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In the field of Life Sciences, it is very common to deal with extremely complex systems, from
both analytical and computational points of view, due to the unavoidable coupling of different
interacting structures. As an example, angiogenesis has revealed to be an highly complex,
and extremely interesting biomedical problem, due to the strong coupling between the kinetic
parameters of the relevant branching — growth — anastomosis stochastic processes of the
capillary network, at the microscale, and the family of interacting underlying biochemical
fields, at the macroscale. In this paper, an original revisited conceptual stochastic model
of tumour-driven angiogenesis has been proposed, for which it has been shown that it is
possible to reduce complexity by taking advantage of the intrinsic multiscale structure of the
system; one may keep the stochasticity of the dynamics of the vessel tips at their natural
microscale, whereas the dynamics of the underlying fields is given by a deterministic mean
field approximation obtained by an averaging at a suitable mesoscale. While in previous
papers, only an heuristic justification of this approach had been offered; in this paper, a
rigorous proof is given of the so called ‘propagation of chaos’, which leads to a mean field
approximation of the stochastic relevant measures associated with the vessel dynamics, and
consequently of the underlying tumour angiogenic factor (TAF) field. As a side, though
important result, the non-extinction of the random process of tips has been proven during
any finite time interval.

Key words: Cell movement; Interacting particle systems; Convergence of probability
measures; PDEs in connection with biology and other natural sciences; Stochastic
analysis.

1 Introduction

In Life Sciences, we may observe a wide spectrum of self-organisation phenomena.
In most of these phenomena, randomness plays a major role; see [7] for a general
discussion. As a working example, in this paper, we refer to tumour-driven angiogenesis;
in this case, cells organise themselves as a capillary network of vessels, the organisation
being driven by a family of underlying fields, such as nutrients, growth factors, and alike
[12,20,23]. Indeed, an angiogenic system is extremely complex due to its intrinsic multiscale
structure. We need to consider the strong coupling between the kinetic parameters of the
relevant stochastic processes describing branching, vessel extension, and anastomosis of
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the capillary network at the microscale, and the family of interacting underlying fields at
the macroscale [1,10,17,22,25].

The kinetic parameters of the mentioned stochastic processes depend on the concen-
trations of certain chemical factors, which satisfy reaction-diffusion equations (RDEs)
[1,21,35]. Viceversa, the RDEs for such underlying fields contain terms that depend on
the spatial distribution of vascular cells. As a consequence, a full mathematical model of
angiogenesis consists of the (stochastic) evolution of vessel cells, coupled with a system of
RDEs containing terms that depend on the distribution of vessels. The latter is random
and therefore the equations for the underlying fields are random RDEs; thus, inducing
randomness in the kinetic parameters of the relevant stochastic geometric processes de-
scribing the evolution of the vessel network; we might say that the vessel dynamics is a
‘doubly’ stochastic process.

This strong coupling leads to an highly complex mathematical problem from both
analytical and computational points of view. A possibility to reduce complexity is offered
by the so called hybrid models, which exploit the natural multiscale nature of the system.

The idea consists of approximating the random RDEs by deterministic ones, in which
the microscale (random) terms depending on cell distributions are replaced by their
(deterministic) mesoscale averages. In this way, the mentioned kinetic parameters may
be taken as depending on the mean field approximation of the underlying fields, thus,
leading to a ‘ simple’ stochasticity of the random processes of branching — vessel extension —
anastomosis [5].

The way to obtain a deterministic mesoscale approximation of the stochastic process
of the relevant empirical measures by means of laws of large numbers is known as
‘mean field approximation’. Examples of rigorous derivations of mean field equations
for stochastic individual-based models can be found, e.g., in [15,28,29], and references
therein; other authors refer to this kind of approximation as propagation of chaos’ (see,
e.g., [14,33], [2, p. 235], and references thercin). However, to the best of the authors’
knowledge, for the kind of models considered here, a rigorous proof of the required
mean-field approximation has not yet been given, though heuristic derivations by the
same authors are available (see [4], [5], and references therein). For a direct formulation
of similar systems in hybrid form the reader may refer to [27].

Eventually, in this paper, the authors have been able to derive mean field equations with
the required, non trivial, rigorous approach. As a side result to understand the impact of
anastomosis, in the appendix, it has been proven that the random measure of tips never
vanishes during any finite time interval (see Appendix A).

The proof that the number of new tips cannot grow without control, given in Section
5.3, is highly nontrivial. This is the first work that deals rigorously with this question,
namely the size of growth when tips may emerge from created vessels and the length of
the vessel is potentially unbounded, in finite time, due to the Gaussian fluctuations of the
noise. The usual control from above by a Yule process does not work here and new tools
have been used. At the technical level, let us also highlight the proof of uniqueness of
measure-valued solutions, that seems to be original with respect to the related literature.

We wish to mention that here we are referring to the early stages of the process of
tumour-driven angiogenesis, so that we may assume that the shape of the tumour mass
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does not change in time. This is the reason why in Section 2, the region X occupied by
the tumour, and the related tumour angiogenic factor (TAF) production function gy are
both taken as time independent.

The paper is organised as follows. Section 2 introduces our stochastic model and
all relevant random measures associated with. Section 3 is devoted to the evolution
of the empirical measure and an heuristic derivation of the mean field equations for
the deterministic measure of tips, and the associated TAF concentrations, based on
a conjectured ‘propagation of chaos’. Section 4 presents our main mathematical results.
Section 5 contains a detailed proof of Theorem 4.1, as far as the tightness of the sequence of
laws of (Qn, Cn)nen is concerned, and consequently, the existence of a weakly convergence
subsequence; thus, anticipating the existence part claimed in Theorem 4.3. All required
estimates are rigorously derived here. The proof of Theorem 4.3, concerning the claimed
uniqueness is concerned, can be found in Appendix C.

2 A mathematical model for tumour induced angiogenesis

The main features of the process of formation of a tumour-driven vessel network are
(see [5,16,22])

(i) vessel branching;
(ii

(ii

vessel extension;

)
)
) chemotaxis in response to a generic TAF, released by tumour cells;

(iv) haptotactic migration in response to fibronectin gradient, emerging from the ex-
tracellular matrix and through degradation and production by endothelial cells

themselves;

(v) anastomosis, the coalescence of a capillary tip with an existing vessel.

We will limit ourselves to describe the dynamics of tip cells at the front of growing
vessels, as a consequence of chemotaxis in response to a generic tumour factor (TAF)
released by tumour cells, in a space R, of dimension d € {2,3}.

The number of tip cells changes in time, due to proliferation and death. For our
convenience, we shall denote by N;, the random number of tip cells however born up
to time t € IR;. We shall refer to N := Ny as the scale parameter of the system. The
ith tip cell is characterised by the random variables TN and ®@"", representing the birth
(branching) and death (anastomosis) times, respectively, and by its position and velocity
(XEN (1), VN (1)) € R, ¢ € [T*N,©"N). Tts entire history is then given by the stochastic

process
i.N i.N
(Xl (t) > \4 (t)) ZG[T""N,®LN) :
All random variables and processes are defined on a filtered probability space
(Q,F, F, P).
The growth factor is a random function Cy : Q x [0,00) x R — R, that we write as
Cy (t,x).
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For the elongation of vessels, we assume a Langevin description, according to which
tip cells and growth factor satisfy the stochastic system

dXHN (1) = VN (1) dt, (2.1)
AV (1) = [k VN () + f (Cy (£ XN (1)) VC (6, XY (1))] dt

+adW' (1), (2.2)

0Cn (1,X) = kags (X) + d1 ACN (1,X) — 11 (t’ x,{On (S)}Se[o’z]) Cn (t,x), (23)

where ki, ks, o,d; > 0, are given; Wi (1), i € N, are independent Brownian motions.

Let us denote by Bg. the Borel sigma-algebra on R?; by X € Brs, we denote the
tumoural region acting as a source of TAF; in the equation (2.3), we have taken gy €
UC! (R?), with support X, to represent the spatial density of the tumour mass.

The initial condition Cy (0,x) is also given, while the initial conditions on XN (t),
and VN (t) depend upon the process at the time of birth T*N of the ith tip; the term
n(t,x,{0n (S)}SE[O,I]) will be described below.

As it will appear more explanatory in Section 2.1, the choice of the Langevin model
leads to more regular trajectories of the tip cells, with respect to pure Brownian trajectories.
Anyhow, it is well known that pure Brownian trajectories can be obtained from Langevin
trajectories as an approximation in the case of large frictions (see, e.g., [8, p. 439]).

In the equation (2.2), besides the friction force, there is a chemotactic force due to the
underlying TAF field Cy(t, x); as in relevant literature (see, e.g., [1,31]), we assume that f
decreases as a function of Cy(t, x); but here we assume further that it also depends upon
the absolute value of the gradient of the TAF field; with an abuse of notations, we will
write

f(Cxlt.x) = & .
’ (L +91|VCn(t,x)| + y2Cn(t, x))4
This choice, requested by mathematical issues, leads to upper bounds of the term

f(Cy (XN (1)) VCy (XN (1), (2.4)
for large values of the gradient of the TAF field; indeed, this makes the model more
realistic, since it bounds the effect of possible large values of this gradient. For ¢ = 1, we
would have a saturating limit value for the term in equation (2.4).

Let us describe the term 5 (t, X, {On (5)}
measure on Bru

se[O,t])' For every t > 0, we introduce the scaled

N,
1 t

On () = 5 DL jpuw @ € (v v (2:5)
i—1

where e denotes the usual Dirac measure, having the Dirac delta ¢ as its generalised
density with respect to the usual Lebesgue measure. With these notations, and denoting
by M, (R?x R?), the set of all finite positive Borel measures on R? x RY, we may
assume that, for every ¢t > 0, the function 7 (,-,-) maps R? x L> (0,1; M, (RY x RY))
into R

n(t) iR L (0,6 My (RY x RY)) — R,
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for which we will assume the following structure:

n (t,X,{QN (S)}se[o,t]> :/0 (/]RdX]Rd K (X — X’) ‘v/| On (s) (dx’,dv’)> ds,

for a suitable smooth bounded kernel K; : RY — IR.

2.1 The capillary network

The capillary network of endothelial cells X"(t) consists of the union of all random
trajectories representing the extension of individual capillary tips from the (random) time
of birth (branching) T*N, to the (random) time of death (anastomosis) @Y

Ny
XV(e) = XN (5)| TN < s < min{r, "V} }, (2.6)
i=1

giving rise to a stochastic network. Thanks to the choice of a Langevin model for the
vessels extension, we may assume that the trajectories are sufficiently regular and have an
integer Hausdorff dimension 1.

Since 1 < d, the random measure

B € Bgi — H!(XN(t)NB) e R, (2.7)

is singular with respect to the usual Lebesgue measure on IR?. Hence, [11] it admits a
random generalised density dxv((x) such that, for any B € B,

HI(XN(t)NB) = / Sxn (g (X)dx. (2.8)
B

By Theorem 11 in [9], we may then state that

t Ns
d .
H! (XN(I) ﬂB) =/ Zé‘xuv(s) (B) %X"N (s) ]ISE[T”N @i,N)dS. (2.9)
0 =1 |
Hence,
t Ns d
Sxng (X) = /0 D Sxngy (%) %x'»N ()| I pon @ ds. (2.10)

With this in mind, we may write

n (I, x, {Qn (S)}se[o,z])
t N
= (AU g Kilx — XY (5) VI (5)
N 0 — SG[T"[\,@ )

1
= N(Kl * OxN (1) )(X)- (2.11)
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Remark 2.1 We wish to remark here that, while apparently the term # (t X, {On (5)}, el 01])
contains a memory of the whole history of the measure process Qn up to time ¢, if we
refer to joint process {(Qn(t),XN(¢));t > 0}, this is not true any more. The same will
apply in the process of branching and anastomosis, so that the Markov properties of the
whole process still hold true.

2.1.1 Branching

Two kinds of branching have been identified, either from a tip or from a vessel. The birth
process of new tips can be described in terms of a marked point process (see, e.g., [6]),
by means of a random measure @ on Br:ygrixre Such that, for any t > 0 and any
B € BriyRri,

®((0,¢] x B) = /0 t /B ®(ds x dx x dv), (2.12)

where @(ds x dx x dv) is the random variable that counts those tips born either from
an existing tip, or from an existing vessel, during times in (s,s + ds], with positions in
(x,x 4 dx], and velocities in (v, v+ dv]. By our definition of N;, as the number of tip cells,
however, born up to time ¢t > 0, we may state that

N, = No + ®((0, 7] x RY).

As an additional simplification, we will further assume that the initial value of the state

o NALN N AN X NHLN
of a new tip is (XT’JHN,VTTVTHN) where TNV is the random time of branching, X7/

is the random point of branching, and VNfﬂf:,’ is a random velocity, selected out of a
probability distribution Gy, with mean vy.

Given the history F,- of the whole process up to time t—, we assume that the com-
pensator (intensity measure) of the random measure @(ds x dx x dv) is given by (see,

e.g., [8], pp. 122, and 157)

IE [@(ds x dx x dv) | Fy-]
No_

= a(Cn(5.X)Gy, (V) > L_ i @ €xi(s) (dX) dvds
i=1

+ B(Cn(s,X))Gy, (V)exn(s) (dx) dvds,

where «(C), f(C) are non-negative smooth functions, bounded with bounded derivatives;
for example, we may take

C
C) =
“O=nE e
where Cg is a reference density parameter [10]; and similarly for f(C
The term corresponding to tip branching

N
2(Cn (5, X)) Gy, (V) ZHSG[TW@,N)eX,N(S (dx) dvds, (2.13)

i=1
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comes from the following argument: a new tip may arise only at positions X"V (s) with
s € [T™N,®"V) (the positions of the tips existing at time s); the birth is modulated by
a(Cn (s, x)), since we want to take into account the density of the growth factor; and the
velocity of the new tip is chosen at random with density Gy,(v). It can be rewritten as

Na(Cn (s, x))Gy, (v)dv / On(s) (dx,dv) ds, (2.14)
]Rd
The term corresponding to vessel branching
B(CN(s,X))Gy, (V)exn(s) (dX) dvds, (2.15)

tells us that a new tip may stem at time s from a point x belonging to the stochastic
network XV (s) already existing at time s, at a rate depending on the concentration of the
TAF via (Cy(s, x)), for the reasons described above. Again the velocity of the new tip is
chosen at random with density Gy,(v). Because of (2.9), it can be rewritten as

Nﬁ(CN(s,x))GVO(V)dv/OS /}Rd [v| Qn (r) (dx, dv) drds. (2.16)

It may be useful to remind that, thanks to Doob—Meyer decomposition theorem, what
is left of the measure process @(ds x dx x dv) after subtracting its compensator, is a
zero-mean martingale (see, e.g., [8, p. 122]).

2.1.2 Anastomosis

When a vessel tip meets an existing vessel, it joins it at that point and time and it stops
moving. This process is called tip-vessel anastomosis.

As in the case of the branching process, we may model this process via a marked
counting process; anastomosis is modelled as a ‘death’ process.

Let ¥ denote the random measure on Br+ygrixre Such that, for any t > 0, and any
B € Braypa

?((0,t] x B) := /ot/B Y (ds x dx x dv), (2.17)

where ¥ (ds x dx x dv) is the random variable counting those tips that are absorbed by
the existing vessel network during time (s, s + ds], with position in (x,x + dx], and velocity
in (v,v+ dv].

We assume that the compensator of the random measure ¥ (ds x dx x dv) is

E [‘P(ds X dx x dv) | .7-"37] (2.18)
Ny 1
=Y Z ]Ise[T"~N,®i'N)h <N (K2 * 5xN(S)) (X)) G(Xi,N(S)’Vi,N(s))(dX X dV) ds
i=1
1
=7yNh (N (K3 * dxn(s)) (x)) On(s)(dx, dv)ds, (2.19)

where y is a suitable constant, and K, : RY — IR is a suitable mollifying kernel,
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h : R, — IR, is a saturating function of the form h(r) = % This compensator
r

expresses the death rate of a tip located at (X*V (s), V" (s)) at time s; the death rate is
modulated by y and by a scaled thickened version of the capillary network existing at
time s, given by (see equation (2.9))

1 i s ] . .
5 (Kax0xvy) () = /0 N Z;K2 (x = XM @) [V ()T _ o @i dr
=

= / / K> (x =xX') V[ Qn (r) (dX,dV") dr.
0 JRIXRE

Let us set
g(5, X, {ON () }repos) =h (Zif (K> * Oxvs)) (X)> .

Thanks to the above, the compensator (2.19) can be rewritten as

yNg(s, X, {On () }reo,s)On (8) (dX, dv) ds. (2.20)

Here, we wish to stress a couple of technical issues, which have led to the substantial
modification of the structure of the compensator with respect to previous models (see,
e.g., [5]). The first one is mainly motivated by the case of dimension d = 3, but then for
simplicity, we adopt it also in d = 2; since, for mathematical convenience, we have modelled
a vessel as a 1-dimensional curve in IR, it is essentially impossible that anastomosis takes
place, since the probability that two curves meet in IR? is negligible, even though they
may get very close to each other: the mathematical abstraction ‘vessel=curve’ would have
not been realistic here. In order to overcome this technical issue, we have introduced a
thickness of the curve, described by a kernel K, (this is equivalent to keep vessels as
curves and introduce a thickness of tips). With this technical modification, the model has
become more realistic, since real vessels do not have dimension 1. Anyhow, this choice
has implied a second issue. The thickening of vessels induce a mathematical modelling
problem whenever the vessel network is highly dense in space; indeed, in such a situation
at a same point X more than one vessel may contribute to the quantity

% <K2 * 5xN(S)) (X), (221)

which is not realistic. In order to compete with this anomalous effect, we have introduced
a saturation via the function h.

Thanks to the above considerations, on one hand, we have solved significant modelling
biases, on the other hand, we have made the model more tractable from a mathematical
point of view.
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3 Evolution of the empirical measure

The evolution of the empirical measure Qy (t) is obtained by application of 1td formula
to the expression

1 M . _
N 2 Lo @ (XN (0. VY (1)
i=1

where ¢ is a C? test function.
From Ito-Levy formula and the expressions of the compensators of the branching and
anastomosis processes, we obtain the identity

| oxmovoxin = [ 6eu0x ) @xd
RORE RYxR?
+ /0 /]RdX]RdV- Vx¢(X,V) QN (S) (dX,dV)ds
! // [f (Cn (5,%)) VCy (5,X) = k1v] - V¢ (X, V) Qn (5) (dX, dvV) ds
0 JRIXIR?
t 0_2
* /0 /]Rtlx]Rd 7AU¢(X’ V) On (s) (dx, dv) ds
—i—/o /]RdX]Rd ¢6 (x) a(Cn(s,X))Qn (5) (dx, dv) ds
—l—/o /]RMR(I ¢é (x) B(Cn(s,x))|v| /Os On (r) (dx, dv) drds

_“//0 /]RMRd ¢ (x,v)g (s,x,{QN (r)}re[o,s]) On (s) (dx, dv) ds

+ My (t). (3.1)

The martingale
My (t) = My () + Moy (t) + M3y (1)

is the sum of three zero-mean martingales, namely

_ M A . )
My (1) =/0 N ZVL,(p(X”N(s), V“N(S))ISE[T,-,N,@W) ~dW'(s); (3.2)
i=1

,]\ZM (1) = /Oz /}Rd " [p(x, V)Py(ds x dx x dv)
— ¢g (x) 2(Cn(s,x))On (5) (dX, dv) ds
— ¢6 (x) B(Cn(s,x)) IV\/0 On (r) (dx, dv) drds] ; (3.3)
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M},N ()= /t ./le " O(x, V)[Py(ds x dx x dv)
78 (5% LN (M} eq0y ) O (5) (dx,dv) ds]. (34)

In the above, we have denoted

og (x) = /}Rd Gy, (V) (x,V) dv. (3.9)

3.1 Heuristic derivation of the limit PDE

It is now clear that the only source of stochasticity in the above system is in
the martingale terms. Classical laws of large numbers for martingales, allow us to conjec-
ture that the martingales are negligible. Consequently, if we assume we already know that
the sequences (Qn)nen and (Cy)yen converge, to a deterministic time-dependent meas-
ure p; (dx,dv) and a deterministic function C; (x), respectively, the limit partial differential
equation (PDE) for the measure p; is conjectured to be

/ & (%,¥) pr (dx, dv) = / ¢ (x,¥) po (dx, dv)
R¢x R4 R¢x R4

+/0 /RdX]RdVde)(X,v)pS(dX,dv)ds
L B O XD T~ kil - g (5,9 s ) s
R4 xIR¢
/ / (x,v) ps (dx, dv) ds
RYxR4 2

* / /]RdX]Rd ¢ (x) o Cs (X))ps (dx, dv) ds

///mdxmd X) B(Cs (x)) |v| p (dx, dv) drds

— / [ o0mg (sxdp) i) pelax.an s (3.6)
0 JRIXRI
with
g(sx{p, ;eoq (// K> (x = xX') |V p, (dx,dv') d )
RYx R4
=h(/ Kz(x—x’)ﬁ,.(dx’)dr>,
0 JRe

having set

B, (dx) = / 1v] pr (dx, dv)..
R¢
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Notice that
/ ¢ (%) 2(C, (x)ps (dx, dv)
]Rth]Rd

- / Gu (V)b (x,V') (C, (X))ps (dx, dv) Y’
RYxRIx R4

/ (V9 (%) 2(C, (X)ps (dx. V') dv
IR"><]R4><]RII

/ uo d)(X V) OC(C (X)) (/ Ps (dX, dv')) dv
R¢xR R¢

= [ G (5. #(C () (map) ()

where we set
(m1ps) (dx) = / ps (dx, dv)
R

and similarly

/ /IRdled X) B(Cs (x)) V] pr (dx, dv) dr

_ / / Guo (V)b (%,¥) B(Cs (X)) ¥] pr (dx, dv) drd¥’
Ré¢xR?x R4
/ / Gy (V)9 (X, V) B(Cs (x)) V'] pr (dx,dV') drdv
RYxRY X RY
= [ G xvC ) /0 [ W1 (ax.av)dras
=/ Gy, (V)9 (X, V) B(Cs (X))/ pr (dx) drav.
R4 x R4 0

Consequently, the limit PDE for C, (x) is conjectured to be

d
-G (0 = kb (%) +di AC, (x) — (t, X, {ps}se[(m) G, (%),

where

n (t, X, {p5}56[0,1]> = /0[ (/]R”x]R"Kl (x = x') |V'| ps (dX/, dV’)) ds. (3.7)

4 Main results

A rigorous proof of the above mentioned convergence of the evolution equations for the
empirical measure Qn(¢) to the evolution equation of the corresponding deterministic limit
measure p, requires various steps, including (i) tightness of the sequences of the laws of
(ON)NeN,> and (Cy)yen; (i) existence and uniqueness of the solution of the deterministic
evolution equation of the limiting measure p; (see, e.g., [8] and references therein).
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4.1 Assumptions and notations

Denote by M. (R? x R?), the space of positive Radon measures and by M, (R¢ x IRY)
the space of those p (dx,dv) such that

/ (1+1v]) p(dx,dv) < co.
R

Denote by L*> (0, T;M; (R x R?)), the space of time-dependent Radon measures
pi(dx,dv) such that t — [p. @ (X,V) (14 |v]) p(dX,dv) is measurable for all ¢ €
e (IRd x RY) and

sup / (14 |v]) pe (dx, dv) < <.
1€[0,7] JR2

Denote by C ([0, T]; M4 (RY x R?)) the space of time-dependent measures that are
continuous when M (R? x RY) is endowed of a metric corresponding to weak conver-
gence of measures.

Moreover, denote by ID ([0, T]; M, (RY x R?)), the Skorohod space of cadlag func-
tions with values in My (R? x RY), as defined in [3]. We use the Skorohod space
because birth and death of particles change discontinuously the empirical measure
of the process. However, the limit (deterministic) process is continuous, it belongs to
C ([0, T] ;M4 (RY x RY)) and therefore, even on D ([0, T ; M. (R? x R?)), it is suffi-
cient to use the uniform topology, also for tightness arguments, as explained in [3, p. 157].

For a positive integer k, we denote by C; (R“) the space of all functions on R,
which are differentiable k times with bounded derivatives up to order k. We denote by
UCF (RY) the subspace of Cf (R?) of functions, which are uniformly continuous, with
their derivatives up to order k.

We assume that the initial conditions (X{/, V{') are independent and identically distrib-
uted (i.i.d.) random vectors, with a compact support law py € M; (R? x R?). Recall the
definition of the empirical measure Qy (t) given in (2.5). From the previous assumption
on the initial conditions (X{, V{'), we deduce that Qy (0) converges to py in the following
sense:

/ ¢ (xv) (14 v]) O (0) (dx, dv) —
R4 xIR4

- ¢ (x,v) (1 +[v]) po (dx, dv),
R4 x R4

for every ¢ € Cp (]Rd X ]Rd), where the convergence is understood in probability.
The initial condition Cy of the concentration is independent of N, just for simplicity.
We assume it of class UC? (R?). Moreover, we assume

0 < CO (X) < CmaXa

for some constant Cpax > 0. The convolution kernel K; appearing in the TAF absorption
rate # and the convolution kernel K, of the anastomosis, are both assumed of class
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UC} (R?) and nonnegative
K1 (X) = 0, K2 (X) = 0.

for all x € R?. The function G,, (v) appearing in the vessel branching rate is assumed of
class UC} (IRY), with compact support, non negative, and such that

/ Gy, (V) (14 |v]) dv < .
R4
Several constants appear in the model; we assume

ki, ky,dy,dy,y1,00,Cr > 0.

4.2 Theorems of convergence and well posedness of the limit PDE system

Under these assumptions, we prove our main result.

Theorem 4.1 As N — oo, Qn(t) converges in probability, in the space ID([0,T];
My (]R" X ]Rd)) with the uniform topology, to a time-dependent deterministic Radon
measure p, on R* x RY, also of class L™ ((),T;./\/l1 (]Rd X ]Rd)) and Cy converges in
C ([O, T],;C} (]Rd)) to a deterministic function C of this space. The measure p; is a weak
solution in the sense specified in Definition 4.2 (unique in L*° (0, T; M; (]R" X ]Rd)) thanks
to Theorem (4.3) below) of the equation

2
) o
Oipe + v - Vxp: +divy ([f (C) VC, — ki¥] py) = TAvpt

Gy (v)dv (a(ct)(mp,)(dx) e /0 B (dx) dr)

— ypih (/Ot (K3 *pr) (x) dr) . (4.1)
The function C, is a mild solution (in the sense specified in Definition 4.2) of the equation
8,C: (%) = kags (x) + d14C, (x) = 1 (1%, AP hepp ) € (), (42)
where 1 is given in equation (3.7).
Definition 4.2 We say that a measure-valued function p; of class
C ([0, T] ;M (R x RY)) nL> (0, T; M; (R? x RY))

is a weak solution of equation (4.1) if, for every compact support test function ¢ (x,v) of
class C?, identity (3.6) holds true.
Moreover, we say that a function C; of class

C ([0, T];UC} (RY))

https://doi.org/10.1017/50956792518000347 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792518000347

632 V. Capasso and F. Flandoli

is a mild solution of equation (4.2) if, it satisfies the identity

C, =eCo+ /Of eli=94 (kzéA -7 (S, g {pr}r6[0,5]> CS) ds,

where ' is the heat semigroup in UC, (RY) generated by the operator A = d; 4.

As anticipated above, the proof of Theorem 4.1 is based on several arguments including
a uniqueness result for the system of PDEs (4.1)—(4.2), which we state separately because
of its independent interest.

Theorem 4.3 There exists a unique solution of System (4.1)—(4.2), with
peL®(0,T: M (RY x RY)) and C & C ([0,T];C} (RY)).

The proof of Theorem 4.1 is given in Section 5. The proof of Theorem 4.3 is given in
Appendix C.

Remark 4.4 In the framework of this paper, the PDE for the measure p, will be always
interpreted as a PDE for measure-valued functions. However, under suitable assumptions,
the relevant measure may admit a density p;(x,v), which is a classical function, so that
the PDE can be interpreted in a more classical sense (we do not investigate rigorously
this issue here, we only give the heuristic result). The formal expression for the evolution
equation of the density p;(x,v) would then be

0upr (%, V) + V- Vipi (x,¥) 4 divy ([f (Ci (%)) Vi (x) — kyv] pr (X, V)
2

= T (x.9) + Goy 0 (A€ (00 (k1) )+ (G 060 [

— pih (/0 (K2 * pr) (x) dr) : (4.3)

Here, we have taken

(m1py) (x) = /R vy,

and
pr(x) = vl pr (X, v) dv.
R¢

5 Proof of Theorem 4.1

Let us explain the steps of the proof. First, we prove bounds, uniform in N, on the particle
system (2.1) and the PDE (2.3). This is the core of the method. From these bounds, we
deduce tightness of the sequence of laws of {Qy, N € N} and {Cy, N € N}, and therefore
the existence of a weakly convergent subsequence. Then, we show that the limit of this
subsequence is concentrated on solutions of the limit system (4.1)—(4.2). This provides, in
particular, the existence claim of Theorem 4.3. From the uniqueness claim of that theorem,
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proved in Appendix C, we deduce that the whole sequence {(Qn,Cn), N € N}, converges
weakly; and converges also in probability because the limit is deterministic (again due to
uniqueness).

5.1 Regularity of # and Cy

We interpret equation (2.3) for Cy in the mild semigroup form

Cx 0= Gt [ (kags = (503 (D} gy ) O ) ds

Here, e/ denotes the heat semigroup associated with the operator 4 := d;A on RY;
A:UC (RY) cUC) (RY) — UCY (RY).

Lemma 1 Given a measure pu € L™ (0, T; M, (IRd X ]Rd)), the function

t
n(tx):=n (t,x, {Ns}se[o,z]) :/ (/ Ky (x=x') V] s (dx’,dv’)) ds
0 RYxR4
is of class C ([O, T] ;UCI} (]Rd)).

Proof It follows from the assumption K; € C} (R?) and repeated application of Le-
besgue dominated convergence theorem and the definition of uniform continuity, ap-
plied first to check continuity, then differentiability, finally, uniform continuity of the

derivatives. Boundedness of 5 (t,x,{QN (s)} and its derivatives comes from the

se[0,t]
boundedness of K; and its derivatives and from the bound fulfilled by elements of

L (0, T; My (RY x RY)). O

The equation for Cy is not closed, since it depends on Qp, which depends on Cy via
(2.1). However, let us first understand the regularity of Cy when Qy is given. So, in the
next lemma, the tacit assumption is that Qy is a well-defined adapted random element of
L> (0, T; My (RY x RY)).

Corollary 1 Cy is an adapted process with paths of class C ([0, T]; UCI} (IRd)). Moreover,
18:1Cn (Do < €110 Coll o
e
[ <= (Madalc+ [ (5408 0| N ) s

for some constant ¢ > 0.

Proof It is clear that the sum of the first two terms

t
w(t) =G, +/ =My g5ds
0
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is an element of C ([0, T];UC} (R?)), since derivatives commute with the heat semig-
roup and we use the assumption Co,gs € UC/ (R?). Then, taken a single realisation

of n (t,x,{QN (s)}se[o,l]), thanks to the previous lemma, it is sufficient to apply the
contraction principle to the map

Cn = A(CN) (1) = w (1) — /0 ey (5, 40N (N}, ci0y) Cx (5)ds,

in the space C ([0, T]1; UC} (R?)) (first locally in time, then on repeated intervals of equal
length). A posteriori, the unique fixed point Cy depends measurably on the randomness,
being the limit of iterates that are measurable by direct construction. To check that Cy
is adapted, it is sufficient to apply the previous measurability argument to each interval
[0,¢]. Let us prove the inequality in the claim of the corollary. From the mild formulation
of the PDE for Cy, we have

t
0Cx (1) = 0,Cot [ 0 (kags —n (5.0 (M) cppg) Cv ) s (5.1
0

where we have used the fact that 0;e'f = ¢/10;f for every f € UC} (RY). It is well
known that there exists a constant C > 0 such that

<
Vi

for all t > 0 and f € CJ (R?). The inequality of the corollary readily follows. O

o1 <

11 » (5.2)

In fact, due to the regularisation properties of the heat semigroup, the paths of Cy are
more regular. We express here only one regularity property, not the maximal one.

Proposition 5.1 Cy has a.e. path of class C ([0, T]; UC} (RY)), and

t
C
10,Cx (0. < €02, Collc + | b 2y

* / f o (s 408 (1}, cp0) | 1w )l ds
* /ot \/tc—is H” (S"’{QN (r)}re[o,s]) HOQ 18,Cn (5)l, ds,

for some constant ¢ > 0.

Proof From the mild formulation of the PDE for Cy, as in the previous proof, we have
aiéjCN (I) = e‘Aa,-ajCo

+ /Oza,«e“”*‘a_,- (kzg; - (s, {0On (r)},E[O’S]) Cn (s)) ds, (5.3)
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where we have used the fact that Cyp € UC7 (RY) by assumption. We know from the
assumption on gy, from Lemma 1 and Corollary 1, that

0; (kags =11 (5:{Qn (M} epog ) O 9))
has paths in C ([0, T]; UC? (R%)). Hence,
0, s - (s 00 ) 019
J (kags =1 (5103 (M} o) N )| € .

t—s

<=k

for a suitable constant C’ > 0. Since

is integrable on [0, ], it follows that

1
ViE—S
t
—5)A
/0 816 119; (kags = 1 (5, (0N (N}e0) Cn () ds
is an element of C ([0, T]; UCY (RY)). The same holds for ¢9;0,;C, since Cy € UC? (RY).
Therefore, 8;0;Cy is in C ([0, T];UC) (R¥)). This proves the regularity claim. The in-

equality is obtained by the estimates explained during the proof. O

Finally, from the property 0 < Cy (x) < Cax, by classical maximum principle estimates,
we deduce:

Lemma 2
0 < CN (t: X) < CmaXa
for all t >0 and x € RY.

We have used also the fact that 5 (t X, {ON (5}, OI) = 0.

5.2 Preliminary estimates on Cy based on |[V'V|

We summarise the result of the previous section in the following lemma.

Lemma 3 There exist constants ag, i, ds,as,aqs > 0 such that, for i,j =1,....d,

t N N,
aq 1 iN
0;Cn (t < — g I v, V" drds, 54
H N( )Hoo do +/0 /7t s /0 N — VE[T“N,@ [\) | (r)| rds ( )

10:0;Cn (1], < a2 +/ m/ Z]Ire[T‘“ O |VZ |drds (5.5)

t N N,
a4 1 iN
+/0 H(/O ﬁ;“re[w,@MV (r)\dr> 18;Cw (s)]| ., ds.
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Proof Recall that

1 (%408 (N}, cg) = /0 % i Lo Ki (x = XY 1) [V () ar. (5.6)
i=1

Hence,
[ (sx 403 o) < IKsl [ Z e |V 0] dr. (7
Ham (sx{on @ },EM)‘ < 10Kl / ! %nrew,w,m VN (y ))d (5.8)

From Lemma 2, we have

”CNHOo < Cmax~

Then, from the inequality of Corollary 1, we have

toe
0;Cn (1) 0o < ¢||9;Cy oo+/ —_— kzg): oods
ey 0. < oGl + [ = lhses]
¢Crnax HKI || i,N
+/0 i / Z“re[mw [V (r)| drds,

hence, we have the first inequality of the lemma, taking
ag = ¢ ||VCol, +2cka |lgs |l T2 and  a; = ¢ Coay | K1 |,

Now, from the inequality of Proposition 5.1, we have

10:0;Cn ()] o, < ¢l[0:0;Coll —==k2 (|06l

e
¢Crnax ||a KIH iN
+/0 T/ ZHrG TtN@’“ V (r)|drds

t ¢ sl N, )
—— |K — I ; iN VI’N dr||o;C ds.
+/0 =S| 1||oo/0 N 2 Derivery IV O dr 10,Cx 9l ds

Hence, we have the second inequality of the lemma, taking

a = ¢ ||D*Co|| + 2cks | Vgslloo TV? a3 = ¢ Conax | VK1, and  ag = ¢||Ky|

5.3 Upper bound on the number of particles

Let us recall that N; denotes the number of tip cells however born up to time ¢t > 0.
Clearly, this number depends on the initial number N of tips; we might have written N
to emphasise this dependence, but we have preferred to keep the simpler notation N;. In
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this section, we establish bounds on N;; actually, we mean bounds on the ratio

N,
N

since this is the only quantity that may have bounds (on the average) independent of N.

Theorem 5.2 There exists a . > 0 such that

N,
E [ sup t}
te[0,T]

e),T

N

forall N e N and T = 0.

Remark 5.3 The rest of this section is devoted to the proof of this result. In the classical
case, when branching of particles occurs only at the particle position, it is usual to
introduce a Yule process that dominates the branching process under study: one has to
take, as parameter of the Yule process, any number that bounds from above the variable
rates of branching of the particles, see for instance [21]. In the case of the system studied
here, we are faced with two difficulties. The first one is that branching occurs also along
the vessels; there is now a spatial density rate and it is less easy to relate this variable
density rate with a constant upper bound of Yule type. This is made even more difficult
by the presence of the factor |v| in the branching rates, a factor that is a priori unbounded
(see (2.15), and (2.16)). We thus have to work much more than in the classical case.

5.3.1 Proof of Theorem 5.2

In order to obtain a preliminary domination from above of the counting process {N;,t >
- . . . N ;
0}, it is sufficient to obtain a bound for the ratio Wz for the case y =0, ON = 400, i =
1, ey N[.
With reference to this modified process, denote by

(Xi,N (t), ViV (1)) i=1,....,N,,

l}Ti'N >
the active tips of this system. Each i-tip, for i = 1,...,N,, is able to create new tips
either by branching at the tip itself, at position X"V (¢), or by branching along the vessel
(XN (s)), e[ that it has generated up to time t > T*N. The time-rate of creation of

new particles, either by X"V (t) or by its vessel is obtained by the integral on space of the
relevant space-time rates (2.13), or (2.15), respectively, and it tells us the rate of creations
in time, independently of the position where creation occurs. The time-rate of creation at
the tip position is then given by

2PH(e) = Tis v Cn (6, XY (1)) 2o,

where gy = [gs Gy, (v)dv; and the time-rate of creation along the vessel (X*V (S))se[ri-N 1
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is given by

t
A2 (t) i= Tsin B(Cr(t, XN (1)) g0 / [V (5)] I puvds.
0

The two branching processes introduced above can be represented as two inhomogen-
eous Poisson processes with random rates, N*! (fot R (s) ds) and N*? (f 22 (s ds) for

each particle i = 1,..., N;; here, N*! (t), N**(t), are standard Poisson processes of rate 1.
Notice that all processes in the family {N*!, N2, W';i =1,..., N} are independent.

When the process N*! ( f B (s) ds) jumps from O to 1 a new particle is created at

XN (t); when the process N2 ( fot 222 (s) ds) jumps from 0 to 1 a new particle is created
along the vessel (XN (s)) e[
uniformly distributed along the vessel, with respect to the relevant Hausdorff measure).

After each new creation, there is a new tip with a new index, and its own dynamics.
At the analytical level, we have the inequalities

(the position where it is created is assumed to be

2H(0) < s |2l 803

72(6) < Lo pov B, 80T<C+CT+6 sup
s€[0,T]

/ AW (1) ) ,

the second one due to the following lemma, used also below in other sections. In the
stochastic equation for V5V (1), it is not restrictive to assume that the Brownian motion
Wi (t) are defined for all t > 0, not only for t > TV,

Lemma 4 There exists a constant C > 0 such that

t
VY ()| < e (=T) ‘V’N‘Jr/ Cds—l—o'/ FISAW (5)
0

and also

t
VPN (@] < Cc(1+ T)+a/ FISAW! (s).
0

Proof From the variation of constant formula, we have
VN (1)] < o—ki(t=T") ’VS,N‘
t
+ / R f (Cy (5.X (5))) [VCx (5. ()] ds

t
+ o/_e*kl(‘*“)dwi (s).

Then, we use the bound from above for f (r) r by a constant, see (2.4), and the boundedness
of V(Z)’N (recall we have assumed that their laws are compact support). O
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We now introduce a new dominating process, without space structure, where the times
of birth of new particles are denoted by Ti’N, fori=1,.. .,Nt, having denoted by Nz, the
total number of particles at time ¢ in this dominating process.

Given the same standard processes N°!, N*2, W' of the previous process, take now as
time-rates of branching

/A“i’l (t) = H[;%LN ||a||oo 80

Hz(t r>Tl1V ”ﬁ” 2T (C+CT+0' sup
s€[0,T]

).

S
/ AW (r)
0
We then consider the inhomogeneous Poisson processes

t
N (/ ;J?J'(s)ds),i=1,...,N,,j=1,2;
0

when they jump from O to 1, a new particle is created and the system with the two new
particles restart with the same rules.

Due to the path by path inequalities 2™/ () < ( ) and the fact that N*! (), N**(¢) are
the same, the times when the processes N™/( fo )v bi(s)ds) jump from O to 1 are posterior
to the times when the processes N*/( f; ' J1(s)ds) jump from O to 1; precisely, this fact is
established in iterative manner, first on the particles that have T*N = TN =0 (for which
the inequalities A/ (1) < b (t) are directly true), then for the newborn particles, where
TN > TN hence, Im v < I_.v and thus again 2% (1) < J(2).

The fact that the dominating process has the times of branching before the original
process implies that the total number of particles in the dominating process is larger than
in the original process, namely

N, < N,.

This is the result we wanted to obtain. Therefore, in order to have bounds from above for
N, it is sufficient to have them for Nt. Until now, however, we have solved only one of
the difficulties posed by branching along paths: we have dominated the space-dependent
original process by a much simpler one, without space structure. However, the dominating
process is not Yule, because the rate Ji2 (¢) is random, it depends on W'. This dominating
process, without spatial structure, is of Cox-type, being made of inhomogeneous Poisson
processes with random rates of jump, but independent of the process itself. Hence, we are
now faced with the second difficulty, namely estimating the number of particles in this
new process.

When we deal with the dominating process itself, without exploiting the stochastic
coupling with the original one, we may formalise it by saying that we have random
variables Z' distributed as

N
/ fraw! ()|,
0

that are independent and equally distributed. Particle i has a rate of branching given by

Z' ol g0+ ClIBll 2T (T + 1)+ [|B]l.. 20T sup

s€[0,T]

PGES IESw Al
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We perform now a further reduction. The process we are considering starts with N
particles. But due to its nature, completely non interacting, it is the same as N independent
copies of the same process starting from one particle. Thus,

N
7 7k
Nt=§ N®,
k=1

where for each k, Nt(k) is a process like the dominating one, but with only one particle
at the beginning; and the processes with cardinality Nt(k) are independent and equally
distributed. We have

]+l ol

Hence, for the sake of p-moments of % (and a fortiori %), it is sufficient to bound the
p-moments of N'". A similar fact holds for exponential moments, with a little more work.
In the sequel, we shall denote N}l) by N..

Let us analyse the dominating process N, with analogous formalism as the original
space-dependent process; we do not need however to index by N all quantities, since this
process starts with one particle only. Let us denote by T' the birth time of particle i, by
Z' independent and identically distributed (iid.) random variables as those above, and
prescribe that the first particle has index i = 1, the second particle (the first newborn) has
index i = 2, the third one i = 3, and so on. Then, branching is described by a random
measure ¢ on Bgr+ with compensator given by

N, '
S U _Z'ds.
i=1

Moreover, the random measure @ is given by @ (ds) = ZN1 i (ds). Therefore, N, satisfies

=

t Ny . o
N, =1+ / Znsﬁi‘ds +M,,
0 =1
where M, is the martingale

¢ Ns

t .
M, — / B (ds) — / S 1 Z'ds
0 Ui
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We thus have
[N )
N, =1+/ E > I1_+Z |ds
0 .
e [N
<1+ / E|> 7| ds.
0 i=1

Wald’s identity (proved below) tells us that IE ZN: 7} {71} IE [N,]; hence,

E[N,]<1+/OZ1E[21]1E[NS]CZS

which implies
o Pl
E[N] <7
Since IE [sup,cpory | [y €"dW' (r)|] < oo, we have completed the proof of the theorem,
with = E |Z']
Let us explain the validity of Wald’s identity. Notice that N, increases from value n to

n+1 at time T,.; this time depends only on the first n particles; hence, on the r.v.’s
Z',..,Z" Hence, T, and Z"! are independent. Therefore,

§y'=iimwwﬁziimwwﬁ

n=1 k=1 n=1 n=1 k=n

“YE (2152 = ZIE [Z"1r,<] = SE Z'| P <o)
n=1

n=1

=mzipmam=mmmmy

n=1

5.4 Final bounds on Cy

Proposition 5.4 For every € > 0, there is R > 0 such that

]P( sup ||[VCn (0)||g > R) <e, (5.9)

te[0,T]

]P( sup [D°Cy (o), > R> (5.10)
[0,T]

for all N € N.
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Proof Using Lemma 4 in (5.4), we get

||a CN(t ao+/ m/ Z e [TV, OW) |V1N ‘drds

t
N,
< —C+T)drd
ao—i-/o T—s/ (1+ T)drds

+/0 \/%/0 N;(U/o kdw’ (u)) drds

1 sup, o, Nr .
/ &AW (u)| ds
0

N,
<C+C sup —+C— sup
refor) N N ; ref0.T]
for some constant C > 0. We apply the estimates and arguments of the previous section
(dominating sup,¢ o ) Ny from above as in that section), including Wald’s identity for the
second term, to get

E [ sup [|[VCy (t)||E} <C
te[0,T]

and thus (5.9). Using this bound and the same arguments, one gets (5.10) (here a bound
in expected value is not known). O

5.5 End of the proof

Denote by M, (R? x RY), the space of finite positive Borel measures on R? x R
Following [32], Chapter 1, (see [24], Chapter 4), weak convergence of measures in
M (R? x RY) is metrisable and a metric is given by

5 (1, p2) Zz “ (I (1) — g2 (D) A1),

k=1

where {¢r} is a suitable dense countable set in Cp (]Rd X IRd), and one can take ¢, of
class UC} (RY x IRY), the space of bounded uniformly continuous functions on R? x IRY,
with their first derivatives. Consider the space Y :=ID ([0, T]; M. (R? x R?)) endowed
with the uniform topology. Our first aim in this section is to prove that the family of laws
of Qn, N € N, is tight on ), namely for every ¢ > 0 there is a compact set K. C ) such
that P (Qn € K¢) > 1 — e. From Proposition 1.7 of [24], if we show that for every k € N
the family of laws on ID ([0, T']) (with the uniform topology) of the real-valued stochastic
processes (Qn (), px), N € N, is tight, then the family of laws of Qn, N € N, is tight on
Y. For every k € IN, thanks to Aldous criterion (see [24], Chapter 4), it is sufficient to
prove two conditions: for every ¢ > 0 there is R > 0 such that

P (|(On (1), ¢} > R) <e, (5.11)
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for allt € [0, T] and N € IN; and that for every e > 0

limlimsup sup P (|(Q (z +0). ) ~ (O (), )] > €) =0, (5.12)
96[0;7]

where Y7 is the family of stopping times bounded by T.
Proposition 5.5 Conditions (5.11) and (5.12) hold true.
Proof See Appendix B. ]

We have proved that the family of laws of {Qn, N € N}, is tight on ). The tightness
of the sequence of laws of {Cy,N € N}, on C ([0, T];C}, (R“)) can be proved using
(5.9)—(5.10) and a few classical additional PDE arguments for the compactness in time. A
posteriori, using the mild formulations of the equations for Cy and C and the uniform
convergence of n(t,x, {Qn (S)}SE[O,I]) to n(t, x, {pS}se[O,t])’ we deduce convergence of Cy to
Cin C ([0, T];UC} (RY)). We omit the details.

Therefore, the family of laws of the pair {(Qn,Cn),N € N}, is tight on Y x
C ([0, T1;UC} (RY)). By Prohorov theorem, there exist weakly convergent subsequences.
A uniform in N bound in expectation on Qy in L* (0, T; M; (R? x RY)) implies that
that the same bound holds for any limit point of (Qy, Cyn).

The proof that the limit is supported on solutions of the limit system is again classical
(see, e.g., [24], Chapter 4). The conclusion of the proof of Theorem 4.1 has been outlined
at the beginning of the section.

6 Concluding remarks

As we have mentioned in Section 1, a large literature has been devoted to the mathematical
modelling of angiogenesis, including tumour-driven angiogenesis, and retinal vasculogen-
esis. The existing literature offers a variety of interesting results based on hybrid models,
consisting of discrete and stochastic models at the scale of cells, coupled with continuous
models for the underlying fields that drive the dynamics of the cells. Interesting numerical
simulations have been carried out, which exhibit realistic behaviours.

Actually, to the knowledge of the authors, for the kind of models considered here, a
rigorous proof of the widely accepted mean-field approximation of the RDEs governing
the underlying fields had not yet been given, though heuristic derivations are available
for various models.

Eventually, in this paper, the authors have been able to derive mean field equations
with the required, non trivial, rigorous approach. The reader may notice that throughout
the proofs, peculiar mathematical structures have been adopted for functional responses;
it is important to remark that these modifications, though required as sufficient conditions
for the rigorous mathematical treatment, may inspire a more realistic structure of the
proposed model.

An interesting fall out of the convergence results is the identification of a limit mean
field equation for the relevant spatial measure of active tips. This equation, different
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from existing ones, presents a very peculiar structure, corrected with respect to the one
anticipated in [4,5] via heuristic derivations, thanks to a more rigorous treatment. It has
been left to additional investigation a proper proof of the existence of a density for this
measure, as mentioned in Remark 4.4.

The proofs presented here are based on several methodologies. The estimates on the
TAF field are based on methods of semigroup theory, see for instance [30]. The estimates
on tip cells contain a very difficult technical question, the control of the average number
of cells, completely new with respect to classical Yule processes because of the generation
along the paths; this is handled in Section 5.3 using a coupling argument with a Cox-type
process and employing Wald’s identity. Tightness and convergence argument are classical,
see [24], [28]. The proof of uniqueness of measure-valued solutions is based on a strategy,
which has been used sometimes in the literature [28], but estimates are more demanding
than in classical cases and include specialised results like Lemma 5, see for instance [18]
for related techinques. The proof of strict positivity of solutions is based on ideas from
the theory of inverse uniqueness, see for instance [34].

Future investigations may concern the qualitative behaviour of the limiting equations,
including regularity issues like the one mentioned in Remark 4.4, a rigorous justification
of the statistical many replicas approach (see [5]) in contrast to the mean field approach
presented here, and the numerical simulation of the system.

A more ambitious project would be to extend the modelling to the later evolution of the
system, by including blood flow in the vessel network. Some attempts along this direction
can be found in [26].
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Appendix A Strict positivity of the solution of the mean field PDE system

Let (p, C) be the solution on [0, T] of the PDE system, with py a non-negative measure.
For every t € [0, T], p; is also a non-negative measure. Let us denote by

M, = / pi(dx,dv).
R4 x R4

its total mass. Moreover, let us denote by
MN = / On (1) (dx,dv),
R4 x R4

the total empirical mass.
The following theorem excludes extinction of the tip cells, in the PDE limit, during any

finite time interval [0, T]; as a consequence, for large N, the same holds for the random
empirical measure of tips.

Theorem A.1 If My > O then, for any choice of T >0,
M; > 0 for every t € [0, T].

More precisely, there is a constant Cy, v > 0, depending on py and T such that M, = Cp, r
for all t € [0, T]. Due to the weak convergence result for the empirical measures, we also
have

lim P (M} > Cy, /2 for all t € [0, T]) = 1.

N—oco

Proof In the weak formulation (21) of the equation for p;, let us take the test function
¢ (x,v) identically equal to 1 (more precisely, one has to take the limit of test functions
converging to 1; we omit the details). We get, with gy := f]Rd Gy, (V) dv,

M, = Mo+ g0 /0 /}R (€ (3)) () () ds

+ g /0 z /}R B(C ) /0 5, (dx) drds

— /0[ /]R(,X]R(, h (/OS (K> * py) (x) dr) s (dx, dv) ds.

Since My > 0 and the function M, is continuous (p; is weakly continuous), there is an
open interval (0,7), where M, > 0, such that either 1 = 400, or 7 < co and M, = 0. We
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have to exclude the second case. For t € (0,7), we have

“1d
—logM, = —logMy — | — M
0og t 0og 0 AMSdS sas,

hence, from the previous identity

logM, = —log My — / S /}R (€ () (1) () s

/[ / B(C )/ pr (dX) drds
/ /wxw ( / (Ky#pr) (x)d >ps(dx,dv)d5.

Since go = 0, a(-) = 0, f(-) = 0, m;ps and p, are non-negative measures, the first two
integral terms are positive; hence, we have

t N
—log M; < —log My +/ Ly/ h </ (K> * pr) (x) dr) ps (dx, dv)ds
0 M; R4 xR4 0

Since h is bounded, we have
1
—lothS—logMo—}—y/ —/ ps (dx,dv) ds
0 My Jrixre
t
= —log My —|—y/ lds < —log My +yT.
0

It follows that
M, = Cp,1r :==exp(logMy—yT) > 0.

The last claim of the theorem, on MY, is direct consequence of the convergence in
probability of Qy (1) to p;, in L (0, T; M, (RY x RY)). O

Appendix B Proof of Proposition 5.5

Step 1. To prove the first condition, notice that

0.0 = [ a0 0 dxdn < [

Hence, we deduce (5.11) from Chebyshev inequality and Theorem 5.2.
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Step 2. To prove the second condition, notice that, from the identity satisfied by Qy,

(On (T4 0), 1) — (On (1), k) =
T+0
_ / / V- Vi (%,¥) O (5) (d, dv) ds
T R4 xIR4

+0
* / /]Rd RY [f (Cn (5,x)) VCy (5,x) — k1]
X Vopi (X,) Qu () (dx, dv) ds

T+0 0_2
/ / — Aefic (x,V) O (5) (dx, dv) ds
RYxIR4

40
+/T /Rdx]Rd 45/5 (x) (Cn(s,x))On (5) (dx,dv) ds

T+0 )

k

+ /T /]R“x]R" ¢ (x) B(Cn(s,x)) |V\/0 Oy (r) (dx,dv) drds

+0
—y / /]R L (s,x,{QN (r)}re[oﬁs]> On (5) (dx, dv) ds

+MJ (z +0) — M (1),

where ¢k (x) = f]Rt, Gy, (V) bk (x,v) dv and /J\Z]’i, (t) is the martingale corresponding to the
test function ¢y. Then,

(ON (T +0), ¢r) — (Qn (), 1)
+0
< ||Vx dx,dv)d
<Vl [ MON vy

40
+||Vv¢k||oo/ / [Cs + ki [v] On (5) (dx, dv) ds

||A Orcll oo /HH/IXR’ s) (dx, dv) ds

T+0
+ 1Ga Nkl ol / / 9 (dx, dv) ds
X]Rd

T+0
+ 1Gull el 161 / / v /OQN(F)(dx,dV)drds

T+0
+7 1l gl / / ) (dx, dv) ds

+ | MK e+ 0) — M (7).

Using this inequality, if we prove the validity of the limit (5.12) for each term of this sum,
then we have proved (5.12). In the next steps, we shall analyse the various terms.
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Step 3. Some of the terms above have the form (C > 0 is a constant)

+0 0 N N.
C/ / On (s) (dx,dv)ds = C/ —ds Cco sup —
T RY xR . sefo,1] N
and therefore, for such terms,
lim limsup sup [E

¢—0 N—oo TEYT
0€l0,¢]

+0
C/T /IRdled On (s) (dx, dv) ds]

. N
< Climlimsup¢cE [ sup ] =0,
—0 Nooo sefo,7] N

N,

because lim suplE { sup s] is finite by Theorem 5.2. Therefore, for such terms, we have
N—oo s€[0,T]

(5.12) by Chebishev inequality.

Step 4. Other terms above have the form

T+0 +0 1
C/1 /MRL’ [v| QN(S)(dx,dv)ds=C/T NZnse[m@,h

From Lemma 4, we have
/ K AW (u) ) ds
0

/0 r FUAW (1) ) ,

V’N()’d. (B1)

T+0 N;
N, 1
< C’/ — 4 = E sup
: (N N~ repor)

N, 1
=C'0 su =+ su
se|l OpT (N NgrE[O,pT]

for a new constant C’ > 0. We thus have

+0
lim limsup sup IE lC/ / [v] Qn (5) (dx, dv) ds]
T R4 xIRY

¢—0 N—oo 1€YT
/ FUAW' (1) )] .
0

0€[0.¢]
The limit is zero concerning the first term, the one w1th . Let us discuss the second
term. We have

Ny 1
<’ hm limsupclE | su + = su
-0 N—>ocp [56 opT (N N < re[O,pT]

Ns‘ r N; r

k1u i _ k1u i

sup — sup / AW (u)| = — sup / AW (
sefo.r) N ;re[O,T] 0 ;re[O,T] 0

where N7 = supc(o.77 Ns- Then, we apply the domination argument of Section 5.3 and
Wald’s identity, to deduce

N;‘" r r

/ KU AW (u) / F1AW (u)
0 0

E

<E[N7]E { sup
ref0,T]

] <c’, (B

— sup
N ; ref0.T]
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for a constant C” > 0, for every N. We thus deduce

+0
C/ / [v| On (s) (dx,dv)ds| =0
T R4 xR4

and, therefore, we have (5.12) by Chebishev inequality, for the terms just discussed. The

proof for the term
+0 s
/ / \v|/ On (r) (dx,dv) drds
T RIx R4 0
is similar.

Step 5. Finally, we have to prove

lim limsup sup [E
¢—0 N—oo 1€XT
0€[0,¢]

lim lim sup sup IP (‘Mﬁ‘v (x4 0) — M, (r)‘ > e) —0. (B3)
c—0 N—oo 9176[())?]
€10,

We prove this separately for each one of the three martingales which compose Mﬁ,, that
we call M{fN, i =1,2,3. We follow a standard approach (see, for instance, [24]). We use
the fact that

t 1 N; ' .
(t)) - /0 mZ!mG(X”N(s), V“N(s))|2]ISe[TI,_N@,-,N)dS
i=1

_— 2
(Mn )
- / [ / / G (VB (X,¥) dV' o Cy(5, X)) O (5) (dx, d¥)
0 JRIXR! JR

_// Gu (V)97 (x,V') dV' B(Ci(s,X)) |v|/ On (r) (dx, dv) drds
0 JRixR? JR 0

(@) = [ [ [ s xme (5403 00 o) Qv O x.dvy s

are martingales. One has

E |[itty (0~ Bty 0 | = |[itt e+ o |~ £ |[Bit o

N

+0 1
= l/ Z ]V (,bk XIN VIN(S))‘ E[TivN,®i“V)dS

Ny
<OVl E [ sup Nz}

https://doi.org/10.1017/50956792518000347 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792518000347

On the mean field approximation 651

and this implies (B 3) for f]\\/I/i‘N Similarly,
o~ ~ 2
E |[itd (e +0) - iy o] |
T+0
—E l / / / Gry (V)B7 (%.¥) dV'er(Ci (5, X)) (5) (dx. dv) ds]
T R¢ xR JRY

+IE

T+0 s
/ / / G (V)97 (x,V) v B(Cr(5.%)) ¥ / QN<r)(dx,dv)drds1.
T R¢xIR4 JIRE 0

We bound these terms as above by C8; we do not repeat the computations. Using the fact
that g is bounded, the proof for Mf{N is similar. The proof of the proposition is complete.

Appendix C Proof of Theorem 4.3

The existence claim of Theorem 4.3 follows from the tightness and passage to the limit
result proved above, with the limit taken along any converging subsequence. Here, we
prove uniqueness; it provides the convergence of the full sequence above.

We will denote by A, (C,,pt,{'ﬁ,}re[o,t]) (dx,dv) the measure defined on test functions
p € C® (RY x RY) as
/ P (X,v) 4, (CI,Pr, {’I;"}rE[O,Z]) (dx, dv)
R4 x R4
t
[ w6, (a(C[ () R1p.) (03) + C 50 [ () dr) dv
RYxRY 0
t
v [ e ( PR dr) pedx,dv) (1)
RY xR4 0

where (K, x p,) (x) is the function defined as

(K450 = [ Ka(x=x) i)
R
We may shorten the notations and set

Ac(CoopisP) = Ac (Copis (B} o) (%)

n(p.):==n (t,x, {Pf}re[o,z]) = /0 (/]Rflx]Rt’Kl (X — x’) {v’{ Dr (dx”dv’)> dr.

Further, we shall denote by

F(C) == f(C)VC.
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With these notations in mind the PDE system (4.1)—(4.2) can be rewritten as follows:

Oipr + v - Vip, +div, ([F (C;) — kvl py)
2

o ~
= jﬁvl’z + 4, (Cnpza {Pr}re[(),t]) (dx,dv), (C2)

0,Ci = kags +d14C — 1 (6% {prheoy ) G (€3)

subject to initial conditions py € M; (R? x RY) and Cy € C} (R?). We study this system
in the case when C;, = C(1,x) is a regular function, of class C ([0, T];C; (RY)) but
p: = p: (dx,dv) is only a time-dependent finite measure. As anticipated in Definition 4.2,
the solution of equation (C2) has to be understood in the weak sense, while the solution
of equation (C 3) has to be understood in the mild sense.

Let us recall or explain several notations. Given a measure p;(dx,dv) in
L= (0,T; M, (R x RY)), as above we denote by p, = p(dx) and mp, = (m;p,)(dx)
the measures defined as

Bu(dx) = / 1v] pe (dx, ),
RY

(Tupe) (dx) = / pe(dx, dv).

R

More formally, on test functions ¢ € C° (RY),

(X) Pr(dx) = / $ () V] pr (dx, dv),

R R4 x R4

/ ¢ () (11pe) (dx) = / & (x) py (dx, dv)
R¢ R¢ xR
In the sequel, we denote by (u, ¢) the integral
d) = / ¢ (x,v) 1 (dx, dv),
R

when p € M; (R? x R?) and ¢ is such that this integral is well defined.
Let (p/,C’) and (p”,C”) be two solutions with the regularity required in the statement
of the theorem. We use the distance

d(u,n") = sup [(u —ui. (1+ 1)) @)
I9llo<1

>

on M, (]Rd X ]R"), where the supremum is taken over all measurable bounded functions
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¢ :RY x R — R with [|¢|| < 1. Below, we repeatedly use the inequality

[ = wits (L4 V) @) < d (' 1”) 1]l »

which holds true for all bounded measurable functions ¢; and therefore

1
(! — 1. o) | < d (W) [0l oo HMwH
o0

for all bounded measurable functions ¢ and all measurable functions y such that h)

1
1+ |v|
is bounded.

2
Let us introduce the operator Lf = %Av f—v-Vxf —ky divy (vf) over all smooth functions
f :RY x IRY — R. We denote by L* its dual operator

2
Lip = %A@ +V-Vid+ kv Vi,

and by ¢'L” its associated semigroup. Formally, if p; is a solution of the equation above,
then we have (e’ denotes the semigroup associated with L)

t
pi=elpo+ / S (A (oo pes Pr) — divy (F (Cy) py)) ds
0

(pe ) = <p0,e‘L*¢> 4 /0 z <AS(CS, o) — divy (F (Cy) ps),e(t_“)L*¢> ds
and therefore
) = (o0 )+ [ (A(Capep ). ) as
+ / [ <pS,F(CS) : vue<f*S>L*¢> ds. (C4)
0

This identity can be rigorously proved from the weak formulation of the equation for p,
first extending it to time-dependent test functions and then by taking the test function
e'L" ¢; we omit the lengthy but not difficult computations.

From the previous identity, we estimate

(= o1 (14 1) )
t
< [ (A (Cp) = A (€L e (15 1)) 9)ds
0

Lo e

- <p;’,F (CV) - Vye =9 (14 |v)) ¢>‘ ds. (C5)
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Hence, with the notation ¢ = (1 + |v|) ¢

t
p — b, )] < /0 (I, + 15 +15,) ds

‘<AS (C/ Do N/) As (C”,pi/’ ~//) oL $>‘
I = ‘<Pé —pl,F(C))- vve(,,smaﬂ
‘<PS, (F(cl)—F(c)- Vve“—sw*@’ |

Now, we estimate

1 11 12 13
Is,t < Is,z +Is,t +Is,z

1 = (mpl @ dLy, Gy €O )
— (mpl © dLy, Gyu(CE I ) ]
< |{ (apl — mpl) © Ly, Gun(C I G )|
+ (<n1p;’ @ dLy, Gy, ((C]) — a(C!")) e<'—S>L*$>‘

<G (1 W), Nl H e S>L*¢H (Wp!)

I—HI

o) G 1+ W 1o [ e8] 1t

H1+||

_ / |(3 @ e G pcpet = )
— (B @ Ly, Gy BCI I §) dr

/ ] BY) © dLy, G f(Cl)el =L ¢>]

+/0

<Gy (14 WD) 18]l H

< @ dLy, Gy, (B(C)) = B(C))) e“_S)L*@‘ o

1
L+ |

(l s)L* qs‘ pr,p;/) dr

>¢>H ( [ >dr) IC— ¢l

+ (|G (14 D[] 18]l
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On the mean field approximation

15 = | (on ([ (et ar) )

- <p;’,h ( [ (e=50) dr) e<f—S>L*$>

< <p; — ( [ (23 dr) e<’—s>“$>]

+7 17| o ’<P§/, /OSK2 *(p. —p)) dre(’S)L*$>’
H L e

h K =~/ d / /!

h/ 1 1
F W 014 ) [

Moreover, we estimate

1
12 < F (t— SL , ;
N P e R
< ) [ T F| IvRLL Ve - v
Now, we use Lemma 5 below, the finiteness of |Gy, (1+ |v])||, .

e(r_s)L@H / 1K = (3, — 3| dr.
0 J0

1]l o -

655

/
[1/]]

1Blloc > 1B Ml oo > 1Kl » 1f [l » [1f [l > the assumption [|$][, < 1 and the properties

p/,p// cC ([05 T] ;Ml (RZd))
(which implies mtp’, mp” € C ([0, T1; M, (RY))) and ||[VC’||, < oo, to get
15 < ed (pl,pl) + 2 ||CL— CY|

S
I < "3/ d (pl.py) dr + ¢4 || CL— CY|
0

S
15 < esd (pap!) + ce /0 4 (plap!) dr

(we have used the fact that | (K, * (p. — p)’)) (x)| is bounded above by |K;| . d

thanks to the presence of the factor (1 + |v|) in the definition of the distance)

¢
I, < A |1/2d(p§,p§')
— S

&
153,1 < |I |1/2 ||VC; - VC;/Hoo
— S
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It follows:

t
¢7
|<p§—p§’,¢>|</o <61+CS+|I |1/z>d(p§,p§’)d5
— S

t
+ / ((Cz +ea) IC0 = Cll o + |Cg|1/2 IVCs - vcs//loo> ds
0 t—s
t N
+ / ((c3+c6) / d (p}.pY') dr) ds.
0 0

At the same time, from equation (C 3), we deduce

0 (€ =€) = diA (G =€) = (ne (p1) = me (0)) €7 = ma () (C7 =€) -

Hence, by reminding that 4 = d;4 is the linear unbounded operator in UC, (RY)
introduced in Section 5.1 (the initial conditions being the same),

t
(1 )1/2 (C/ . // _ 7/0 (1 7A)]/2 e(zfs)A (m (p/) — 1 (p")) C;ds
t
_ /0 (1 — A)2 =My () (C! — ") ds,
which gives us

t

t
+ / T I () 1 €

and a similar easier estimate for ||C] — C/'|| .. Since ||K ||, < oo, we have || (p)]|_, < o0
and

75 (p) = ns (P)||, < I\Kllloo/o d (p.p) dr.
Putting all together, we find an integral inequality for the quantity

sup d(pr.p/) +1C = €l +IVC = V.,

rel0,]

to which a generalised form of Gronwall inequality can be applied. It implies
d (p).p/) +1/C! — C/'|| . =0, namely uniqueness.

Lemma 5 On a finite interval [0, T], there is a constant C > 0 such that
(¥ (1+19) @) (o] < C gl (1+ M)
tL* £
Vo (¢ (M) ) (5] < ol (1) +C
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On the mean field approximation 657

Proof. Step 1. The generator L* = %241‘,4{) + v Vx¢ + kv - Vy¢ is associated with the
system

dxl = V[dt
th = k]V[dt + O'dBt,

—kity, . we have

where B, is an auxiliary standard Brownian motion on R%. Set z, = ¢
dZt = eikltadBr.

Using this trick, the computations in the case k; # 0 are very similar to those of the case

ki = 0, just more cumbersome. We thus set k; = 0 for simplicity of notations; and we

take ¢ = 1 for the same reason. In this case the solution of the system, called (x,v) the

initial condition

V[:V+B[

t
xt=x~|—vt+/ B,ds.
0

We use the probabilistic formula

(ezL*QS) (x,v)=1IE {qﬁ <X+vt+/0tBst,V+B[)} .

One can prove

(VveZL*(b) (x,v) = %IE Ki /OtBsds— ;v[) ¢ (x-l—vt-l—/olBsds,v-i-B[)} .

Step 2. We thus have

(efL* (1+1v]) ¢) (x,v)=IE [(1 +|v+By) ¢ (x +ve+ /Ot Byds, v + Bz)}

(Vo™ (147) 9) (xv) = ° [(1 /OZBsds— ;Bt> (1+|v+By) x

t
X ¢<x+vt+/ B‘gds,v—i—B[)}
0

(e (14 W) 9) (x| < D1l (14 VE+ ),

Hence,
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which gives us the first bound; and

L 6 _[1 /[
(Ve (1+1v) ¢) v <16l JE L (/O |Bs|ds) (1+V|+Bt)]
2
1191l 7E [Bel (14 [v] + Bi])]
C
< 7 19l (14 1) + C il

which gives the second bound.
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