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Let K be an imaginary quadratic field different from Q(v/—1) and Q(+/=3). For a
positive integer IV, let K be the ray class field of K modulo NO . By using the
congruence subgroup +I'1 (N) of SL2(Z), we construct an extended form class group
whose operation is basically the Dirichlet composition, and explicitly show that this
group is isomorphic to the Galois group Gal(Ky/K). We also present an algorithm
to find all distinct form classes and show how to multiply two form classes. As an
application, we describe Gal(Ki,b/K) in terms of these extended form class groups

for which Kj‘\,b is the maximal abelian extension of K unramified outside prime
ideals dividing NOg.
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1. Introduction

Let K be an imaginary quadratic field of discriminant dx with ring of integers Ok .
Let Q(dk) be the set of primitive positive definite binary quadratic forms Q(z, y) =
ax? + bry + cy? (€ Z[z, y]) of discriminant b? — 4ac = d. Define an equivalence
relation on Q(dk), called the proper equivalence, by

Q~Q — Q <[§D =Q <a m) for some o € SLy(Z).
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Then, the set C(dx) = Q(dk )/ ~ of equivalence classes under Dirichlet composition
becomes a group, called the form class group of discriminant dg [1, theorem 3.9].

Let I'x be the group of fractional ideals of K and Pk be its subgroup of principal
fractional ideals. It is a classical fact that the form class group C(d) is isomorphic
to the ideal class group Cx = I /Pk as follows: For each @ € Q(dk), let wg be
the zero of Q(z, 1) in the complex upper half-plane H.

THEOREM 1.1. We have an isomorphism of groups

d) . C(dK)—>CK

form class containing Q = ax® + bry + cy* — ideal class containing alwg, 1].
Proof. See [1, theorem 7.7]. O

REMARK 1.2. Note that [awg, 1] = [(—b+ Vdk)/2, 1] = Ok. In theorem 1.1, one
can replace the integral ideal a[wg, 1] by the fractional ideal [wq, 1].

On the other hand, let Hx be the Hilbert class field of K whose Galois group is
isomorphic to Ck [1, theorem 8.10] or [4, theorem 9.9 in Chapter V]. The following
theorem is a consequence of the theory of complex multiplication and theorem 1.1.

THEOREM 1.3. We have an isomorphism of groups

C(dg) — Gal(Hg /K)

form class containing Q — (j(7x) — j(wg)),

where j(7) is the elliptic modular function and Tr is an element of H such that
OK = [TK, 1]

Proof. See [2,3] or [8, theorem 1 in Chapter 10]. O

Now, for a finite abelian extension L of K such that L O Hg, it is natural to
ask whether there is some form class group that is isomorphic to Gal(L/K). Since
Gal(Hi /K) (~ C(dk)) is a quotient group of Gal(L/K), if we loosen the proper
equivalence on C(dg) induced from SLg(Z), then we would expect to get a certain
new form class group isomorphic to Gal(L/K). Here we note that L is contained
in some ray class field Ky modulo NO for a positive integer N [1, p. 149].

PRrOPOSITION 1.4. Let Fn be the field of meromorphic modular functions of level
N whose Fourier coefficients lie in the Nth cyclotomic field. Then we have

Kn = K(h(tk) | h(T) € Fn is finite at 7).
Proof. See [8, corollary to theorem 2 in Chapter 10]. O

In this paper, we shall first construct a newly extended form class group Cy (dx)
isomorphic to the ray class group CI(N) modulo NOk, through the equivalence
relation induced from £TI'y (V) (theorem 2.9). It turns out that the binary operation
on Cn(dg) is essentially the Dirichlet composition on C(dg) (remark 2.10 (iv)).
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In view of theorem 1.3 and proposition 1.4 we shall further establish an
isomorphism

Cn(dk) — Gal(Kn/K)

form class containing

Q = aaz® + bay + ey — <h(TK) — h{g (bibf{)/ﬂ (w@) | h(T) € Fn is finite at TK> ,

where min(7x, Q) = 2% + bz + cx € Z[x] (theorem 3.10). This indicates that a
form class [az? + bzy + cy?] in Cn(dg) has perfect information on an element
of Gal(Ky/K). Of course, we shall present an algorithm in order to list all
representatives of form classes in Cy(dg) (theorem 4.4) and give some examples.
Let K ]a\}’ be the maximal abelian extension of K unramified outside prime ideals
dividing NOg. As an application, we shall construct a dense subset of Gal(K%/K),
equipped with Krull topology, in terms of extended form class groups (theorem 6.4).

2. Extended form class groups as ray class groups

Throughout this paper, let K be an imaginary quadratic field of discriminant dg
other than Q(v/—1) and Q(y/—3). For a positive integer N, let Qn(df) be the set
of primitive positive definite binary quadratic forms Q(x, y) = az? + bxy + cy? of
discriminant dx such that ged(N, a) = 1, that is,

On(dr) = {az? + bry + cy® € Q(dk) | ged(N, a) = 1}.
By +T'1(N) we mean the congruence subgroup of SLy(Z) given by

1 s

AT (N) = {0 € SLy(Z)|o = + {O ;

} (mod N) for some s € Z} .
PROPOSITION 2.1. The group +T'1(N) acts on the set Qn(di) on the right by

Q" =Q (a m) (0 € T4 (N), Q € Qn(dk)).

Proof. Since SLy(Z) acts on Q(df ), it suffices to show that +I'y (IV) preserves the
set On(dg). Let Q(z, y) = ax?® + bry + cy? € Qn(di) and o € 1 (N). We then

see that
x|\ _ 1 s| |z
Q (a L/]) = Q (:t [0 J {y]) (mod NZ[x, y]) for some s € Z
= azx® + (2as + by + (as® + bs + ¢)y* (mod NZ[x, y]).
This shows that Q(c B]) belongs to Qn(dk), as desired. O
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DEFINITION 2.2. Define an equivalence relation ~y on the set Qn(dg) by

Q~nQ = Q <Lﬂ> =Q (0 B]) for some o € £T'1(N).
Denote by Cy(dg) the set of equivalence classes, namely,
Cn(dg) = On(dr)/ ~N -

Now, we are in need of the following basic lemma for later use.
LEMMA 2.3. Let Q(z, y) = az® + bay + cy? € Q(d) and o = LC f}] € SLy(Z).

(i) If w € H, then

lo(w), 1] = ﬁ[u}, 1] where J(o, ) = ww + v.
(ii) Let Q' € O(dy) such that Q' (BD =Q (o BD Then we have
wq = o(wQ')-

(iii) We have
1
NK/Q([WC% 1]) = a’
where N q(-) is applied to fractional ideals of K.

Proof.
(i) It follows from the fact o € SLa(Z) that

oo 1= [ 2222 1) -

uw + v’
(ii)

o[¥]) o= ([¥]) = [¥]) o0 sera([5])

Since wq, wg' € H, we conclude wg = o(wg).

(iii)

uw+v[rw+s, uw + v] = 7o, w)[w, 1].

diSCK/Q([WQ7 1]) = ‘E:Zi—\/\/%%gz 1 - CCZL%.

On the other hand, since
discx /g ([wg, 1]) = Nk/g(lwe, 11)?dk
[9, proposition 13 in Chapter III], we achieve

Nijollwe, 1]) = % O
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Let CI(N) be the ray class group modulo NOk, namely,
CUN) = Ix(N)/Pg,1(N)

where Ix(N) is the subgroup of Ik consisting of fractional ideals of K prime to
NOg and Pk, 1(N) is its subgroup consisting of principal fractional ideals AOg
with A € K* such that A =* 1 (mod NOk) [4, pp. 136-137].

DEFINITION 2.4. Define a map

¢N : CN(dK) — CI(N)
[Q] — ray class containing [wg, 1].

Here, [Q)] stands for the form class containing @Q € Qn(dk).

REMARK 2.5. By remark 1.2, we see that ¢; = ¢, the classical isomorphism
described in theorem 1.1.

PROPOSITION 2.6. The map ¢n is well defined.

Proof. First, we shall show that if Q(z,y) = az? + bxy + cy? € Qn(dk), then
the fractional ideal [wq, 1] is prime to NOg. Observe that awg, 1] = [(—b+
Vdk)/2, a] is an integral ideal of K with

Niglalwe, 1]) = a
by lemma 2.3 (iii). This, together with the fact gcd(N, a) = 1, implies that [wg, 1]
is prime to NOg-.

Second, we shall show that if @, Q" € Qn(dk) such that [Q] = [Q'], then [wq, 1]
and [wg, 1] belong to the same ray class in C1(V). Let

o ([ﬂ) =dz?+Vay+cdy?=Q <a [ﬂ) for some o = {; Z] € £ (N).

We then derive by lemma 2.3 (i) and (ii) that

1
1] = N1 = ———[wor, 1.
wo, 1] = lo(we), 1] = 2= lwar, 1]
Since 0 = £ {(1) ﬂ (mod N) for some s € Z and ged(N, a’) = 1, we obtain
—b' ++/d
uwg +v =" u% +v="%1 (mod NOk).
a
This yields that [wg, 1] and [wgs, 1] belong to the same ray class in C1(V). O

PROPOSITION 2.7. The map ¢n s injective.
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Proof. Suppose that

on([Q) = ¢n([Q])  for some Q, Q" € Qn(dk),
and so
[wg, 1] = Alwgr, 1] for some A € K* such that A="1 (mod NOg). (2.1)

Then, we get by theorem 1.1 that

([])-ef) wome-l; e

And, it follows from lemma 2.3 (i), (i) and (2.1) that
wors 1] = T (0, we)lo(wg), 1] = (uwgr +v)we, 1] = Auwg: +v)[wer, 1],
and hence
Muwgr +v) € O = {1, —-1}.
Since A =* 1 (mod NOk), we deduce
uwg: +v =" %1 (mod NOk). (2.2)
If we let Q'(x, y) = a’2? + b'wy + 'y?, then we have O = [(—=b' + /dk)/2, 1] and

—V + Vdxk
2

1
uwQ/+v:|:1—<u
a

- +ad(v+ 1)) .
Thus, it follows from the fact gcd(N, o’) = 1 and (2.2) that
u=0 (mod N) and v ==+1 (mod N).

Moreover, since det(o) = 1, we obtain ¢ € £I'1(N). Therefore, @ and Q" belong to
the same class in Cy(dg), namely, [Q] = [Q’]. This proves the proposition. O

PROPOSITION 2.8. The map ¢n is surjective.

Proof. Let C € CI(N). Take an integral ideal a in C~!, and let &, & € K* such

that
=l &) and ¢=Sem
&2
Since 1 € a1, one can write
1 =wu& +v€ for some u, v € Z. (2.3)

We then claim ged(N, u, v) = 1. Otherwise, d = gcd(N, u, v) > 1, and so da™! =
[d€1, d&s] contains 1 by (2.3), which implies dOf 2D a. But, this contradicts the fact
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that a is prime to NOg. Thus we may take a matrix o = [:7 %] in SL2(Z) such

that
t=wu (mod N) and v =wv (mod N) (2.4)

by the surjectivity of SLa(Z) — SL2(Z/NZ) [13, lemma 1.38]. If we set w = o (&),
then we derive that

[w, 1] = [o(£), 1]
1
T
= ﬁ[ﬁl/@, 1] by the fact £ =& /&

1
= m[ﬁh &2]
1 ol
&y + véo

(€, 1] by lemma 2.3 (i)

Here, we note that

ﬂfl + 562 —1= 1761 + 552 — (ufl + Ufg) by (23)
= (u—u)é + (0 -v)&
€ Na=! by (2.4),

from which we see that

Therefore, [w, 1] and a~! belong to the same ray class C. Thus, if we let Q be the
element of Qy(dg) satisfying wg = w, then we conclude

on([Q) = C.
(]

THEOREM 2.9. The set Cn(dk) can be regarded as an abelian group isomorphic to
the ray class group C(N).

Proof. Define a binary operation - on Cy(dg) by

Q] Q] = ¢n* (on ([Q)) DN ([Q])),

where ¢n ([Q])dn ([Q']) is the product of ray classes in C1(V). This binary operation
makes Cy(dg) an abelian group isomorphic to CI(N). We shall describe the group
operation on Cy(dg) explicitly in the following remark 2.10 (iv). O
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Cn(dk) T CI(N)
natural surjectionl l canonical homomorphism
Cum(dr) * Cl(M)

Figure 1. A commutative diagram of class groups

REMARK 2.10.

(1)

(i)

(iii)

If M is a positive divisor of N, then we have by definition 2.4 a commutative
diagram of homomorphisms (figure 1):

Let 7 be the element of H induced by the principal form

%+ zy + %lﬂ if dg =1 (mod 4),
z? — dcy? if dg =0 (mod 4).

Since [, 1] = Ok, the principal form gives rise to the identity element of
Cn(dg).

For a quadratic form Q(z, y) = ax? + bry + cy? € On(dk), we want to find
its inverse [Q]™! in Cn(dg). Let ¢ = a*M|wg, 1], where ¢ is the Euler
function. Then, ¢ is an integral ideal of K which belongs to the same ray
class as [wg, 1] because a®™) =1 (mod N). Since ¢ = N ,g(c)Ox and
Nk o([wg, 1]) = 1/a by lemma 2.3 (iii), we get

RN U DI,
T Nie()' ar T =%e, 1}

[

and hence we obtain

1 _ _
L= ar(N)—1 (0- (~wg) +a?™ 1. 1),

Take an element o = {% ;} in SLy(Z) such that

=0 (mod N) and ¥ =a*™"1 (mod N).

Now, if we let Q' € Qn(dx) satisfying wg: = o(—wg), then we achieve by the
proof of proposition 2.8 that @’ and ¢! give the same ray class. Therefore,
[@’] is the inverse of [Q] in Cy(dk).

Let Q1(z,y) = a12” +bizy + c1y%, Qa(w,y) = asa® + bawy + c2y® € Qn(dk).
We will describe an algorithm how to find [Q1] - [Q2] explicitly. One may take
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a matrix p in SLy(Z) so that Q3(x, y) = azz? + bzzy + c3y? defined by

o ()= ¢

satisfies ged (a1, as, (b1 + b3)/2) = 1 [1, lemmas 2.3 and 2.25]. We then obtain

—B+ Vdk 1]

2.6
2@1@3 ( )

foon: Uy, 1] = |
where B is an integer for which
B =b; (mod 2a;), B =bs (mod 2a3) and B?=dg (mod 4a;a3)

[1, lemma 3.2 and (7.13)]. (This ideal multiplication gives us the Dirichlet
composition on Ci(dg) = C(dk) by theorem 2.9.) On the other hand, we
know by definition 2.4 that ¢x([Q1])@n ([Q2]) is the ray class containing the
fractional ideal

¢= [WQU 1][“}622’ 1].
Thus, we get that
¢ = [wo,, 1[p(wg,), 1] by (2.5) and lemma 2.3 (ii)
1
=—|wo,, 1]lwo,, 1] by lemma 2.3 (i
70 oy @as leau 11 by ()

1 —B+ Vdg }
_ 1] by (2.6).
J(p, wqs) [ 2a;a3 y (26)

By the fact ¢ = Ng,q(c)Of and lemma 2.3 (iii) we see that

1 1 _ _ _
a=c¢ = —=—=0=0a102C = [~1WQ,, a1][—ax@q,, a2]
K/0(¢)

is an integral ideal in the ray class (¢n([Q1])0([Q2]))~!. Now, by using the
argument in the proof of proposition 2.8 one can have Q4 € On(dk) so
that ¢n([Q4]) is the ray class containing a=! = ¢. Therefore, we achieve by
theorem 2.9 that

[Qa] = [@u] - [Q2].

3. Extended form class groups as Galois groups

Let K be the ray class field of K modulo NOg, that is, K is the unique abelian
extension of K whose Galois group Gal(Ky/K) corresponds to CI(N) via the
Artin map for modulus NOg. In this section, we shall establish an isomorphism of
Cn(dr) onto Gal(Ky/K) in a concrete way.
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Let Fn be the field of meromorphic modular functions of level N with Fourier
coefficients in Q((y), where (v = €>™/N. Tt is well known that Fy is a Galois
extension of F; with

[13, theorem 6.6]. In particular, the subgroup SLy(Z/NZ)/{£I>} of GL2(Z/NZ)/
{xI>} acts on the field F as follows: Let h(r) € Fy and o € SLy(Z/NZ)/{£I:}.
Then we have

h(r)* = h(a(7)),

where & is any matrix in SLg(Z) that reduces to «a via SLy(Z) —
SLy(Z/NZ)/{+I>}.

DEFINITION 3.1. We call a family
{ha(7) Yacar, /N2 /{£12)
of functions in Fn a Fricke family of level N if
ha(T)? = hag(r) for all a, B € GLo(Z/NZ)/{+L}.

REMARK 3.2. In their work on modular units and elliptic units, Kubert and Lang
first introduced the notion of a Fricke family [7]. Recently, Jung, Koo and Shin
sharpened and modified the original definition and apply it to generate modular
function fields and ray class fields of imaginary quadratic fields [5].

REMARK 3.3. For a Fricke family {hq(7)}a, let A(7) = hr, (7). Then we get
M7) = hp, (7)Y = hiya(T) = ho(7) (a € GLo(Z/NZ)/{£I2}).

This shows that {h,(7)}q is a family of Galois conjugates of h(7) = hy,(7) under
Gal(Fn/F1).

For a class C' € CI(N) take an integral ideal a in C~1, and let &;, & € K* such
that
= (6, &) and €= % cH.
2

Let 7k be the element of H stated in remark 2.10 (ii). Since O C a~! and £ € H,
one can write

{Tﬂ[r s} E;] forsomeALC ]GM;(Z), (3.1)

S
u v v

Here, M, (Z) is the set of 2 x 2 matrices over Z with positive determinants. It then

[O“OWS t ]la‘
K K 7 S 51 5
1 1 u v <2 C 2 ’

https://doi.org/10.1017/prm.2018.163 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.163

Binary quadratic forms and ray class groups 705

Taking determinant and squaring, we obtain
di = det(A)*discig(a") = det(A)’ N g(a) *dk

[9, proposition 13 in Chapter III]. Thus, we deduce det(A) = N g(a) which is
prime to N.

DEFINITION 3.4. Let {ho(7)}a be a Fricke family of level N, and let C € CI(N).
Following the above notations, we define

h(C) = ha(§).
Here, we regard A as an element of GLa(Z/NZ)/{£I>}.

PROPOSITION 3.5. The value h(C) depends only on the ray class C, not on the
choices of a and &1, &s.

Proof. First, let a’ be another integral ideal in C~'. Then we have
a = Aa for some A € K* such that A =* 1 (mod NOx),

and so

a6y

/—1 :)\71 -1 _ )\71 )\71 d —
‘ ‘ AT ATE] an A &

We see from the fact a, a’ = \a C Ok that
(A=1)a C Ok.
Moreover, since A =* 1 (mod NOk) and a is prime to NOg, we obtain
(A=1)a C NOk,
and hence
(A=1)0k C Na™ .
Thus we obtain by the fact Ok = [k, 1] that

(A=17x = N(a& +b&) and A —1= N(c& +d&) for some a, b, ¢, d € Z.

(3.2)
On the other hand, since N\Ox C Aa’~! = a~! = [¢, &], we may write
M| [ s[4 rs 4
{ \ } = [u’ v [§2 for some oo € My (Z). (3.3)

One can then derive by (3.1), (3.2) and (3.3) that

-l ST Lo
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which yields

—
:\ =
[SEV
<~
I

[Z f}] (mod N).

Second, let &, & € K* such that

et = [, &) = €], €] and f’:ZeH-

We then express

[TK] = A Fﬂ and Fﬂ =B [El] for some A’ € M, (Z) and B € SLy(Z),
1 3 3 3

and so by (3.1) we deduce
U /
A/ §I:| :A |:£1:| :ABfl |:€1:| .
[55 &2 3
Hence we achieve
¢ =DB() and A =AB™L.
Therefore we get that
ha(€) = hap-1(B(€)) = hap—1(7)"|r=¢ = hap-15(T)lr=¢ = ha(€),
which proves the proposition. O

REMARK 3.6.

(i) If Cy denotes the identity class in C1(IV), namely, Cy is the ray class containing
Ok = [TK, 1], then

h(Co) = hr1,(TK).

(ii) The invariant h(C') is an analogue of the Siegel-Ramachandra invariant given
in [7, p. 235] and [11].

Let
7= H Z, and @:@@Zi.

p:primes

~

We can decompose GL2(Q) as
GL2(Q) = GL2(2)GLE (Q) = GLE (Q)GLa (2), (3.4)

where

GL3 (Q) = {y € GL2(Q) | det(y) > 0}
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[1, theorem 15.9 (i)] or [8, theorem 1 in Chapter 7]. Furthermore, we have

GL@) ~ [[ GL2(Q,). (3.5)

p:primes

where ’ denotes the restricted product, that is, for almost all p the p-component of
an element of Hp GL2(Q,) lies in GL2(Z,) [1, Exercise 15.4]. Let

o0
F=J Fu
M=1
Then, we have a surjective homomorphism

or : GL2(Q) — Aut(F)

with Ker(oz) = Q* [8, theorems 4 and 6 in Chapter 7] or [13, theorem 6.23]. More
precisely, let h(7) € Fy and v € GL(Q), and so v = a8 with @ = (ap)p € GLy(Z)
and 3 € GL3 (Q) by (3.4) and (3.5). By using the Chinese remainder theorem, one
can find a unique matrix & in GLo(Z/NZ) satistying & = «,, (mod N) for all primes
p such that p| N. We then obtain

h(r)77 ) = h¥(3()) (3.6)

[8, theorem 2 in Chapter 7 and p. 79].
For w € K NH, we have an embedding

¢ 1 K* — GLJ (Q)

defined by
£ [“f] = 0 (¢) m (€€ K).
By continuity one can extend ¢, to an embedding
Gu,p - K; = (K ®zZp)* — GL2(Qp)
for each prime p, and hence to an embedding of idele groups
o K = (K @2 Z)" — GL2(Q)

[8, p. 149]. Let K*® be the maximal abelian extension of K.

ProproOSITION 3.7 Shimura’s reciprocity law. Let s be a finite idele of K and
(s7%, K) be the Artin symbol for s™' on K. Let w € K NH and h(t) € F which
is finite at w. Then, h(w) lies in K* and satisfies

h(w) KD = p(r)erlae)| _

Proof. See [8, theorem 1 in Chapter 11] or [13, theorem 6.31 (i)]. O
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REMARK 3.8. The group of finite ideles of K is defined by

Ifin = H/K;‘ where p runs over all prime ideals of Ok
p

= {5 = (sp) € HK; | sp € O, for all but finitely many p} .
p
Then, the class field theory of K is summarized by the exact sequence

1 — k1 OF) Gaykeb k) 1

where K* maps into Hf}(“ through the diagonal embedding v — (v, v, v,...) and
(-, K) is the Artin map [10, Chapter IV]. If we let

Ok,p = Ok ®z Z, for each prime p,

then we have

Ok, p~ 1_[(9[(p and K* ~ Jfin
plp

12, Chapter II]. Thus we may identify I with K* for the class field theory of K.
K

THEOREM 3.9. Let {ho(7)}a be a Fricke family of level N, and let C' € CI(N). If
h(C) is finite, then it belongs to Kn and satisfies

h(C)aN(Clil) = h(CC") for all C" € CI(N)
where o : CI(N) — Gal(Ky/K) is the Artin map for modulus NO .

Proof. Let a and o’ be integral ideals in C~' and C’~!, respectively. Take
&1, &, &, &) € K* so that

a_l = [51) 52] with g = é € Ha

13

and
1
(ad)"' = (€], &) with ¢ = 2L € H.
2

Since O C a™! C (aa’)~!, we may write

7‘{(] — A E;] for some A € My (Z) (3.7)
and

51] =B [ é:] for some B € M, (Z). (3.8)

&2 9
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Let s be an element of K* such that for every prime p

sp=1 if p| N,
{spoK,p —a, ifpiN. (3.9)

Since a’ is prime to NOg, we get
s;l(’)mp = u;_l for all primes p. (3.10)

Observe that for every prime p

el [E] = @t [§] = [§ =5 ]

B E;] and  ge (s, >E;]

are bases for the Zy,-module (aa’), ' by (3.8) and (3.10). So, there exists u, €
GL2(Z,) such that

Thus,

qg’p(sgl) :uprl. (3.11)
If we let

u = (up)p € H GL2(Zp),

: primes
then we obtain
ge(s™') =uB™h. (3.12)
Now, we derive that
h(C) S E) = ha(6)®5) by definition 3.4
=hy (T)af(qf(g |T:5 by proposition 3.7
= ha(r)7 B e by (3.12)
= hau(B7H(7))|-=¢ by (3.6),
where u is regarded as an element of
GLy(Z/NZ)/{£I}
= hAB(B*I(T))|T:5 because for every prime divisor p of N
we have s, =1 by (3.9), and so
u, B~ = Iy by (3.11)
= hag(B7(€))
=hap(¢”) by (3.8)

= h(CC’) since [Tl] AB{

"

5"} by (3.7) and (3.8).
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In particular, if ¢/ = C~!, then we see that
B(C) = MO 1D = h(Co)™ ) = hy (7)1

by remark 3.6 (i). This implies that h(C') belongs to Kx because hr,(7x) lies in
K n by proposition 1.4. Since ord, s, = ord, a’ for all primes p such that p{ N and
prime ideals p of K lying above p by (3.9), we achieve

(s, K|y = on(C™).
Therefore, we conclude

h(C)~ T = n(ce).

Let min(7x, Q) = 22 + b + cx € Z[z], and so

_ ~brx +Vdk

TK B
THEOREM 3.10. We have an isomorphism of groups

CN(dK) — Gal(KN/K)

[aa:2 + bry + cyz] — (h(TK) — h[a (b—bK)/Q] (%) | h(T) € Fn is finite at TK> .
0 1

Proof. Let Q(z, y) = ax® + bry + cy? € Qn(dg). Then, C = ¢n([Q]) is the ray
class containing the fractional ideal ¢ = [wg, 1]. Since

1 1
1 - _
[ = —=C= 7[_5‘) ) ]-]
wal)  al @

by lemma 2.3 (i), a = a®™) ¢~ is an integral ideal in C~'. Tt then follows that

L1 .
0= T e ]

and

T®| qP(N)+1 a‘P(N)(b—bK)/Z wQ/aSO(N)
11 0 a¥) 1/a*®) |-

Since a?™) = 1 (mod N), we have
h(C) = h[a (0-01)/2] (w@)-
0o 1
Now, by composing the two isomorphisms
CN(dK) — CI(N)

[az?® + bzy + cy?] +— ray class containing [(—b + \/dx)/2a, 1]
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given in theorem 2.9 and
CI(N) — Gal(Ky/K)
C (h(TK) = h(Cp) > h(Co)™> €™ = h(C) | h(r) € Fy is finite at TK)

obtained by theorem 3.9, we establish the theorem. (]

4. Explicit construction of extended form class groups

In this section, we shall explain how to find representatives of forms classes in
Cn(dk).

LEMMA 4.1. Let Q(x, y) = az® + bxy + cy? € On(dx) and u, v € Z. Then, the
fractional ideal (uwg + v)Ok is prime to NOg if and only if Q(v,—u) is prime
to N.

Proof. We deduce from the fact ged(N, a) = 1 that

(uwg + v)Ok is prime to NOg
<= the integral ideal a(uwg + v)Ok is prime to NOg
— Nggla(uwg + v)) is prime to N.

Hence, we obtain that
N ola(uwg +v)) = a®(uwg + v) (uwg + v)
= a*(WPwowg + uv(wg +wg) + v?)
= a*(u*(c/a) +uv(=b/a) + v?)
= a(cu® — buv + av?)
= aQ(v, —u).

This proves the lemma. (]

Let Pi(N) be the subgroup of Ix(NN) consisting of principal fractional ideals
prime to NOg.

LEMMA 4.2. Let Q(z,y) = az? + bry + cy® € Qn(dk) and C € Px(N)/Px1(N) C
CI(N). Then we have

C = [(uwg +v)Ok] for some u, v € Z such that gcd(N, Q(v,—u)) = 1.
Proof. Take an integral ideal ¢ in C. Since Ok = [awq, 1] by remark 1.2, we get
¢ = (tawg +v)Ok for some ¢, v € Z.

Set u = ta. Then, the lemma follows from lemma 4.1. O
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Define an equivalence relation =y on Z2 by

(1] = []=+[] oo

LEMMA 4.3. Let Q(z, y) = ax® + bry + cy? € On(dr), and let [j , {ﬂ € 7?2 such

that ged(N, Q(s, —r)) = ged(N, Q(v, —u)) = 1. Then, (rwg + s)Ok and (uwg +
v)Ok represent the same ray class in CI(N) if and only if

= L]

Proof. By lemma 4.1, both (rwg + s)Ox and (uwg + v)Ok are prime to NOg-.
Then we see that

(rwg + s)Ok and (uwg + v)Ok represent the same ray class in C1(IV)
— <W> Ok € Pr.1(N)
uwg + v
rwg + s
uwg + v
= a(rwg + s) =" ta(uwg +v) (mod NOk)

=" £1 (mod NOk) because Of = {1,—1}

<= (rf£u)(awg) + (s £v)a € NOg since awg € Ok
—rtu=(stv)a=0 (mod N) dueto NOg = [Nawg, N]

— [Z] =+ B] (mod N) by the fact ged(N, a) =1

rl_ |u
<= [8] =N L}] . O
THEOREM 4.4. One can find all distinct elements of Cn(dx) through the following
steps.

Step 1. Find all reduced forms Q1, Qa,...,Qp in Q(dk).
Step 2. Take a matriz o; in SLo(Z) for which

a(f])-alef) oo

belongs to Qn(dk)
Step 3. For each pair of i=1,2,...,h and Hz” € 7%/ =N such that

ged(N, Qj(v, —u)) =1, take a matriz p; ) = [;’ ;} in SLo(Z) satisfying
u=wu (mod N) and v =v (mod N).

https://doi.org/10.1017/prm.2018.163 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.163

Binary quadratic forms and ray class groups 713

Step 4. Let @z ey = Q; (pl[uH B}) Then we obtain

i’[

Cn(dg) = {[éji)[[uﬂ] li=1,2, ..., h and HZH €72/ =y such that

ged(N, Q!(v, —u)) = 1} .

Proof. Note first that

C(dK)zGal(KN/K)/Gal(KN/HK) and PK(N)/PK71(N)’:G31(KN/HK)
(4.1)

One can readily find reduced forms Q1, Qa,...,Q in Q(dx) which represent all
classes in C(dk) [1, theorem 2.8]. Furthermore, one can take o; € SLo(Z) for which

GIRICH R

belongs to On(dk) [1, lemmas 2.3 and 2.25]. Then,
{{lwg;, 1]] e CUN)|i=1,2,...,h}

is a subset of C1(IV) whose image under CI(N) — CI(1) is all of ClI(1). Furthermore,
for each ¢t = 1, 2,..., h, we obtain by lemmas 4.1, 4.2 and 4.3 that

P (N)/Py 1(N) = {[(WQ; +0)Ok] | Hz” € 72/ =y such that
ged(N, Q)(v, —u)) = 1} . (4.2)

Now, let C € CI(N). By (4.1) and (4.2), there is one and only one pair of i €

{1,2,...,h} and HZH € 7?2/ =n with ged(N, Q'(v,—u)) = 1 so that
= —_— ’ 1 .
[UWQQ + ’U[in’ ]]
Take a matrix p; Uy = [g ;} in SLy(Z) satisfying

u=wu (mod N) and ©=wv (mod N).

Since
T [y we)

=*1 d NO
UWQ£+U (HlO K)a
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we get by lemma 2.3 (i) that

C:

1
W[‘UQ;’ 1]] = [[Pi,[[u“(ng), 1]} .

Therefore we obtain

¢ =ont@ =ox (@ (0.1 [2])])-

This completes the proof. O
EXAMPLE 4.5. Let K = Q(v/=2) and N = 3. There is only one reduced form

Q1 = 2”42y
of discriminant d = —8. Set Q) = Q1. By theorem 4.4 one can find

cwn-far(f 9" E) (8 <1 ED)
= {[z% +27], [222 + 2]},

and hence C3(—8) ~ Z/27.

EXAMPLE 4.6. Let K = Q(v/—5) and N = 2. Then there are two reduced forms of
discriminant dg = —20, namely,

Q1 =22 +5y% and Qo = 22° + 2zy + 3y°.
Let
-1
Qy=0Q1 and Q5= QQ([ O}B]>=3$2—2$y+2y2-

By theorem 4.4 we have

ciem~fan-ai(fy I [)-on-ai( T T)
o=y 4 ) - 5]

= {[z® + 5%, [pz? + %], [32% — 2zy + 2%, [72? — 62y + 2%]}.
Note that
1 0 X 2 2
Q=022 ([2 1] [ }) = 32" + 22y + 2y~ ~2 Q2,2
Y
We then see by using the argument in remark 2.10 (iii) that

[Qa,2] 7" = [Q]7" = [Q2,1] # [Q2,2]-
This implies that
Cy(—20) ~ Z/4Z.
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EXAMPLE 4.7. Let K = Q(+/=5) and N = 6. Let Q1 and Q2 be reduced forms of
discriminant dg = —20 stated in example 4.6. In this case, we let

Q=01 and Q)=Q <E _01] [ﬂ) = 72 — 6xy + 24>

By theorem 4.4 we obtain

com-{a(6 9B p 1)
) (3 2] L)
) os(f Hﬂ)
(A K ()

= {[2* + 5%, [52* +v?], [2927 — 262y + 6y?], [4927 + 34xy + 637,
(722 — 6xy + 2y?], [83z% + 48xy + Ty?], [1072? — 80zy + 1537,
[432% — 18zy + 2¢%]}.

5. Form class groups for ring class fields

In this section, we shall slightly modify theorems 2.9, 3.10 and 4.4 to construct
form class groups isomorphic to ring class groups of K.

Let O = [N7k, 1] be the order of conductor N in K. Let C(O) be the O-ideal
class group

C(0) = 1(0)/P(0),

where I(Q) is the group of proper fractional O-ideals and P(O) is its subgroup of
principal O-ideals [1, p. 123]. Since C(O) is isomorphic to Ix(N)/Pk z(N), where

Py 7(N) = {\Ok | X € K* such that A =" m (mod NOg) for some m € Z with
ged(N, m) =1}

[1, proposition 7.22], there is a unique abelian extension Hp of K for which
Gal(Hp/K) ~ Ix(N)/Pk,z(N) ~ C(O) (5.1)

via the Artin map for modulus NOg. We call this extension Hop of K the ring
class field of order O. Let Fy n(Q) be the field of meromorphic modular functions
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On(dic) ————— I (N)/Pie,1(N) ——— Gal(Ky/K)

natural surjectionl canonical homomorphisml rcstrictionl
Co(d}() —_— IK(N)/Psz(N) _ Gal(H@/K)

Figure 2. Form class groups and Galois groups

for the congruence subgroup
To(N) = {[z ﬂ € SLy(Z) | u =0 (mod N)}

with rational Fourier coefficients. Then we have
Ho =K (h(TK) | h(T) € fO,N(@) is finite at TK) (52)

[6, theorem 3.4].
Define an equivalence relation ~o n on Qn(dx) by

QronQ — @ (BD - Q (a BD for some o € To(N).

Furthermore, we define an equivalence relation =z x on Z? by

T _ u A
[s} =z N [v} = [s} =m L}] (mod N) for some
m € Z such that ged(N, m) = 1.

THEOREM 5.1. Consider the set of equivalence classes

Co(dx) = Qn(dK)/ ~o, N -

(i) We can regard Co(dr) as a group isomorphic to C(O).
(ii) We have an isomorphism of groups
C@(dK) — Gal(Ho/K)
[az? + bay + cy?] — (h(Tk) — h(wg) | h(T) € Fo, n(Q) is finite at Tr).

(iii) We can find all distinct element of Co(dk) through the four steps given in
theorem 4.4 by using the equivalence relation =z n on Z? instead of =y .

Proof. The result follows from theorems 2.9, 3.10, 4.4, (5.1), (5.2) and the following

commutative diagram (figure 2):
We omit the details. 0

https://doi.org/10.1017/prm.2018.163 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.163

Binary quadratic forms and ray class groups 717

EXAMPLE 5.2. Let K = Q(v/—23) with dx = —23 and O be the order of conductor
N =10 in K. By using theorem 5.1 (iii) one can find

Co(—23) = {[232% — 23zy + 612], 2722 — 252y + 6y7], [392% — 352y + 8y,
[592% — 53xy + 1297, [8722 — 792y + 18y7], [2* + zy + 617,
[322 — 5y + 49?], [312% — 15xy + 2y?], [13122 — 972y + 18y?],
[3032% — 251xy + 52y?], [5472* — 47Txy + 104y?], [92% + 11y + 497,
[322 — Toy + 612],[392% — 17zy + 2y2], [17922 — 131zy + 2497,
[4232% — 349xy + T2y7], [T712® — 6T1zy + 146y2], [1322 + 17xy + 6y%]}.

6. The maximal abelian extension unramified outside prime ideals
dividing NOg

Let K% be the maximal abelian extension of K unramified outside prime ideals
dividing NOg. If N = 1, then K3 is nothing but the Hilbert class field Hx of K.
So, we assume N > 2. As an application, we shall describe Gal(K3P/K) in view
of extended form class groups. Here we shall regard Gal(K ?{}3 /K) as a topological
group equipped with Krull topology: for each p € Gal(K%/K), we take the cosets

pGal(K3 /F)

as a basis of open neighbourhoods of p, where F' runs through all finite (abelian)
subextensions of K% /K [10, §1.1].

If L is a finite abelian extension of K unramified outside prime ideals dividing
NOk, then its conductor also divides N*Og for some ¢ > 1. Thus L is contained
in the ray class field Ky« [13, p. 116], and hence we get

K =] K.
1
Furthermore, since
Ky CKy2C-- CKye C-ov

we obtain the isomorphisms

Gal(K¥/K) ~ lim Gal(K ¢ /K) ~ lim C e (dk) (6.1)
14 4

of topological groups by theorem 3.10 [14, §2 in Appendix]. Here, the inverse system
{Cne(di)}e is given by the natural surjections Cyn (di) « Cym(di) (1 < n < m).
And we observe

QNe(dK) = QN(dK) for all ¢ > 1.
For each Q € Qn(dk) and £ > 1, denote by

[Q]ne = the form class containing @ in Cye(dk).
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Then we have

}iLnCNl<dK) = {([Ql]N, [QQ}N2,...7[QZ]NZ,...) S HCN[<dK)

¢ ¢
[Qei1]ne = [Qe]ne for all £ > 1} .

Now, define an equivalence relation ~ye on the set Qn(dx) by
Q~ne Q) = Q~pneQ foralll>1.

For each Q € On(dxk), let [Q]n= be the form class containing Q in Qn(dg)/ ~nee.
We also define a map

v On(dx)/ ~ne — 1lim Cye(dx)
4
@y — ([Qln, [Qnz, - -, [Q]ne, - )

Then it is straightforward that ¢ is well defined and injective.

LEMMA 6.1. We derive

lim Cye(di) = 1(Qn(dK)/ ~Ne=).
¢

Proof. Let ([@Q1]n, [Q2]nz, ..., [Qe]ne,...) € im Cyne(dr) be given. For every £ >
¢
1, we see that

U([Qelne) = ([Qeln, [Qe]n2, - [Qe)nes  [Qe]netr,-..)
([@in, [Q2]nz, - [Qe)ne,  [Qe]nest, .. ).

Considering the Krull topology on Gal(K%/K) we conclude that «(Qn (df)/ ~n)

is a dense subset of lim, Cy«(dk ). O
1 1 . .
For T = 0o 1l let us define a new equivalence relation ~7 on Qx(dx) by

Qrr Q = Q’([x})zcg(am) for some o € (—Iy, T).

Y

LEMMA 6.2. Two equivalence relations ~ys and ~7 are the same.
Proof. Let Q(z, y) = ax? + bry + cy? and Q' (x, y) = a’z? + b'zy + 'y? be two ele-

ments of Qn(dg). Since (—Iy, T) is contained in +I';(N¥) for all £>1, it is
immediate that if Q ~pr @Q’, then Q ~y=~ Q.
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Conversely, assume that @ ~y @’. Then, for each £ > 1, there is o, € £T'1 (N*)

such that o ([ZD -Q (O’f ED '

Hence it follows from

that

2o []) =< (L],

which yields that oy0, ' belongs to the stabilizer subgroup Stab(Q) (C SLy(Z)) of
Q. Since we are assuming K # Q(v/—1), Q(v/—3), Stab(Q) = {I2, —I2}; and hence

01 = oy or o1 = —oy. Owing to the assumption N > 2 we achieve

o1 € (£M1(NY) = (-1, T).
0>1

Therefore, we conclude Q ~r Q’. O

LEMMA 6.3. Let Q(x, y) = ax® + bxy + cy?® and Q'(z, y) = a’z? + Vay + 'y* be
two elements of On(dr). Then,

/

Q~1Q <= a=d anda divides
Proof. Observe that b and b’ have the same parity by the discriminant condition
b —dac = b"? — 4d'¢ = dkg. (6.2)

We then see that

([} -olp [} meemee

= d'z? +Vry + y* = ax® + (2ax + b)zy + (a*s + bs + ¢)y?
for some s € Z
<= da =aand b/ = 2as+ b for some s € Z by (6.2)
<= a=d and a divides (b —b)/2. O

THEOREM 6.4. The set QOn(dg)/ ~7 can be viewed as a dense subset of
Gal(K%/K).
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Proof. Let

¢ : 1im Cpe(di) — Gal(Ky/K)
14

be the isomorphism obtained in (6.1). Then we get by lemmas 6.1 and 6.2

Gal(K3/K) = (¢ 01)(Qn(dK)/ ~r).

Moreover, lemma 6.3 enables us to distinguish different classes in Qn(dk)/ ~1
from one another. g
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