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Abstract

The problem of initial thermal velocity and the space charge effect of electron guns in numerical simulations have been
investigated deeply. In general, the current software can meet the engineering requirements. However, the electron’s
initial thermal velocity and the space charge effect lack sufficient consideration. The above two factors significantly
limit the performances of electron guns. Moreover, the parameters of electron guns are approximated based on a
limited number of electron trajectories. Thus, the statistical distribution of the beam electron resulting from its initial
thermal velocity is not considered adequately in present software. This paper introduces the equivalent meridional
projected trajectory equation and the curvilinear axis evolution theory of the current density of toroidal electron sub-
beam, and subsequently the current and charge density distributions in electron guns can be derived through iteration
calculation. Based upon, the virtual crossover of an electron gun is determined by its current density distribution. As
well as, a relevant numerical algorithm is developed and the related program is modified based on the popular
commercial software SOURCE. Tungsten cathode guns, LaB6 cathode guns, field mission guns and Pierce guns are
simulated respectively by examples. The calculations prove that the modified software is effective and practical.
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1. INTRODUCTION

Electron guns are fundamental components of electron opti-
cal equipments and instruments. However, their performance
significantly limits the entire electron optics system (Ozur
et al., 2003). Due to the complexity of structures and physical
processes, the design and analysis of electron guns requires
calculation by numerical methods. At present, the pro-
fessional software available such as EGUN, TWTCAD,
and ORION, etc., can neither give satisfactory computation
precision nor have wide applicability. Rather than the
above ones, the software SOURCE can give more precise re-
sults for almost all types of electron guns. However, certain
factors detailed below have not been considered carefully
in SOURCE, hence affecting the computation precision in
some cases.
(1) The longitudinal thermal velocity effects: With Child’s

law describing the emission current density calculation of
thermal cathodes (Zhu & Munro, 1989), the effects of

longitudinal thermal velocity is not taken into account in
SOURCE.

(2) The transverse thermal velocity effects and the calcu-
lation of electron rays: Cult theorem (Culter & Hines,
1955) is introduced in SOURCE. However, it is difficult to
treat the electron thermal velocity effects by Cult theorem be-
cause the physical discussion of Cult theorem relies on
simple linear assumptions. To calculate space charge density
distributions, three-dimensionional (3D) electron rays must
be achieved whether using the laminar flow method or the
ray-tracing method previously (Hawkes & Kasper, 1989).
However, the 3D computation is defective in principle for
rotational symmetric electron guns. Moreover, the treatment
of the 3D rays is very complicated.

(3) The calculation method of the electron guns parameter:
The determination of the virtual crossover of electron guns is
based on the finite electron rays in SOURCE. In fact, the stat-
istical distribution of electron beams caused by the initial
thermal velocity effect cannot adequately be taken into ac-
count using this method.

To solve the above problems, SOURCE is modified using
the following methods. (1) Introducing the curved-axis elec-
tron optical theory in a meridional plane. This theory based
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on the following assumptions (Tang & Kang, 2005), (a) The
guns are rotationally symmetric; (b) The beam is divided into
many toroidal sub-beam units. Moreover, each sub-beam is
so small that the initial current density at the cathode can
be considered uniform within each unit; (c) The acceleration
voltage is not very high so that the relativistic effect can
be ignored. According to the above assumptions, the
curved-axis electron optical theory in a meridional plane
for calculating the evolution of the current density distri-
bution of toroidal sub-beams is proposed. The concepts of
equivalent acceleration potential and projection trajectories
in meridional plane are introduced. Projection central trajec-
tories based on these concepts were calculated and used as
curvilinear optical axes for neighboring electrons with differ-
ent initial thermal velocities. The curvilinear axis paraxial ray
equation and the second-order aberrations are derived in local
orthogonal coordinates. From this theory, the evolution
equation of the current density distribution of the sub-beam
units is derived; hence the total current and charge density
distributions in the guns can be obtained giving a better treat-
ment of the space charge effect and the initial thermal vel-
ocity effect. This method is very compact and practical for
calculating round electron guns. Moreover, the initial thermal
velocity effect and the space charge effect are handled better
and more easily; in particular, the electron trajectories are
non-planar curves with torsion because of magnetic fields.
With this method introduced into SOURCE, this software
is easy to program compared with other previously published
methods (Burdovitsin & Oka, 2008; Septier, 1983; Villa &
Luccio, 1997; Weber, 1967). (2) Determining the virtual in-
tersection of electron guns by the current density distribution.
After using the above method to compute the current density
distribution of the sub-beam units, at the exit plane of elec-
tron guns, the distance to the axis and the slope of the central
rays and current density at the axis direction for each sub-
beam unit can be derived. Then, we assume that the potential
is equivalent near the electron gun region. Using the above
curved-axis electron optical theory, the virtual current den-
sity distribution of the gun region can be derived. The pos-
ition with the maximum axial current density is the
position of the virtual intersection.

2. THE CURVED-AXIS THEORYOF THECURRENT
DENSITY DISTRIBUTION EVOLUTION OF
TOROIDAL SUB-BEAMS

In non-relativistic approximation, the electron projection tra-
jectory equations in rotationally symmetrical electrical and
magnetic fields in cylindrical coordinates (z, r, ψ) are as fol-
lows (Hawkes & Kasper, 1989; Stratton, 1941; Tang, 1986):

r′′ = 1+ r′2

2Q
∂Q
∂r

− r′
∂Q
∂z

( )

Q = U∗ + e

2m0

rA+ C

r

( )2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

, (1)

where Q is called the equivalent meridional potential (the r
coordinate varies with z). It includes not only the electric
and magnetic fields, but also the initial angular momentum
term C. U∗ denotes the accelerating potential. These projec-
tion trajectory equations are very convenient for analysis
and design of electron guns. As an ordinary differential
equation, Eq. (1) is equivalent to the following variational
equation (Tang, 1996):

δ

∫ 								
Q(r, z)

√
ds = 0. (2)

Obviously, due to equivalent meridional potentialQ and mer-
idional plane projection trajectory of rotationally symmetrical
systems introduced, the electron motion in three-dimensional
(3D) space can be projected onto a two-dimensional (2D)
plane. For the numerical simulations of the electron guns,
the electron beam emitted from the cathode is divided into
many toroidal sub-beam units.
A projection central trajectory is selected in each sub-beam

as the curved optical axis of other adjacent electrons. These
central trajectories are planar without torsion. Therefore,
local orthogonal coordinates (x, z) are adopted where the
axes are along the tangent (z) and normal (x) directions.
There is a lateral statistical distribution of the electron current
density in a sub-beam resulting from the thermal movement
of the beam electrons. This distribution depends on the ap-
plied electric and magnetic fields as well as the space-charge
field. Its evolution is dependent on the motion of all of the
electrons within the sub-beam unit. Electron trajectories
near to the curvilinear axis are derived using the curvilinear
optical theory. As the ray equation is nonlinear, an approxi-
mation is made. At first, near to the curved axis, the equival-
ent meridional potential Q is expanded as a Taylor series in x:

Q = Q0 z( ) + Q1 z( )x+ Q2 z( )x2 + Q3 z( )x3 + · · · , (3)

where Q0(z) denotes the meridional potential along the
curved axis, and the coefficients satisfy:

Q1 z( ) = ∂Q
∂x

|x=0, Q2 z( ) = 1
2
∂2Q
∂x2

|x=0, · · ·

In local orthogonal coordinates, the variation of Eq. (2) takes
the following form (Tang, 1982):

δ

∫
μdz = δ

∫
Qdz = δ

∫ 		
Q

√ 																
x′2 + 1+ kx( )2

√
dz = 0, (4)

where μ is the integrand function of the variational equation,
and k denotes the curvature of the optical axis, related to Q
by:

k = − Q1

2Q0
. (5)
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This ensures that the curved optical axis is a real trajectory.
Introducing Eq. (3) into Eq. (4), expending μ as a series ac-
cording to the powers of x and x′ to the second order, we
obtain:

μ = μ0 + μ1 + μ2 =
			
Q0

√
+

			
Q0

√
(k + Q1

2Q0
)x

+
			
Q0

√
(
Q2

Q0
+ kQ1

2Q0
− Q2

1

4Q2
0

)x2 +
			
Q0

√
x′2

. (6)

By introducing Eq. (6) into Eq. (4), the Euler equation for the
variational equation is obtained:

d

dz
[
∂
∂x′

(μ0 + μ1 + μ2)] =
∂
∂x

(μ0 + μ1 + μ2). (7)

Substituting Eqs. (5) and (6) into Eq. (7), we obtain the fol-
lowing curved-axis paraxial trajectory equation:

d2x

dz2
+ Q′

0

2Q0

dx

dz
+ Q2

1

2Q2
0

− Q2

Q0

( )
x = 0. (8)

This homogeneous equation is called the paraxial trajectory
equation. Its solution xg can be formed by two linearly inde-
pendent special solutions g(z) and h(z). The initial conditions
of g(z) and h(z) are:

g(z0) = 1, g′(z0) = 0
h(z0) = 0, h′(z0) = 1

{
. (9)

Hence the solution of the paraxial trajectory equation for
initial coordinate x0 and slope x0′ can be expressed as:

xg(z) = x0g(z)+ x′0h(z)
x′g(z) = x0g′(z)+ x′0h

′(z)

{
. (10)

The current density distribution of a sub-beam at the initial
plane is a function of x0 and x0′. For thermal emission cath-
odes, the transverse mean energy of the thermal electrons is
KT, where T is the cathode temperature and K denotes the
Boltzmann constant. The directional distribution of the cur-
rent density at the emitting point is a cosine function:

dj = j0
π
cos γdΩ, (11)

where j denotes the current density, and γ is of the angle rela-
tive to the local normal to the initial surface. It is assumed
that j0 denotes the current density at the initial emitting
plane. After acceleration, there is an increase at a given
plane in the electron energy e(u-u0) in the longitudinal direc-
tion, and the angular distribution becomes (Morrell et al.,

1974; Munro, 1997):

dj = e(u− u0)
KT

j0 cos γ × exp (− e(u− u0)
KT

sin2 γ)dΩ, (12)

It is assumed that the initial current density of the toroidal
sub-beam unit is uniform at the initial plane. Considering
Eq. (12), the initial distribution can be defined as:

f (z0, x0, x
′
0) = Nrect(

x0
2b

) exp (− x′20
α2

), (13)

where 2b is the width of the initial annular unit and N is a
constant.

rect(
x0
2b

) = 1, −b ≤ x0 ≤ b

rect(
x0
2b

) = 0, x0<− b, orx0 > b

⎧⎪⎨
⎪⎩ , (14)

and

α =
										

KT

e(u− u0)

√
. (15)

Hence, the current density distribution in the paraxial
approximation can be derived at any specific cross-section
as:

j(x) = j0r0
2rg

[erf (
x− gb

hα
)− erf (

x+ gb

hα
)], (16)

erf (z) = 2		
π

√
∫z
0
exp (− t2)dt. (17)

After working out current density distributions of all sub-
beam units, each current density distribution is converted
to the laboratory coordinate system (z, r). The axial direction
component jz is computed and summed to get the total cur-
rent density distribution for the whole electron beam. The
charge density can be calculated as:

ρ =
														

1+ r′2

−2Q0(e/m0)

√
jz. (18)

The above curvilinear-axis electron beam model is a practical
method for calculating the current density and charge density
in electron beams and guns. To calculate the space-charge
density, usually the self-consistent space-charge field is cal-
culated by an iterative method. A program is written to solve
the electric field corresponding to the space-charge distri-
bution by finite element method. The current density at the
cathode is computed using a modified Child’s law consider-
ing the virtual cathode formed by longitudinal initial thermal
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velocities. The method above is adopted to compute itera-
tively the current density and space-charge density distri-
butions. This method is simple and the program is very
compact.

3. DETERMINING THE VIRTUAL INTERSECTION
OF ELECTRON GUNS

As we described in Section I, when the current density of
each toroidal sub-beam is calculated, the distance to the
axis re and the slope re′ of the central rays, and current density
je along the z-axis direction of each sub-beam unit at the exit
plane of the guns are obtained, the subscript e denotes the
exit plane. Hence, the virtual intersection can be derived
using the curvilinear-axis theory. In the calculation of the vir-
tual intersection, the potential is assumed to be equivalent at
the gun region to simplify the calculation. For the trajectory
projected back toward the cathode at the exit plane, two lin-
early independent special solutions g(z) and h(z) of Eq. (8)
can be derived as:

g = 1, h = x− xe. (19)

Introducing Eq. (19) to Eq. (16), the current density distri-
bution can be derived:

j(x) = jere
2r

[erf (
x− be

(x− xe)α
)− erf (

x+ be
(x− xe)α

)]. (20)

It must be noticed that the special solution h(z) is always
negative at the guns region. If the beam is focused at the
exit plane, the potential at the region behind the exit plane
can be assumed to be equivalent. Thus, the special solution
h(z) is positive. Using the same method, the current density
distribution behind the exit plan can be achieved. The pos-
ition with the maximum of the current density along the
z-axis direction is the virtual intersection. Additionally, the
radius of the virtual crossover can be achieved.

Fig. 1. (Color online) Finite element course mesh layout for a gun with
spherical tip.

Fig. 3. Current density at the exit plane using the modified software.

Fig. 2. (Color online) Electron trajectories and equipotentials of an electron gun with spherical tip calculating using two methods (the first
equipotential surface at the position of z= 7.00 mm).
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4. COMPUTATION EXAMPLES

As an example, a practical electron gun is sketched in Figure 1.
It is calculated using the modified software and the result is
compared with that calculated using SOURCE. The calcu-
lations are performed with the same interactive error, the cath-
ode temperature at 1600 K, the work function 2.7eV, and
Richardson constant 60 A/cm2/deg2 for the two methods.
The computed results show that the total emission current

is of 1933.02 μA, and the position of virtual crossover is
7.96 mm (at the spherical tip of the cathode, z= 0.00 mm)
using the modified software. In contrast, using SOURCE
the total emission current is 2746.32 μA, the position of vir-
tual crossover is 8.28 mm. Compared with SOURCE, using
the modified software, the total current is decreased,
and the crossover is moved away from the cathode, however,
the virtual crossover moved closer to the cathode. Electron
trajectories and equipotentials for the two methods are
shown in Figure 2. Figure 3 shows the current density at
the exit plane using the modified software. As a second
example, a LaB6 electron gun is simulated. The finite
element course mesh layout is shown in Figure 4. We as-
sumed that the emission properties are different in the differ-
ent regions along the cathode surface. Thus, the cathode was
divided into three parts, in all three emission regions, the
work function is set at 2.70 eV, the Richardson constant at
70 A/cm2/deg2, and cathode temperature in the first,
second, and third emission are set at 1770 K, 1820 K, and
1870 K, respectively. The computed results using the modi-
fied software show that the virtual crossover is 6.91 mm, and

Fig. 4. (Color online) Finite element course mesh layout for a LaB6 gun.

Fig. 6. (Color online) Finite element course mesh layout for a field emission
gun.

Fig. 7. (Color online) The electron trajectories and equipotentials of a field
emission gun.

Fig. 8. (Color online) Finite element course mesh layout for a field emission
gun with a magnetic lens.

Fig. 5. (Color online) Electron trajectories and equipotentials of a LaB6
gun.

Fig. 9. (Color online) Electron trajectories and equipotentials of a field
emission gun with a magnetic lens.
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the radius of the virtual crossover is 5.95 μm. The electron
trajectories and equipotentials are shown in Figure 5. For
the third example, a field emission gun is simulated. The
finite element course mesh layout is shown in Figure 6.
With a cathode temperature of 300 K, a work function of
4.5eV, and Richardson constant 120 A/cm2/deg2, the com-
puted results using the modified software show that the vir-
tual crossover is −1.53 mm, and the radius of the virtual
crossover is 0.0018 μm. The electron trajectories and equipo-
tentials are shown in the Figure 7.
The equivalent meridional potential is introduced into the

modified software. The electric and magnetic fields can be
handled in a unified way. To test the modified software for
an electron gun with magnetic field, a magnetic lens with a
lens excitation of 2000NI (see Fig. 8) is inserted into an emis-
sion gun positioned 7 mm away from the cathode. This field
emission gun produces a crossover because of magnetic lens.
The computed results using the modified software are shown
in Figure 9. It shows that the position of the virtual crossover
is 17.65 mm with the radius of the virtual crossover is
0.0025 μm
At last, a Pierce gun with high-current is simulated. In this

case, the space charge effect is very important in numerical
calculation and can be well-treated using the modified soft-
ware. Figure 10a shows the finite element course mesh
layout. Figure 10b shows the computed equipotential and tra-
jectories. The above examples demonstrate that the modified
software performs very well. The results show that this ap-
proach is a feasible way for calculating high-current guns
considering thermal velocity effects.

5. CONCLUSION

The initial thermal velocity and space charge effects of elec-
tron beams significantly limit the performance of electron

guns. Adequately taking these two factors into account in
numerical calculations of current density distribution of elec-
tron guns is a very complicated problem. By introducing the
curvilinear axial evolution theory of the current and charged
density, the current density distribution can be computed in
an iteration calculation by adding the current density gener-
ated by all the sub-beams. Moreover, the charge density dis-
tribution can be calculated, from which the virtual
intersection can be derived. Based on these methods, the
numerical calculation software SOURCE for electron guns
simulations is now greatly improved. The tungsten cathode
gun, the LaB6 cathode gun, the field mission gun and the
Pierce gun are simulation using the modified software
respectively. The simulation results demonstrate that the
modified software is more effective and more practical.
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