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Using pointwise semigroup techniques, we establish sharp rates of decay in space and
time of a perturbed reaction diffusion front to its time-asymptotic limit. This
recovers results of Sattinger, Henry and others of time-exponential convergence in
weighted LP and Sobolev norms, while capturing the new feature of spatial diffusion
at Gaussian rate. Novel features of the argument are a pointwise Green function
decomposition reconciling spectral decomposition and short-time Nash-Aronson
estimates and an instantaneous tracking scheme similar to that used in the study of
stability of viscous shock waves.
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1. Introduction

In this paper, we revisit the problem of stability of reaction diffusion fronts treated
by Sattinger, Henry, and others [4, 10, 11] by essentially ODE methods, from the
viewpoint of the pointwise semigroup methods introduced in [8, 13] for the study of
stability of viscous shock waves. For simplicity, we treat the semilinear case, with
Laplacian diffusion; however, our methods readily extend to the general second-
order quasilinear strictly parabolic case (see, e.g., [13] in the shock wave case).

From the ODE perspective, a stationary front solution of a spatially homoge-
neous parabolic system in one dimension is an equilibrium which, due to translation
invariance of the underlying system, is embedded in a one-parameter family of
nearby equilibria given by its translates. Assuming that the front is a transversal
connection of the associated standing-wave ODE, its linearized operator L has a
one-dimensional zero eigenspace precluding asymptotic stability. However, under
the assumption of a spectral gap, i.e., assuming that the rest of the spectrum has
strictly negative real part, one may hope to establish asymptotic orbital stabil-
ity with time-exponential convergence to an appropriate element of the family of
nearby fronts.

This is indeed what was shown (among a number of other things; see remark
1.1 below) by Sattinger [10], by what is essentially a stable manifold construc-
tion about the (normally hyperbolic) curve of equilibria. A particularly simple
alternative argument is sketched by Henry in [4, exercise 6, p. 108], based on a
normal-form reduction approximately decoupling the normal and tangential flows.
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Another approach, as described, e.g., in [11], is to ‘factor out’ the group symme-
try of translation, working effectively on the quotient space, and thereby reducing
orbital to asymptotic stability.

REMARK 1.1. The main point of [10] was to treat spatially inhomogeneous systems
arising through the imposition of spatially-weighted norms on reaction-diffusion-
convection equation; for a thematically-related study in the finite-dimensional
setting, see the argument of Cronin [2, p. 198 ] for stability of time-periodic orbits,
featuring a similar stable-manifold construction on the nonautonomous system
obtained by Floquet transformation.

Each of these arguments is based ultimately on the standard spectral decomposi-
tion of the linearized solution operator S(t) := e’ into the projection P f := ¢(¢), f)
onto Kernel L, where ¢ and 1 are right and left zero eigenfunctions, (v, @) =1,
with (-,-) denoting L? inner product, plus a time exponentially decaying portion
associated with the complementary eigenspace associated with the remaining stable
spectra, together with some form of Duhamel’s formula/variation of constants. That
is, they all effectively approximate the Green function G(z,t;y) of the linearized
equations with the kernel

k(x,y) : —¢(x)d(y) ~ e melrimrelyl (L.1)

as |x|,|y| — oo of the translational projection P, for some ny,vy > 0.

On the other hand, the Nash-Aronson bounds [1,9] of standard short-time
parabolic theory yield that the Green function is bounded above and below by
Gaussian distributions:

Cyt1 /2 Tl |G, try)| < Cptt/2 e oy /Mt (1.2)

where M; > 0 constant, C'; > 0 are bounded above and below for any fixed time
interval 0 <t < T. Comparing the quadratic exponential decay of the Gaussian
with the linear exponential decay of k(-,-), we see that (1.1), though optimal with
respect to time does not give an accurate picture of the spatial propagation of
data via Gaussian diffusion. Likewise, the bound (1.2) gives no information about
large-time asymptotics.

The goal of the present analysis, as we now describe, is to reconcile these two
points of view, obtaining estimates on linear and nonlinear behavior that are opti-
mal both in the large-t and large-x regimes; that is, to reconcile ODE and PDE
estimates to obtain sharp pointwise dynamics.

Consider a stationary front solution wu(z,t) = @(x), lim, 1o 4(z) =us of a
system of reaction diffusion equations

For simplicity, take f € C*° throughout the paper. Obviously, u satisfies
Uze + f(u) = 0. (1.4)

Linearizing (1.3) about @, we have

vy = Lv := vy, + D f(u)v. (1.5)
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The homogeneous linearized equation
v — Lv = — vy — Df(@)v =0, v|i=o=yg (1.6)

can be solved by

+oo
ety = G(z,t;y)g(y) dy (1.7)

where G(z,t;y) = S(t)d,(z) = eXt5, () is the Green function for (1.6).

Differentiating (1.4), we obtain the standard fact that the translational mode @’
is a zero eigenfunction of the linearized operator L. Introduce the spectral stability
condition:

(D): The operator L has a simple eigenvalue at X\ =0 (with eigenfunction '),
with all other spectrums of L satisfying ReA < —n for some 1 > 0.

REMARK 1.2. This has the consequence that eigenvalues of D f(u+) have strictly
negative real parts, corresponding to the stability of the end states u+ as equilibria
of the reaction ODE, @ = f(u), ignoring the effects of diffusion.

Assuming (D), we obtain in standard fashion that the limits uy as @ — £oo of
u(x) are hyperbolic rest points of (1.4) and thus, by the Stable Manifold Theorem:

PROPOSITION 1.3. Under assumption (D), there exists a constant C > 0 such that
la(z) —ux| < Ce el 2 =0 (1.8)
Our first result is a pointwise version of the standard approximation by (1.1):

PROPOSITION 1.4. Under assumption (D), the Green function can be decomposed as

G(x,t;y) = E(w, t;y) + G(x, t;y), (1.9)

where
E(x,t;y) = ' (v)e(y, t), (1.10)
e(y,t) = x(t)P(y)- (1.11)

Here, x(t) is a C*° cutoff function satisfying x(t) =0 for 0 <t <1 and x(t) =1

fort > 2. 1/;(3/) is a left eigenvector of the linearized solution operator S(t) = e™t.
For any o satisfying 0 < ng < min(n/4,n"), ' as defined in proposition 4.1, there

exist positive constants Cy, C1,Cy and C' for which the following inequalities hold:

|é(x, ty)] < Cyt~(1/2) o Mot=((Jz—y|*)/4Cot) + Oy e—??o(lf-*-\f'i—?ﬂ)7 (1.12)

|éy(£, ty)| < Oyt ! e*ﬁot*((\zf?ﬂz)/‘lcot) + Oy e*no(tHﬂ?*y\)7 (1.13)
le(y, 1) < Ce™™W ey (y, 1) < Cem™l

lec(y, )| < Ce ™D ey (y,1)] < CemmHID, (1.14)
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Our second result refines (1.1), capturing Gaussian spatial propagation of

perturbations:

PROPOSITION 1.5. Under assumption (D), the Green function can be decomposed
as

Gz, ty) = F(x,t;y) + H(x, t;y), (1.15)

where
F(x,t;y) =@ (v)é(x, t;y), (1.16)

&zt y) = x(O)d(y) (errfn (%) — errfn (””_fit_t)) .

Here, x(t) and ¥(y) are the same as in proposition 1.4.
For 0 < ng < min(n/4,7n',1/16), and any integer k,m > 0, there exist constants
M,C,C,, > 0 sufficiently large such that

\H (z,t;y)| < Ot~/ g=mot=((jz—y[*)/M1) (1.18)
\H,(z, t;y)| < Ct e~ mot=((z—yl*)/Mt) (1.19)

e~ ((@—y+0)*)/Mt)  o—((a—y—1)*)/M?)

VEi+1 - Vit 1

0F O é(x, t;y)| < Crpe” ™ (1.20)

From proposition 1.4, we obtain the following theorem recovering the LP
results of [4,10]. Let LPo, LP,L*>° denote the space of functions with finite
|- lzwo, || - lzes || - ||Lee-norms in the space variable 2 € R, and W;"> denote the
space of functions with finite || - |[j71.00-norm in the time variable ¢t € (0, 00).

THEOREM 1.6 Nonlinear Stability. Assuming (D), for any po = 1, stationary solu-

tions u(x) of (1.3) are nonlinearly stable in LP° N L*° and nonlinearly orbitally

asymptotically stable in LP, p = po, with respect to initial perturbations wug that

are sufficiently small in LP° N L°°. More precisely, there exist some C >0 and
1,00

o€ W™, such that

li(z,t) — u(z — a(t)|Lr@) < Ce™™a — @l ronre =0,
6(0)] < Ce™ ) — al oo,
la(t)| < Cli — alzronLee |t=0,

|i —a|re(t) < Cl& — t[rronrec|i=0,

for all t 20, pg < p < oo, for solutions @ of (1.3) with |4 — @|rronr|t=0 suffi-
ciently small.

From proposition 1.5, we obtain the following improved theorem describing at
once both time-exponential decay and Gaussian spatial diffusion of perturbations:
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THEOREM 1.7 Pointwise Nonlinear Stability. Assume (D) and let @(x,t) be a solu-

tion of (1.3). There exist positive constants Eog, M and a function & = &(x,t) €
W ((0, 00); WEP(R)) for all k > 0,1 < p < oo such that if

lug ()| = |i(x,0) — a(z)| < Ege (#17/M)

then u(x + a(x,t),t), a(x,t) and its derivatives satisfy the following pointwise
bounds:

|i(x + a(z,t),t) — a(x)] < CEo(1 + t)f(1/2) ef(no/2)t7(Iﬂc|2/(2M(1+t)))’

errfn <m+t> — errfn <H>
v Mt VMt

108 Om G (2, 1) < CEo(1 + )~ (1/2) (e—<<\x+t\2>/Mt) n e—<<|z—t|2>/Mt>) :

|a(z,t)] < CEy

)

k+m>1,
for some ng > 0 small enough and C' > 0 large enough.

Note that, differently than in theorem 1.6, the phase shift &(x,t) in theorem 1.7
is allowed to vary in z as well as ¢, paralleling the linear behaviour of €.

From the bounds of theorem 1.6, the phase shift a(t) converges exponentially to
a constant shift a, yielding the standard result [4,10] that, for any 1 < p < o0,
for small LP perturbations, 4 converges time exponentially in LP to a translate
(- — o) of the background travelling wave. Comparing the description of @ in
theorem 1.7, we find therefore for small Gaussian perturbations that &(x,t) con-
verges pointwise uniformly time-exponentially to a constant value o, = @ On an
expanding cone C := {|z| < 6t}, some 6 > 0. (Indeed, this could be obtained directly
from the analysis as well, by the observation that é(z,t;y)e~"!¥ converges time
exponentially to a constant on C.) This gives the refined, pointwise picture of conver-
gence to a constant shift on the parabolic domain of dependence of the perturbation
data, with falloff at Gaussian rate as x — foo toward the unperturbed travelling
wave .

2. Discussion

Stability of reaction diffusion fronts has been much studied, by a variety of tech-
niques. Indeed, the bounds on G stated in proposition 1.4 may be recognized as
exactly what one expects for a sectorial ordinary differential operator possessing an
exponential dichotomy, or, equivalently, a spectral gap, and could be obtained by a
number of different (standard) methods. They serve here, along with the argument
for theorem 1.6, as a bridge linking such standard methods with the approach used
to establish proposition 1.5 and theorem 1.7, which represent the novel aspects of
this work. To our knowledge, no such results have up to now been obtained, despite
the long history of the subject, and the naturality of the question they answer:
of how PDE properties such as parabolicity intervene in the ODE-like asymptotic
behaviour of the solution.

The latter is obtained by suitable adaptations of the ‘pointwise semigroup’ meth-
ods introduced in [8,13] for the treatment of the neutral case of stability of viscous
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shock waves, for which the associated linearized operator does not possess a spec-
tral gap; see [7,12] for particularly accessible accounts specializing to the scalar
case. The treatment here of the more standard case with spectral gap both illumi-
nates the method, and shows that it can give new details even in the background of
strong, time-exponential decay. In the pointwise semigroup method, the resolvent
and solution operators are replaced by their kernels, which may then be studied
separately in different (z,y,t) domains; this is particularly natural for questions as
addressed here of behaviour in specific asymptotic situations.

Note that, in the nonlinear part of the argument, we have generalized the
approach of [8,13] by allowing phase shifts depending on = as well as ¢. This
is similar to, and motivated by, techniques introduced for the study of stability
of periodic travelling wave [5, 6], where it is crucial for completion of a nonlinear
stability argument. Our results here show that, also in the travelling front or pulse
case, where it is not needed in order to close a nonlinear stability argument, allow-
ing a to depend on x is a useful tool, that can be used to obtain additional details
about behaviour.

Note, finally, that the Green function bounds of proposition 1.5 both recover
and extend the classical Nash-Aronson bounds, identifying a ‘parabolic’ regime
|z — y| > t on which they dominate behaviour, including, but not limited to the
classical bounded-time regime.

Outline of Proof: We will give a motivation of the pointwise semigroup methods
in §3. In §4, we will show that the operator A(z; \) associated with the eigenvalue
equation of the linearized operator L of equation (1.3) is asymptotically constant
in « when |z| — oo, and we will give a construction of the resolvent kernel G in
§ 5, then we use this construction to give bounds on the resolvent kernel in §§ 6 and
7. After that, in §§ 8 and 9, we use these bounds on the resolvent kernel to get the
bounds on the Green function, proving propositions 1.4 and 1.5. With the Green
function kernel estimates in hand, we can go on to prove some LP — LP estimates
on the Green function G(z,t;y) in § 10. With all these preparations done, we define
and prove estimates on the time-dependent translate «(¢) in §§ 11 and 12, proving
theorem 1.6. In § 13, we define the time and space dependent translate &(x,t); its
estimates as well as estimates on the perturbation v(z,t) are given in §§ 14 and 15,
proving theorem 1.7.

Notation: We use C to denote a universal constant that may change from line
to line but is independent of parameters, initial data, space, or time. We use the
notation f = O(g) to mean that |f| < Clg].

3. Pointwise semigroup methods
We study the resolvent kernel Gy (x,y), defined formally by
GA(y) = (L= A)714,,

or equivalently (L — AI)~!f(z) = [ Gx(z,y)f(y) dy, that is, the elliptic Green func-
tion associated with (L — AI). At an isolated eigenvalue Xy of L, the spectral
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projection operator can be defined by
Py, = Resy, (L — AI)~ 1.

The operator L is sectorial, so we have the spectral resolution formula,

1
Lt At —1
= L—\I 1
e 27ri/pe (L= XI)~"d), (3.1)

for the solution operator e** of v; = Lv; v(0) = vy, where I is the boundary of
an appropriate sector {\: ReA < 61 — 02|Im\|} containing the spectrum of L, 6y,
02 > 0 are constants. We have assumed in assumption (D) that L has an isolated
simple eigenvalue at A = 0, the rest of the spectrum is separated by a positive
spectral gap n > 0, o(L) \ {0} € {\: ReA < —n}. Defining I as the boundary of the
set := {A: ReX < 0 — O3]ITmA|} N {X: ReX < —n/2}, we have by (3.1), together
with Cauchy’s theorem, that

1
et = ResgeM(L — AI) "1 4+ — / M (L — NI)7LdA
27 Jp

Applying both sides of the above equation to d,(x) gives

Gl try) = ! )i L [ g d
) =@ (g [ S )i+ g [ @)
~ 1
=@ @) + 5 [ MG dn

= (z)e(y,t) + G(z,t;y),

where we have defined e(y, t) = x(t)9(y), and

Gl tyy) = (@)1 - X)) + / G () A

2l

The cutoff function x(t) € C°°(RT) is identically 0 for 0 < ¢ < 1, and identically 1
for t > 2.

4. The asymptotic eigenvalue equations

The eigenvalue equation Lw = Aw associated with (1.5) is
Wey + D f(0)w = Aw. (4.1)
Written as a first-order system in the variable W = (w, w’)?, this becomes

W' = Az )W, (4.2)
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0 I
(M +Df(u)) 0
stant coefficient systems Lyw = Aw of (4.1) at 2 = Fo0,

where A(z; ) := (_ ) . We begin by studying the limiting, con-

or, written as a first-order system,

W' = AL (W, (4.4)

0 I
where Ay (A) := <_(/\I+ Df(ux)) 0) '

+
The normal modes of (4.4) are VjjE el'i® §=1,2,...,2n, where ﬂ;t, Vji are
the eigenvalues and eigenvectors of A ; these are easily seen to satisfy Vji =

+
V3
< ]i]vji) ,’U;t € C™ and [(,u;t)2[+ M+ Df(ui)]vjj-E = 0. Let 07,05, ...,0 be the

eigenvalues of D f(u+). Then we have the equation (uij)2 + A= —0F, and solve

Jo
for ,u;t to get ujt = j:,/—aji — A. Since we have assumed that Rea?E < 0 for all
j=1,2,...,n, and X is on a contour which lies completely in the half plane
{ReX < 0}, then one of ,/—orji — X and —\/—orji — A has positive real part while

the other has negative real part. After some rearrangement we have the following:

PROPOSITION 4.1. For some n' > 0, there locally exist analytic choices
Rept,...,Rept < —n/ <0< 1 < Reuf+1,...,Reu2in, and ViE ... ViE for the
eigenvalues and eigenvectors of AL (N), satisfying —RE/J,;»‘: = Re,ufﬂ >n >0 for
7=12,....n and

PEQA) = —F —ar A= bIAT+ O, (V) =aF +af A+ I+ 0N,

+
ViE) = (7 + O =715 +00), Vi) = (7;]};+O((9A()A)) '

as A\ — 0, where yj-[ aji and bji are some constants such that Re7ji >n >0 for

7=12,...,n. r]jF are the right eigenvectors of D f(uy.) corresponding to eigenvalues
+

oo .

J

LEMMA 4.2. The adjoint of the operator Lw = wy, + Df(u)w is L*z = 24, +
zDf(a).

Proof. Let A(x) = Df(u(x)), then the conclusion follows from
(Lw, z) = /sz dz = /z(wm + Aw)dz = /zwm dz + /zAw dz
= /zmw dz + /zAw dz = /(zm + zA)wdx = (w, L*z). O

(Note: Here, w is an n-dimensional column vector and z is an n-dimensional row
vector.)
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LEMMA 4.3. Let Hy(xz,y) denote the Green function for the adjoint operator
(L—X)* of L — M. Then, Hy(x,y) = Gx(y,x)*, where M* denotes Mt for a com-
plex matriz M. In particular, for y# x and x fized, the matriz z(y) = Gx(z,y)

satisfies
2y + 2D ((y)) = Az, (4.5)
Consider (4.5) as an ODE for general row vector z, or, written as a first order
system,
Z' = ZA(z; \), (4.6)
where Z = (z,2') and A(z; \) := (? - +0Df(u))> .

LEMMA 4.4. Z is a solution of (4.6) if and only if ZSW = Constant for any

solution W of (4.2), where S = (_OI é) .

Proof.
(ZSW) = (=Zw+z20") = =2"w = 2'w + 2" + 20"
= —2"w+ 20" = —(A\z — zA)w + z(Qw — Aw)
= —zw + zAw + Azw — zAw = 0.

Similarly, we define the adjoint asymptotic matrices

A:I:()\) — <(I) _()‘I+()Df(ui))> )

PROPOSITION 4.5. Under assumption (D), [A(x;\) —AL(N)| < Ce ol g5 x —
00 and [A(z;\) — AL (\)| < Ce *l g5 2 — +o0.

Proof. This follows immediately from (1.8). O

5. Construction of the resolvent kernel

Define

Wi (@ N), Wo (25 M), ..o, Wb (5 0)
and

Wi (2 0), Wy (23 A), ..., Wa, (23 0)

as two bases of solutions to (4.2), and
Wi (5 0), W (250, .. Wl (3 0)
and

Wi (3 N), Wy (3 0),..., W, (23 0)
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as two bases of solutions to the adjoint first order ODE (4.6), satisfying the relations
WSW, = o]

oo (5.1)
W7 SW =6

Applying the Gap Lemma of [3,13] relating variable- to constant-coefficient
solutions, we obtain:

PROPOSITION 5.1. We have the following asymptotic description of Wji and W,;t :
W (23 M) = ViE(A) e TN O/l for j=1,2,... 2n;
WE(z;A) = ViE(N) el O (140D for k=1,2,...,2n,

where Vji, u;t are as in proposition 4.1.

DEFINITION 5.2. We define the decaying modes of (4.2) as

= (0], dn) = (Wi,..., W),
= (O 0n) = Wk, W)
and the growing modes of (4.2) as
U=, y) = (W, W),
U™ =y ,....0,) =W ,...,W, ).
Similarly we define the growing modes of (4.6) as
= (O1 - 00 = (Wi, W),
T= (00 0n) = (Wi W)
and the decaying modes of (4.6) as
U= @f 00 = (W, W)Y
T~ = ()= (W, W)t
From this definition we have,
OFSHE = 01307 SUif =0,
Vi Sy = 05 Sy = o}

+
or written as matrix form (éi) S(®*,U*) = 1.

(5.2)

LEMMA 5.3.
Gy Gy _ 0 —-I _5!
Grz Gray @ I 0 ’

where [h(x)](,) denotes the jump in h(x) at x =y, and S is as in lemma 4.4.
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Proof. Expanding 6y(x) = (L — A[)G\ = G g2 + AGx — MG, and comparing
orders of singularity, we find that G 2. (x,y) = dy(x) and AGy — AGy = 0, thus

I, forx>uy;
G = Hy(w) = {07 for x < y.

This gives |G » =1 and [G) = 0. Differentiating [G in y, we obtain
zl(y) (v) (v)

d
[G/\»r](y) + [Gk,y](y) = dfy[GA}(y) =0,

thus [G\y](,) = —1. Differentiating again we find that

1
[Granla) = =3 ([Graalw) + [Crulw) -

Finally we can determine [G).o]() and [Gayyl) by Gaze = AGx — AGy,
Gayy = AGx — GAA. Tt is easy to find that [Gx 22]) = 0 and [G yyl¢,) = 0, thus
[Grzyly) =0 O

From (L —AX)Gx(z,y) =9d,(z)I, (L —A)*Hx(z,y) = 0y(xz)] we know that
< Gz, y)

G)\,z (CE, Yy
to x), while (Gx(z,v), G y(z,y)) viewed as function of y satisfies (4.6) (differenti-
ating with respect to y). Furthermore, note that both Gy(z,-) and G(+,y) decay
at +oo for A on the resolvent set, since |(L — AI)~!| < oo and |[(L — AI)* ! < oo
imply [|GA(,¥)||z1(z) < o0 and [|Gx(x,-)||L1¢) < 0o respectively. Combining, we
have the representation

)) viewed as a function of x satisfies (4.2)(differentiating with respect

Gy  Gry\ _ @*(z;A)M*(/\)\ili(y;)\) for x > y; (5.3)
Grz Grazy) =@ (z; )M~ (NUF(y;\) for z <y, '

where matrices M*()\) are to be determined.
Combining lemma 5.3 and (5.3), we have

@wew) (M 0 (B8) =5 o
(MB(/\) M_O()\>> — (®T(y),® (y)) S (3185) 1

((3-0)swrwa-m)

B (xifsqﬁ \I/S@)l( )

T\UtTSeT UtSPd—
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U-Sot 0o\’
Lo arse) @
_((mseH)yt 0
- 0 (T+Se)~1)”
thus MT(\) = (U=8®+)~L, M~ (\) = (U+5P~)~!
ProrosITION 5.4. On €,
G G
(GAAI foy) Z (3 My, (5 A) (5.4)
fory <0<z,
G G
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Jik k

for x <y <0, where

wei () () e (1))

Proof. Here we only prove the cases for y < 0 < x and y < x <0, the cases for

<0< yand z <y <0 can be derived similarly.
For y < 0 < x, according to (5.3),

Gy G -
(GAL» G:i,) ZZ N)oi (2 w5 (y; A)

We may express M T using the duality relation (5.1) as

Mt = (1,0)(®T, &) s ! < ) <é>

-1

— (Lo)(@+, &) ((f;?) S) (é>
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Next, for y < <0, expressing each ¢; (z;\) as a linear combination of basis

elements at —oo,

OF (3 0) = D afi(No] (w3 A) + 3 UE VY (5 0), (5.10)

j=1

we plug this into (5.9) to derive

ZZM; (23 Ny (3 M)

i=1 [=1
n o n n

=303 M) Y (Ve (@ M (5 )
i=1 =1 Jj=1

= Zb;(A)M;(A), et =bT M.

where a, b, d, e are all n x n matrices.
+
Rewriting (5.10) as @7 =& at + U bt = (&, 0 7) (b*)’ and using the rela-

. o~ _ g a® LNl o~ i
tion G- S(®~,97) =1, we have bt = (@, 0 ) 1ot = G- SoT.
Finally, if we write [T, = (®%,0)(®*,®~)~! and [T = I — 11 then

(gi) - (Zi) M* = @_) SOT(1,0)(d, &) 1w~

_ (27 s@+ 0@+, ) Lo
&)

= (@, U) "I, U
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= (o7, )M I -1 )T~

= ((I)ia \Ili)il(l - (07 (I)i)((bJra (1)7)71)\117

— (@7 9) Y - (@7, 0) 7 0. 87) (@, 00) e

— @) ()

— (@7, v )" (@, u) (8 é) (@*,&7)"'w-

) e :

Thus we have d™ = —(0,1)(®+,®~)"t¥~ et = I, and so we can rewrite (5.9) as

G G
(G)\),\z G)i;cyy) Z (2 Ny (s A +Zwk T A (53 A):

6. Low and bounded frequency bounds on the resolvent kernel

LEMMA 6.1. Under assumption (D), for |\| < R, any R > 0,
M (V)] [ (W] < C, (6.1)
for a constant C > 0 depending only on R.

Proof. Expanding M+ = (1,0)(®*,®7)"'¥~ using Cramer’s rule, and setting
z =0, we obtain M;; = D’lek, where CF = (1,0)(®*,®7)*J¥~ and D =
det(®*,®d7). It is evident that |C'*| is uniformly bounded and therefore |M ;,;| <
C1|D|7* < C by (D), where C is a uniform constant. Similar bounds hold for M,
and d;. O

PROPOSITION 6.2. Assuming (D), for |A\| < R, any R > 0, the resolvent kernel G
satisfies the estimates

|Ga(z,y)| < Ce 7 UzlHluh), (6.2)

where 0’ is as defined in proposition 4.1 and C > 0 is a constant which depends
only on R.

Proof. We only prove the case where y < 0 < x, the rest is similar. According to
proposition 5.4, the Green kernel can be written as

Z N (2 Ny, (g3 A Z MW (2 W, (5 0)

=" MLV e HIOVE: (1 + @(e—m/z)\x\)) Vim(A) e e Vv
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% (1 4 0(8477/2)\1,\))

Z MV (A A)e % Ty (1 + @(e—(n/z)m)) (1 + O(e*(n/Q)\y\))
ok
< Cef('Yj —n")z e(’Y;:—n/)y e—n’;p en'y < Ce_n/m en/y _ Ce—"'(\l’lﬂyl). 0

7. High frequency bounds on the resolvent kernel

Define Qp = {X : Re(\) > —6; — 02|Im(N)|}, for 6 = (01, 03) with 0y, 63 > 0. Assum-
ing (D), we have the following estimates for Gx(x,y), given in [13].

PROPOSITION 7.1 Proposition 7.3, [13]. Under assumption (D), it follows that

for Ry > 0 sufficiently large and 61,62 > 0 sufficiently small there exist constants
C, 3 > 0 such that

|G (2, y)| < CIA[TH2 e8P Elemul
(7.1)

 a—1/2y1/2
|G)\7z(l',y)|, ‘G)\,y(xay)‘ < Ce A A

lz=yl.
for all X € Qg \ B(0, Ry).

8. Pointwise bounds on the Green function

Now we prove the pointwise bounds for é(x,t;y) and e(y,t) stated in proposi-
tion 1.4.

Proof of proposition 1.4. To derive the bounds on G(z,t; %), we consider two cases
depending on the scale of (|z —y|)/t (figure 1).

We define the contour I' as the union of bounded-\ part Iy and large-A part
Iy, where Ty is the line segment connecting (n/2) — ki and —(n/2) + ki, 1"2 is
the boundary of the sector Qy = {\: Re(\) = —60; — O2|]Im(N)|}, 61 = (77/4)
(n/4r) outside the ball B(0,+/(1n/2)? + k2).

Case I. (((Jx —y|)/t large). We first derive the bounds for the Green kernel
G(x,t;y) in the rather trivial case that

|z -y
t

> S (8.1)

for some S > 0 sufficiently large, the regime in which standard short-time parabolic
theory applies. Set

_ |z —yl 2 m\? 2
= = = —_ 2
a T R = Ba (2) + K2, (8.2)

where (3, Ry are as in proposition 7.1 and S is sufficiently large that R > Ry, and
consider again the representation of G:

Gl tsn) = #(2)(1 = X(0)0) + 5 [ MGa(wp)an
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Figure 1. Contour of integration

By the large |\| estimates of proposition 7.1, we have for all A € I, that

|Gz, y)| < CN|7V2 e A el (8.3)

Further, we have
Rel = —g, ey, (8.4)
Rel = Redg — 05(|ImA| — [TmAg]), X € Ty, (8.5)

for R sufficiently large, where Ao and Aj are the two points of intersection of I
and I's.
Combining (6.2) and (8.4), we obtain

/ MGy (,1) dA' < C‘/H o~ (/201 o= (el +1uD) g¢| < @ o-molt+Ho—ul)
r —K

Likewise,

/~ MGy (z,y) d)\‘
s

< C|)\|*(1/2)6(Re>\)t*ﬁ’“/2)IA\l/QIm*y\|d)\|
Ty

< CeRe(Ao)t_gf(l/w|)\0|1/2|3¢_y| A |)\|—(1/2) e(Re/\—Re/\D)tl d)\|
2

< Ce Pt / [TmA — TmAg|~ (/2 e=02(mA=ImXo)t) (T X\ — Tm\)|
f+

2

+oo
_ Cefﬁéﬁt/ = (1/2) g=bats g0 o= (1/2) efﬁc‘ﬁt’
0
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which by (8.2) may be bounded by Ct=(1/2)e=mte=((2=0)*)/86) for pi >0
independent of &.

Finally, since (1 — x(t)) = 0 for ¢ > 2, |@/(2)| < Ce~™l*l and [¢(y)| < Ce oM,
we have evidently |@'(z)(1 — x(t))(y)| < C e mtHz=y),

Combining the above three estimates, we have

Gz, t;y)| < (clt—ﬂ/?) oot o= ((lz=y[*)/4C01) | e—no<t+|x—y\>)

for Cy sufficiently large. .
Case II. ((|z — y|)/t bounded). In order to derive the bounds on G(z,t;y) in
this regime, we again recall the representation formula

+i/ MGy (z,y) d,
T

2mi

Gl try) = @' (2) (1~ x(£)¥(y)

L Y _ b At L/ At
e Gmwdx—%/ﬁle Gr )+ g [ MGy ar

2mi

First, we estimate the T’y part of G,

L. / MGy (z,y) d/\'
I

2mi

< C/ e(ReA)thv)\” d)‘l < C/ e(Re/\o)t—é)z(Hm)\—Im)\o\)t|)\|—(1/2)| d)\|
fz f‘2

< Cem / [mA — Tmg| = (/2 e f=ImA=Im Al g — TmAo)|
I's
= 20(0yt)~(1/2) e=(1/2mtp (1> Oy t=(/2) o= (1/2)mt
2

< Oyt —(1/2) g=mot o= ((Je—yI*)/4C0t)

for Cy > 0 large enough.
Next we estimate the I'; part of G,

L/ e)‘tGA(x,y)d)\’ gc’/ o(—(n/2) €t —n(x|+y|)d§‘
I —k

2mi
K .
/ elft dé—‘

— O o=/t g (Il +]y))

C e=(/2)t=n'(lz|+1y))
C oo+l +yl)

NN

e

for 0 < ng less than 7/2 and 7'.

Finally, we have as in the previous case |@ (x)(1 — x(£))¥(y)| < C e (+z=yD),
Thus we know that G(z,t;y) is bounded by Cyt=(1/2)e=mot=((le=y[*)/4Cot) 4
Cy e~ 2=y in both (|x — y|)/t large and bounded cases.

This completes the proof of bounds on G(z,t;y). The bounds on G y(z,t;y) can
be derived similarly. We just need to notice that in the estimate of G ay(x,y) for
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large-\ is different from the same estimate of G (z,y) by a factor of |A|'/2, thus
the large-) (I'y) part of the bounds on G (x, t;y) is different from the G/(x,t;y) one
by a factor of t~(1/2) while the bounded-\ (') part stays the same. B

Next we move on to estimate e(y, t). Recall that we have e(y, t) = x(t)¢(y), along
with the estimates

x:(t) < Ce ™ for ¢ >0,
dly) < Ce M for y =0,
1/;1,(y) <Ce M for y=0.
Combining, we get the stated bounds for e(y, t). O

9. Improved pointwise bounds on the Green function

Next we prove the bounds stated in proposition 1.5.

Proof of proposition 1.5. We first derive the bounds for the total Green kernel
G(z,t;y) in the rather trivial case that ((Jx —y|)/t) = S, S sufficiently large as
defined in (8.1), the regime in which standard short-time parabolic theory applies.
Set

=y
o =

. ~2
T R := a2, (9.1)

where (3, Ry are as in proposition 7.1 and S is sufficiently large that R > Ry, and
consider the representation of G (following from (3.1) and Cauchy’s theorem):

1 At
ty) = — dA
Gt =5z [ Ma@par

where I'y := 9B(0, R) N Qp and T'y := 9Qy \ B(0, R). Note that the intersection of
I with the real axis is Apmin = R = $a%. By the large |\| estimates of proposition
7.1, we have for all A € I'y UT'5 that

—B= /2512

Ga(z,y)| < CIAT%e el (9-2)
Further, we have
Rel < R(1 — mow?), A €Ty, (9.3)
ReX < Re)g — O2([ImA| — [TmAg]), X €T,

for R sufficiently large, where w is the argument of A and A\g and Aj are the two
points of intersection of I'y and T'y, for some 72 > 0 independent of &. Combining
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(9.2), (9.3) and (9.1), we obtain

/ MG\ (x,y) d)\‘ < C‘/\|—(1/2)6(R0/\)t—5’(1/2)Ikll/z\m—yl‘ N
Ty Ty

<C R-(1/2) eR(l—nng)t—ﬁ*“/Z)R1/225at| |
Iy
+M
— ORY? e—5a2t/ e—anth dw
-M

< cr—(1/2) efﬁa"’t.

Likewise,

/ e%(x,y)dA’ < / N[~ /2N ol
Fz F2

< CeReQ0)t=71/D 20|/ 2|z—y| |A|~(1/2) g(Red=Redo)t| 4y
Ty
< CeRt—ﬁ*(l/z)Rl/ZzﬁaQ/ ‘)\|—(1/2) e—ez(lm/\—lm/\o)t| d)\\
ry

+
< C’e_B&Zt/ N s~ (1/2) g=bats g5 — 04=(1/2) g=Ba"t
0

Combining these last two estimates, and recalling (9.1), we have

Gz, t: )] < Ot~/ ¢=(Ba%/2) o~ ((e=0)")/861) < 0= (1/2) g=mat o= (((w—0)*)/860)

for 7o > 0 independent of @, hence |G(z,t;y)| < Ct=(1/2) ¢=ot e~ ((l2=y1*)/4Cot) for
((lz —y[)/t) = S and Cy sufficiently large.
Secondly, to prove the bound stated for H, recall that

F(z,tyy) = E(z,ty) (eﬂ"fn (%) — errfn <x_\/‘%—t)> ;

Bz ty) — Fla,t:y) = E(z,t:y) <1 ~ errfn <I\FZ:’5) + errfn (%)) .

and

H(x,t;y) = Ga,t;y) + (B(z, t;y) — Fla,1;y)).

Here is the plan of the proof: For the case (|x —y|)/t > S for some large enough
S defined in (8.1), we use (9.5) with the bound on the total Green function
G(z,t;y) above and the bound on F(x,t;y) that we are about to show. For the
case (Jz —y|)/t < S, we use (9.6) with the bound on G(z,t;y) derived in the proof
of proposition 1.4 and the bound on E(z,t;y) — F(z,t;y) we are going to derive.
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Case L. (|z — y[)/t < 1/2. In this situation, we have |z — y| < 3¢, so

1 r—y+t 3
V< —F—— <Vt
4 VAt 4

3 r—y—t 1
Bugtmitte 1y
4 VAt 4

Recall that errfn(z) := (1/y/7) [*_ e~% dz. From this we get

x—y—i—t) (x—y—t)
l1—errfn | —— | +errfn | ———
< V4t V4t

(z—y+t)/V4t) ) ((z—y—t)/V4t) )
/ e ” dz——/ e ? dz—f——/ e ? dz

+00 N (z—y+t)/V4t) (z—y—t)/V4t) ,
e ? dz—/ e dz / e dz
o \f

z—y—t)/V4t)
7'2 dz + — / e * dz,
f (2—y+t) /D) NG

and then

x—y—i—t) (x—y—t)'
l—emrfn | —— | +errfn | ———
‘ ( V4t V4t

1 oo /9ve Vi (1/16)t
e ? dz—i——/ e ” dz—erfc( )ge_ ,
\/> (1/4)vt 4

where we have used the fact that for the complementary error function erfc(z) :=
(Q/f)f * e %" dz, there is the estimate erfc(z) < e~ . Together with the

fact that E(z,t:y) =/ (x)e(y, t) = x()@/ (2)9(y), and |@(z)] < Ce™"], [i(y)] <
C e~ for some n > 0, we can derive that

%\

|E(z,t;y) — F(x,t;y)|

- ’E(m,t;y) (1 —errfn (%) et (ggiﬁit_t»‘

< Ce Mzl gmnlyl o= (1/16)t (& g—nle—y|—(1/16)t

— Ot1/2 gmot+((Jz—y[*)/ Mt t=n((|Jz—y|)/t)t—(1/16)t  4—(1/2) o—not—((Ja—y|?)/Mt*)t
— O41/2 o= ((1/16)=no—((|lz—y|*)/Mt*)+n((|z—y) /1))t 1 =(1/2) g=not—((le—y|*)/Mt*)t
<ot~ (/2 e—not—((\src—ylz)/Mt)7

for 0 <np < (1/16) and M >0 large enough because (|x —y|)/t is bounded.
Together with the estimate |G(z, t;y)| < Ct~(1/2) e=mot=(z=v)/MD) for G(z, t;y),
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as follows from e="#=vl < e=((z=vI)/(St/m0)) for (|lz — y|)/t < S, we derive that
|H (z, ;)| < Ct=1/2) g=not=((lz—y[*)/Mt),
Case II. 1/2 < ((|lz —y|)/t) < S

= |ptestia) (1 emn (S22 ) e () )

< Ce Mol eg=nlul < ¢ elz—vl

— O1/2 gnot+((|z—y|*)/ M) t=n((|Jz—y|) /D)t , 4= (1/2) g=not—((|z—y|*)/Mt*)t
— OtV/2 o= (n((z=yl) /) =no—((lz—y[*)/Mt*))t  4—(1/2) q—not—((|z—y|*)/Mt*)t
< Ot~ /2 g=mot=((lz—yI*)/ M)

for 0 <np < (1/2)n and M >0 large enough because (|z —y|)/t is bounded.
Together with the estimate |G(z, t;y)| < Ct~(1/2) e=mot=(l==v*)/Mb) for G(x,t;y),
as follows from e~ e=vl < o= ((lz=u)/(St/m0)) for ((|z — y|)/t) < S, we derive that
\I:I(x, t:y)| < Ct—(1/2) g=not—((lz—y|*)/M¢t)

Case IIL. (|Jz —y|)/t = S

|F(x,ty)| = ’E(%t; ) (erffn <$_\/gt) — e (W))‘

el 1 [l
L Ce Melegmnyl _—_ e * dz
((z—y—t)/V4t)

< Ce 79/t max (ef«(zfymz)/u), ef«(zfyftf)/m)
< C e MUe=uD/Dt1/2 o (e—<<<w—y+t>2>/4t>7 e—(((m—y—t>2>/4t>>

< Ot (1/2) g=mot—((la—y[*)/M?)

S >mno/n and M >0 large enough. In the second inequality above, note that
(xfy+t)/\/7t and (z —y —t)/V4t have the same sign, so we can esti-

f((((f 5“)//\\?)) - dz by the width v/t of domain of integration times

the maximum of integrand. Together with 2the estimate for the total Green
function, |G(z,t;y)| < Ct=(1/2) =t o= (#=v))/861) e derive that |H(x,t;y)| <
Cp—(1/2) g—mot—((la—yl*)/Mt)

The proof of (1.20) is omitted (direct calculation). O

10. Estimates on the Green kernel

Now we are ready to carry out the LP — LP estimation on the Green function

Gz, t;y).
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ProproSITION 10.1. Under assumption (D), the Green function G decomposes
as G(x,tyy) =@ (x)e(y,t) + G(x,t;y), where for some C >0, and all t >0,

1<p<oo,
“+oo B
G(a,t;y)h(y) dy < Ce ™ |h|pp, (10.1)
—oo L (x)
“+o0 N
‘/ Gy(a,ty)h(y)dy| <Ot ™0 h| (10.2)
—00 Lr(x)
and
+oo —+oo
| etwonw) dy\ < Clhlur| [ esturtinty) dy\ <Clhle,  (103)

+oo
Ja L dy‘ < Ce ™|,

+oo
’ / ety D (y) dy‘ < Ce ™0t |10,
— 00
(10.4)

—00

for any h € LP(R).

Proof. First, we carry out the proof of (10.1). Using proposition 1.4, we have the
following estimates on |G/(z,t;y)|L1 (2):

“+oo
/ = (1/2) g=mot—((le—y[*) /4C01) gy — $~(1/2) =m0t

+o0 R
/ o~ (a=4*)/4C0t) gy — gm0t

— 00

and

+00 Foo

/ e~ Mo (E+z=y]) 34 — e—not/ e~ molr=yl 14
— 0 —o0
—+o00
= e ot <2/ e "Ms d§> = (Ce Mt

0

thus

1G (2, 9)| 1) < C ‘t—(m) o—mot—((lz—yl*)/4Cot)

+C ‘ oo (t+|z—yl)

L (x) LY (z)

< Ce Mt

This implies that

‘/;OO G(z, t;y)h(y) dy

< sup |Gz, 6y)| 11 ()| ke < C e ™ |h|Ln,
Lr(xz) Y

which completes the proof of (10.1).
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Next, in order to prove (10.3) and (10.4), we note that e(y,t) = x(t)(y) and
|(y)|Lrure is bounded, so that gives us for ¢ = (p/(p — 1)),

“+oo +oo _
\ [ ewonwanl=|[ X(t)lb(y)h(y)dy‘<C¢|th|Lv<C|h|Lp7

400 +oo ~ ~
[ emonma] = | [ x@d0n) | < Oyl < Cltls,
+oo

— 00

’/OO et(y,t)h(y) dy| = /+°° e () (y)h(y) dy' < Ce ™| alh| e

— 00

< Ce_"°t|h|Lp,

—+o0 +o00o - ~
] | enwimwa] =| [ Xt(t)wy(y)h(y)dy‘<C€_""t|¢y|m|h|m

— 00 — 00

< Ce_"°t|h|Lp. U

PROPOSITION 10.2. Under assumption (D), the Green function G decomposes as
Gz, t;y) = @' (v)é(x, t;y) + H(x, t;y), where for some C > 0, allt >0, 1 < p < oo,
and 1 < po <p,

+oo
‘/ H(z,t;y)h(y) dy < Ce ™AL, (10.5)
- L ()
+oo
'/ H(x,t;y)h(y) dy < Ce ™|, (10.6)
o0 L7 (2)
+oo
‘/ H(z,t;y)h(y) dy < Ce ™ h|pro, (10.7)
o0 Lr(x)
+oo
[ A a] < com i, (103)
—00 Lp(w)

and

< C(1+ 1)~ 020=0/mN=/2p
Lr ()

+oo
/ dré(x, t; y)h(y) dy

— 00

- (10.9)
\ / 0omE(x, ty)h(y)dy| < C(1+ 1)~ W/DA=W/M=(n1)/2)
— 00 L”(w)
—+oo
/ dé(e, iyh(y)dy| < C(L+ 6~V |hp,
oo Lr()
(10.10)

<O+ ) DD )y,

+oo
’/ 9,0y é(, t;y)h(y) dy
—0o0 Lr(z)
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< C(1 4+ 4)~ /2P =A/D) =W/ gy

+oo
/ Byé(z, t; y)h(y) dy
—00 Lp(z)

< C(1+ £~/ p0) =)= (m4 1)/

+oo
\ [ aore sph)
—00 Lp(w)

(10.11)

< C(14t)~W/2Q2=A/p)=Q/2) p)

+oo
/ Bé (.t y)h(y) dy
Lr(z)

—00

< C(1+ 1)~ /2/2)=0/p)=(mi1)/2)

+oo
‘/ 010y é(x, t;y)h(y) dy
—o0 L7 (x)

(10.12)
for all h in the respective spaces L', LP, LP° and L? on the right-hand-side of each
imequality.

Proof. First, we prove inequality (10.5). Recall that H has the bound
|H (2, t;y)| < Ct~ /2 e—not—((\ﬂc—ylz)/Mt)7

we have the following estimate on |ﬁ(a:, ty)|Le,

+o0 5 P
( / (1072 e=mi=a=siP)/aco0) dx)

(oo}

“+o0 1/p
_ i~ (1/2) ot (/ o ((pla—y[)/4Cot) dx)

“+o0 1/p
— +—(1/2) gm0t (2/ o~ (PE?/4Cot) df)
0

+o0 1/p 1/p
— ¢—(1/2) g—motol/p (/ o ¢’ dC) ( 40{)75)
0 p

= Ot~ (W/2AA=1/P) g=n0t < =0t

1/p

for t > 1. This implies that

’/_;OO H(z,t;y)h(y) dy

Lr(z)

“+o0
/ |h<y>|dy\ < Co™hls,

— 00

< sup [H(2,ty)| 1o ()
Y

proving (10.5). Inequality (10.6) can be proved similarly, and inequality (10.7) can
be obtained through LP-interpolation.
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Next, let us move on to the estimate of é(z,¢;y). It can be shown that
0r0"é(x, t;y) has the form

- r—y+t)"(x—y—t ((z— 2
)3 ( (O LIV ) oo

n ( , oyt (@ —y—3t) +> e—(((gc—y—t)z)/4t)>7

m+1 tm+1+(1/2)

for t > 1 and m € N, we compute the following integral,

+oo p 1/p
(/ (140D 4 gt e (a0 /a0) dx)

+oo R 1/p
- (mt1(1/2) (/ (1 — g+ 1] o () /40 dx)

“+o0 1/p
_ ~(mt14(1/2)) (2 / gmp+p o (pE?/40) d§>
0

+o0 . N\ &
_ 4~ (m41(1/2)91/p (/ D ¢ dg) ( 4
0 p

= Ot~ (/2AA=1/p) = ((m+1)/2) C(1+ t)*(1/2)(1*(1/p))*((m+1)/2),

) m+1+(1/p)

and similarly

+oo R P 1/p
(/ <t7(m+1+(1/2))|$ — oyt e (Uemy—t] )/4t)) dz)
< C(1+ )~ W2A=/p)=((m+1)/2)

thus we have

+oo
[ oaremnt)ay

Lr(x)

/+°°h<y>|dy]

— 00

< sup [0,00 €(x, 15 y) | Lo ()
Y
< C(1+ t)~ WA= = (D2 |y

proving (10.9). Inequality (10.10) can be proved similarly, and inequality (10.11)
can be obtained through LP-interpolation. O

11. Integral representation for LP iteration scheme

Letting @ be a second solution of (1.3), define the perturbation

u(z, t) == u(x + at),t) —u(zx) (11.1)
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as the difference between a translate by a(t) of @ and the background wave . This
yields after a brief computation the perturbation equation

uy — Lu= f(u+1u) + Uy — Df(0)u + &(t)(ue + uy)
= f(u+a) — f(a) — Df(a)u+ &(t)(uy + Uy) (11.2)
=: N(u, @) + &(t)(ug + Uy)

where Lu = Uz, + Df(2)u and N(u,a) = f(u+ @) — f(a) — Df(a)u.

We next choose « implicitly so as to ensure decay of w, i.e., to cancel the non-
decaying linear translational effects encoded in term @’'(x)e(y, t) of the Green kernel.
Noting that e(y,0) = 0, we set «(0) = 0. Applying Duhamel’s principle to (11.2),
we thus obtain

—+oo

u(z,t) = 3 G(z,t;y)uo(y) dy
t —+00
[ ] Gt = )N ) + g+ ) )yl
o0
:[ G, t;y)uo(y) dy

t —+o0
[ Gt sV 5) + ) 0.) dy s
0 J—oo
+a(t)u'(x)
where ug(x) := u(x,0). Here, we have used

+oo
|Gt st dy =i = (a)

— 00

and the normalization «(0) = 0. Expanding G(z,t;y) using (1.9), we obtain

“+o00 ~
ulir, 1) = / (@ (@)e(y. £) + Cle, t:y)uo(y) dy

t +o0
+ /o /700 (@ (z)e(y,t — s) + é(a:,t — s;y) [N (u, @) (y, s)

+ &(8)ug(y, s)] dy ds + a(t)u' (z)
+oo

- G(z,t;y)uo(y) dy

— 00

t ptoo
+/o /_oo Gyt — s y)[N(u, 1) (y, 5) + é(s)us (y, )] dy ds

“+oo
+ @' () (a(t)+/ e(y,t)uo(y) dy

— 00

+ /Ot /_;OO e(y,t — s)[N(u,u)(y,s) + a(s)u(y, s)] dy ds)
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Thus, if we define a(t) as

+oo
alt) = - / e(y, Yo (y) dy
t —+oo
- / / e(y,t — 9)[N(w,8)(y, ) + &(s)us (v, )] dy ds

:_/+°O e(y, Do (y) dy — //+OO (.t — $)N (u, ) (y, s) dy ds

//+OC (y,t — s)a(s)u(y,s) dy ds,

we obtain the integral representations

(11.3)

+oo +oo
u(x,t) = Gz, t;y)uo(y dy—|—/ G(z,t — s;y)N(u,u)(y,s)dyds

//Jmé sy)a(s)u(y, s) dy ds

(11.4)

a0 =- [ et [ [ - 9N, aas

/ /*“’% (y,t = s)a(s)uly, s) dy ds.

Note that (11.3) yields a(0) = 0, consistent with the derivation, hence (11.4)—(11.5)
are indeed equivalent to the original PDE.

(11.5)

12. LP nonlinear iteration and LP nonlinear stability

Associated with the solution (u, &) of the integral system (11.3) and (11.4), we
define

C(t) == sup (Ju(z, 8)|Lr(z) + |a(s)]) €™ (12.1)
0<s<t,pospLoo

LEMMA 12.1. For all t > 0 for which ((t) is finite, we have the estimate
() < C(Eo + C(1)?) (12.2)
for some constant C > 0, so long as Ey is sufficiently small, where Ey is defined as
Eo = |uo|LronLe = |u(,0)|Lro (2)nL(2) = [ = U|LronLe |i=0-

Proof. Use Taylor expansion of f(u+ @) in N(u,u) = f(u+u) — f(a) — Df(a)u
to derive N(u,u) = O(|ul?).
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We have then the following estimates of [N (u,%)|r»(s) and |&(s)u(y, s)|Lr(y),

Clulpe (s)|ulpe=(s) < C¢?(s) e 2

Clulzs(s)la(s)] < CC*(s) e~

|V (u, @) (y, )| L (y)

<
la(s)u(y, $)|Lr(y) <

Using these together with our bounds on G and e, we can now estimate [u(-,t) e (2)-
Using the representation (11.4) of u(x,t) together with estimates (10.1) and (10.2),

t
[u(, )| Lr(z) < Ce P Ey + C'/ e =) N (u, @)| e (s) ds
0

t
+ C’/ e ) G (s)uly, s)| e (s) ds
0
t
< Ce*”‘ﬂEO 4 C’CQ(t)/ e*ﬁo(tfs) e 2m8 (g
0
t
+CC (1) / (t— 8)_(1/2) e M0(t=5) g=2m05 g
0
< C(Eo +((t)*) e ™"

Similarly, for |&(t)|, using (11.5) together with (10.4) we have,
t
()] < Ce~™ By + C / &= 100=5)| N (11, @) 1 (5) ds
0

t
+C’/ e*""(tfs)|o'z(s)u(y,5)|Lp(s) ds
0

t
< C’e*""tEO 4 CCQ(t)/ e*ﬂo(tfs) e 2m0% (g
0

t

+ CC2(t)/ e~ (t=5) g=2m05 ¢
0

< C(Bo + ¢y e,

Rearranging the above two estimates together we obtain (12.2).

Finally, we give a proof of theorem 1.6.

Proof of theorem 1.6. The first two bounds are proved by continuous induction.
Taking Ey < (1/4C?), we have that ((t) < 2CEy whenever ((t) < 2CEjp, and so the
set of t > 0 for which ((t) < 2CEj is equal to the set of ¢ > 0 for which ((t) < 2CEj.
Recalling that ¢ is continuous wherever it is finite, we find that the set of ¢ > 0
for which ((t) < 2CEy is both open and closed. Taking without loss of generality
C > 1/2, so that t = 0 is contained in this set, then the set is nonempty. It follows

that ((t) < 2CEy for all ¢ > 0, yielding the first two bounds.
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The third follows using (11.3) together with (10.3),

la(t)] < CEp + C/O [N (u,)|Le(s)ds + C/o l(s)u(y, s)|Lr(s)ds

t
< CEy+ CC(t) / e 2% s + C’CQ(t)/ e 2% ds
0

0
< CEy + C1E; < C2E,.

To show the last inequality, notice that

w(z,t) —u(z) = u(r — aft),t) - (u(z) - a(z - at))),

so that |u(-,t) —u| is controlled by the sum of |u| and @ — a(x — a(t)) =
O(a(t)|a’(z)]), hence remains < CEy for all ¢t > 0, for Ey sufficiently small. O

COROLLARY 12.2. The translate function a(t) in (11.3) converges to a limit as as
t — oo, and we have the following estimates,

la(t) — sl e @ — | Lron Lo |t=0,

<C
<

|U(2,t) — U(r — o) |Lr(a) < Ce” 0% — @ pronr e |e=0-

Proof. Take a sequence 0 <ty <t; < - - <ty <tpy1 <--- suchthat lim, . t, =
oo, then we have for m < n,m,n € N,

la(tn) — a(tm)] < (1 = O)tm + 0tn)[[tn — tn]
< CemlA=0tmt0t))p ¢ | 0
as m,n — oo, thus {a(t,)} is a Cauchy sequence hence there exist a a such that

lim a(t,) = doo-

n—oo

This shows the existence of o, then we prove the first inequality. Indeed,

/too a(s)ds

The second inequality follows using theorem 1.6,

Ja(

‘Oé(t) - aoo‘ = < < C3Ey e Mot

/ OEO e % ds
t

t

v&z

7._1,(2 — aoo)|Lp(x)

) =
a(x

<z, t) — u(z — a(t) + ale — at) = u(z — as)|Lr (@)

< lufz, t) =z — alt))| e @) + |u(z — alt)) — Uz — aso)|Lr(z)
= |u(z,t) — u(x — at))|Lr@) + |0 (zo) (a(t) — oo)|Lr(x)

< CEye ™ 4 CyEge Mt < CEye 0!,

This completes the proof of the Corollary. ]
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13. Integral representation for H¥ and pointwise iteration schemes
Let @(x,t) be a solution of the system of reaction diffusion equations
Up = Ugy + f(u)

and define u(x,t) = @(x + a(z,t),t) for some unknown function & : R? — R to be
determined later. Moreover, let @(z) be a stationary solution and define

v(x,t) =u(z,t) —u(z) = a(x + &z, t),t) — a(z) (13.1)
LEMMA 13.1. For v, u as above, we have

Up — Upy — f(u) = (0 — L)@ (z)a(x,t) + O, R

) i (13.2)
+ (0 +07)S + (f(v(z,t) + u(z)) — f(u(2))) b,
where
O~[2
R: =y + vag, + (e () + vz (2, 1)) : +z&x

_ o116 a |ﬁw| + ‘Uz| a2

=0 (Jol(nl + fawel) + (B ) )
and

S = —viy = O (|v] - |al) .

Proof. Using the fact that @; — g, — f(@) =0, it follows by a straightforward
computation that

U — f(U) — Ugy = Tigby — Tybry — (nlig)s + f(T)de, (13.3)

where it is understood that the argument of the function uw and its derivatives
appearing on the right-hand side are evaluated at (z + &(z,t),t). Moreover, by
another direct calculation, using the fact that

L(u'(x)) = (97 + Df(u)) @ (z) = 0,
by translation invariance, we have
(0 — L)W' ()& = bty — (Ugliy)y — UgaOly = Uply — (Ugliy)z + f(U)ay.

Subtracting, and using the facts that, by differentiation of (@ +v)(x,t) =

a(z + a,t),
Uy + vy = Uy (1 + ay), (13.4)
U + v = Up + Uy Oy,
so that
ey — v = (s v) .
Uy — U — vp = —(Uy +Uw)1 jtdr’
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we obtain

up — f(u) — Upe = (0p — L)' (2)& + 000y — 040y — (V300 )
<2

i <(uw )3 iw )I + (f(v+1) - f(a))as,

x

yielding (132) by vzdt - vtdz = (U&t)ac - (Udm)t and (vzdac)x = (Udz)zm
(V@) O

COROLLARY 13.2. The nonlinear residual v defined in (13.1) satisfies

(O —L)v=(0; — L)W (v)a+ Q + Ry, + (02 + 0;)S + T, (13.6)
where
Q = f(v(x,t) + a(x)) — f(a(x)) — Df(a(z))v = O(|v|*), (13.7)
R := véy + Vgy + (ty + vz)%, (13.8)
S == —va, = O(|v||ds]), (13.9)
and
T:=(fv+u)— f(u)as = O(|v[|ag]). (13.10)

Proof. Straightforward Taylor expansion comparing (13.2) and @; — f(@) — Uz, = 0.

Using corollary 13.2 and applying Duhamel’s principle, taking &(-,0) = 0 simi-
larly as before, we obtain the integral (implicit) representation

v(z,t) = (z)a(z,t) + /00 Gz, t;y)vo(y) dy

t [e'e]
+/ / G(z,t—s;y) (Q+Ry+(3§+6s)S+T) (y,s)dyds
0 — 00

for the nonlinear perturbation v. Thus, if we define & implicitly via the formula

afz,t) = — /DO é(x,t;y)vo(y) dy
N (13.11)

(oo}
t 0o
— / / é(z,t — s;y) (Q + Ry, + (85 +0s)S +T) (y,s)dyds,
0 J—o0
we obtain the integral representation

+oo
v(w,t) = H(z,t;y)vo(y) dy

t —+oo .
—|—/ / H(z,t — s3y) (Q+ Ry + (9 + 95)S + T) (y, s) dy ds.
v (13.12)
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Moreover, differentiating and recalling that é(x,t;y) = 0 for 0 < ¢t < 1 we obtain

“+oo
ohorate.t)i= = [ okoree.tiy)uly) dy

+oo
/ / okOme(x,t — s5y)

X (Q+ Ry + (024 0,)S+T) (y,5) dy ds. (13.13)

Together, (13.12)—(13.13) form a complete system in the variables (v, OF&, O7'@),
0<k<1L,0<m<K+1, k+m>1, where K > 2 is a constant. (Note, again,
that (13.11) gives a(-,0) = 0, justifying our derivation.) Given a solution of system
(13.12)—(13.13), we may recover the shift function & by integrating &, with respect
to = and using lim, 4 &(z,t) = 0.

Now, from the original differential equation (13.6) together with (13.13), we
readily obtain short-time existence and continuity with respect to ¢ of solution
(v,a4,0,) € H K by a standard contraction-mapping argument treating the linear
Df(@)v term of the left-hand side along with Q, R, S, T, &4 terms of the right-hand
side as sources in the heat equation.

Notation. The Sobolev space HX (R) is defined as

HX(R) = {u € L*(R) : D u € L*(R),V|8| < K}
equipped with the norm

1/2

lullgrey = | Y. 1D}
1BI<K

14. H¥ nonlinear iteration

Associated with the solution (u, &, &) of the integral system (13.12)—(13.13), we
define

1) 1= sup (ol omy ()7 + G0, @)l sy ()14 9)71) . (141)

0<s<t

By short time H* (R) existence theory, the quantities [|v]| gx =) and || (G, &g )|| prx (r)
are continuous so long as they remain small. Thus, (7 is a continuous function of ¢
as long as it remains small. We now use the linearized Green function estimates of
§10 to prove that if (; is initially small then it must remain so.

LEMMA 14.1. For all t = 0 for which (1 (t) is finite, we have the estimate

Gi(t) < C (Eo+ Gi(t)?)

for some constant C' > 0, so long as Eo := [|v(-,0)|| 1 (r)nm = w) is sufficiently small.
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Proof. To begin, notice that by the descriptions of @, T', R, and S in corollary 13.2
we have that

1QC, D)l Lr(®) < [0l Frx () < CC1(E) ™20
1Ry )iy < vl oy ll (G, &
CGi(t)? e ™ (1 +

N

41 @sm)
(3/2)

<
ITC ) ry < N0l ary (0 G ) || 1 (a3

ag)

+1)”

)
CGi(t)* e ™! (1 41)~ /2

)

+1)”

NN

10 + DS ()l )

[0l (i) | (Gt A2 ) [ 40 (@im)

< CG(t )2 —nof( (3/2)

so long as [[(ve, &) (- )| Lo m) < (v, @) || ¢ (2m) (8) < (1 () remains bounded.

Thus, applying the bounds (10.5) and (10.9) of proposition 10.2 to representations
(13.12)—(13.13), we obtain for any 2 < p < oo the bound

[0(, )| Lr(r) SCe™ ™" Ey
+CG(t) /Ot e m(t=e) (e*QW + e ™51+ s)*@/?)) ds (14.2)
<C (Bo + Gi(t)?) e ™,
and similarly using (10.9) we have

(G, @) (D) lwrcsroemy < C(L )~ W2A-0I=02

t
+C’C1(t)2/ (141 )~ /20-0/m-0/2
0 (14.3)

« (e—2nos + e7m0%(1 +s)_(3/2)) ds

<C (Eo + Cl(t)Q) (1+ t)—(1/2)(1—(1/p))—(1/2)’
yielding in particular that ||(&y,Gy)| gx+: is arbitrarily small if Ey and ¢ (t) are,
thus verifying the hypothesis of proposition 14.2 below. By the nonlinear damping
estimate given in proposition 14.2, therefore, the size of v in H¥(R) can be con-

trolled by its size in L?(R) together with HX estimates on the derivatives of the
phase function &. In particular, we have for some positive constants 6, and 65

||U('7t)||§1K(R)
t
<Ce M B2+ C (B +CG(1)?)° / e~ f2(i=e)
0

% (e*%os ra +S)7<3/4>) ds
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< Ce ME} 4+ C (By+G(t)%)° e 2mt
< C(Ey+ Cl(t)2)2 e 2ot
This estimate together with (14.3) in the case p = 2 completes the proof. O

PROPOSITION 14.2. Assuming (D), let v(-,0) € HE(R) (for v as in (13.1)) and
suppose that for some T >0 the HX(R) norm of v and the HETY(R) norms of
Gy (+,t) and &, (-, t) remain bounded by a sufficiently small constant for all0 <t < T.
Then there are constants 601, 05, C > 0 such that

oDl gy <C e o 0) gy
! 0
40 [ e (ot ) g + 1)y ) .

for all0 <t <T.

Proof. Subtracting from the equation (13.3) for u the equation for 4, we may write
the nonlinear perturbation equation as

vy — DF(U)0 — Vgp = Q + lig Gy — Tgly — (lnlin)e + f(0)a, (14.4)

where it is understood that derivatives of @ appearing on the right-hand side are
evaluated at (z + a(x,t),t). Using (13.5) to replace @, and u; respectively by @, +
Uy — (g + vz) (G /(1 + &) and 4y + vp — (Uy + ) (@ /(1 + @), and moving the
resulting v;&, term to the left-hand side of (14.4), we obtain

(14 az)vr — Vg = —Df(@)v + Q + (g + vy) s
~2 (14.5)

— (g + v2)a)e + ((az + v)li‘ia) ¥ (@),

Taking the L? inner product in z of Zfzo(((fl)j&fjv)/(l + @) against (14.5),
integrating by parts, and rearranging the resulting terms, we arrive at the inequality

Ao, )| my
< 010K 0, )3y + C (Il D qry + (G ) ) e )

for some 6 > 0, C' > 0, so long as |||  x (g) remains bounded, and |[v(-, )| g x (&) and
| (Gt, &z ) (- t)|| rec+1(ry remain sufficiently small. Using the Sobolev interpolation

||g||§{K(R) < C”lH(?f“gHQLQ(R) + é||g||2L2(R) for C' > 0 sufficiently large, we obtain
Bullo (-, )| 3 gy ()

< Ol gy + € (¢, ) gy + 1t ) ) e )

from which the desired estimate follows by Gronwall’s inequality. (]
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15. Pointwise nonlinear iteration and pointwise bound on the
perturbation

In this section, we give a proof of the theorem 1.7 using the improved pointwise
bounds stated in proposition 1.5. Associated with the solution (u, &) of the integral
system (13.12) and (13.13), we define

)= sup (ol ) + e, )] + loaly, 5))(1 + )12 10/ 01/2000
0<s<t,yeR

Hlallws.co (@ir) (8) + ([ (G, Q) [[yws.00 (r) (8) (1 + 5)1/2) .

(15.1)

LEMMA 15.1. For allt > 0 for which (2(t) is finite, we have the estimate
G(t) < C(Eo + ¢2(t)?) (15.2)
for some constant C > 0, so long as Eo := |[v(-,0)| L1 r)ynmx @) > 0 is sufficiently

small.
Proof. Let us recall the definition of the Gaussian probability density function
K(z,t) = (2rt)~(1/2) o=(a?/21),
and the semigroup property K (-,t1)* K(-,t2) = K(-,t1 + t2).
If we define
Ky(z,t) =t~/ e*(fL’Q/Mt)’
we represent it in terms of K as

—(1/2)
Rt = VAT (3 (M) oo T e ()

The semigroup property becomes Kps(-,t1) % Kpr(-,t2) = VoM - Ky (-, t1 + t2).
Using the representations on @, R, S and T', we can conclude that

Q. ) < CG (1)1 +5)F emme= (/)
< CEH)(1 + )~ (/2= (/D) g=nos—(Iyl*/Ms),

IR, (y,s)| < CGEt)(1+s)~ (1/2)=(1/2) o= (10/2)s=(ly|*/2Ms)
< CEM)(1 + 5)~ (/2 5=/ o= (n0/2s=(lul*/2Ms5)

[(02 + 0,)S(y, s)| < CC2(t)(1+ )~ (1/2)=(1/2) o= (n0/2)s—(|y|*/2M )

<CEM)A+ )" W2~ (1/2) o= (no/2)s—(ly|*/2Ms)

IT(y, s)| < CE(t)(1 + s)~V/D=1/2) g=(m0/D)s=(ly[*/2Ms)
< CEM)(1 + 5)~ (/2= /D) o= (n0/2s=(lol*/2M5)

for 0 < s <t
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From (13.12), using the pointwise bound (1.18) on H and the four estimates
above we can derive that

op [ pope (2P0 o= (lul?/21)
v(x,t)| < e .
o) < CFo | = =

t ptoo —((lz=yl*)/ (M (t=s)))
+ ng(t)/ / (14 5)~(1/2) g=m0(t=9)¢
0 J—o0 t—s

dy

— 2/Ms
o€ (8I7/19)

NG

B —((Jz—y[*)/ (M (t=s)))
+ CCQQ(t) / / (1 + 5)_(1/2) e—Tlo(t—s) €
0 J—o0

dyds

t—s

— 2/2Ms
oo/ €2 s
S

“+oo
< CEO/ e ' Kpy(z —y,t) - Kn(y, 1) dy

— 00

t +oo
+C(22(t)/ / e‘"ot(l+s)_(1/2)KM(x—y,t—s)
0 —00
- Ky (y, s)dyds
t +oo "o
veg [ [ et ) Ky (o gt -
0 —00

- Kan(y,s)dyds
< CVTMEye ™' Ky (z,t+ 1)

t
+ CVTMCEE(t) e*%t/ (14 5)" YD EKy(2,t)ds
0

¢
+C\/27rM¢§(t)e*"0t/ em/Ds(1 4 5)~ V2D Kop (2, t) ds
0
< CEge ™ Ky (x,t +1) + O (1)2VEe ™ Ky (0, )
+CG(t) e /DKy (2,1)
< C(Bo + C2())(1 + )~ (/2 g=(mo/Dt=(ll*/2M1)
and using the pointwise bound (1.20) on 9F9™é(z, t;y),

“+oo
Ok o ez, )] < CEO/ (14 £)=(rOm+8)/2) g =molyl g=(IyI*/20) gy

t +oo
+CG (1) / / (14t — )~ ((T(M+R)/2) g=molyl
0 J—
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—(ly?/Ms)

(§]

xe (14 5)" WD dyds
NG

t +o0
+ CC%(t)/ / (14t — 5)~(T(M+R)/2) g=nolyl
0 —o00

e~ (Ivl?/2219)

x e~ (m0/2)s(1 4 5)=(1/2 dyds

S

< CEy(1 4 )~ ((rtmtk)/2)

t
+CG (1) / (14t — )~ (@OnER/2) (1 4 )=(1/2) g=nos
0

+oo e—(yl*/Ms)
> /_OO e_’mlledy ds

t
+ ch(t)/ (1 + ¢ — s)~ (T HR)/2) (] 4 5)=(1/2) g=(n0/2)s
0

/+oo ol € /2019 A
X e MW ———dy | ds
oo Vs

< JC(Eo+ G )1+ t)=1/2) for m+k > 1;
S\ C(Eo + ¢3(t)) for m +k = 0.

where 7(m + k) =1 for m + k > 1 and 0 otherwise. Thus the Lemma follows. [

Finally, we give the proof of theorem 1.7.

Proof of theorem 1.7. By continuous induction, we have that (s(¢) < 2CFEy. Hence
the stated estimate on v(x,t) = a(z + a(z,t),t) — u(x) follows. Now we prove the
other two bounds on & and 9F97a. From the formula (13.13) for 9F0™a and the
bounds on Q, R, (97 + 9,)S, T, the pointwise bound (1.20) on OFOmE(x,t;y), we
obtain for t > 1, k+m > 1 (&(x,t) =0 when 0 < ¢ < 1),

|0F 03 é(x, 1)

+oo
< CE, /

e}
t “+o0
+CEy / /
1 —o00

x s~ 1/2 g=nlvl=mos—(IyI*/Ms) 4y 45

e~ ((@—y+0)?)/Mt)  (—(((a—y—1)*)/M?)
Vi - Vit
e~ (((@—y+(t=s)?)/(M(t=5))) o= ((z—y—(t=5)*)/(M(t—s)))

e lvl 6= (WI*/M) gy

t—s t—s

+oo
< CEO/ (Ky(z+t—y,t) + Ky —t —y,t) Kp(y, 1) eyl dy

— 00
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t —+o00
+ CE(]/ Ky(z+ (t—s)—y,t —s) Ky, s) e MI=m08 dy ds
1

— 00

t —+o0
+CEy / Ky(w— (t—s) —y.t — s)Kp(y, s) eI dy ds
1

— 00

S CEy (Kpy(x+t,t+1)+ Ky (x —t,t+ 1))
t t
+ CH / K+ t,8) e~ ds + C'E / Kt(@ — 1) =% ds
1 1
< CEgt™ /2 (e—<<|x+t\2)/Mt> n e—((lw—tP)/Mt))

< CE, (ef<<|m+t\2>/Mt) n ef<<|mft|2>/Mt>> _

The bound on & can be obtained by integrating the bound on &, (z,t) from x to
+00, using lim, .4 &(z,t) = 0. This completes the proof of theorem 1.7. O
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