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Abstract

The design of integrated systems requires the knowledge of the values of the effective permit-
tivity of the substrate. Designing antenna using computer-aided design tools is a long process
that necessitates doing iterative steps to find the correct dimensions that meet specific require-
ments at a certain operating frequency. The objective of this work is to propose an analytic
model to reduce the time required for the design. By using electromagnetic simulation, the
effect of the relative permittivity and the height of the substrate on the final effective permit-
tivity have been studied. An analytic model that helps the designer in estimating the value of
the effective permittivity has been proposed.

Introduction

The design of integrated circuits requires knowledge of the materials properties for the sub-
strate that is also used in designing a proper radiating element and feeding structure that
use monolithic microwave integrated circuits like coplanar strips and coplanar waveguide
(CPW). For many applications, the information about design parameters could be retrieved
from the dielectric material measurement. In addition, knowing the dielectric permittivity
can provide the designer preliminary information about the required dimensions of microwave
elements. The permittivity estimation of multilayer dielectric plate could be realized by means
of the wall-thru radar: [1]. Another way of the extraction of the complex permittivity is to use
multi-layered conductor-backed CPW as a sensor for non-destructive electromagnetic meas-
urement calculation: [2]. More recent applications in the area of aerospace, automotive,
food and medical industries have also been found to benefit from the knowledge of the dielec-
tric properties: [3].

Computer-aided design (CAD) software could be used to estimate the dimensions of the
microwave element, these programs are expensive, need licensing and require high computing
facilities. The simulation accuracy of electromagnetic problems is reduced as material disper-
sion becomes more significant with increasing frequency: [4].

The mathematical formulation can be used to obtain the effective permittivity of multilayer
medium, a non-node-based, third-order finite element method (FEM) formulation is sug-
gested for the calculation of effective permittivity of transmission lines (TLs) with a rectangu-
lar cross-section and multilayered isotropic dielectric: [5]. Permittivity and permeability
measurements are required in numerous applications for a large variety of materials. The
most widely used techniques in the microwave region are cavity resonators, free space, open-
ended coaxial probe, and TLs [6]. This is also required for the increased multilayer fabrication
and radiofrequency (RF) characterization of a high-density stacked metal-insulator-metal cap-
acitor: [7].

In the RF band, printed antennas are popular due to their compactness in a defined area,
low cost of production, negligible volume, and reproducibility. Analysis of printed antennas
requires the knowledge of the substrate characteristics and the calculation of Sommerfeld’s
integrals, which are especially difficult to solve when the source and the field points are on
the same substrate: [8]. To reduce the size of antenna, various techniques have been documen-
ted. Multilayer substrate can be used to reduce the size of the compact planar inverted-F
antenna (PIFA) when used with electromagnetic bandgap structure for surface area radar
reduction in mobile application: [9]. The other simplest method to reduce the size of antennas
is to use a high dielectric constant for a given frequency: [10]. The substrate thickness is chosen
to be smaller than the wavelength in order to reduce the fundamental modes of transverse-
magnetic surface wave (TM0): [11].

The paper is organized in the following way: In the section ‘Effect of substrate on antenna
design’, we elaborate the approach used to relate the antenna dimension to the effective per-
mittivity. In the section ‘Determination of the effective permittivity by ratio of resonance
method’, we introduce the ratio of resonance method to extract the effective permittivity of
a substrate by varying the relative permittivity and the height of the substrate. At the end of
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this section, we propose an analytic expression of the effective per-
mittivity that is related to the relative permittivity and the height of
the substrate. The section ‘Evaluation of the effective permittivity of
multilayer substrate’ shows an application of the analytic expression
for a multilayer substrate. The work and the future recommenda-
tions are concluded in the section ‘Conclusion’.

Effect of substrate on antenna design

We have considered the case of the dipole antenna to extract the
effective permittivity. Other methods could be used like multilayer
CPW structure: [2], wall-thru radar image: [1], or using TL with
multilayered medium and weak FEM formulation: [5].

An example of the dipole of length d printed on a substrate of
permittivity εr and a height h is shown in Fig. 1.

From the above, the dimensions of the antenna will be affected
by the relative permittivity. For a dipole antenna, two types of res-
onance are present, the first resonance “series” and the second
resonance “parallel (anti resonance)”: [10]:

• For the series resonance, the imaginary part of the input imped-
ance for the antenna is zero and its real part is weak: [12]. The
length of the antenna at the series resonance in the air will
therefore be: [10]:

dseries = 0.48∗l. (1)

• For the parallel resonance, the imaginary part of the input
impedance for the antenna is zero and its real part is high:
[12]. The length of the antenna at resonance parallel in the
air will therefore be: [10]:

dparallel = 0.96∗l Where l = c/f (2)

where d is the dipole length at series and parallel resonance, λ is
the wavelength, f is the operating frequency, and c is the speed of
light in the vacuum.

Subsequently, the dipole length at parallel resonance is identi-
fied, which we will use to extract the effective permittivity.
Equation (1) and (2) are valid in the case where the medium sur-
rounding the antenna is air. In the presence of several environ-
ments, the notion of the effective permittivity is introduced; this
notion is illustrated in Fig. 2 where multilayer substrates of different
relative permittivity are equivalent to one substrate with effective
permittivity. Note that we are considering the parallel resonance.
Our final objective ultimately is to determine the resonance fre-
quency not the current at the resonance frequency. In addition,
since we know that, parallel resonance is a function of two factors:
the feed location and the antenna geometry: [13], we are consider-
ing the dipole with a feeding location at the center of the dipole
arms only to have an initial estimation of the effective permittivity.

Note that a non-magnetic substrate is considered and thus the
relative permeability is considered to be equal to one. Equation (3)
is valid for the nonmagnetic substrate: [14]. The dipole length will
then become

d = 0.96∗lg where lg = l/
�����

1reff
√ (3)

εreff is the effective permittivity of the substrate.
The extraction of the effective permittivity of the substrate,

with a given material and on which an antenna is printed, is pre-
sented. The “Ratio of resonance method” is based on the fre-
quency of resonance ratio of the antenna printed on a substrate
and in the air. An empirical equation is presented to calculate
the effective permittivity that will be presented as a function
of the relative permittivity, substrate thickness, and the length
of the antenna in air.

The procedure used to extract the effective permittivity of the
substrate is shown in Fig. 3.

Determination of the effective permittivity by ratio of
resonance method

This section describes how the effective permittivity is extracted
using the ratio of the resonance method, which helps in determin-
ing the substrate effective permittivity by referring to the relative
permittivity.

The procedure is as follows:

• Determine the resonance frequency fres-sub (parallel in our case)
of printed dipole having a length d on a substrate with a given
permittivity.

• For the same antenna dimension d, determine the resonance
frequency in the case of air fres-air .

• The effective permittivity will therefore be the ratio of the res-
onance frequency for a dipole printed on substrate and on air

�����

1reff
√ = fres-sub/fres-air. (4)

Fig. 2. Concept of the effective permittivity.

Fig. 1. Example of dipole printed on substrate.
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Variation of the relative permittivity

In this part, the analytical approach is detailed. According to the
ratio of resonance method, the electromagnetic simulations, car-
ried out by CST Microwave Studio (CST MWS), one of the 3D
CAD software used in our case [15], aim to determine the effect-
ive permittivity with respect to the relative permittivity for a given
thickness of the substrate.

Based on the permittivity graphs, a setup of a model structure
for the trend curves linking the effective permittivity εreff and the
relative permittivity εr is proposed.

The trend curves of the εreff with respect to εr are illustrated in
Fig. 4. The variation of the square root of the effective permittivity
�����

1reff
√ is a power function with respect to relative permittivity εr.
The equivalent equation has the following form:

�����

1reff
√ = a∗(1r)b. (5)

From the obtained value of the effective permittivity, the
objective is to acquire a regression model with a given adjustment
function. From Fig. 4, the regression is a power function. In
Table 1, we show the different coefficients ah and bh from equa-
tion (5). In each regression, the coefficient of determination R2,
which is a statistical measure of how close the data are to the fitted
regression line, is shown. A value of 100% indicates that the model
explains all the variability of the response data around its mean
value. The value of R2 is close to one which validates our assump-
tion for the regression model.

Consequently, the a and b parameters are determined by tak-
ing the average of the coefficients ah and bh found from each
curve in Fig. 4. Finally, the equation of regression of the effective
permittivity is:

�����

1reff
√ = 1.222∗(1r)0.53 (6)

The standard deviation for the coefficients ah and bh is 3%,
which allows us to say that this averaging is acceptable.

Variation of the substrate thickness

After finding the first equation of the effective permittivity with
respect to the relative permittivity, the second step is to determine
the regression of the effective permittivity with respect to the rela-
tive substrate thickness.

Electromagnetic simulations have been conducted using CST
MWS: [15]. Based on the ratio of the resonance method, the
regression of the effective permittivity with respect to the relative
height of the substrate is studied. Thus, the trend curves of �����

1reff
√

with respect to the relative height of the substrate h/d for different
relative permittivity εr have been plotted Fig. 5. The dielectric per-
mittivity could be modelled as quadratic polynomial [16, 17]. In
addition, the trend curves show a quadratic regression, hence
the goal is determining the coefficients of the variation �����

1reff
√

with respect to the relative height h/d. Note that a dipole
of a fixed length has been used. In addition, the extraction of
the effective permittivity is achieved by using the concept of
equation (4)

Finally, the form of the quadratic regression will have the
following polynomial equation:

�����

1reff
√ = ae( h/d)

2 + be(h/d)+ ce. (7)

Following the same regression approach, the coefficients ae, be,
ce, are determined from the trend curves relating the effective per-
mittivity and the relative height.

As per Table 2, the majority of the coefficient of determination
R2 is close to one, which shows that this quadratic regression is
close to the studied data.

The next step is to introduce the notion of permittivity into
these equations. According to equations (6) and (7), a new

Fig. 3. Procedure for extracting the effective permittivity.

Fig. 4. Effective permittivity with respect to relative permittivity for different height of
substrate.

Table 1. Power model coefficients for different substrate thickness.

h (μm) 100 292 484 675 867 1059 1250

ah 1172 1211 1212 1218 1237 1249 1252

bh 0434 0493 0519 0541 0551 0571 0603

R2 0998 0999 0999 0999 0999 0998 0997
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form of the quadratic equation is offered by introducing the func-
tion of relative permittivity. The coefficients ae, be, ce from
Table 2, are divided by 1.222*(εr)

0.53 for each value of permittivity
to obtain the values of aes, bes, ces in Table 3.

Finally, the averaging of the coefficients aes, bes, ces is done to
get the final coefficients. Table 4 presents the mean and standard
deviation of these coefficients.

The final equation of the effective permittivity with respect to
the relative permittivity and the relative height which is the dipole
length in the air over the substrate thickness is:

�����

1reff
√ = 1.222∗(1r)0.53∗(−0.33(h/d)2 + 0.465(h/d)

+ 0.536). (8)

Numerical validation

After the determination of equation (8) linking the permittivity
and the relative height, it is convenient to compare the values
of the effective permittivity using the analytical equation and
the values obtained by electromagnetic simulation.

Figure 6 shows the difference between the values obtained
from electromagnetic simulation extracted from CST and the ana-
lytic values from equation (8). As shown in the graphs, for differ-
ent values of relative permittivity, the relative error is in the
5–10% range except for εr = 2 where it is 14% at a relative height
h/d = 0.1. The idea is to have a preliminary estimation of the
effective permittivity that helps the designer. The designer should
start with these values and confirm by electromagnetic simulation
of the final design of the antenna for example. In order to validate
our design, we have compared our analytic model to the one pre-
sented in [14], for a dipole operating at 6 GHz printed on a sub-
strate of height h = 350 μm, and with relative permittivity εr = 6,
the effective permittivity in our case is 3.55 with respect to 3.5
from the analytic model of [14].

Evaluation of the effective permittivity of multilayer
substrate

For the estimation of the integrated dipole length on a multilayer
substrate, the value of the effective permittivity of this substrate
should be known. In the preceding parts, a method to determine
the effective permittivity of a substrate with a single layer is pre-
sented. The next step is to take advantage of these estimates to
determine the effective permittivity of a multilayer substrate like
silicon on insulator (SOI).

The procedure to follow is described in Fig. 7. The goal is to
determine a layer with an equivalent permittivity and equivalent
height and use the proposed analytic expression to determine
the effective permittivity of the substrate. We are considering
the case of a multilayer substrate in this study.

Variation of the relative permittivity

Different expressions, describing the equivalent substrate model
of multilayer structure, exist in the literature, among which two
could be stated: expression developed by Lee et al.: [18] and
Krasweski [19]

The expression developed by Krasweski: [19] is (Fig. 8):

1multi = [11/2h + vi(1
1/2
i − 11/2h )]2, (9)

where vi is the fractional volume of the layer i and where εh and
εi are the relative permittivity of the host medium and inclusions.

Fig. 5. Effective permittivity with respect to relative height for different relative
permittivity.

Table 2. Coefficients of the regression for different permittivity.

εr ae be ce R2

2 −0.658 0.437 1.152 0.720

4 −0.614 0.885 1.478 0.952

8 −0.209 1.485 1.900 0.982

11,9 −1.812 2.781 2.161 0.964

16 −3.095 3.795 2.418 0.957

Table 3. Coefficients of the regression for different permittivity.

εr aes bes ces

2 −0.373 0.248 0.653

4 −0.241 0.347 0.580

8 −0.057 0.404 0.516

11,9 −0.399 0.613 0.476

16 −0.583 0.714 0.455

Table 4. Mean and standard deviation for the coefficients.

aes bes ces

Mean −0.330 0.465 0.536

Standard deviation 0.17492 0.17 0.07

Fig. 6. Numerical validation of the effective permittivity.
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This equation is symmetrical and does not involve the form of
structures contrary to many formulas in the literature: [20] that
is why it is used to determine the equivalent permittivity: [21].

The fractional volume of the layer i is calculated by dividing
the volume of the layer i over the total volume, where s is the sub-
strate surface

vi = volume of layer i
total volume

= s∗hi
s∗hi + s∗hh =

hi
hi + hh

. (10)

Expression of the equivalent permittivity

Subsequently, this expression is used to determine the parameters
εmulti and heq of the equivalent SOI substrate. This preliminary
study could help the designer to start the design. Other para-
meters could be added when doing the design using the 3D
CAD software in order to have the effect of the substrate.

From the information about the substrate, we have used
Krasweski model (equations (9) and (10)) to get equivalent para-
meters of the equivalent substrate presented in Table 5.

According to Table 5, the equivalent relative permittivity of the
SOI substrate is 11.71, with an equivalent height of 357.51 μm.

By applying equation (8), the effective permittivity of the SOI
substrate can be determined. Thus, the value of effective permit-
tivity is �����

1reff
√ = 2.516, (εreff = 6.33). Bunea et al. [22] have also

developed an analytic equation for the effective permittivity
using CPW and has considered a high resistive silicon substrate,
the analytic result (εreff = 6.30) is comparable to our obtained
values. This study is a step towards the determination of the
effective permittivity for dipole antennas integrated on SOI sub-
strate. An estimate of the length of a dipole antenna, operating
at 60 GHz and an application of equations (1) and (3) gives us
an antenna of length 937 μm. The obtained results were the
basis of other design of antenna on high SOI substrate: [21, 23,
24]. The layers near the antenna are electromagnetically more
influential on the parameters of the antenna, but their dimensions

are very small compared to the silicon layer, leading to a limited
influence on the equivalent relative permittivity.

We have used the same procedure for the design of a 60 GHz
fully integrated dipole antenna, incorporating an interdigitated
structure, and realized on 0.13 μm SOI process from
STMicroelectronics, with the following parameters: substrate
dimensions are 1200 *2400 μm2, dipole’s length = 871 μm
(Fig. 9) [23]. The difference in the size between the initial esti-
mated length (937 μm) of the dipole and the realized one (871
μm) was in the order of 7%. These results have helped to reduce
the optimization process when we have designed other antennas
[21,23,24].

Conclusion

The determination of the effective permittivity is an essential step
for the design of antennae and feeding structures. The main

Fig. 7. Equivalent relative permittivity concept of a multilayer substrate.

Fig. 8. Krasweski model.

Table 5. Equivalent height and relative permittivity of SOI substrate.

Layer
H

(μm) εr

H
(μm)/
εreq

H
(μm)/
εreq

heq
(μm)/
εmulti

Passivation 1.1 6.33 6.96/
4.508

7.51/
4.60

357.51/
11.71

SiO2 5.86 4.2

Si 0.15 11.9 0.55/
5.91

SiO2 0.4 4.2

Si 350 11.9 350/
11.9

350/
11.9

Fig. 9. Schematic of the dipole with balun on SOI [23].
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objective of this article was to propose a method for determining
the effective permittivity of the multilayer substrate.
Electromagnetic simulations have been conducted to study the
effect of relative permittivity and substrate thickness on the reson-
ance of the antenna, which provides trending curves that helped
in obtaining the values of effective permittivity. In addition, an
analytical model that helps the designer to evaluate the effective
permittivity with respect to the relative height of the substrate
has been proposed. The analytic equation was based on the
study of the parallel resonance for the antenna, the future
works will focus on using the series resonance to review and val-
idate the analytic equation. The example of multilayer substrate
like SOI substrate has been demonstrated to benefit from the
real application of the proposed method.
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