormalizing, we obtain something proportional to

Z wigu(iy — io)wi, - - uliq — ig—1)wi,. (4.13)

O0<ip<iy<ip<-<ig<{

This is the choice of X which was made in [36]. It was then remarked that when g got
larger, it allowed to obtain sharper bounds on i.(8). A philosophical reason for this is
that by increasing g one gets closer, in some sense, to the expression (4.11).

The novelty of our approach compared to that of [36] is to take ¢ going to infinity with
the correlation length £: we choose

g¢ = max { log ( sup go(x)); log D(Z)}. (4.14)
x<L

Note that for most cases, and in particular when ¢ is asymptotically equivalent to a
constant, one can take ¢ = loglog¢. With this choice of growing ¢ the computations
become trickier, and to keep them tractable we also choose to reduce the interaction
range: we restrict the sum (4.13) to indices which satisfy ij—ij_1 <t for some t, K L.
We actually take t = [£!/4], in reference to the definition of the correlation length (3.1),
so that D(r) > AB~2, and D(t) < AB~%+ 1. We frequently omit the dependence in £ in

the notation for the sake of readability.
We consider the set of increasing sequences of indices whose increments are not larger

than ¢t
Jog = {L:(io,...,iq) eNTH 1 <Cig<iy < <ig<GYjell,....qhij—iji gr}.
(4.15)
‘We set 1
1 I Ny
X' = o s TITE Z U(i)w; (4.16)
i€y
where w; = [[7_, @i, and
q
UG) = [ Jutix —ix-n). (4.17)
k=1
For i > 1 we define . _
X (w) := X107 V), (4.18)
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where 6 is the shift operator: (Qw), = wy+1. It is a simple computation to check (4.2), in
particular

: 1
E[(X)?] = Do Z UG)? < 1. (4.19)

i€y

4.3. Proof of Proposition 3.2

The main step in the proof is to show that this choice of change of measure indeed
penalizes the partition function Zy s for most choices of d, f inside the cell B;.

Lemma 4.1. For any M > 10 there exists a choice for the constants n and By, such that
for any B < Po, for alld, f € B; with f —d > nt, one has
Elgi(@)Zq,f]1 < e M2, (4.20)

We prove this result in the next section and explain now how we deduce Proposition 3.2
from it. Note that, as g;(w) < 1, we always have

Elgi(w)Zy, 1,1 <E[Zg 5 ]1=1. (4.21)
Hence, from (4.9)
Elgz(w)Z7]
Z Z Z K(dl)u(fl_dl)e_(M/z)l{fl_dl>’7”K(d2_f])

d, [1€B;y dy, [2€Bi, dieB;,
di<fi d<fh

- K(d — fi—Du(N — dp)e”M/DNw—azn0 (4.22)

Using the expression above we are going to show that given y > 0 and § > 0, if £ is large
enough we have (recall iy = 0), for some constant Cy

1
Elgr(w)2"] < Cé(el/z)ml—[m~ (4.23)
J Tl

Thus, provided that § < 1/1000 and that y is sufficiently small, and together with (4.1)
and (4.5), it implies that (changing the value of Cy if necessary)

[(22)3/4] <Gy ]_[ —r (4.24)
j= 1 —ij— 1)9

We split the proof of (4.23) in three parts. The main part is to show that for M sufficiently
large and n sufficiently small, for all j € {1, ..., — 1}, for all choices of f;_i (fo = 0) and

djy1 one has
Z / —(M/2)1(s. g, /
K(dj —fj_l)u(ij —dj)e (M/2) Wj=dj=znt) K(d,'_H — fj)

dj. fj€Bi;
di<fj

y G5 —ij-D G —ip] (4.25)
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where y can be made arbitrarily small by choosing n small and M large. We also prove
that for all fj_; we have

N
c
Y VK@~ e u(N —dpy e M iz ¢ (4.26)

_ 3/4—
m 1] —
dy=(i;—1)e+1 ( 1-1)

Finally, for all di € B;,, we have that
Cy
VvK(d)) < S (4.27)
b

The result (4.23) follows by using (4.22) and multiplying the inequality (4.25), (4.26)
and (4.27). Note that (4.27) is obvious from the property of slowly varying functions. We
focus on the proof of (4.25) and then show how to modify it to get (4.26).

Proof of (4.25). Let us first consider only the terms of the sum with f; in the second
half of the block: f; > (i; —1/2)¢. We prove that if M is chosen sufficiently large and n
sufficiently small, we have for every (fixed) f; > (i; —1/2)¢

f‘ . .
EJ > 1 \/_—g
K(dj— fi-Du(fj—dj)e —(M/D(f;—a; 200 @(( ij—1)t)

dj=(i;=De+1 "o (i) =ij-D¥ (0
(4.28)
To see this we have to split the sum into two contributions: d; < (i; —3/4)¢ and d; >
(i —3/H+1.
We observe first that, uniformly on d; > (i; —3/4)€+1 (so that d; — fj_1 > é—lL
(ij —ij—1)¢), we have (provided that £ is large enough)

VK@) — fi-1) < PRy i) (4.29)

. 34
E(lj _’/—1)) /

Hence, by summing over d; > (i; —3/4)¢+ 1, and using that u(n) ~ m (see (2.26)),

fi
S JK@ = fmnulf —dyy e MMz
dj=(i;=3/4)L+1
7
Vi Jo(ij—ij—D0 (4.30)

<10 —M/2 .
(x/ﬁ—l—e )go(ﬁ) (E(z i 1))3/4

Let us now treat the case of d; < (i; —3/4)¢, in which range f; —d; > £/4: one hence
has that

we obtain that

u(fj—dy) =30 2p@)7".

Furthermore (one checks separately the cases i; —ij_1 =1 and i; —ij_1 > 2), we have,
uniformly in f;_i,

(ij—3/4)¢ T
> \/Imé PV — 08 (4.31)

. )34
1 lj_
di=(;—1)e+1 Gj—ij-1
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Hence, provided n < 1/4 (so that, for f; > (i; —1/2)¢ and d; < (i; —3/4)¢ considered,

the exponential term is always e~™/?), summing over d ; we have

(ij—=3/4)¢t

Z K(dj_fj—l)u(fj—dj)e_(M/z)l(fj—dj>né}

dj=(i;j—1)e+1

< 12e—M2 \/‘p((ij_ijfl)g)

) (i —ij-1)3*

(4.32)

Combining (4.30) and (4.32) concludes the proof of (4.28). Then, we are ready to sum
over f; > (ij —1/2)€: similarly to (4.31), we have

4% Jo((ij41—i)0)

(i1 —ij)3*

it
Z K(dji1— fj) <

fi=@;—1/2)¢+1

(4.33)

Hence, combining this with (4.28), we get that

> VK@) = fimulfy —dpye” NP0 Ky~ f)

dj,ijB,'j
di<fi fi>;=1/2)¢
1 Vol —ij—t) 1 i1 —ij)l
<=y ‘P((] ]311) (P.((]—H. 3]21). (4-34>
2 (ij—ij—)¥* o)  (ijy1—ij)3/
Then we notice that, by symmetry, we can obtain the same bound for the sum over
dj, fj € B,‘j7 dj < fj,dj < (ij —1/2)¢, and thus obtain

S K@= fimnulf—dpy e MM Ky~ f)

dj.fi€Bi;
di<fj

y Vol —ij—D0 el —ijb)
S =i (g —i)Ae@)

We deduce (4.25) by remarking that, for any § > 0, and if £ is large enough, one has for

(4.35)

alla e N '
% <. (4.36)
®
To prove (2.16), we notice that the proof of (4.28) implies that
N
S VKW@~ fii)u(N —djy e MMz
di=(ij—1){+1
Ve lm —ii—1)f) Cey
< < . 4.37
y51/4¢(€) (m—ii—)¥% = (m—ip1)3/4=° (4.37)
O
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5. One block estimate: proof of Lemma 4.1

Due to translation invariance, we may focus on the first block, and for simplicity we write
X (w) (resp. g(w)) instead of X! (w) (resp. g1(w)). We fix d, f € By, with f —d > n¢, and
we set

Pir()=P(-1d, fer, tN(Bi\ld, f]) =9).

We also introduce the short-hand notation
Oy = 1{nET}~

With this notation, one has

f
Elg(@)Za.;1=Ea.y E[g(w) exp (Z(ﬁwn - A(ﬁ))anﬂ : (5.1)
n=d
Note that, given a fixed realization of t, the exponential in the above quantity averages
to one under P and can thus be considered as a probability density. One introduces the
probability measure P; whose density with respect to P is given by

f
Pr (dw) := exp (Z(ﬁwn - k(ﬂ))8n> P(dw), (5.2)
n=d
so that R
Elg(®)Za,.r] = Ea, [Ec[g(@)]]. (5.3)

Note that, under f[’;, w is still a sequence of independent random variables, but they
are no longer identically distributed as the law of (wi)nernia,..., ) has been exponentially
tilted. This implies in particular a change of mean and variance: for d < n < f, we have

Erlw,] =X (B)8,, Varp, [wp] = 14+ (" (B) — 1)8, (5.4)

where A and 1" denote the first two derivatives of A (2.2). Because of our assumptions
on the first two moments of w, one has A'(8) ~ B and A”(B) — 1 as B | 0. One hence
has, for B sufficiently small,

A'(B) €[1/2,2] and A'(B)/B €[1/2,2]. (5.5)

For the remainder of the paper, we always assume that By is such that (5.5) is satisfied
for all 8 < Bp. We use the notation

mg = 1 (B). (5.6)
We need to estimate Eq, ¢ [IET [g(w)]]. With the definition (4.3), we have
g(w) < 1{X(w)<eM2} +e M,
and hence
Eu s [Belg(@1] < Ea s [Pe(X(@) < )]+, (57)
One therefore needs to show that under Py s, for most realizations of v, X (w) is larger
M2

than e with f@t—probability close to 1. We obtain this result by estimating the first
and second moment of X (w). The proof of these two results is quite technical and is
postponed to §§5.1 and 5.2, respectively.
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Lemma 5.1. For any M > 0 and n > 0, there exists some By such that: for all B < Bo,
and for all d and f with f —d > nig a,

Pd,f@r (X]> 2‘1) >1—e M, (5.8)
Lemma 5.2. There exists some By such that, for B < Bo one has
= = 2
Egq sE[(X —E.[X])7] < 3. (5.9)
Note that, due to our definition of g(A, B), we have
lim g(A, B) = o0, 5.10
Sim q(A, ) (5.10)

and hence one can always choose By sufficiently small to have
VB € (0, Bo] M <247,
Then, we have
By P (X <) <Py (BelX) <20) + By Br (X - Belx) <-2071). (511

We use Lemma 5.1 to bound the first term. The second term can be controlled using
Lemma 5.2 and Chebyshev’s inequality. In the end, one obtains

Eg P (X <eM) <™ 143747, (5.12)

Hence, from (5.7) we have
Eu f[Za rg(@)] <2e™ +43/4)7 < M2, (5.13)
where the last inequality holds if 8 < By with By chosen sufficiently small. O

5.1. Proof of Lemma 5.1

Let us introduce the notation

q q
8 == 1_[ 8, = 1_[ 1 er)- (5.14)
k=0 k=0
We have
N m%_H
E;[X]= W Z U(i)é;. (5.15)
i€ys
d<ig<ig<f
Notice that with our choices for g and ¢ we have
o) <e?, D) <e?, and B> A/D®). (5.16)
Asmg > B/2 > AV/A//D(), we have
~ 1\ @+D 1 1
E.[X]> (= Atz -~ U (i)$;
’ (2> VD) I D(1) i;}t t
d<ig<ig<[f
q+1
A {4
> ‘/—: « 295 s (5.17)
2e NI 0L -
i€Jo;
d<ig<iy<f
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Recalling our choice A = 64e”, the r.h.s. becomes

£)
qor1 2O Y Ui (5.18)
VED(1)1 e -
d<io<ig<[f

Hence, to prove Lemma 5.1, it is sufficient to show that

@) . —g-2 -M
P, (— > U@ =2 ) 1M (5.19)
AWTTOT 5 t
d<ig<iy<f

Following [36, § 5], we show that we can replace the probability Py s by P and modify
slightly the set of indices J; ;. This allows to reduce the proving Lemma 5.3 below. For
the sake of completeness we recall the following steps.

(a) By translation invariance, the probability that we have to bound is equal to
0
P( v () Y U@ <2797

q
Ve D(1) i
1<ig<ig<f—d

f—de z). (5.20)

(b) In order to remove the conditioning, we restrict the summation to indices i such
that iy < (f —d)/2 and we get an upper bound on the probability. Then we use [35,
Lemma A.2] which compares P(- | n € t) to P, to get that there exists a constant
¢3 > 0 such that

o(0) : g2 >
pl———~ UGi)s <279 —d
( N ; D3 f-der
1<io<ig<(f—d)/2
() . _ —2>
<P —2 UGi)s <27972). 5.21
o ( N ; o) (5.21)

1<ig<ig<(f—d)/2

(¢) Then, setting ng := ‘—1‘772 < %, we can restrict the summation to indices such that
ip < n, which automatically ensures that iy <n+4tq < (f —d)/2, provided that £
is large enough (since tq < (f —d)/4). Hence, we can replace Jg; with

I, = {g:(io,...,iq) eNH i<y Vjiefl,...q)ij—ij_1 € (O,I]}, (5.22)

and get an upper bound in the probability (5.21).

(d) Finally, from the definition of n we have, if £ is large enough

oo Vg
N RN

Hence, (5.19) holds provided that we can prove that for all n > n¢

P(% > U8 < n—l/zz—q) < ée_M. (5.23)

’
i€y,
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Let us set

_ % .
Wy = NI .Z U@i)s;, (5.24)

iel;,
where the dependence in £ is also hidden in ¢, ¢ and n. We are left to showing the following
result which easily yields (5.23) for 8 sufficiently small.

Lemma 5.3. Under probability P, we have

£— 00 1

mm, (5.25)

where Z ~ N(0, 1), and => denotes convergence in distribution.

W,

Proof. First one remarks that the following convergence holds:

o %ﬂlzl, (Z ~N(©, 1), (5.26)

This is a standard result, since

n
ZS./ <my = {1, > n},
j=1

so that

. 9(n) ¢ >
lim P Si>t| =P > 1/t%),
Jm P .,Ezl j (o172 > 1/17)

where o13 is an 1/2-stable subordinator at time 1 (such a remark was already made in
[36], see Equations (5.12)—(5.16)).
The lemma is thus proved if one can show that the difference

0N R O 5.
AW@._ﬁ ;3, D(t)‘lig; U@s; |, (5.27)

n,t

converges to zero in probability, thanks to Slutsky’s theorem. We simply prove that the
second moment of AW, tends to zero. Set

5y = (i€, lio=j)

and

1
Y =68 — —— U@)s;, 5.28
i =8~ 5 ,-e,/zm : (5.28)

so that AW = ‘/i%) Y=Y
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Lemma 5.4. We have the following estimates:
(i) for |j1 — jal > tq, E[Y;Y;,]1 =0;
(ii) there ewxists a constant C; >0 such that for all j >0, E[sz] < (CIE[S;] =
(CDTuj).

Using this result we have

-
n? § 20(m)° -
E[aW?] = 25 37 Bl Y0 < RS 3 3T ELY, Y]
J1.2=0 J1=0 ja=j1
+tq
<2 (n) ey
Lt Y > i u(in'”, (5:29)
J1=0 j2=J1

where in the first inequality, we used (i), and in the second one we used Holder’s inequality,
together with (ii). Since there exists a constant ¢4 such that u(j) < ca(l + 779720 for all
j = 0, we have that, provided that ¢ is large enough,

4go( )?

E[AW?] < =22 (¢ )q(tq+1)2(1+]1) 25 < 10eq0(m)*(CTtgn™3.  (5.30)

J1=0

Note that with our choice of ¢,

log Cy
€)? = (max [ sup oo, D(ﬂ)})
x<l

is a slowly varying function of £. Since r = [£!/4] and n > 4776 we obtain
E[AW?] < (10cs9(n)*q (C1)4n~2%) x €732, (5.31)

which goes to 0 as n — oo. O

5.2. Proof of Lemma 5.4

We introduce a new notation. If i and j are finite increasing sequences of finite cardinal
g+1and g’ +1 we let i ij denote the i_ncreasing sequence whose image is given by the
union of that of i and ;. Note that the cardinal of i ij is not necessarily equal to g +q' +2,
as it is possible that iy and ji coincide.

We also extend the definition U (i) to increasing sequences
cardinal (recall that u(0) = 1 by convention)

(ix)'SKST of arbitrary (finite)

U@ = [ Jutix —ix-1). (5.32)

k=0

For item (i), we write

ElY; Y,1=E| Y;38; {1-

> U] |- (5.33)

D(t)4
® iedy (j2)
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Conditioned to §;, = 1, and assuming that j, > ji +1q, one has that ¥; and

1 .
B X v

i€y, (j2)

are independent. The latter term have mean zero (conditionally on §;, = 1); hence the
conclusion.
For item (ii) conditioning to §; = 1 and using translation invariance, one obtains

E[Y}] =El3;] Y UOUWE[s58]-1]. (5.34)

D(t)%
®) i,kel; (0)

In order to keep track of the role of ¢ in the definition of J,’l,,(O)(g N+, we now write

J,’u’ q instead. We prove that there exists a constant Cj such that, for any couple ¢, ¢’
Y UOUBUGK) < (CHIT D). (5.35)
LEJ,L,,({
kelJ’

This is obviously true if ¢ = ¢’ = 0, and we proceed recursively on g + ¢g’. We decompose
the sum into two components according to whether i; or k. is larger. In the case iy > ky/
one obtains

iq_|+l
Y UOUBUGCKH Y ulig—ig-nu(iy —max(ig_1.kg)). (5.36)
LEJ;LUFI ig=max(ig—1.k,)
&E‘I;;,r,q’

Now, note that thanks to (2.25) there exists a constant c¢s such that, for all m > n, one
has u(m) < csu(n). Therefore, uniformly in the choice of i and k, we have that

ig—1+t

o uliyg —ig-u(ig —max(iy_1. ky))
ig=max(ig—1.k,)
iq,1+t
<es Y ulig —maxGig—1. k) < esD@). (5.37)

iq :max(iq_l ,kq/)

By symmetry, we conclude that

Y UOUBUGK <2esDymax{ Y UOUKUGK; Y, UOUKUGK ¢,

iel! iel

n.t.q n,t,g—1 n.t.q
! ’ ’
kelnyt’q, geJm‘q, ke]nvt_q/_1

(5.38)
which in turns gives (5.35) by induction, with C; = 2cs.
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5.3. Proof of Lemma 5.2
We set
8,- = w; — mﬂail{dgigf}.

Under P,, the @;’s are independent, centered random variables, with E[cT)l.z] < 2 (recall
(5.4)). We have

1 q 2 mfg(q-i-l) 2
Varp [X] = TOON EIK.Z U [ [@; +mﬂ5ik)> ]— TDO) (Z U(l_)5i> -
LEJ(J k=0 LEJ({J
(5.39)
One can develop the product, for some fixed i € Jp;,d <ip <iy < f
q q+1
[[@i +mpsi)=> my - <]_[ 5,~j)< I a,-k), (5.40)
k=0 r=0  AC{0,...q) \jeA kel0,...gN\A
|Al=r

so that, when developing the square, and taking the expectation we have

q 2
E[( v |]@, +mﬂ3,-k)> ]

i€Joy k=0

q+1
- Yoo X (Tosy )i I @y,
ii'edos r A,BC(0,....q} " jeA ke{0,....g}\A

|Al=|B|=r  j'eB K'€f0,....q\B
(5.41)

We have used the fact that only |A| and |B| with the same cardinality have nonzero
expectation. Note that the sum of the terms with r = g + 1 corresponds exactly to E[X ]2
and thus just cancels the second term in the r.h.s of (5.39).

To get a good bound on the expected value of (5.41) we must reorganize it. In the
process, we also add some positive term, but this is not a problem since we work on an
upper bound. In (5.41), because of the last factor, the nonzero terms have to satisfy

(iK)kefo,...gnA = (K)kelo,....g)\B-

For a given s, we define the set M,, which includes all the values that can be taken by
(i)ke(o,....q\A, When g +1 — [A] = .

We notice that
E,,,f< I 5,,5,;/) =0

JjeEA
j'eB

if one of the i;-s or i},-s is out of the interval [d, f]. Hence if r > 0, the nonzero terms
must also satisfy

io>d—tq, i, <f+1iq. (5.42)
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We include this condition in the definition of M;
My:={ieN |d—tq<ip<-<ig<f+1q,Vkle{l, ... s} lix—if <tq}. (5.43)

Note that this definition will result in adding extra terms in the sum if either d < tq or
f > € —1tq (as we dropped the condition ip < 0). Then, given i, we define N, (i) which
includes all the values that can be taken by (i;) jea with |A| = r. We say that an increasing

sequence of integer m = (my, ..., mg) is t-spaced if
Yk e{l,...,a},my—mi_1 € (0, t]. (5.44)
We set
N@):={jeN |d<ji<-<jr<f iNj=0, ijis t-spaced}, (5.45)

where i N j = ) means that the images of the sequences i and j are disjoint.
With this notation, and using (5.5) or more specifically

ET[ ] 2 and mg <26,

we have

2q+1

o~ N N2 4q+ 2r
Varp_(X) < DOy teXJ;,U@ IO Z oY vapHuaks;s

ieEMy—r ikeNr()
(5.46)
where we isolated the term with r = 0, and we have used the concatenation notation

ij introduced in the proof of Lemma 5.4. The first term in the r.h.s. is equal to (recall
(4.19))

29+ E [X2] <20+, (5.47)

We end the proof by controlling the contribution to the sum of the others terms, which
turns out to be ridiculously small in expectation.

Lemma 5.5. There exist constants Co and cg such that for allr € {1,...,q — 1}
174
S>> UGHUGKEGf[8;8] < coq (C2D@0)TH~ Vi (5.48)
ieM, k (t)fp(ﬁ)
i€My—r j,keN (i)
We have thus
4q+lﬂ2r
- UG j)UGKEg 8,8
T ‘ Z | @HUK) d,f[i&]
LEMq—ri»KENr(L)
Jt
< e qdITH(C)M (D () T B ———. (5.49)
Vep()p(e)

Now, by the definition (3.1) of £ we have B2D(t) < 2A. Using also that t < £!/4, the above

sum is smaller than
—3/8

¢
28C2A)IH ——— g7l 5.50
c6qB”( 2 ) o(He(0) ( )
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The last inequality is valid provided that £ is large enough, since ¢, (8C§A)‘17 @(t) and
@(£) are slowly varying functions. Hence, from (5.46), we have

Eq s (Varﬁprr (X)) =20 g l/4 (5.51)

which concludes the proof of Lemma 5.1, provided that ¢ is large enough. O

Proof of Lemma 5.5. Remark that if io < (d + f)/2, then j,, k, < (d+ f)/2+1q so that
f—max(jr, k) = (f —d)/4 (provided £ is large enough). Since there exists a constant
¢7 > 0 such that u(m) < cyu(n) whenever m > %n (recall (2.25)), one obtains

u(f —max(jr, kr))
u(f—d
By symmetry, the contribution to the sum of (5.48) of i € M,_, such that ip < (d + f)/2
is equal to that of i € M,_, such that i,_, > (d+ f)/2, and hence the whole sum is
bounded above by

Eq s [5&] = UWdjk) < U k).

2c7 > > UGHUGKHUEjK)
i€eMy_, J-kEN, (D)
d—1q<io<Wd+f)/2"
d+f/2
<205 Y umax(io—tr—d,0) Y Y UGHUGCHUGK), (5.52)
ig=d—tq ieMg—r(a) j,keN, (i)

where we used that min{j,k;} > max{ig—tr,d}, so that wu(min{jj,k;}—d) <
csu(max{iog —tr,d} —d). We also used the notation

M;(a) ={i € Ms; ip = a}.

Then, one has that there exists a constant cg such that for any ¢

d+f/2 £ \/Z
> umax(ip—rt —d,0) < Y un) < cg——, (5.53)
io=d—tq n=0 go(@)

which follows from the fact that (d — f) < £ and classical properties of regularly varying
functions. Combining this with (5.52), (5.53) and Lemma 5.6 below proves Lemma 5.5,
with the constant cg = 4c¢7c5 (Cg)2 and Cp = 3cs. O

Lemma 5.6. For anya € Z, and any s > 1, ri,rp > 1

t
YooY ) UGHUGRUK < (1+5) BesD(@) 1+ x ZcSL. (5.54)
i€M(a) jEN,, (i) keN,, () v(t)
We recall that the constant cs is chosen such that for all couples of integers such that
m > n, we have u(m) < csu(n), and the constant cg appears in (5.53).

Remark 5.7. The result is proved by induction and we also have to consider the case
where either rq, rp or s is equal to zero. When r| or rp are equal to zero, the definition of
N, is extended as follows: No(i) = {@} if i is t-spaced and Ny(i) = @ if not. We also use
the convention U (@) = 1.
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Proof of Lemma 5.6. Note that there is in fact no dependence in a, and one can as well
set a = 0. We now proceed with a triple induction on the indices s, r; and r;. Let us start
with the induction hypothesis. We set

E(sorir) =y Y Y UGHUGHUE. (5.55)

i€M(0) jEN, (i) kENy, (D)
(1) We first show that if ri, 2, s > 1, we have
X(s,r1,r) SesDO[Z(s,ri,n—D+ 2@, ri—1,mn)+X(s—1,r,m)]. (5.56)

To see this, we decompose the sum X(s,ry,rp) into three sums Xy, X; and X;
corresponding to the respective contributions of the triplets i, j, k satisfying k,, >
max(is, jr,), jrn = max(s, k,), and iy > max(j,, kr,), respectively. As we are counting
several times the cases of equality between j., and k;,, we have

(s, r1,1m2) < Xk (s, r1,r2) + Xj(s,r,r2) + Xi(s, r1, 12).

To bound X} from above, we notice that because of the restriction of the sum to the
i k which are z-spaced, we have

Zi(s,r, ) = Z Z Z
{€M(0) jEN,, (D) jeNsp—1 (D)

max(is,kp,—1)+t

> u (kr, —max(is, kr,—1)) u (kry — max(j,, kr,—1)) . (5.57)
kr2=max(i.r+1»jr1 skr2—1+1)
Then for any value of i, k,,—1 and j,, we have
max(is,k,2,1)+t
> t (kry — max i, k1)) t (kr, — max (i kr, 1))
kr2 =max (is+1 »jrl skr2—1+1)
kpy—1+1
. . 2
< cs Z u (kry —max(is + 1, jry, krp—1 +1D)" < esD(). (5.58)
k,~2:max(iy+1,j,] !kr2—1+1)
In the case where r, = 1, we just have to drop k,,— from the max and sum until iy +¢.
We therefore have that
(s, r1, ) < esD) X (s, r,r2) <csD@) X (s, r1 —1, 1), (5.59)
and the exact same proof yields
esD() X (s, r1 — 1, 1r2),

Yi(s,r;,rn) <
(8.1 72) (5.60)
)gCSD(t)E(S_larlvrz)

Xi(s,ri, 2

(2) Now let us treat the case where either ry, rp or s are equal to 0. The technique of
splitting the sum according to the type of the largest index as above still works and gives

2 (s, 1,0
20,r1, 12

esDO)[Z(s,r1— 1,004+ X (s —1,r1,0)],

(5.61)
esDO[ZO,r1, 12— 1)+ 20,11 — 1, )],

)
)

NN
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provided that s > 1, r; > 2 in the first case, and ry, r; > 1 in the second case (note that
from Remark 5.7 we sum only over ¢-spaced i).
(3) To finish the induction we are left with proving bounds on X (0, r1, 0), and X' (s, 1, 0).
a. For the first one, when r; > 2, we split the sum into two contributions j,, > 0 or
Jjry £ 0. They are respectively equal to

max(j, —1,0)+1

T.00,r,00= Y UMUO)) > u(jry, = jri—1)u(r, — max(jry -1, 0)),
JEN,-1(0) Jry =max (0, jr, ~1)+1
Jr 20

Ji
T<00.r.00= > UMUOH > uli—jo)*
JEN, -1(0) Jo=j1—t
Jn <0
And similarly in (5.58), it is sufficient to conclude that
20,7r,0) < (es+1)D@)X (0,71 —1,0) < 2¢5 D(¢) ¥(0,r1 —1,0). (5.62)

Moreover, one also has that

3(0,1,0) < Zuqm) \268% (5.63)
J1=1

Then, one easily has by induction that for any r; > 1 (a similar result holds for r, > 1),

—1 Vi =1 Vi
2(0,r1,0) < (2¢5D(1) T 2cg—— < (3¢5D(1) X 2cg—. 5.64
( ) o < ) oo O
b. It is straightforward to check that
$(.0.00= > U@*=D@". (5.65)
1eM;(0)
i t-spaced

Moreover, for all s > 1, decomposing the sum according to whether j; or iy is larger, we

have
is+t
2,0 <Y UDP Y uGi—is)
ieM;(0) Ji=is+1

i t-spaced
max(is—1,j1)+1

+ > Y UOUGH Y. ulis— i )uliy —max(is_1, j1)

i€M;—1(0) jeNIL is=max(is—i,js)+1
i t-spaced
Jt
S 50 D06, 0.0+esD(0) B~ 1,1,0). (5.66)
%
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Therefore, combining (5.63)—(5.65)—(5.66), one easily gets by induction that, for any

s =0,
t s t
251,00 < (1+5) (esD0) x 265 < (149) (3¢sD(1))" x 2eg YL (5.67)
@(1) @(1)
(4) One is now able to complete the induction by combining (5.56)—(5.61) with
(5.64)—(5.67). O

6. Upper bound of Theorem 2.3

In this section, we prove the following proposition.

Proposition 6.1. For every ¢ > 0, there exists some B, such that, for all B < Be, one has

he(B) < D1 ((1—e) /%) 2079,

In the case where lim, . @(n) = cy,, we have

1
lim sup A% log ho(B) < —5(%)2~ (6.1)
B—0

The proof we present here relies on ideas developed in [44] but we got rid of the use
of martingale result, to focus only on simple second moment estimates. We optimize it
here in order to obtain the exact order for logh.(8) when o = 1/2.

First of all, one establishes a finite-volume criterion for localization, see (6.7). Then,
one proves that the measure Pﬁ,’hzo’w is close enough to P (in some specific sense, see
Lemma 6.3), provided that the second moment of the partition function at 2 = 0 is not
too large. Then Lemma 6.4 provides an estimate on E[(Z%O’w)z], which, combined with
the finite-volume criterion, leads to an upper bound on the critical point.

In this section, for technical convenience, we work with the free-boundary condition.
We introduce the measure Pf,’hf’w7 and its associated partition function Zf]’hf’w, which
corresponds to this boundary condition (in which the constraint 1{yer} is droi)ped):

B.h,w
ar’;

£ N ! -
P (1) = W exp (Z(ﬂwn +h— )»(,3))5n) , (6.2)

n=1
with

N
Zy" =K [exp (Z(ﬁwn —(B) + h)anﬂ : (6.3)

n=1

6.1. Finite-volume criterion for localization

We notice that we can obtain a bound on the free energy which is directly related to the
contact fraction at the critical point.
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Lemma 6.2. For all N sufficiently large, for all h > 0 and all B € [0, 1] we have

F(B, h) > E""O’” [25 ] ZlogN (6.4)

As a consequence, for all N sufficiently large, for all B € [0, 1] we have
2log N
8,0, N ’
EEN,fw [Zn:l 8"]

Proof. It is the result of a simple computation (see [31, Ch. 4]) that there exists a constant
c10 such that, for all 7 > 0

he(B) < (6.5)

2R < ZRN < eroNePlen ZRM (6.6)

Then, by super-additivity of the expected log-partition function, we have

1 log(cioN
F(B, h) = sup —Elog Zﬁh @ N]Elog Zg’hf’w— log(cioN) + 5 (6.7)

NeN N ’ N

the last inequality being valid for any N > 1. Finally, by convexity we note that for any

h>0
log Z" > h 8, log Zy'"”lu—o +log Ziy 2. (6.8)
The last term is larger than
logP(r; > N) > —log(N/c1p) + 1, (6.9)

provided N is large enough. Also, a basic computation yields

N
3 log Zy":”uco = ER [an} (6.10)
n=1

Hence, we get the result by combining (6.7) and (6.8). O

6.2. Estimating the contact fraction at criticality

Now, to estimate ]EEﬂ 0 @ [Zn 18,,], we need to compare it with the pure system. The

underlying idea is the followmg. for the pure system (for A =0 it is just the law P),

the number of contact is of order N/?¢(N)~!. We want to show that, as long as the

second moment of the partition function Zfi,’%w is not too big, the order of magnitude

for the number of contacts remains the same for the disordered system.

Lemma 6.3. For all ¢ > 0, there exists some N, such that, if N > N and E[(Zﬁ )2]

< 10/¢, then
L &
|:P’30“’ (Z(Sn >N )} > o5 (6.11)
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Proof. We denote Ay = {221:1 8y = N%} from (5.26) we have
Nli_r)noo P(Ay) =1, (6.12)
and hence we can find N, such that for all N > N,
P(Ay) 2 1 —¢/160.
Then, we observe that

PhOe(A5) < + ZE[I A eZLNM—WW]. (6.13)

{Zf;g“f*“’sl/z}

Therefore, averaging over the disorder and using Paley—Zygmund’s inequality for Zﬁ 0
(recall E[Zﬁ “1=1), we have that

13 0 ® ﬂ,O,w 3
E(P (AP <Pz < 1/2) +2P(AY) < _— 4+ —. (6.14)
S g
Hence, if IEI[(Z’5 .0, )2 ] 10/¢e, one concludes that
E[PR % (A5)] < 1—e/80. (6.15)
O
Given ¢ > 0, we set
Npe = max{N E[(Z5"=")] < 10/8}. (6.16)
If B is chosen sufficiently small, we can ensure that Ng. > N, of Lemma 6.3. Hence, we
have
B.0. X N
» 2-¢
Ey,: Z(S > o5 Vot (6.17)

And recalling Lemma 6.2, and in particular (6.5), one has

_ 2= _1-¢

he(B) < —(logN,sg)N TN, T, (6.18)

where the last inequality holds provided Ng . is sufficiently large.
To conclude the proof of Proposition 6.1, we need a control of Ng.

Lemma 6.4. For every ¢ > 0, there exists B such that for all B € (0, B;]

Nge > D7'((1—2)/p?) = N:. (6.19)
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6.3. Control of the second moment: proof of Lemma 6.4

One needs to control the growth of IE[(Z’B 0. ] we show that if N is such that D(N) <

(1—¢)/B%, then E[(Z§%")?] < 10/e.
First of all, one writes

(Z%*)? = E®2 [exp (Z(ﬂwn —x(B)EY +a<2>>)} (6.20)

n=1

where TV and @ are two independent copies of 7, whose joint law is denoted by P®?
and 8% = 1;, .. Therefore, since

log EfetPon—6ry — | 0 forp=0orl, (6.21)
A(2B) —2xr(B) for p =2,
we have
E[Z{%0r] =B |:exp <i(k(2,3) = 2A(ﬂ))(5,§”3,§2>)>] . (6.22)
As "~

B—>0 o
(A @2B)—2x(8)) ~ B,
there exists some B, such that, if 8 < ., then
(A(2B) —21(B)) < (1+&H)p%.

Hence we have -
0, 1
E[(Z}%?] <2yt (6.23)

where Z%, is the partition function (with free-boundary condition) of a homogeneous
pinning model with parameter # and underlying renewal 7/, obtained by intersecting two
independent copies of 7, /1=t NP

2, = B [¢" Tt Tnern ], (6.24)
We rewrite Z%, in the following manner

N
74 =1+ Z(ek“ — % =D PR2 (11 N[0, N]| = k). (6.25)
k=1

Then, to obtain an upper bound we use the following trivial fact
PE2(17 N[0, N1| = k) < (P®*(1] < N)) (6.26)
Hence we have

Y < l—}—uZexp (k [u—}—logP@z(rl/ < N)]). (6.27)
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To estimate the tail of the distribution of z; we use [13, Theorem 8.7.3] (recall that
P®2(n € 1) = u(n)?); we have that, since D(N) is slowly varying,

N—oo 1

N
Y PPnet)=DWN) = PP(x{=n ~

S (6.28)
o D(N)
In the end, we obtain that, provided that N is large enough,

logP®2(1] < N) < — (1—3) (6.29)

T by '

so that, from (6.27), we get
N

2 < 1+u )y epw UPM=U=e/d), (6.30)

k=1

Now recall that we wish to use the inequality for u = B2(1 +¢&2). If D(N) < (1 — 8)/;32,
then D(N) < (1 —¢/2)/u provided that & is small, and we have

uD(N)—(1—¢/4) < —¢/4.
In the end, we obtain

u
1 —exp (_4D€W)

where in the second inequality, we used that ¢/(4D(N)) is small if N is large enough.
The last inequality is valid if D(N) < (1 —&/2)/u, and ¢ is small enough. O

Z5 <1+

8
< 1+ —uD(N) < 10/, (6.31)

7. Optimizing the lower bound for Theorem 2.3

In this section, we sharpen the argument of §§ 3-5, and prove the following proposition
(recall (2.29)).

Proposition 7.1. For all ¢ > 0, there exists B > 0 such that, for all B < B, one has

—1(+e)

he(B) = D~ ((14¢)/8%)

As a consequence when lim,_, o ¢(n) = ¢y, we have
. . 2 1 2
liminf 8“logh(B) = —=(cy)”. (7.1)
B—0 2

Comparing (7.1) to (3.3), we realize that we have to gain a factor 512¢* in the
limit. One can gain a factor two by choosing h; to be such that € is much closer
to the annealed correlation length 1/F(h) which is, up to slowly varying correction
asymptotically equivalent to 2~2 (cf. (2.8)). We choose to have

b el
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A factor 64e* is gained by choosing A = 1+ ¢ instead of 64e*. Also, instead of taking
t = ¢'%, we choose t to be a power of £ as close as | as necessary: we take r = 21762,
which yields a extra gain of a factor 4.

This implies to introduce some modifications to optimize the proof, which we
summarize below.

1 n the definition o 1I we cnoose to multl a large tactor, say & we can
(i) In the definition of ¢, if h t ltiply by a large factor, say ¢ 2,

avoid to losing the exponential factors in (5.16). The net benefit of the operation
is a factor e* in the choice of A.

(ii) In (5.5), we can replace 2 and 1/2 by quantities which are arbitrarily close to 1
provided that 8 is chosen small enough (a factor 4 is gained). More precisely, we
fix B¢ such that for all g € (0, 8%)

2'(B) € [e_sz, 1+¢&%/2] and %A’(,B) € [e—sz, 1+¢&%/2]. (7.2)

(iii) In Lemmas 5.2 and 5.1, we do not need 29 and 37 and they can be replaced by
powers arbitrarily close to one.

(iv) In (5.19), we do not need 27972, one can replace it with any quantity which tends
to zero (factor 4 again).

The change which has the more serious consequence is the modification of ¢: we need
some refinements to prove Lemmas 5.3 and 5.4. After this brief sketch we now present
the modifications in details.

We set ,
lge=inf{n e N | D([n'™]) > (1 +e)/8*}. (7.3)
_ 2t
Let us take hg 1= Eﬁ,g“ , and prove that there exists some S, such that
VB € (0, Be], F(B,hge)=0. (7.4)

This is enough to obtain Proposition 7.1 provided that ¢ is small enough to satisfy
2+e) <201 +e)(1—&?).

7.1. Adaptation of the change of measure

The coarse-graining and fractional moment arguments are identical, and no modification
is needed there. The change of measure argument works also in the same manner: the
choice of g7 is the same as in (4.3), and the functional X (w) is also the same as in (4.16),
except for our choice of ¢t and ¢,

o= 1007
(7.5)

1
g *= —5 max { log ( sup go(x)); log D(Z)}.
€ x<L

As (4.8) is obviously not valid for our choice of h, we have now to prove a variant of
Lemma 4.1, with a partition function which still includes the parameter h.
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Lemma 7.2. For any M > 10 there exists some n and some Bg, such that for any B < B,
d, f € B;, we have

M2 if f—d > e,
Elgi (w)Z} ;] < (7.6)
2 if f—d <.

This results allows to show that, similarly to (4.22),

EBlez(@)Zzf] <21 3" oo 37 Kedpu(fi —dpeMPNi-a=10K(dy — fi)
d],f|€Bi1 dleBiI
di< fi
< K(d) — fimDu(N — dpye” MM w=dazm, (7.7)

and we can then follow the proof of §4 to conclude.
The core of the proof of Lemma 7.2 is the use of adapted versions of Lemmas 5.1
and 5.2.

Lemma 7.3. With the updated choice of X (w) (with £ as in (7.3), t and q as in (7.5)),
one has that, for any M > 11 and n > 0, there exists some Be such that, for all B < B¢,
and alld < f with f—d > nt,

Pos (BelX (@1 > (14+6)7) > 17,

Lemma 7.4. With the updated choice of X (w) (with € as in (7.3), t and q as in (71.5)),
there exists some By such that, for B < Be one has

Eq B[(X —E.[x])°] < A +&%9. (7.8)

Proof of Lemma 7.2. Let us start with the second case f —d < nf. Note that for any
choice of d, f, we have (as gj(w) < 1)

d—f ¢

Elgi(@)Z} 1< Eqy [eh Zi 51] : (7.9)

Up to a factor e” this corresponds to the partition function of the homogeneous pinning

model. Now, as we have chosen & such that f —d is much smaller than the correlation

length, we can use the bound from [25, Equation (A.12)] to obtain that for B small
enough, for all f —d < £ge.

f
Es [e3h Yicadis f_d] <2 (7.10)

For the case f —d > nf with the same definition of @, as in (5.2), we have that, similarly
to (5.3),

Elgi(@)Zj ;1 = B,z [ " Yoeah, [g(@]- (7.11)
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Hence, using the definition (4.3) of g(w), one gets that

Elgi()Z} ;] < Eq, f[ M B (X () < eMz)] +Ey f[e" Timatn]e™

Ed [ 3/12}1 =d ]1/3 f@‘r(x(w) < €M2)3/2]2/3+26_M

< 2By [Pr (X (@) < M) 4207, (7.12)

where we first used Holder’s inequality, and then (7.10). The smallness of the first term in
the r.h.s. can be established by using the moment estimates from Lemmas 7.3 and 7.4. [

7.2. Modifications needed to prove Lemmas 7.3 and 7.4
Proof of Lemma 7.4. One needs to modify very little of the proof of Lemma 5.2 in order
to obtain Lemma 7.4. Indeed, one only has to use (7.2) which ensures that ]E[@iz] <1+
£3/2 (cf. (5.4)). Then we notice that the bound (5.49) remains valid, with 29+! replaced
by (1+¢&3/2)7%!. Since Lemma 5.5 also remains valid, we obtain

49+1 N

R 3 +1 2 +r—1
E. (Varpr (X)) < (1+63/2) —g( DO Zﬂ c6q(C DO 2

1 2
< (14329 4426 2(8CHIT —— ¢757/2, 7.13
1 DMe(ne0) (7.13)
where, in the last inequality, we used that D(t) < 2/82, and that ¢ < £!=¢*. Then, since

2, (8C5 Y4+l D(1), (1), p(£) are slowly varying functions, the second term goes to 0 as
£ goes to infinity, and Lemma 7.4 is proven. O

Proof of Lemma 7.3. First of all, one has more refined bounds than (5.16): thanks to
our choice of ¢ and ¢ in (7.5), we have that ¢(£) < (esz)q, D(t) < (egz)q, and g% >
(1+¢)/D(t). Moreover, if g is small enough, one has that mg > e‘szﬂ. Hence, one can
replace (5.17) with

g+1
—~ V1 4
Bx) > (Yot « 2O Y uwss (7.14)
Vepor S
d<ig<ig<f

and Lemma 7.3 follows if one shows that

Pd,f<—(p(£) Z U@s; > (1 —8/4)q) >1—e M, (7.15)
VEDwe o -
d<io<ig<f

where we used that for ¢ small enough,

-1
(1+82)x<‘1+8> > 1—g/4.

2
e3¢
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Then, the steps (5.19)—(5.23) are identical, and one simply needs to show that the
following convergence still holds with our new choice of 7 (recall ny, = Al—mﬁ),

1

@(n) . {—0
We = ——— U@i)d; —I|Z|, (Z~N(0,1)). 7.16
N T00 ; 05 = =12l (0. 1)) (7.16)
d<;0<rz'l;1t<j'

Thanks to (5.26), one only needs to show that E[AW?] converges to 0 as £ — oo, where
AW is defined in (5.27). To do so we need a finer control of the covariance terms E[Y} Y}, ]
when |j2 — ji| < tg (the definition of Y; is identical as in (5.28)). We prove the following
improvement of Lemma 5.4.

Lemma 7.5. We have:
(1) If lj1 — j2l > tq, then E[Y;,Y;,] = 0;
(ii) There exists a constant C3 > 0 such that, if jo > ji1 and j» — j1 < tq, one has
E[Y;, Y] < (C3)PE[8;,6),] = (C3)Tu(jr)u(jz — j1)-

Thanks to this lemma, one obtains, similarly to (5.29)

b p)? & 90() noo ke
E[AW? ) === 37 EY;Y,] <25 —(C) Y u() Y uCp—jn.  (717)
J1,j2=0 Jj1=0 J2=J1

l2—j1I<tg
Then, one uses that Zk—o u(i) < cgp (k)= 'Wk for all k > 0, to get that
2
E[AW?] < (p(n) = (C3)1c} Vg 26VAC)T e
So(n) p(tg) w(n)w(tq)ﬁ
where we used that r < ¢17¢ */2 and that n = nf to get the last inequality. One therefore

gets that E[AW?] converges to 0 as n goes to infinity, since Jq,9m), p(tqg) and (C3)?
are slowly varying functions. O

(7.18)

Proof of Lemma 7.5. Conditioning on §;,, and denoting m = j» — ji, one has

E[leYj21=E[6j.JE[6m( s 2 vos)(1- g S U@sk)}

iel; (0) kel (m)
B8 B 30 UOUb] 4Bl . (7.19)
icJ; ,(0)
kel L (m)

Now, similarly to (5.35), we prove by induction that there exists a constant C3 > 0 such
that, for any couple ¢, ¢’ and any m > 0,

Y UOUBUGK < (C3)TH DT um), (7.20)
ze]n ‘. q(O)
keJ’H ,(m)

which is enough to prove Lemma 7.5.
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(0) The case g = 0 is trivial: one has i = {0}, so that one has the bound

Y UBU©Ok) =um) Y U®?*<um)D@). (7.21)
kel , /m) keJi . (m)

We now assume that g > 1.
(1) We first show by induction on ¢ that there exists a constant Cy, such that when
g’ =0 (so that k = {m}),

Y UDUGEm) < (C)? D(t)u(m). (7.22)

i€}, )

We decompose the sum according to whether iy_1 > m, i1 <m <ig oriz_1 <iy <m.

a. If i;_1 > m, one trivially has that Zl" 1+t1+1 u(ig —ig— )% < D(1), so that
Y. UOQUGm <D Y UDUGm). (7.23)
icl) ) icl), .10
ig—12m ig—1=2m

b. If i,y <m < iy, then using that u(i; —i;—1) < csu(iy —m), one gets that

ig—1+t
Z u(ig —myu(m —ig_Du(iy —ig—1) < csD@ulm —iz_1), (7.24)
ig=m
so that
Y UOUGEm)<esD@) Y UDUGEm). (7.25)
iel;, ,0) iel) 10
ig—1<m<lig ig—1<m

c. Now, if iy | < iy < m, we have that there exists a constant cg such that

min(ig—+t,m)

Z u(m —iguliy —ig—1)* < coD(t) u(m —ig_1). (7.26)

iq=iq71+l
Indeed, if we denote x =m —i,;_1, we can decompose the above sum into whether
ig Sig—1+x/20rig>ig1+x/2. 1fiy <ig_1+x/2, thenm—i, > 2(m —i4—1), so that
u(m—igz) < cqu(m—iz—1) (c7 is a constant such that u(m) < cyu(n) whenever m > ‘1—1n)

Then
min(iq_1+t,iq_1+x/2) iq_1+t
. . . 2 . . . 2
Z u(m —igu(iy —ig—1)" < cqu(m —ig—1) Z u(ig —ig—1)
iq=iq71+1 iq=iq71+1

< cqu(m —ig_1)D(1).

On the other hand, if iy > i;—1 4+ x/2, then u(i; —iz—1) < cyu(m —iy—1), and since m —
ig <x/2<i;—i4—1, one also has that u(m —i;) < csu(iy —ig—1). One then has that

min(ig—+t,m) min(ig—+t,m)
. . . 2 . . . 2
E u(m —igu(iy —ig—1)” < cyesu(m —ig_q) E u(ig —ig—1)
iq=iq_1+x/2 ig=ig—1+x/2

< cresu(m —ig—1)D(2).
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Hence, we showed that

> U@UGEm) < (cr+cre)D@) Y. UDUGEm), (7.27)
i€ty .0 i€l q-10
ig—1<ig<m iq,j<m

which is (7.27) with ¢g = ¢7 + ¢7¢s.
Combining (7.23)—(7.25)—(7.27), and setting C4 := max(cs, cg9), we have that

Y UOUGm <CD@ Y. UDUGEm), (7.28)

iel); .0 i€l , 410

which by iteration gives (7.22).

(2) Then, assume that ¢’ > 1. As in the proof of (5.35), we decompose the sum into
two components, according to whether i, or k, is larger, and one obtains, exactly as in
(5.38),

> U(DU(/g)U(i@SZCSmaX{ Y. UOUBUGR;: Y U(L)U(k)U(Lk)},

V) i€, 1 i€, 4
keJ! , ,(0) kel (0) ked, 1@
(7.29)
which in turns gives (7.20) by induction, thanks to (7.21), (7.22), with C3 := max(2cs, C4).
L]
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