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In this article we will derive some results for characterizing the almost closed sets of a
face-homogeneous random walk. We will present a conjecture on the relation
between discrete scattering of the fluid limit and the absence of nonatomic almost
closed sets. We will illustrate the conjecture with random walks with both simple
and nonsimple decomposition into almost closed sets.

1. INTRODUCTION

Let be given a discrete time, irreducible Markov chain {&},—o1...., on a countable
state space S with stationary transition probabilities

Pxy = P{§t+l = Y|§z :xl}-

For unraveling the transient behavior of this Markov chain, it seems of interest to
study the almost closed sets (i.e., subsets A C S for which lim sup {&, € A } and
lim inf {§, € A} are a.s. equal and have positive probability). If this probability is
zero, the corresponding set is said to be transient.

It is known (cf. Blackwell [1]) that the state space partitions into an at most denu-
merable collection of disjoint, almost closed sets that together absorb all probability
mass in the long run. All, except at most one, are atomic; that is, they do not contain
two disjoint almost closed subsets. The nonatomic one, if present, does not contain
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any atomic subsets. The collection is essentially unique. It determines a decompo-
sition of the process itself, by identifying the “directions” into which the process dis-
appears in the long run. The Markov chain is called simple whenever the state space
consists of a single almost closed set.

Additionally, there is an one-to-one correspondence between the bounded
harmonic functions and the almost closed sets from the decomposition. This immedi-
ately shows that the process is simple and atomic whenever the chain is recurrent.

Blackwell [1] has used the almost closed set structure for determining the structure
of the invariant o-algebra. A consequence is a characterization of the Poisson boundary
of the Markov chain (cf. Kaimanovich [8]), which (essentially) is the probability space
restricted to the sub-o-algebra of invariant sets with induced measure.

Here we would like to highlight the relation between almost closed sets and
scattering properties of a certain class of Markov chains over its sets of fluid or
Euler paths. This class consists of so-called face-homogeneous random walks.
Extensions to more general walks are easily possible but involve more technical
descriptions that might have obscured the exposition.

A Markov chain ¢, is said to be face-homogeneous when the state space S can be
partitioned into a finite collection of disjoint subsets A;C S, i=1, ..., k, where &
behaves as a homogeneous random walk on each of these. More precisely, to each
A corresponds a discrete probability distribution p™ such that

pxy:p;\_X, anyx € A, i=1,... .k

The subsets A are called faces. Denote m(x) = E{&.1—&|&=x} =Y (y—0)py
for the drift from state x. By face-homogeneity, the drift only depends on the face
A to which x belongs. Henceforth, we will mostly write m® = Doy yp;,X instead.

We would like to focus on the following aspect of transient face-homogeneous
random walks. Consider the time-space scaled process & n([xN])/N, as N—oo,
where &, = [xN] denotes the initial position. Assume that it has a limit (in distri-
bution), u(x; ¢) say. This limit might be stochastic. Any realisation u(x; -) is called
a fluid path or Euler path starting at point x. Assuming S C Z7, then u(x; -) C R”.
As a natural extension of a set C C Z” to R” we will take, for instance, the convex
hull conv(C) of C in R”.

Let {C;}iZ be the almost closed sets from the decomposition. Our conjecture has
the following form (modulo technical conditions).

Consecture 1.1: Assume that there exist finitely many almost closed sets and no
nonatomic ones. Then to each almost closed set C corresponds precisely one path
u(0; +) such that u(0; t) C conv(C), for t > T, for some finite time 7. Moreover,

P{ lim w = u(O;t)} = P{li}{,niorgf{fN(x) e C}}; 1.1

N—oo

that is, the probability of selecting a given path is given by the absorption probability of the
corresponding almost closed set. These probabilities are called the scattering probabilities.
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We will call this “discrete scattering.” In the case of an uncountably infinite
number of Euler paths starting at a given point, we have “continuous scattering.”
This occurs, for instance, in the case of the transient, face-homogeneous random
walk on Z* discussed in Popov and Spieksma [10]. In this article, there are uncoun-
tably many Euler paths starting at the origin O that all cycle off to infinity. Then the set
of realizations u(0;1) forms a closed curve around 0. The usual scaling by time does
not produce any convergence results for a fixed initial point. If one identifies each
Euler path with one point on this curve, we conjecture convergence of the unscaled
process &, (x) to a random variable on this curve. Time scaling and identification
are equivalent in the case of denumerably many Euler paths. The intuition behind
this is the following. We expect that one can only have at most a denumerable
amount of Euler paths starting at a given point, when, in the long run, each path
belongs to one face. Both approaches map such a path to precisely one point.

The article’s aim is to bring into the limelight a connection between the invariant set
structure (i.e., the bounded harmonic functions) and Euler paths. This relation is implicit
in, for instance, the computation of the Poisson boundary by Kurkova [9] for face-
homogeneous random walks in mainly dimension 2. It is therefore not surprising that
the proof techniques used by Kurkova [9] often seem to be similar to the ones used here.

In order to present the main idea of discrete scattering, we discuss some simple
examples with both simple and nonsimple decomposition, using proof techniques that
seem to apply to more general cases. These proof techniques are based on the exist-
ence of well-behaved Lyapunov functions that can be turned into contractive ones
implying exponential convergence properties. The articles by Popov and Spieksma
[10] and Spieksma [12] discuss an example of continuous scattering. If neither
courage nor stamina fail, we will later address the more general problem, which,
we fear, is bound to be quite technical. This is mostly because the construction of
Lyapunov functions seems quite involved even in relatively simple models like face-
homogeneous random walks.

The following section provides the basic definitions and results from Blackwell
[1] and Chung [2] concerning almost closed sets. In Section 3 we will derive a number
of tools that seem basic to us for studying the almost closed set structure and Euler
limit behavior for face-homogeneous random walks in general. These use certain
techniques from Feller [4] and Lyapunov function techniques from Fayolle,
Malyshev, and Menshikov [3].

As an application, Section 4 will study face-homogeneous random walks on the
integer line. Finally, Section 5 addresses the problem of face-homogeneous random
walks on the quarter plane. Hordijk and Popov [6] derive large deviation bounds
for face-homogenous random walks on the quarter plane. As an application of this
article, the local rate function is derived in Hordijk and Popov [7] in explicit form
for the path identically O in exponential queuing networks corresponding to a
coupled processors system. Hidden in the analysis of these articles, but essential
for the derivation of their result, is the assertion of Conjecture 1.1, applied to the
appropriate random walk. Indeed, the local rate function for the path identically O
is precisely the maximum of the local rates for the path identically 0, conditioned
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on the almost closed sets containing the origin of space. Section 5 aims to show val-
idity of the conjecture for two versions of the models studied in Hordijk and Popov
[7]. The first is the “coupled processors system with switched-off processors when-
ever a queue is empty.” The second is the same model with additional input whenever
a queue is empty. To be clear, for all models in Hordijk and Popov [7], the conjecture
can be shown to hold. However, the derivations are analogous to the one presented
here and we prefer to focus on the two versions mentioned.

2. ALMOST CLOSED SETS AND INVARIANT o-ALGEBRA

We recall definitions and results from Chung’s exposition [2, §I.17]. Assume the
Markov chain & to be aperiodic. For g, the inital distribution of & (i.e., uo(A) =
P{& € A}), write P,,_ for the corresponding probability measure on the space space

Q=8"={(xp,x1,.. ) ES,n=0,1,2...1},

endowed with the o-algebra F generated by the one-point cylinder sets
{(x0, X1y + - X)) XS XS X -+ }, xeSs, i<nn=0,1,....

When po(x) = 1 for a given state x € S, we will simply write P, and E, for
the corresponding probability and expectation operators, respectively. Let AC F
by any sub-o-algebra of sets. A set C € A is called afomic with respect to A if
P, (C) > 0 and C does not contain two disjoint subsets in .4 with positive probabi-
lity. It is called completely nonatomic if P, (C)> 0 and it does not contain any
atomic subsets (in A).

The following lemma is well known (cf. Blackwell [1] and Chung [2]).

LeEmMA 2.1: The path space () can be represented by means of a denumerable collec-
tion of disjoint sets belonging to A:

a=[Jc,
n=0

where some of the C,, might be absent. If present, then C, is completely nonatomic
and C;, i>1, are atomic. This decomposition is unique modulo sets of zero
measure. Hence, ) ; P, {C;} = 1.

We will call A trivial if () is atomic w.r.t. A (i.e., C; = (). Note that P, (C) being
positive or zero does not depend on the initial measure w, only its particular value.

Bearing in mind our interest in the long-run behavior of the Markov chain, we
will consider the sub-o-algebra of invariant sets. To this end, introduce the time
shift 7 on ():

T(.XO,.XI,...) = (XI,XQ,...).

A set C € Fis called invariant whenever T~ 'C = C. The class of invariant sets is a
sub-o-algebra of F denoted by G.
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One can find the decomposition of ) w.r.t. G through a decomposition of the
state space S into so-called almost closed sets. Let A CS and define two corresponding
invariant sets by

L@A) = liminf {¢, € A} = [ ] [ {w|&(@) = o € A},

m>0t>m
LA) =limsup (£, € A} = [ | (wl&(w) € A).
n—eo m>0t>m

We call a set A transient if P, {L(A)} = 0. The set A is called almost closed if it is
not transient and

P, (LA} =P, (LA} (>0). 2.1)

By A denote the class of almost closed and transient sets of the state space S. Then,
for any A € A and any initial state x, one has

PLA)} = P{LA) = lim P.(¢, € A}, 22)

and so the limit probability of the chain being in set A exists.
Clearly, S itself is an almost closed set. The following properties will be used in
the sequel. The proof is elementary.

LEmMMmA 2.2:

(i) Suppose that C C A, for sets A, C € A. Then A\ C € A. Moreoever,
lim, .., P{& € A}=Ilim, .« P& € C} if and only if A\C is
transient.

(ii) Suppose that A, B € A; then A U B € A. In particular, if A and B are both
transient, then A U B is transient.

(iii) Any subset of a transient set is transient.

The lemma implies that A is an algebra of sets and transient sets are an ideal of
this algebra. The following theorem exhibits the relation between G as a sub-o-algebra
of Fand A as a o-algebra on S.

THEOREM 2.3: To each invariant set C € G there corresponds a transient or almost
closed set A€ A, unique up to transient sets, such that

C={LA)}={LA)},

according to whether C is a null set or not. The correspondence is an isomorphism of
algebras. In particular, one can choose the set A by setting

A= {x € S|P, {C} > a}

for 0 < a <1 arbitrary.
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The above correspondence with invariant sets motivates calling an almost closed
set A € A atomic if does not contain two disjoint almost closed sets and completely
nonatomic if it does not contain any atomic subset. As a consequence of Lemma 2.1
and Theorem 2.3 the state space S can be partitioned into a denumerable set of disjoint
almost closed sets

where A (if present) is completely nonatomic and A;, i > 1, is atomic (if present). The
decomposition is unique modulo transient sets. Moreover, one has

1= X_; P LA} = X_(j) P{LA)} = 2_; ImP(& €A  (23)

3. TOOLS

3.1. Sojourn Sets and Well-Behaved Lyapunov Functions

For characterizing almost closed sets, and consequently invariant sets, the concept
“sojourn set” (cf. Feller [4] and Chung [2]) seems the more manageable one.

The set S of states is called a sojourn set iff P, {£(S)}>0. In this case, for every
a, 0 < a < 1, define the set

§@ = (x € S|P {L(S)} > a}.

The following theorem (cf. Chung [2, §1.17]) holds.

TheOREM 3.1: If S is a sojourn set, then for every a, 0 < a < 1, the set S N S is
almost closed, S°—S N S is transient, and

P{L®)} = lim Py{§ € SN 5@} 3.1

The right-hand side of Eq. (3.1), as a function of the initial state x, has the
nice property of being a bounded harmonic function. Remember that a function
f: 8 — Ris called harmonic w.r.t. a given transition matrix P if

[ =) puf(), xES. (32)
>

In essence, Theorem 3.1 reduced the problem of the almost closed set structure by the
easier one of determining the sojourn set structure (or the collection of bounded har-
monic functions). By means of the following lemma (cf. Fayolle et al. [3] and
Spieksma [13]), certain sets attracting probability mass can be identified as sojourn
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sets. For convenience, we will give the proof here since it does not occur in explicit
form in these references. The proof itself is a standard construction of transforming
subadditive Lyapunov functions into contractive ones, as will be repeatedly used.

Lemma 3.2: Suppose there exist a function f: S — R, a set B C S, a step function
k: S — Z, and constants d, € > 0, C > 0, such that the following hold:

(i) The f-jumps are bounded by d (i.e., | f(&.1) — f(&)| <d, a.s.).
(ii) The step function is uniformly bounded (i.e., sup, k(x) < o).
(iii) B C {x|f(x) < C} 8.

(iv) The f-drift outside B is strictly positive, that is,

E{f(&ue —fE)E=x>€ xES\B. (3.3)

Then the set {x|f(x) > C + ¢} is almost closed for any ¢ > 0.

Proor: Denote B’ = {x|f(x) < C}; then B' DB. Denote the entrance time of B’ by 7; that
is, r=tiff t=inf{n > 0|&,—, & B, &, € B'} and 7= oo whenever & & B forall «.

First, assume that k(x) = 1 and note that exp{y} <1 + y + 3y*/2 whenever |y| <
1. We can use a standard argument to deduce the desired result (see Fayolle et al. [3]).
Using the drift condition Eq. (3.3), we have for any sufficiently small constant 2 > 0
with h, hd < 1, and x & B’ that

Efexp {— h(f(&+1) — f(EN}& = x}

32 f(&1y) — f(E))
2

< 5{1 (&) — f(E)) +

ft:x}

3(hd)?
2

< exp{~v}

<1-—he+

for some positive constant y > 0. Hence, denoting g(x) = exp{—hf(x)} and iterating,
we have, for §=x & B,

Ex{g(gt)l{‘r>t71} S g(x) exp{—yt}, t>0.
Since {7 > r—1} D {r=1} and g > 0, it follows that
Ex{g(gt)l{‘itt} S g(x) eXP{_'YT}, t>0.
For y € B, we have g(y) > exp{—hC}, so that

P.{r=t}exp{—hC} < g(x)exp{—yt}, 1> 0.

https://doi.org/10.1017/50269964808000107 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964808000107

170 A. Hordijk, N. Popov, and F. Spieksma

Multiplying both sides by exp{AC} and taking the summation over 7 > 1, we find
that

exp{hC — hf (x)}

Pfr< o} < I —expl—7y)

34

By the positive drift condition, necessarily the set {x & B’} is infinite and
sup, ¢ p f(x) =oo. This implies {x € S|f(x) > c} #0 for any constant c. Let
C'>C, such that a =1 — exp{(C—C")}/(1 —exp{ —y}H>0. For x with f(x) > C,
we have for A = {x € S|f(x)>C} that

P{L@A} =P {liminf {f(§) > C}}

> P.{f(&) > C.1>0)
_Pr=o) > a 3.5)

By irreducibility, it follows that A is a sojourn set. Next, we show almost closed-
ness. This will follow from Theorem 3.1 if we can show that A = ANA“ for some
a>0.

By conditions (i) and (iv), for any x € A, the probability of reaching the set
{y € S|f(y) > f(x) + €/2} after the next jump is at least €/(2d — €). Hence, for
any x € A,

Pl (&) > C1 > (37—) -

with [ = {M_C)J + 1.

This yields for any x € A that

1
PULA} > Y Pl&=)IP LW} > (37—) @ (6
0liw>C) €

and, consequently, the desired assertion holds for a = (e/(2d—e))la. Clearly, by
condition (iii), the exception set B is contained in S\A, and so one can take any
constant C + ¢, ¢ > 0, instead of C.

Let us now assume k(-) to be a general step function. We will give the proof
again for the constant C. Consider the embedded Markov chain & at successive
instants 0, k(&), k (&g))s-... The above derivation implies Eq. (3.5) for
the embedded chain, for the constants C +d-sup, k(x) and C’, such that
a = 1—exp{h(C + d-sup, k(x)—C)}/(1—exp{—v})>0.

Boundedness conditions (i) and (ii) imply that

Pulinff(£) > C} > Pulinff(§) > C+ dsup ko],
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thus implying Eq. (3.5) for the chain  and constant C for the constants C’ and « that
have been chosen for the embedded chain &,. The remainder follows as earlier. W

A sufficient condition for transience of an infinite set can be derived in a similar
fashion.

Lemma 3.3: Suppose there exist a function f-S — R, a nonempty set A C S, and
a finite step function k: S — Z such that the following hold:

(i) The step function is uniformly bounded (i.e., sup, k(x) < o0).
(ii) For some 0 < a < 1, we have {x € A|P, {L(A)}< a}=0.
(iii) The f-drift outside A is strictly negative, that is,

E{f(&ine) —f(E)IE = x} < —¢, xES\A. 3.7
(iv) f(x) >0 on
S\A) U {y € Alp,y >0, for some z € S\ A}.

Then the set S\ A is transient.

Proor: Note that if the set A is finite, then Eq. (3.7) is simply a generalized version
of the Lyapunov—Foster criterion for positive recurrence of the Markov chain.
Checking that proof, it follows that the time 7 to hit A (from a state x & A) is
finite a.s. and has finite expectation, whether A is finite or not, provided that con-
dition (iv) holds.

The set A is almost closed by condition (ii) and Theorem 3.1. Denote A“ = S \ A
and let x € A° be given. Then taking into account the fact that 7 is finite with
probability 1, using iteration and the fact that P {& € A i.0.} is a harmonic function,
since P, {& € Aio.} =), p,, P, {& € Aio.}), we find, for x € A,

P& €Aio} =) P& =yP{{E€AI0} >a (3.8)

yEA

Hence, A’ = {y € S|P, {£ (A)} >a} = S and A N A =A. By Theorem 3.1,
A= 8S\A = A“NA = A“NANA“ is transient. n

In applications as face-homogeneous random walks, one often can construct
a suitable Lyapunov function on the whole state space, satistying Eq. (3.3) outside
at most a compact set. This one can be used for piecing together both Lemmas
3.2 and Lemma 3.3.

LemMa 3.4: Suppose there exist a function f: S — R, a finite set BC S, a step
function k: S — Z*, and constants d, C, € > 0, such that conditions (i) and (ii) of
Lemma 3.2 are satisfied as well as condition (iv) for x € S\B. For any constant
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C > max, ¢ pf(x), let A= {x € S|f(x) > C}. If A#0, then it is almost closed and
S\A is transient.

Proor: Almost closedness of the set A follows by a direct application of Lemma 3.2.

We will check the transience of S\A. Note that the conditions of the lemma are in fact
a well-known Lyapunov function criterion for transience of the Markov chain (cf. Fayolle
et al. [3]). This implies that any finite set is a transient set (as in Blackwell’s definition).

Note that condition (i) of Lemma 3.3 is satisfied. Since B C {x|f(x) < C} = S\A,
by (3.6) it follows that condition (ii) of Lemma 3.3 applies with the set A. Condition (iv)
of Lemma 3.3 holds for the function g=—f+ C + d. Finally, condition (iii) holds for
the function g with exception set B; in particular,

E{g(§z+k(§,)) - g(§1)|§t =x} < —¢ x€ES \ B.

Definety = 1for¢ €EA, 7y =1,1>2,iffr=inf{n > 2|§,., € A, & EA},and 74 =
oo otherwise. Intuitively, it is clear that 7, is a.s. finite for any initial state x € S \ A4,
since B is a finite, transient set. Once the validity of the statement has been settled, the
further arguments proceed as in the proof of the previous lemma. We will now provide
the arguments for 7, being a.s. finite.

Conditions (iii) and (iv) of Lemma 3.3 do hold for the set A U B and the function g
defined above. Analogously to 74, we define 74,5 > 1 to be the first hitting time of
AUB.

Then, as in the proof of Lemma 3.3, 7= 74 is a.s. finite and has finite expec-
tation for any initial state x¢ AU B. This extends directly to all initial states x € B.

In turn, this implies the nondefectiveness of the embedded, finite state Markov
chain 7, on the set B U «, where

PX{f’r:y}’ x’yEB
P{n1+1:y|nt:x}: PX{gTEA}’ XEB’y:a
1, X,y = a.

So, this Markov chain has one absorbing state, which is reached with positive prob-
ability from any other. It follows that the state « is reached with probability 1 from
any other state and in finite expected time.

Now, attach a reward 7., = t1{,—; ¢ =) to the transition x — y in this finite chain,
X,y € B. Then 7, is the total reward until absorption in state . Since 7 is a.s. finite with
finite expectation for each initial state x € B, it follows that 7, is a.s. finite with finite
expectation. It is now standard from finite reward chain theory that 7, is a.s. finite with
finite expectation for each initial state x € B. By a decomposition argument to set B,
this extends to all initial states x € S\ A. |

So far, we have not said anything on how to check the atomicity of the almost

closed sets from Lemma 3.2. We will turn to that problem now and derive the atomicity
of these sets for a special subclass of face-homogeneous random walks. The main idea
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is that “far away into”” an almost closed set, the transition probabilities at the boundary
of and outside the almost closed set are irrelevant for the structure of the almost closed
set itself. Hence, one might change these in such way as to determine the atomicity, or
lack of it, of the almost closed set in a simple way. As a result, the almost closed set in
the original must have the same structure as well.

To set this up, we briefly dwell on how to compute the probabilities of sojourn
sets, as has been extensively studied in Feller [4]. The proofs of the statements men-
tioned below before Remark 3.1 can be found in his work.

For quoting the necessary details, we prefer to introduce notation allowing the
analytic approach used by Feller. First, write P for the transition matrix of the
Markov chain to be considered. In what follows, it is allowed to be a substochastic
matrix. The restricted probability matrix P4 to set A is defined by

P — pxy, x’ y E A
Axy 0, otherwise.

The n-step (restricted) transition probabilities and matrix are denoted by the super-
script (n).
For any A C S, the following limits exist as vectors on S:

ox = lim PVT).

SA = lim P(t)O'A.
t—o0

Then, up to a constant factor, g, is the maximum bounded harmonic function on A
with respect to the restricted transition matrix P,. The probabilistic interpretation is
that o4 (x) =P, {& € A, 1> 0}. As a consequence, s, (x) denotes the probability
that & (x) € A eventually, that is,

sa(x) = Py {L(A)}

(harmonicity of o4 w.r.t. P, should be used for showing this directly). Thus, A is
a sojourn set iff s4 # 0 and then we will refer to it as the sojourn solution correspon-
ding to A. Additionally, s4 > 04 is harmonic on S with respect to P. One has that
Sup,es Sz (X) = sup,es 04(x) = 1 for sojourn set A.

Note that this easily implies a sojourn set to be an infinite set. Indeed, by irredu-
cibility, lim, . Pg) =0 for any finite set B. Hence, also (by finiteness) oz = 0.
Consequently, sz = 0 and so B cannot be a sojourn set.

The sojourn set BC S is said to be representative whenever there is 0 <
n <1 such that sg(x) > n for all x € B. A representative set B is almost
closed by Theorem 3.1. Hence, it enjoys the property that the probability of
eventually ending up in B equals the limiting probability of B (cf. Eq. (2.2))
(i.e., sp(x)=1lm; .., P, {& € B})! This does not hold for an arbitrary
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sojourn set, since sojourn sets need not be almost closed. For any sojourn set A
and any 0 <7 <1, put

AT =AD" NA =[x € Alss(x) > 1},
A”q = {X|O’A(X) > ”)}

Then s4 = 540 = 54, s0 that A" is representative by definition. By Theorem 3.1, it is
almost closed.

Furthermore, A" DA,, as s4 > 04 and A, CA. As a consequence, L(A") D
L(Ay) D L(A,). Given & = x, the left and right events have the same probability
s4(x). Thus, PX{Z(An)} =P {L(A;)} = sa(x), by which A, is almost closed.

Similarly, for any set B, A DB DA,, we have sz = 54! We give an example of
representative sets with a nice structure.

Exampre 3.1: The conditions of Lemma 3.2 or those of Lemma 3.4 imply that the set
A={f(x) > C+ ¢} is representative; that is, A =A" for some 0 < n < 1. This
follows from the proof of Lemma 3.2, Eq. (3.6).

The next statement is evident, but it has not been explicitly proved in Chung [2],
Blackwell [1], or Feller [4]. We will need it in the sequel.

Lemma 3.5: Let two almost closed sets A, B C S be given. Then the symmetric differ-
ence of A and B is a transient set if and only if sy, = sp.

Proor: Suppose that A and B differ by at most a transient set. By virtue of Lemma
2.2(il), A U B is almost closed. Note that A N B=A U B\{(A\B) U (B\A)}. The
union of two transient sets is transient by Lemma 2.2(ii), and so by Lemma 2.2(i),
we have that A N B is almost closed and saup (X)=s4np (x). By monononicity,

sanp(x) < sa(x), sp(x) < saup(x),

and so it follows that s,(x) = sp(x).

We will no longer explicitly refer to Lemma 2.2.

Next, suppose that s, = sg. Then A = B By Theorem 3.1 with §=A
and S = B, the sets AP\ A7 and A\ B"=B™ \ B" are transient. Since A"\B" C
A"\ B", this implies that A”\ B is transient.

Now, note that A" and B” are both almost closed. A” N B" is either transient
or almost closed. If it is transient, then A” must be transient as the union of two tran-
sient sets A"\ B” and A” N B". This contradicts the fact that A7 is almost closed.
Hence, A" N B"is almost closed. Additionally, since both A" \ B” and A\A" are tran-
sient, their union A\(A” N B") is transient. Similarly, we find that B\(A” N B")
is transient. Consequently, the union A U B\(A” N B") is transient as well.
The symmetric difference of A and B is contained in this set and is therefore
transient. |

Our method for checking atomicity relies on the following lemma.
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LemMA 3.6: Let ACS. Let {é,},zo be an irreducible and aperiodic Markov chain on
a denumerable space S O S, such that

ny:f’w’ xXEAy€ES,

where p,, = P {&.1=y|&=1x}, x, y € 8, denote the transition probabilities of &,
Then, for any B C A, we have that B is a sojourn set for & if and only if it is a sojourn
set for &. In particular, B being a sojourn set for one chain implies that B, is almost
closed for both chains, 0 < n <.

Proor: Denote all quantifiers for the chain & by ~. For B C A, denote B" = {x €
B|$S(x) > } and, similarly, B, = {x|ap(x)>n}, for 0 < n < 1.

Suppose that BC S is sojourn for §. By assumption, o5 = 5. Since §p >
g # 0, B is sojourn for the chain &, The analogous argument applies when assuming
that B is sojourn for &, This proves the first statement. The second statement follows
from the above, that B,, is almost closed if B is sojourn. [ |

For proving atomicity by means of the previous lemma, we will restrict ourselves
to the class of so-called face-homogeneous random walks. Let S = [[/=; S;, with
S; € {Z, Z"}. Define the following vector: A= {\;,..., N,} with values \; €
{0,+} when S;=Z" and \; € {0, +,—}, whenever S; = Z. Associated with A
is the set A (\) C S given by

AN) = {x € S|sgn(x;)) = Ni,i=1,...,p}.

We call A (M) a face of the space. Here, we consider only faces A for which there

exists a defining vector N. Thus, there is a one-to-one correspondence between

faces and defining vectors A. Denote N (A) by the vector defining the face A.
Define the projection operator proj*: § — A by

A fxi, MA) #0
(pI'O] (x))i - {O, )\(A)l = 0.

For any face A, we define the induced chain &* on the state space S as follows. If
A (A); =0, then S» :=S,. If X (A); # 0, then S?:= {0}. Fix xop € A and define
SA=xo+ []; S{\ . This space is orthogonal to x,. States from this space are
denoted by superscript A; for instance, x”* is a state of $*.

The transition probabilities are now obtained from the transition probabilities of
¢ by orthogonal projection onto S A For xo 4+ x* € S*,

P{S;}H :x0+yA‘§f\:x0+xA} = Z Proxh, y-

yES:
y—(phyMea

It is also convenient to use an ordering of faces: A’=A, if N (A’); = X (A); whenever
N (A); #0.
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At this point, the evolution of & —xocan depend on the choice of basis point xy € A.
However, we will restrict our analysis to random walks that are face-homogeneous w.r.t
the above-defined faces; that is, for each face A, there exists a probability distribution
p™ on 77 such that py =p§\ forall x € A and y € 77, for whichx +y € S. As a
consequence, the behavior of the process & — xono longer depends on the choice of xj.

Given a face-homogeneous random walk, we will construct a transformed Markov
chain on an extended state space for which the state space consists of one almost
closed class and such that Lemma 3.6 can be applied. This transformation will leave
the jump behavior on a predetermined face intact.

Let face A be given. We can assume that N (A); # Ofori=1,...,sand N (A);=0
fori=s+1,...,p (the case s = pis allowed). The A-transformation & of & is a Markov
chain on the state space S=7'x [ 1%+ 1 Si. All quantifiers of this transformed Markov
chain will denoted by ~ .

Now, for any X € S, there exists a unique face A’ C § with A’ = A such that
sgn (%;) = sgn (A (A),) for i > s. Set

Ni,i“ry = p;\ for all y.

By construction, the transition probabilities of & and &, coincide on the subset Ua=a A,
Moreover, the jump probabilities from any two points X and ¥ with sgn (¥;) = sgn (¥;) for
i > s are equal. Hence, the homogeneity faces A are characterized by (p —s)-dimensional
vectors A, with X; € {0, 4} or {0, +, — } depending on whether S, ,; = Z, or Z; that s,
given X, the associated homogeneity face is defined by

AN = (% € Slsgn(Eypp =Nis i=1,....,p— ).

One can view the constructed chain as a maximally homogeneous extension of the
Markov chain &, restricted to A.

Lemma 3.7: Suppose that the induced chain &N s recurrent. Assume that the
A-transformation &€ is an irreducible and aperiodic Markov chain on S. Then, up
to transient sets, the state space S forms a single almost closed class for &, which
is therefore atomic.

Proor: Since sojourn solutions are bounded harmonic functions, for our purpose it is
sufficient to show the existence of only one bounded harmonic function (up to a
multiplicative factor). This follows from Lemma 3.5.

We wish to reduce the proof to the similar statement on homogeneous random
walks on Z°. To this end, define the embedded Markov chain on S°=
Z'x {0} x...x{0}:

by =Plé&=)&=x), xy€eES,
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with 7=1inf {t>1|&, & S°, 1 <n <1, § € S°} the first entrance time of S°.
Recurrence of the induced chain & implies that 7 << co with probability 1; that
is, the embedded chain is a nondefective Markov chain. The embedded chain is a
homogeneous random walk on S§° Since & is aperiodic and irreducible, the
embedded chain must be aperiodic and irreducible as well. Hence, the conditions
of Theorem 24.1 of Spitzer’s work [14] are satisfied. It follows that there is only
one bounded harmonic function, ¢ say, for the embedded chain, and it is constant,
say f¢=1.

Going back to the chain £ and using that 7 is finite with probability 1, we get by
iteration that any bounded harmonic function, f say, for E, satisfies

f@) = s, 39)

and so fis harmonic for the embedded chain. A more formal argument leading to the
above statement is by noting that f( €) is a uniformly bounded martingale. Equation
(3.9) follows as a result of the martingale optional stopping theorem.

The function f being harmonic for the embedded chain implies that it must be
equal to 1 on §¢ (up to a factor). Equation (3.9) implies that f= 1 on S. As a conse-
quence, the chain &, has a simple and atomic state space. |

Clearly, sojourn sets need not be equal to homogeneity faces. Thus, we need
some condition to make the above derivation work for a more general sojourn set.

Lemma 3.8: Suppose that & is a face-homogeneous random walk on S = [[¢=1 S;,
with the above specified state space and homogeneity faces. Suppose that &'A
is recurrent for some face A. Assume the existence of a sojourn set A C S, with
projA (A) CA. Assume that the A-transformation &, of &, is an aperiodic and irredu-
cible Markov chain. Then, up to transient sets, the representative set A" C A is the
unique almost closed set contained in A, and so it is atomic.

Proor: By Theorem 3.1, A" = {x € Alsa(x) > n} is almost closed for 0 < n < 1.
We have to show that, up to transient sets, A does not contain any other almost
closed set. However, this follows immediately by taking the A-transformation of &
and by applying Lemmas 3.5-3.7. |

So far, we have considered the problem of suitable methods for determining the
almost closed set structure. Now, we would like to turn to the problem of determining
Euler limit paths and convergence to these of the time-scaled process.

3.2. Martingales

The other main tool to be used is a.s. convergence to zero of a time-scaled sequence of
random vectors, the components of which form a martingale sequence. This will be
applied as follows. Let & = x be given; then
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Ui =x+Y Ed&-&lé), =01,

n=1

which is a random discrete time path in R” when &, is a vector of dimension p.
The sequence &(x)-U(x; t) is a sequence with martingale components. Almost
sure convergence of the time-scaled process to zero, together with a.s. conver-
gence of U(x; [tN])/N, N — oo, implies that &pam(x)/N a.s. converges to the
same limit, where argument x denotes the initial position. Scaling by time is
not always the right scaling, so we quote Theorem 2.18 from Hall and Heyde
[5] in general form.

TheOREM 3.9: Let (Y, F', P') be a probability space and let {F,},—1. ... be an
increasing sequence of sub-a-fields of F'. Let {M,,, F,, n> 1} be a martingale
and {T,},=1. ... a nondecreasing sequence of positive random variables such that
T, is F,.i -measurable for each n. Then M, /T, — 0, n — 0, a.s. on the set where
{lim,, o T, =00, Y021 E{(M,,— M, 1)*|F—1}/T,}<oo}.

An immediate consequence for face-homogeneous random walks is summarized
below.

CoroLLARY 3.10: Let & be a face-homogeneous random walk with bounded
Jumps; that is, there is a constant d such that || &1~ & <d, a.s. Then limy .o
(éuvy @) — U(x; [1N]))/N=0, a.s.

Here, ||-|| is the /*-norm. Note that the corollary is a statement on vector pro-
cesses, whereas Theorem 3.9 is a statement on one-dimensional processes. Since
the space where the vector processes live has finite dimension, generalizing
Theorem 3.9 is a straightforward business.

The final step is now to study the limits (provided they exist) of the random vari-
ables U(x; [tN])/N along paths of the process &(x). We again will restrict to face-
homogeneous random walks as described earlier.

We assume that the induced chain &* is ergodic. Say it has the stationary measure
7. Letxo € A. Write m® = Doy ypf for the expected jumps (drift) from points in A
and

A = Z Z 7TA(.X0 +yA)mA,.

A=A xp+yAEAN'

This is called the second vector field on A in Fayolle et al. [3]. By plugging in the
definition of the drifts m™, it follows that v* = 0 when \; = 0. For convenience,
denote O, = {®w € Q| wy = x}.

Lemma 3.11: Assume the conditions of Lemma 3.8; that is, suppose that &, is a
face-homogeneous random walk on S=][¢-, S;, with the state space and hom-

. . . . A . .
ogeneity faces specified in the previous paragraph. Suppose that & is ergodic
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for some face A. Assume the existence of a sojourn set A C S, with projA A C
A. Then

lim w = v, for Pi-almost all € L(B) N Q,,
N—oo N (3.10)

fort € Ry, x €S,

with B C A almost closed.

Proor: We will use the A-transformation & of & defined in the above. Let reward
1(X) = E{&,—&,_1|&,—1 = X} be paid whenever the process is in state ¥€S. Then
the random vectors denoting the accumulated reward earned between the nth and
(n41)st visits to Se, n=0, ..., are i.i.d. vectors. Similarly, the random variables
denoting the time elapsed between the nth and (n+1)st visit to S, n=0,...,are
i.i.d. random variables.

Also, to x € A’ we assign a reward r(x) = m™ for all faces A’ of S. Now the
A-transformation has been defined in such a way that the total accumulated reward
between two successive visits to S¢ equals the total accumulated reward in the
induced Markov chain §§‘ between two successive visits to the fixed reference
point xo € A, orthogonally to which the induced chain lives. The expectation of
the latter, and hence of the former, equals UA/ﬂ'A(xO). Similarly, the expected
return time to xo equals 1 /WA(XO), which is equal to the expected time elapsed
between two successive visits of S¢.

By a delayed version of the so-called renewal reward theorem (cf. Ross [11]), one
has for the chain & that

U(x; [1N]) :x+2,[,£]1 Edé —&ilé1) N N - 0o Poas
N N ’ 9L X e

Note that the renewal reward theorem has been formulated in Ross [11] for one-
dimensional processes. Extension to finite-dimensional processes is straightforward.
For any subset (), of the path space (), of the transformed chain, it follows that the
symmetric difference of the sets

{&)|A}imU(X;[]tvN])(w):vAt}ﬂﬁ; and Q)

is a P,-null set for the chain . Letx € A and put O, = A® N Q. The paths of &
and & restricted to ()} have equal probabilities. Hence, the symmetric difference of
the sets

U [INI)(w)

N vAt} NA®NQ, and AN Q,

0. (A) = {w|131330
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is a P,-null set for the chain &, Therefore,

P{(A” N Q) \ QA)} =0. (3.11)

Let x € S be arbitrary and let B C A be almost closed. By Lemma 3.8, the sets B
and A" differ by a transient set, and so by Lemma 3.5, we have sz = s4.. Hence,
Sp = San = 4. As a consequence, the symmetric difference of sets £(A) N ), and
L (B) N Q. is a P,-null set, since their probabilities are equal and the second set
is contained in the first. So, it suffices to prove the assertion of the lemma for the
set L(A) N Q,. For w € L(A), there exists a finite time n,, such that w,, € A, for
n>n, and either w, —1 & A or n,=1. Write ws = (w,, w, +1,...}. We will
show that the set

U(w,, ;[N
Qi = {weg(Amm wevﬁ, Naoo}
is a P,-null set. Indeed,
PX{QA,X}
SZ ZPX{(UEQXZ}’ZMH,&),, =)
n=1 yEA

U(y7 [tN])((l)k, W15« - - )
N

— vAt,N—> oo}

<Y Y PAE = IP{ATN Q) \ O(A)).

n=1 yEA

The last probability equals zero by Eq. (3.11), and so €}, , is a P,-null set. For almost
all w € L (A) N O, and N large enough so that [tN] > n,,,

U(x; [IN])(w)

N
xS Bl — &b = o) o
B N N
U(@ny; [IN] — 1) (@4) = Ulwn; [IND(@a) | U(@,; [IN])(@1)
+ N + N .

Now, letting N tend to infinity, for P,-almost all w € L(A) N (),, the first three terms
converge to zero and the latter converges to v, |

We finally piece together the results.
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COROLLARY 3.12: Under the conditions of Lemma 3.8, we have for any initial state x
that

Al,im ™M for Py-almost all o € L(B) N (,,

f[ﬂv](w) N
N -

for B C A almost closed. In other words,

ST _

4. RANDOM WALK ON THE INTEGERS

Consider an irreducible, face-homogeneous random walk & on the integers Z with
three homogeneity faces:

At =(1,2,...}, A"={0}), A ={-1,-2,...}.

This means that the transition probabilities take three different forms:

p;_x, x>0

Pxy = p?,, x=0
Py X< 0.

The corresponding means jumps will be denoted by m™, m®, and m™, respec-
tively. We assume that none equals zero. We also assume that the jumps are
bounded.

The induced chain on the face A" has a one-point state space and, conse-
quently, is always ergodic. An immediate consequence is that vA = m™. On the
other hand, for x > 0 sufficiently large and ¢ comparatively small, the random
walk inside A" behaves like a homogeneous one. Corollary 3.12 can be used to
show for the space-time scaled process that & n([xN])/N — x + tm", N — oo,
almost surely.

The same observations apply to the face A . Therefore, we associate with it the
following dynamical system on R. Let u : R\ {0} x R— R be a continuous
mapping with

d [ m", wx>0
e {m i) <0, ' *0,
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for initial condition u(x; 0) = x. For u(x; ) = 0, it is defined by continuity, and so the
mean drift at point O does not play a role.

Clearly, this defines u(x; t) uniquely whenever m" and m~ are both positive
or both negative. Suppose that m", m~ > 0. Then, similar to the derivation in
Popov and Spieksma [10], one can prove by virtue of a generalized Kolmogorov
inequality or Azuma Hoeffding inequality (see Williams [15]) the convergence in
probability to

N
u(x; 1) = lim &un(LND
x+tm", x>0
=<{ x+tm, x<0,t<ty=|x/m|

x+tom™ +(t—to)mT, x<0,t> 1,

which we will call the Euler limit. As has been pointed out in the above, by means of
Corollary 3.12, almost sure convergence in the first and second cases seems
immediate. Showing almost sure convergence in the third one seems to require
some extra work.

THEOREM 4.1: Assume that m™, m™ > 0. Then the set A is almost closed and the
set A~ is transient. Conjecture 1.1 holds and the process is simple and atomic.

Proor: We wish to apply Lemmas 3.4 and 3.8 as well as Corollary 3.12. The proof is
then reduced to constructing a suitable Lyapunov function and sojourn sets. Let
f(y) =1t when u(0; 1) =y, where 7 can also be negative. More explicitly, f(y) = y/
m* for y> 0 and f(y) = y/m  fory <0.

Let B= {0}, C=0, and k = 1. Then the set A from Lemma 3.4 is precisely A ™.
The conditions of this lemma hold if Eq. (3.3) holds for some € > 0.

For x > 0, we have

+

1
E(f(6) —f@) & =x) = — Bl — gl =x} == 1.

For x < 0, this expectation equals 1 as well. We can take € = 1, and so the conditions
of Lemma 3.4 hold. Application of this lemma yields almost closedness of A* and
transience of A~ U {0}, hence of A™.

By Example 3.1, A= A" is representative. Furthermore, projA+(A) C AT
Ergodicity of the induced chain is trivial. Hence, the conditions of Lemma 3.8
hold for set A= A" and face A". As a consequence, A is atomic. This implies
that the process is simple and atomic, and so sy« = 1. Moreover, by virtue of
Corollary 3.12, for any initial state x,
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Px{j\;im % — N = u0; 0] LA N Qx} =1

This implies that

. §
PX{M(}O% = u(0; 1)

= Px{ Jlim gf,“ =u(0;) | LA N QX}PX{Q(M) N}

+ Px{]&%% = u(o;t)lﬂx \ L(A+)}PX{QX \é(A+)}

= Px{é(A+) N Qx}
=5+ (0) =1,

since Q,\L (A™) is a null set. [ ]

The more interesting case is when m~ < 0 < m™. Then we have the simpler form

u(x;t) = A}grgo almost surely.

EmU{xXNY  [x+m", x>0
N T lx4+m, x<O0,

Two Euler paths start at point 0, one to each direction. This suggests the occurrence of
two atomic almost closed sets: A™ and A ™. This is indeed the case.

TueoREM 4.2: Assume thatm™~ < 0 < m™*. The almost closed set decomposition is given
by Z = A" U A", with A" and A~ both atomic. Moreover, Conjecture 1.1 holds.

Proor: Almost closedness of A" and A~ follows in the same way as almost closed-
ness of A" in the proof of the previous lemma by application of Lemma 3.2. Use
Example 3.1 in order to apply Lemma 3.8 to show that these are the only (modulo
transient sets) almost closed sets, as well as atomicity, in the same manner as the
proof of the previous theorem. Again, note that the induced chains for A" and A~
are trivially ergodic.

In this case, u(0; ¢) has two realizations: v 7 and v™ 7. Since Corollary 3.12
applies, Eq. (1.1) follows as in the proof of the previous theorem by a conditioning
argument. For completeness, we give it here for the path u(0; n=v"r
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Px{ Jim T _ uA*z}

N—oo

- Px{j\}im % =" LATN QX}PX{Q(/V) N Q)
+ Px{l\llim % =Nt LA N QX}PX{Q(A) N Q)

+ Px{lgiggfg’v”] =" 10\ (LA U Q(A‘))}

X P\ LAY U LA}
=P LA N Q) =54 (x)
=P LA,

since P {limy_én/N=0* t|LAHINQ}=0 and P{Q\LAHU
L(A7)} = 0. This completes the proof of Conjecture 1.1.

5. COUPLED PROCESSORS SYSTEM: A RANDOM WALK ON THE
QUARTER PLANE

We will illustrate the validity of Conjecture 1.1 for two special face-homogeneous
random walks on the quarter plane. A characterization of the almost closed set struc-
ture for face-homogeneous random walks on Zi can be found in Kurkova [9].

As in the previous section, the first version has only one atomic closed class and
the second has two.

5.1. Coupled Processors System with Switched-off Processors
Whenever a Queue Is Empty

Consider a system of two processors indexed by 1 and 2. Let A; >0 and A, >0
denote their input rates, respectively. Whenever both queues are nonempty, processor
i works at speed w;, i = 1, 2. The moment queue 1 empties, processor 2 is switched
off, and vice versa. We consider the time-discretized version obtained by uniformiza-
tion, so that we can assume

/\1+/\2+/-L1+,U«2 <1
This model is a face-homogeneous random walk on Z3 with four homogeneity faces:

Ao = {0}, Az = {(x EZ?|x1, x, > 0},
A =xEZ|x>0,xa=0}, Ay={xEZ*|x; =0,x >0)}.
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The jump probabilities from points in A;, [ = 0,1,2, are given by

)\1, )C1:1,)C2=0
)/C\I: Az, X1 :O,x2:1
1—/\1—)\2, )C1:)C2:0.

On face Aj, they are given by

/\1, .Xlzl,xZ:O

)\2, X]ZO,Xzzl
P =< . xi1=-lLx=0

W, x1=0,x =—1

1—/\1—)\2—M]—M2, X]ZXZZO.

In the two-dimensional model, the drift vector m™ has two components: m’l\ and mé\
The same applies to the field v for an ergodic induced chain &*. So far, we have not
made any assumptions on the parameters. Let us assume first that A; < w;, i = 1, 2.
Then the induced chains &' and &** are easily checked to be ergodic. They have a
one-dimensional state space. For instance, for A, one can take (1, 0) + (0, Z_)
and so we can identify it with Z . It has jump probabilities

A2, j=i+1

PLEY, =j1&M = i) = § mlimo) j=i-1

=2 = molizo, J=i,

and so ergodicity follows, since A, < u,. Moreover, ™ (0) = 1— Ao/, Hence,

A A
o (12 ) 22
1223 M2

A A A (A —
(=)o)
M2/ \ Ay Mo \ A2 —
_L()\lﬂz—l‘q/h)
) 0 .

Similarly & is an ergodic induced chain with

*<on )55
py \ A2fry = Ho Al p \ 0

Suppose that v > 0; in other words, At/ > Ao/ps. Then 152 < 0. Clearly, &%
is ergodic since it is a chain living on a one-point set. Hence, o= m™,
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The assertion in Corollary 3.12 suggests defining a continuous dynamical system
u(x; ) on R? satisfying

+

le—tu(x; =M ulx;n)EALIL#DO, (5.1)

for initial condition u(x; 0) = x, where d*/dt denotes the right derivative. It is
uniquely defined under the above conditions. Define A; = {x € Zi\xz < (o
1)x; }. Note that it contains A!

THEOREM 5.1: Assume A; < w;, i = 1,2, and Ao > Aopuy. Then the set Ay is almost
closed and atomic, and Zi\Al is transient. The process is simple and atomic.
Conjecture 1.1 holds.

Proor: Almost closedness of A; and transience of Z2+\A 1 will follow from Lemma
3.4 by checking the conditions of this lemma.

Let B= {0}, C=0, k=1, and f(x) = uox; — w1 x. Then §; = {x € Z7|f(x) >
C >. We only need to check that Eq. (3.3) holds for all x # 0 and some € > 0. For
any x # 0,

E{f (&) —f(E) & = x} = My — apy >0,

so that Eq. (3.3) holds for x # 0 and € = A uo—Ar .

Next, by Example 3.1, A, is representative. Also, projA‘(Al) = A,. The con-
ditions of Lemma 3.8 are satisfied for set A = A, and face A,. It follows that A, is
atomic, and so the process is simple and atomic.

The validity of Conjecture 1.1 finally follows from Corollary 3.12 by a similar
decomposition as in the proof of Theorem 4.1. |

5.2. Coupled Processors System with Switched-off Processors
Whenever a Queue is Empty, and with Additional Input

The previous model has a nice “simple” structure. In a system with arrival control, it
seems not unnatural to allow more customers or jobs to enter a queue whenever it is
empty. Indeed, this might reduce idle server time. Upon allowing this, “nonsimple”
structures might appear.

Keeping the rates for two nonempty queues equal to the previous model, we
allow arrival rates /\ﬁ, i=1,2,0onfaces A, [ =0, 1, 2. In this case, the jump probabil-
ities from points in A;, [ =0, 1,2, are given by

A, x1=1,x=0
A 1
x[_ /\2, X1 :O,XQZI

1—=A =X, xy=x=0
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Again, assuming A; < w;, the induced chains §f\‘, [ =1,2, are ergodic. Identifying
their state space with Z,, the induced chain Al has jump probabilities

PLEY, =j1 &Y =)
M1izoy + Aalyi=0), j=i+1
=19 mli=o), j=i—-1
1 — Mmooy + A2ly=0) — olyi=0y, j=1i.

Now, we have 77/\‘(0) = (Mz_/\z)/(Mz_)\2+/\]2)- This yields

|
AT h 4 A e
Mo — Ay + A Mo — Az + A}

kb [N n A <)‘1_M1>
po = A+ Ay \ A Mo = Ao+ A5 \ A — iy

! (AimZ—Az)—A;(u]—Al))

v

Mo = A+ A 0
For A, we get similarly,

1 0
Ar
Mm=—— .
= A+ A2 <_/\%(M2 = Ao) + A3y — Al))

In order for both v{*' and v5 to be positive, it is sufficient to require

A2 —A Al
- (5.2)
)\2 My — )\2 /\2

Using Eq. (5.1), we can define a continuous dynamical system u(x; ¢) for initial
condition u(x; 0) = x. However, it is not uniquely defined at the moment u(x; 1) =
(0, 0) for some 7 > 0. We have two possible realizations, both occurring with positive
probability. Choose @, and a, satisfying

A2 —A 1A
Ry —" <4
A Mo —Ay ar A

LetA, = {xEZ% |a; x, > x,} and A, = {x € Z7 | x; < a»x,}. Then A; N A, # 0.
THEOREM 5.2: Assume A; < i, i =1, 2, and (5.2). Then each set A; is atomic and

almost closed. The state space has the almost closed set decomposition 73 = A, U
A,. Conjecture 1.1 holds.
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Proor: The first statement on almost closedness of S; and S, follows from a by now
straightforward application of Lemma 3.2 with the functions fi(x) = a;x; —x, and
H(x) = —x; + ayx,, respectively, step function k = 1, and constant C = 0.

Atomicity follows from Example 3.1 by applying Lemma 3.8 for sets A; and A,
and faces A and A, respectively. Note again that projA'(Si) = A,

Since A; U A, = Z2, they are the unique almost closed sets, modulo transient
ones. This proves that the almost closed set decomposition consists of two atomic sets.

The final proof of Eq. (1.1) is again by a conditioning argument along the same
lines as in the proof of Theorem 4.2. |

6. CONCLUSION

This article has shown Conjecture 1.1 for interesting face-homogeneous random
walks on Z and Z2. In particular, we have provided tools for characterizing the
almost closed set structure and fluid limits in the case of an almost closed set
decomposition of the state space into atomic sets. The construction of suitable
Lyapunov functions is the yet untackled Achilles’ heel of completing the characteriz-
ation of such face-homogeneous random walks. Partial results exist, using in fact the
continuous dynamical systems defined by the second vector field for subchains (cf.,
for instance, the basic reference Fayolle et al. [3]).
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