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We consider the Cauchy problem for the (strictly hyperbolic, genuinely nonlinear)
system of conservation laws with relaxation

ut — v =0,
1

vt —o(u)e = —r(u,v).
€
Assume there exists an equilibrium curve A(u), such that r(u, A(u)) = 0. Under some
assumptions on ¢ and r, we prove the existence of global (in time) solutions of
bounded variation, u®, v¢, for ¢ > 0 fixed.

As e — 0, we prove the convergence of a subsequence of u®, v® to some u, v that
satisfy the equilibrium equations

w—Aw)e =0,  w(t,) = A(u(t,) VE>0.

\Y

1. Introduction

We consider the Cauchy problem for the following system of conservation laws with
relaxation term,

U — v = 0,

1.1
v —o(u), = ér(u,v), (1.1)

where » € R, u(t,z),v(t,x) €ER, 0 : R — R and r : R?> — R are smooth functions,
and € > 0 is a fixed parameter.

System (1.1) arises in one-dimensional elasticity. In the particular case of r(u,v) =
—uv, one recovers the damped model arising in nonlinear wave equations, studied in
many papers (see, for instance, [9] and the references therein),

ug — vy =0, (1 2)
v —o(u), = —av, '
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where o = e71. In [9], assuming that o is a smooth increasing function, the author
proves a global existence result for weak solutions to (1.2), provided that the initial
data

U(O,SL‘) = uO(x)a U(O,SL‘) = UO(SC) (13)

have total variation and L'-norm sufficiently small.
Here we are concerned with the system (1.1), where the stress function o satisfies
the assumptions

o'(u) >0 (strict hyperbolicity), } (1.4)
o"(u) #0 (genuine nonlinearity).
Moreover, we require that
(i) either o satisfies the condition
20" (u)o" (u) — 30" (u)?* > 0 (1.5)
for u in some open interval U of R;
(ii) or o has the specific form
o(u) = -2 (1.6)

u
Condition (1.5) is a technical assumption and is satisfied, for instance, in the
nonlinear cases

o(u) =u”, u>0, 0<~vy<l,
() ! } (1.7)

olu)=—u"", u>0 0<~y<Ll

However, condition (1.5) is not satisfied in the main case of interest for isentropic
gas dynamics, namely o(u) = —p(u) = —u™" with 1 < v < 3. A model described
by the system (1.1), o(u) = —u™" with v = %, is studied in [3].

Concerning (1.6), it corresponds to the case of ¥ = 1 (isothermal flow). Observe
that, for o given by (1.6), conditions (1.4) are satisfied for all u # 0, while the
quantity in (1.5) vanishes identically.

On the source term, we require that

Ty <0, |ru(u,v)| < |ry(u,v)| Vo' (u) Y(u,v) €U X R, (1.8)
and assume that there exists a C' equilibrium curve A(u) such that
r(u, A(u)) =0 Yuel. (1.9)

Condition (1.8) amounts to requiring that the source term in (1.1) is weakly
dissipative, in the sense that it satisfies the weak diagonally dominant condition
(see [10]).

Indeed, denote by G = G(u,v) the vector source term and by R the invertible
matrix whose columns are the (normalized) right eigenvectors. Consider the matrix
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B =R"! DG - R, which in our case reads
Ty + 1o o' (w) =1y + 1y ol (u)

R™'- DG R = (2e/o'(u))™* . (1.10)

Ty + 1o o' (W) =1y + 1y o' (u)

In [10], the authors prove a global existence result assuming that B = (B;;) is
strictly diagonally dominant, in the sense that there exists a constant v > 0 such
that

Bii+ Y Byl <-v<0, i=1,2. (1.11)
j#i
In our case, equation (1.11) is clearly not satisfied since, by (1.8), B;; + Zj# |Bji| =

0. On the other hand, we can state the following existence theorem.

THEOREM 1.1. Let o be a C* map satisfying (1.4), (1.5) on some open interval
U € R. Assume that r is C' and satisfies (1.8), (1.9).

Then, for every compact K C U, there exist constants C, 6, L > 0 (independent
on g) such that the following holds.

The Cauchy problem for (1.1), with initial data (ug,vq) such that

lim ug(z) € K, TotVar(ug, vo) < 9, (1.12)

has a global weak (entropic) solution (u,v)(t) that satisfies

TotVar(u,v)(t) < C - TotVar(u, v)(0). (1.13)
Moreover, for any t > s > 0 and for any a < b, there exists a constant Le (possibly
depending on €) such that

b
/ lu(t, z) — u(s,z)|dz < Lt — s, (1.14)

b
/ lo(t, z) —v(s,z)|de < (L + Le)lt — s|. (1.15)

We remark that §, L and the Lipschitz estimate (1.14) do not depend on e.
Moreover, we do not require any assumptions on the L'-norm of the initial data.
Let us now turn to the case of (1.6), namely to the system

Uy — v, =0,

1 1 1.16

v + (—) = —r(u,v). (1.16)
w/), €

For this system, we can drop the smallness assumptions on the data. Indeed, we
prove the existence (globally in time) of weak entropic solutions for data of arbitrary
(but finite) total variation.

THEOREM 1.2. Let v be a C' map satisfying (1.8), (1.9) with U = (0,00) and

oc=—u"".
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Then, for every compact K C (0,00) and constant M > 0, there exist constants
C,L > 0 (independent of €) such that the following holds. The Cauchy problem
for (1.16), with initial data (ug,vo) such that

up(z) € K Vr eR, TotVar(ug, vg) < M, (1.17)
has a global weak (entropic) solution (u,v)(t) satisfying (1.13)-(1.15).

The proofs of theorems 1.1 and 1.2 are based on a wavefront tracking algorithm
(see [1,4,5]) combined with a fractional-step method (see [8,10]). The key point is
the special definition (2.5) (see also [15]) for the amplitude of waves, which fits well
both with the geometry of the curves for the homogeneous system

— Uy — Oa
ey } (1.18)

v —o(u), =0,

and with the presence of the source term in (1.1). This allows us to define global
in time approximate solutions for the system (1.1). As remarked before, it is not
possible to apply here the methods and results in [10].

More precisely, if o satisfies either (1.4) and (1.5) or (1.6), only the linear part of
the Glimm functional is enough to control the total variation for the approximate
solutions of the homogeneous system. The idea of using only the linear functional
was used by Nishida [20] for the homogeneous system (1.18) with v = 1, and later
in [2,12] for other classes of homogeneous systems.

We remark that if either (1.4) and (1.5) or (1.6) are satisfied, then the homoge-
neous system (1.18) belongs to the class studied by Bakhvalov [2] (see also [15, § 2]
and [11]).

On the other hand, concerning (1.1), a more careful choice of the wave size allows
us to also control the growth of total variation due to the source term, across the
time-steps. This works for a general increasing and strictly convex (or concave) o,
provided that the dissipativity condition (1.8) is satisfied.

In the case v = 1, our definition (2.5) of the waves amplitude reduces to the
one given in Luskin and Temple [18], where the authors studied a problem for a
dissipative p-system in Eulerian coordinates. In their paper, the source term in
Lagrangian form was given by —u?K (u/v), together with some assumptions on
K; it was also assumed |v| < 1. We remark that these hypotheses imply that
condition (1.8) is satisfied (see also [21]).

Let us now turn to the relaxation problem. Assume that, in addition to (1.8),
(1.9), there holds

ry(u,v) < —c <0 V(u,v) €U xR (1.19)

for some constant ¢ > 0. A typical form for r is given by r(u,v) = A(u)—v. One can
easily verify that (1.8), (1.9) and (1.19) together imply the weak sub-characteristic
condition

— Vo' (u) < A'(u) < Vo' (u). (1.20)
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As € — 0, we consider a sequence (u®,v®) obtained in either theorem 1.1 or 1.2,
and study the convergence of a subsequence to the equilibrium equations:

v = A(u), ug — A(u)y = 0. (1.21)
The result is the following.

THEOREM 1.3. In the assumptions of theorem 1.1 (respectively theorem 1.2), for
e > 0 fized, and assuming in addition (1.19), let (u®,v®) be a solution of (1.1)
(respectively (1.16)), with initial data uf, v§ satisfying (1.12) (respectively (1.17))
for the compact K (and the constant M ) independent of .

Then the constant L. at (1.15) takes the form

2 ~ b
L.= —Cexp(—g) / |7 (ug, vo)(x)| dz. (1.22)
5 5 a
Moreover, assume that, as € — 0,
u§ — ug in Li., (1.23)

and that the sequence {v§} is uniformly bounded, in the sup-norm, as ¢ — 0. Then
there exists a subsequence €, — 0 such that

(u*,0%) = (i, 8)  in Ly ([0, 00) X (=00, 00)), (1.24)
where a(t, ), 5(t,) € BV (R), @ is a weak solution of
we—Aw)y =0,  u(0,) = up (1.25)
and, for all t > 0,
G(t, ) = A(a(t, ). (1.26)

Moreover, for anyt > s > 0,
b
/ la(t, x) — (s, z)|dz < Lt — s|, (1.27)

where L is the Lipschitz constant in (1.14).

It is still not clear, at the moment, if the limit @ of theorem 1.3 is the unique
entropy solution of (1.25). A partial answer in this direction can be given following
the lines of [7,14].

A previous result of relaxation in the BV framework was obtained in [16], where
the authors considered a quasilinear system arising in viscoelasticity. We also men-
tion [17] for a contemporary and independent approach to the case v = 1. For a
general review on relaxation problems, we refer to [19].

2. Proof of theorem 1.1

By condition (1.4) if w € U, then ¢”(u) has constant sign and the system (1.1)
becomes genuinely nonlinear. Now we assume ¢”(u) < 0 (in the other case, a
completely similar procedure can be followed). The rarefaction-shock curve of the
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Figure 1. Shock-rarefaction curves.

first characteristic family, starting at the point (ug,vg), is given by the equations
(see figure 1)

u < ug, v =g + D1 (usu0) = vo — v (u—up)(o(u) — o(ug)),

u > ug, v = vg + P1(u;ug) —UQ+/ Vo'(s)ds,

uo

(2.1)

while the equations for the rarefaction-shock curves, of the second family, are the

following:
u < ug, v = vg + DPa(u; ug) fvo—/‘ Vo'(s)ds, (22)
uo 2.2
u > ug, v =g + Py(u;up) = vo — (1 —up)(o(u) — o(ug)).

Observe that, for any u > ug,
| VeGias < V= w)etm = ot (23
and moreover, for any u, ug, ¢ = 1,2, one has

ou

(2.4)

Given a wavefront with left and right state Uy = (uy, 1), Uy = (uy, v;), respectively,
connected by a rarefaction-shock curve, we define the size of the wave as follows

fJ_ds

which, on compact sets, is clearly equivalent, along (2.1) and (2.2), to the distance
in R?, |U;—U,|. Note that the size can be written in terms of the Riemann invariants

qm@:/uﬁﬂgm+m w(u, ) f V() ds — .

Moreover, for a rarefaction wave, the size corresponds to the distance of the v coor-
dinate, |v; — vy).

e(Uh, U, (2.5)
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Similarly to [1,5], in order to have a piecewise constant approximate solutions,
we adopt a piecewise constant Riemann solver for the homogeneous system (1.18).
Shocks are not modified and satisfy exactly the Rankine-Hugoniot relations. For a
fixed parameter 7 > 0, a rarefaction of size ¢ is approximated by a fan of N waves,
N = [g/n] + 1, of equal size ¢/N (which is smaller than 7), and speed equal to the
characteristic speed of the state at the right.

This approximation is applied for all newly generated rarefactions, while pre-
existing rarefactions can be simply prolonged by a single discontinuity with speed,
again, equal to the characteristic speed of the state at the right.

The Rankine-Hugoniot relations are approximately satisfied by each rarefaction;
denoting by Uy = (u,v1), Uy = (uy, vy) the left and right state, respectively, sepa-
rated by a discontinuity z(t), one has

d(ue —w) + (v —v1) = O(1) (uy — w)?, (2.6)

(v, — ) + (0(ur) —o(w)) = O1) (ur — w)?. (2.7)

Let us construct a sequence of approximate solutions (u,v) = (u”,v”)(t,z) as
follows. Fix a time-step At = At” > 0, a parameter n = 7, for rarefactions

At n, — 0asv — o and take a sequence of piecewise constant functions
b b q p

u¥,v¥), v € N, such that

0>%0/» )

TotVar(ug, vy) < TotVar(ug, vg), lim (ug,vg)(w) = lim (ug,vo)(z), (2.8)
v v 1 v v v 1
1(ug, v5) = (uo, vo)lloe < |(ug, vg) () = (uo, vo) (z)|dz <~ (2.9)

Solve each Riemann problem, arising at the points of jump, with the approximate
Riemann solver for (1.18) introduced before. Then (u,v)(t,-) is defined until no
interactions occur.

By slightly changing the speed of some waves, we can assume that only two
wavefronts interact at any single time. When this occurs, the solution is prolonged
by solving the Riemann problem arising at the interaction point.

Assuming that the approximate solution is defined at some time kAt, k > 1, the
damping term is added, which affects only the v variable:

u(kAt+, 2) = u(kAt—, x),
At (2.10)
v(kAt+, z) = v(kAt—, z) + — r(u,v)(kAt—, ).

Observe that, according to (2.10), (1.8), (1.9), the functions |r(u,v)|, |v — A(u)]
decrease across time-steps,

Ir(u, v)(EAt+, )| < |r(u,v)(kAt—, z)] - (1 — % -igf |rv(u(kAt—,x),w)|),

(2.11)
o= A@IKOE 2] < o= A kA=) (1= 2 int ki, 2),0)]).
(2.12)
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Figure 2. Interaction of wavefronts.

The solution is then prolonged by solving the Riemann problems arising at the
points of jump. Again, we can assume that no interactions occur at a time kAt.

Let us denote by z; < 2,41, 4 = 1,...,N(t), the points at which (u,v)(t,-) is
discontinuous, for some integer N (t). Using the definition (2.5) for the strength of
the waves, we introduce the functional

N(#)

V(t)= D e (2.13)

for any time ¢ > 0 at which no interactions occur. We set V(0) = lim;_,o4 V(2).

REMARK 2.1. Since the strength of the waves solving a Riemann problem are
C? functions of the right and the left states (u~,v7), (u™,v "), one has that

V(0) < C* TotVar(u,v)(0, -), (2.14)

provided that (u,v)(0,-) is contained in a compact set @ C U x R and has suffi-
ciently small total variation. The constant C* depends only on the compact set Q.
Moreover, for t > 0, V (t) is equivalent to the total variation of (u,v)(t,-), on every
set in which ¢’ remains bounded and away from 0. In other words, for any compact
set k' C U, there exists a constant C(K') > 1 such that, if u(t,z) € K' Vo € R,

% TotVar(u,v)(t,-) < V(t) < C(K') TotVar(u,v)(t,-), t>0. (2.15)

We claim that, until (u,v)(t,-) is defined, the functional V' is non-increasing.
Indeed, let us consider the different cases (for a complete description of waves
interactions, see [6]).

Assume that, at the time ¢, (k — 1)At < t < kAt, two wavefronts interact.
Denote by (uj, 1), (tm,¥m), (ur,v;y) the left, middle and right states, respectively
(see figure 2), and by (u*,v*) the middle state after the interaction time. Then one
has

AV =e(U,U") +e(U*,U;) — (U1, Up) — (U, Uy). (2.16)
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Figure 3. Interaction of two shocks.

In the case of a 2-shock and a 1-shock interacting (see figure 3), we have the
following.

LEMMA 2.2. For any compact K' C U, there exists a 01 > 0 such that, if uy € X',
lup — um| < 61, |um — u| < 61, and, if the two wavefronts are shocks of different

families, then AV < 0.

Proof. Set

u1t+a
U(up,a) = / Va'(s)ds

ul

and denote by z, y, z the positive quantities u,, —u, Uy, —u, and u;—u™, respectively.
Consider the application
u+r—y

f(ul,x,y,z)—/:z\/_der/ Vo' (s)ds

—Zz

_/u1+a: mds_/ulﬂ ST s

u) ul+r—y
=2[¥(w, z —y) = ¥(u, —z) — ¥(u,z)], (2.17)

where z = z(u), z,y) is implicitly defined by

Va(o(u+z) —o(w) + Vy(o(m + ) — o(u + z —y))

= Vz(o(w)—o(m—2)+ VE—y+2)(c(wm+z—y)—o(u —2). (2.18)

The function g(w, x,y) = f(w, z,y, z(u1, x,y)) is continuous up to the fourth deriva-
tives. Applying the implicit function theorem, after lengthy but straightforward
calculations, one obtains g(uj, ,0) = 0, g(u1,0,y) =0,

HatB

WQ(M,O,O) =0 (2.19)
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for every «, f satisfying o + 3 <4, (o, 8) # (1,3),(3,1), and

ot ot o (u1) (20" (w) o™ (w1) — 30" (u1)?)
8x38yg(“1’ 0,0) =577 160 (u)5/

(2.20)

Recalling that ¢”(u;) < 0, by assumption (1.5) and proposition A 1, there exists
d1 > 0 such that g is non-positive in K’ x [0, §1] x [0, 61]. O

In the case of two rarefactions of different families interacting, by (2.1), (2.2),
one has

—_f md+f Jo(s) ds
—vﬁfu* \/st—fur Vo' (s) ds. (2.21)

Uy u*

Since u; > Uy, u* > u;, one simply gets AV = 0. Note that, in this case, the two
wavefronts have the same size before and after the interaction. Indeed, by (2.21),
one has

2/ md+f mdS:f“r md.mf

uy u

! vo'(s)ds, (2.22)

which gives e(Uy, Uy,) = e(U*, U;); the other equality follows from AV = 0. This is
not surprising since the size defined in (2.5) is strictly related to Riemann invariants.

In the case of a rarefaction and a shock of the same i-family (i = 1, 2) interacting,
one can use Glimm estimates (see [13]). For any compact set K’ C U, there exist
C, 8% > 0such that the following hold. If u; € K’ and e(Uy, Uy ) < 65, (U, Uy) < 05,
then

lcei — (U1, Um) + €(Um, Up)| + €5 < Ce(Un, Ur)e (U1, Un), (2.23)

where & is the strength of the outgoing wave of the i-family, 5;- is the strength of the
outgoing wave of the other family, and ¢ is +1 or —1, depending on the interaction.
Suppose ¢ = +1 (the other case is similar). From (2.23) one gets

AV = ¢+ € — (U, Ur) — (U1, Un)
ei + lei — (U1, Um) + €(Um, Ur)| = 26(Un, Ur)
e(Un, Uy)[Ce(Uy, Uy) — 2]
0 (2.24)

N

N IN

for e(Uy, Up) < 62 = min{d5, 1/C}.

In the remaining cases, one has
Um, u” € [min{uy, u, }, max{uy, u; }|, (2.25)

which implies AV = 0.

Assume now that t = kAt. Denote by (uj, v)) and (u,, v,) the states at the left and
at the right of a wave approaching the time-step, and by (u, vﬁ), (u*, v*), (up, v),
respectively, the left, middle and right states after the time-step (see figure 4).
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+ +
(ul,vl) (ur,Vr)

kAt

) ()

Figure 4. Wavefronts through the step.

Y A @)
(”1"’1\ E !
Wt
()

Figure 5. A 2-shock (with v} = 0) through the step.

We claim that

+

o =0 < Jor =il (2.26)

Indeed, recalling (2.10) and (2.1), (2.2), we can write

o — vt | = Jor —u - ‘1 + At [r(un o) - T(ul,vl)]‘
r 1| = U
£

Uy — U1

At U
= |v, — | - ‘1 + — &, (uy; ul)_l / [ry + @i s(s;u1)] ds|. (2.27)
€ w

Let us check the sign of the quantity, in (2.27), that multiplies At/e. Observe that,
using (1.8) and (2.4), either it vanishes or it has the same sign as =@, , - D, (u,; ) -
(ur —wy). From (2.1), (2.2), one can check that this last quantity is always negative.
Hence the smallness of At implies (2.26).

Inequality (2.26) and the invariance of shock-rarefaction curves with respect
to translations along the v-direction ensure that v* € [min{uy,u,}, max{u, u,}]
(see figure 5), which implies AV = 0. As a consequence, the following hold.

(i) A rarefaction of the 1" family becomes a smaller 1-rarefaction followed by a
small 2-shock.

(ii) A shock wave of the 1** family becomes a smaller 1-shock followed by a 2-
rarefaction.
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(iii) A rarefaction of the 2" family produces a small 1-shock followed by a 2-
rarefaction.

(iv) A shock of the 2! family produces a small 1-rarefaction followed by a 2-shock.
Hence the following lemma is proved.

LEMMA 2.3. For any closed interval K' C U containing the compact set K in its
interior, there exists a 63 > 0, independent of v, such that the following holds. If
V(0) < 03, until the approzimate solution (u,v)(t,-) is defined, AV (t) < 0, and
consequently V(t) < 3. Moreover, u(t,z) € K' Vo € R.

Indeed, consider a closed interval K’ C U, such that the compact set is contained
in its interior. Define

u2
0y = inf;C / Vvo'(s)ds|.
u1€ w1
uz eUN\K'

Let C(K’) be the constant in remark 2.1. Then, if
53 < mln{él/C’(/C’), 52, 54},

lemma 2.2, equation (2.24) and the subsequent consideration hold. Moreover, since
d3 < 0y, we have u(t,z) € K' Vo € R.

REMARK 2.4. The size of a rarefaction wave does not increase in time. Indeed, this
is not the case for (2r: 1Ir — 1r: 2r), due to (2.22).

The other cases to be considered are (2s: 1r — 1r: 28) and (2r : 1s — 1s — 2r)
(when a shock and a rarefaction of the same family interact, the rarefaction cannot
increase because there is a compensation, which can be seen with a computation
similar to (2.24)). In the first case, for instance, proceed as in the proof of lemma 2.2.
Consider the application

f(ul,sc,y,z) :W(UI,O,Z) :W(U1,l‘7x+y), (228)
where
ur+b
U (uy,a,b) = / Vo'(s)ds,
uir+a

T = Uy — U, Y = U — Uy and z = z(up, x,y) = u* — v is implicitly defined by

h(ula Y, Z) = W(ula 0, Z) - \/(1' +y- Z)(U(u +x+ y) - U(u + Z))
—U(up,z,x+y)+ Va(o(u+z) —o(u) =0, (2.29)

hence z(uj,z,0) =0, z(w, 0,y) = y. Clearly, f gives the difference of the amplitude
of the rarefaction, after and before the interaction. We prove that g(u,z,y) =
flu,z,y, z(w, z,y)) is negative in a sufficiently small neighbourhood of zero.

Indeed, g is continuous up to the fourth derivatives in the variables x, y. It is
easy to check that

g(’LH,SL‘,O) = Oa g(ulaoa y) =0. (230)
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Moreover,
hﬂ?(ula x,vy, Z(ula xZ, y))|m:0,y:0 = 291’(“13 Oa y) = Oa (231)
ha:m (ula z,Y, Z(ula z, y))|93:0,y:0 = 2997513 (ul’ 03 y) = 03 (232)

and, applying the implicit function theorem,

Hts
&ca—ayﬁg(ul’o’o) =0 (2.33)
for every «, 8, with a + 3 < 4, (o, ) # (3, 1); moreover,
ot o (u
mg(ul’ 0,0) = W(?U’(ul)a”’(ul) — 30”(u1)2). (2.34)

By assumption (1.5), and by (2.30)—(2.32) and proposition A 2,
g is negative V(uy, z,y) € K' x [0,46] x [0,8’] for a suitable §' > 0.

By eventually taking a smaller d3 in lemma 2.3, the claim is proved.

Lemma 2.3 provides a uniform a priori bound on the total variation of the approx-
imate solutions. Now we prove that the total number of interactions remains finite
in finite time, hence every approximate solution can be defined for all times ¢ > 0.
We need the following lemma.

LEMMA 2.5. Let a wavefront tracking pattern be given in the strip [0,T) xR, made
of segments (waves) of two families. Assume that the velocities of the segments of
the first family lay between two constants a1 < ag. Analogously, the velocities of
the segments of the second family lay between two constants by < ba, with as < by.
Assume that the wavefront tracking pattern also has the following properties.

(i) Att =0 there is a finite number Ny of waves.
(ii) The interactions occur only between two wavefronts at any single time.

(iii) Ezcept for a finite number of interactions, there is at most one outgoing wave
of each family for each interaction.

Then the number of interactions, in the region [0,t) x R, is finite.

Proof. 1t is not restrictive to assume as < 0 < by. Suppose by contradiction that
there is an infinite number of interactions. We can assume that, in [0,¢], t < T,
there is a finite number of them and that T is an accumulation point. Therefore,
there is a sequence Z of interactions which occur at the points (¢;,2;), i =1,2,....
Without loss of generality we can assume that t1 < to < --- and that (¢, x;) tends
to a point (7, ) as ¢ tends to infinity.

Denote by F the set of all the segments that can be joined to some point of
I, forward in time, by a continuous path along the wavefronts. For instance, all
the segments interacting at the points (¢;,z;), ¢ € N, belong to F. Call F; (respec-
tively F2) the set of all elements of F which belong to the first (respectively second)
family.

Then we partition all the interaction points in the following sets.
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(i) Z;: the set of all interaction points in which there are exactly two outgoing
segment belonging to F, one for each family.

(ii) Zs: the set of all interaction points in which the two in-going waves belong to
F and there is at most one outgoing wave belonging to F.

(iii) Z3: the set of all interaction points in which no in-going wave belongs to F.

(iv) Z4: the set of all interaction points in which the two in-going waves both
belong to F and there are at least two outgoing waves of the same family
belonging to F.

We remark that, by assumption, Zy is finite, that all the in-going waves of the
interactions of 71, Zs, Z, belong to F and that the outgoing waves of the interactions
of Z3 do not belong to F. Note also that the points (¢;, x;), i« € N, do not belong
to Ig.

We define the potential V(t) > 0 as the number of all the segments belonging to
F present at the time t. Observe that, except form the points of the finite set Zy,
V(t) is non-increasing across interaction points; moreover, it decreases by one or
two across the points of Zy. Since V(0) is bounded, then 7 is finite.

As a consequence, all the points (¢;,2;), ¢ € N, except at most a finite number,
belong to Z;.

We start now from (¢1, 1), and try to go forward in time with two continuous
lines: the first one made of segments of F; (first family) and the second one using
segments of Fa (second family). In doing this, we possibly have to stop when we
reach an interaction point (,#), with £ < T, belonging to Z, or Z, (obviously, we
cannot reach points of Z3). If this happens, we take a point (t;,z;), with t; > £,
and start again.

Since Z, and Z, are finite sets, we have to find a point (¢*,2*) € Z from which
we can draw two lines 71 (t), v2(¢) until the time T": the first one made of segments
of F7 and the second using segments of F5. The bounds on the velocities imply

() < 2" +as(t —t"), v (t) = " + b1 (t —t7). (2.35)
Define p = (T — t*)(b1 — a2) > 0 and fix ¢, with (t,,,z,) € T satisfying
(T =t2) <p,  [bal(T—1,) < p. (2.36)
Since 71 is composed of segments of F, the point (¢,,71(t,)) can be joined to some
point of Z. Therefore, the bounds on the velocities imply that there must be a point
(tn,zn) € T satisfying
xp <71 (tn) + bo(th — tn), h=n. (2.37)
Analogously, there must be a point (¢, zy) € Z satisfying

T 2 Yaotn) + a1(ty —tn), k=n. (2.38)
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From (2.37), (2.38) and (2.35), we get

zp —xp 2 72(tn) — lat(T —tn) — 1(tn) — [b2/(T — tn)
2 (by —ag)(tn, —t*) —2p
=1 —a)(T=t") + (br —a2)(tn —=T) = 2p
> p. (2.39)

Since n can be chosen arbitrarily large, equation (2.39) contradicts the fact that x;
tends to Z. O

To apply the lemma we need to prove that, between two time-steps, the number
of interactions in which there are more than one outgoing wave of the same family
is finite. In each strip, the interactions in which there are more than one outgoing
wave of the same family can occur only in the case of two shocks of the same family
interacting (of size €1 and e5), because a rarefaction (of size €) of the other family
appears and we have possibly to split it. If this happens, then

n<e< Ceres (2.40)

for a suitable C' > 0. Recalling the usual definition of the interaction potential
@, we use the fact that, eventually taking ds smaller in lemma 2.3, @ decreases
at each interaction of waves between times kAt and (k + 1)At. Due to (2.40), the
previous situation can occur only a finite number of times. Therefore, by lemma 2.3,
if V(0) < d3, we can construct the approxmlate solution (u,v)(t,-) for all ¢ > 0.

Recalling remark 2.1, we define § = d3/C*. Hence, if TotVar(ug,vg) < 6, then
the approximate solutions have equibounded total variation and

TotVar(u”,v")(t,) < C*C(K') TotVar(ug, vo). (2.41)

Observe that the last inequality, together with (2.12), ensures that the approximate
solutions remain equibounded in the L°°-norm.

To apply Helly’s theorem, we need estimates on the dependence on t of the
approximating functions. These estimates are given by the following lemma.

LEMMA 2.6. Let (u,v)(t, x) be an approximate solution defined by the previous algo-
rithm, such that TotVar(u,v)(t, ) < K, |[ullso, [v]lec < KT ¥Vt >0, for some posi-
tive K, Kt. Then there exists a constant L*, independent on e, such that, Ya < b,
0<s<t,

b
/ lu(t, z) — u(s,z)|dz < L*K(t — s), (2.42)

/b|v(t,x) —v(s,z)|dz < (t— s+ At)(L*K + L), (2.43)

where L. depends on £ and on the interval [a,b].

Proof. Fix a constant L* > 1 satisfying /o/(u) < L* Yu € K', and take two
numbers 0 < s < t. If there are no time-steps between s and t, equations (2.42)
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and (2.43) obviously hold with any L. > 0. Suppose now that there are steps
between s and t,

s < koAt < (ko + DAt < --- < kAt <t, 1<ky<k, (2.44)

so that (15 — ko)At < t — s. Since u does not change through the steps, we have

b k
/ lu(t, z) — u(s,z)|dz < L*K[t—kAt+ Z At+k0At—s:|
a i=ko+1
< LK(t—s), (2.45)
and (2.42) is proved. On the other hand, for the estimate (2.43), we have to consider
a supplementary term due to the fact that v is discontinuous through the steps,

ko ob k b
Z/ lv(iAt+, ) — v(iAt—, z)|dz = Z %/‘ Ir(u,v)(iAt—, x)| dz
i=ko ” ¢ i=ko @
< At(k—ko+ 1)L,
< Le(t — s + At), (2.46)
where L. = (b — a)e™" supy, |,j< gt [7(,v)|. This proves the lemma. |

By Helly’s theorem, there exists a subsequence that converges in L{. _ to a limit
(u,v). By remark 2.1, the maximum size of the rarefactions tends to zero as the
order of approximation increases; moreover, the approximated solutions do not have
non-physical waves. Then, by standard procedure [5,8], one can show that (u,v) is
a weak solution to (1.1)—(1.3). Furthermore, lemma 2.6 ensures that the solution
(u,v) satisfies (1.14) and (1.15) with L = L*K.

Finally, let n be a convex entropy, with flux g. Following the same arguments as
in [8], one can prove that the entropy inequality

[ o+ atw edon + < ot vy daa
0 —oo

[ nuo )@ dr 20 (247)

holds for any test function ¢ > 0.

3. Proof of theorem 1.2

This proof is similar to the previous one. We only have to change the points in

which we used hypothesis (1.5) or the smallness of the total variation. We remark

that with o(u) = —1/u, one has 20’(u)c”’(u) — 30” (u) = 0; moreover, the waves
measure, defined in (2.5), here reads as follows

e(Uh, Un) = |log =

ur

(see also [17] for an independent approach, using the Glimm scheme, to the case
v=1).
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First of all we observe that we can always solve the Riemann problem, even if
the data are arbitrarily large [6], and that remark 2.1 holds without requiring the
smallness of the total variation of (u,v)(0,-). The first thing that does not work
here is lemma 2.2. We substitute it with lemma 3.1. In the following, as before,
we will denote by U = (uy, v1), Un = (4m, Vm), Ur = (ur,vy), respectively, the left,
middle and right state before an interaction of two waves, and by U* = (u*,v*),
the middle state after the interaction (see figure 2).

LEMMA 3.1. Waves of different families cross each other without changing their
strength.

Proof. It is easy to see that, in the interactions of waves of different families, one
has
* U Uy

ut = — (3.1)

Um

For example, let us check the case of a 2-shock and a 1-rarefaction interacting,
(2s : 1r). The equation defining u* is given by

— V(um — w)[o(um) — o(u)] + /‘ur Vo'(s)ds

Um

= —V(u* —u)[o(u*) = o(ur)] + /‘“ Vo'(s)ds. (3.2)

ul

With o(u) = =1/u, we get

1 1 1 1 u*u
mu)— = =) = S —w)[ — - — ) =In—2. 3.3
\/(u B ) (ur u* ) \/(u UI) ( Ui um) B UIUy ( )
It is easy to verify that (3.1) represents the unique solution of (3.3).
Using (3.1), it is easy to check that

e(U,Um) =e(U*,Uy), e(Um,Uy) = (U, U™). (3.4)
This completes the proof. O

Next, we need to prove that V' does not increase when a shock and a rarefaction
of the same family interact, since in the previous proof we used the smallness of
the interacting waves. Therefore, we state the following more general lemma that
will be useful later and whose proof is given in the appendix. We denote by V; and
V: the splitting of V' into shocks and rarefactions, respectively, so that

LG (3.5)

1:€g; is a shock

Vi(t) = > &;. (3.6)

1 : g4 is a rarefaction

LEMMA 3.2. Let K' C (0,400) be a compact set. If, in an interaction between a
shock and a rarefaction of the same family, we have uy, um,uy, u* € K', then there
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exists & > 1, depending only on the compact set K', such that the potentials
Ve(t) = EVs(t) + Vi(t), € €[, &l, (3.7)
are not increasing.

We remark that in lemma 3.2, taking £ = 1, one has that, independently of w,
U, U, u*, the potential V' (¢) is not increasing across the interaction of a shock and
a rarefaction of the same family.

Hence we can state the corresponding of lemma 2.3.

LEMMA 3.3. Until the approzimate solution (u,v)(t,-) is defined, AV (t) < 0, and
consequently V(t) < V(0).

Suppose now that we have initial data (ug,vo) satisfying (1.17). Take then an
approximating sequence (u”,v") satisfying (2.8), (2.9). For v sufficiently large,
(u”,v") is contained in a compact set Q@ = K” x [=N, N]. Therefore, remark 2.1
implies

V(0) < C* TotVar(ug, vo), (3.8)

where C* depends only on Q.
Lemma 3.3 ensures that until (u”(t,-),v”(t,-)) is defined, then V¥(t) < C*M.
But, if

Uoo = a:EIJPoo ug(x) = mgrfoo ug(x),
then we must have
u”(t,x) € (oo - exp(—C* M), ue - exp(C*M)] — K'. (3.9)

In other words, until the approximate solution exists, u”(¢,z) belongs to a com-
pact set K’ C (0,+00) that depends only on K and M. Therefore, since V¥(t) is
equibounded, the total variation is also equibounded.

Finally, to prove that the approximate solutions can be defined for all times
t > 0, we apply lemma 2.5. To apply this lemma, we have to show that, except for
a finite number of interactions, there is at most one outgoing wave of each fam-
ily for each interaction. We consider the potential defined in lemma 3.2, Vg (1),
where &y depends on the compact set K'. We know that this potential is not
increasing across interactions of shocks and rarefactions of the same family. More-
over, due to lemma 3.1, it does not change across interactions of waves of differ-
ent families. The only case in which we have more than one outgoing wave for
each family is the interaction of two shocks of the same family. In this case, we
have to split the rarefaction if its strength is greater than 1 > 0. Since in these
interactions we have AV = AV, + AV, = 0, we have AV; < —n and therefore
AVey = (&0 — 1)AVs + AV < —(§ — 1)n. But this can happen only a finite number
of times, since Vg, is non-increasing and it is finite after any time-steps.

Lemma 2.6 and the subsequent considerations hold for the present case without
any changes.
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4. Zero relaxation limit

In this section we study the convergence to zero of the relaxation parameter ¢,
proving theorem 1.3. Let K be a compact subset of & and denote with L, §, C the
constants in theorem 1.1 (respectively L, M, C in theorem 1.2).

Consider a family of initial data (uf,v§), either satisfying lim, ,_ u5(z) € K
and

TotVar(ug, v5) < 9, (4.1)
or, respectively, u§(z) € K for all  and

TotVar(ug, v5) < M, (4.2)

for any € > 0. Moreover, assume that u§ — g in L{. . and that {v§}.>0 is uniformly
bounded in the L*-norm. We remark that it is not required that A(u§) = v§, and
that v§ does not need to have limit as ¢ — 0.

By theorem 1.1 (respectively theorem 1.2), there exists a family of corresponding
solutions (u®,v¢) to (1.1)—(1.3) (corresponding to (1.6)—(1.3)) in a weak sense. The
following equalities are satisfied,

/‘00 /‘00 u Py — v° ¢, dedt = 0, (4.3)

—oo Y0

/00 /00 ev ¢y — eo(u®) by + or(u®,v®) dadt = 0, (4.4)
—oo Y0

for all ¢ € C§°((0,00) x R). Moreover, for any a < b, t > s > 0, we have

b
[ ) =t ol de < Ll =,
. (4.5)
/ [v¥(t, ) — v° (s, z)|dx < (L + L.)|t — 5.

To pass to the limit as € — 0, we need a better estimate on the Lipschitz constant
L. at (1.15), hence the proof of lemma 2.6 must be refined.

LEMMA 4.1. In the same assumptions of lemma 2.6 and assuming (1.19), the con-
stant L. takes the form

L.= %exp(—%) -fb I (g, vE) (2)| da. (4.6)

Proof. For any k > 1, define

b
g :/ Ir(u,v)(kAtE, z)| dz. (4.7)
From (2.11) and (1.19), it follows that
At
it < (1-E) o wet, (48)
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where c¢ is the constant at (1.19); moreover,
b
07 =iy < [ I o) (At= ) = o) (k= DAt )| da

b
< sup |rv|(L*/ lu(kAt—, z) —u((k — 1)At, x)| dz

[ul,[v]< KT
b
Jr/ lv(kAt—, z) — v((k — 1)At+, )| dx)
< K1 At (4.9)

for a suitable constant K; = 2(L*)?K - sup |r,|, with L*, KT as in the proof of
lemma 2.6. Together, equations (4.8) and (4.9) give

k—1
€ cAt
<Ko=+ (1 -— ) 90 (4.10)

As in (2.46), using (4.10), we get

E

Z / [v(iAt+, ) — v(iAt—, z)| dz
i=ko " @ ~
At G
€ i=ko
E E i—1
K At At
<oy LY (-5

i:k[) ’i—k[)(
N N W
1-= 1—(1-=2
g g

K
<71(75—5+At)+go+

K At k[)At/At B At
<—1(t—s+At)+290+(1—c—) (k= ko +1)=
C g g
K
< (t—s+At)[—1+2590+ exp(—f)}. (4.11)
C g g

Hence the lemma is proved and (2.42), (2.43) hold with a larger constant L*. [

We recall that the constant L in (4.5) does not depend on e. By the assumptions
on the initial data, the constant L., at (4.5), can be bounded uniformly, as e — 0,
on any set of the type [1/n, c0) X [—n, n], for any fixed n € N. If ¢, s > 1/n, one has

L.<20; (b—a)e? exp(—i), (4.12)

ne

where Cy; > 0 depends only on the (uniform) bounds on the initial data. For n
fixed, the second term of the right-hand side in (4.12) goes to zero with e.
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By Helly’s theorem, there exists a subsequence ¢, — 0, as k — oo, such that
u®* converges to some @ in L{. ([0,00) X (—00,00)). Moreover, (0, ) = ug and the
Lipschitz inequality for u® in (4.5) also holds for the limit.

By eventually extracting a subsequence ¢} from ey, the sequence vk converges
to a limit o in L] ((1,00) x (—1,1)). Passing to the limit in (4.3) and (4.4) with
£}, one has

o(t,) = A(a(t, ")), iy — A(t)y =0 (4.13)

on the set (1,00) x (—1,1).
For any n € N, one can extract a subsequence of EZ_l, e such that vk converges
to 0 in L{ ((1/n,00) x (=n,n)). Due to (4.12), (4.5), for any ¢,s > 1/n, we have

/‘_” |o(t, x) — 0(s,x)|dz < Lt — 5. (4.14)

With a diagonalization argument, the sequences u®", ven converge, as n — 00,
to @, ¥, respectively, on (0,00) x R, then (4.13) holds on the region (0,00) x R.
Since the sequence v°» is equibounded, the convergence takes place in [0,00) x R.
Inequality (4.14) is satisfied for any ¢,s > 0 and for all n € N. Hence there exists,
in L , the limit

loc?

lim o(¢, ) = hm A(a(t,-)) = A(up).

t—0
We can therefore define 9(0, -) = lim;_,o (¢, -). The function 4 is a weak solution of
the scalar equation

ug — A(u), = 0, u(0, -) = uo, (4.15)

with Lipschitz dependence on time.

Concerning entropy conditions, following [7], let = n(u,v) be a C? convex
entropy, with flux ¢, for the relaxing system (1.1). We require the entropy to be
dissipative in the sense that

o (u,v) - 7r(u,v) <0 (4.16)

for all (u,v) in an open neighbourhood of the equilibrium curve (u, A(u)). This
clearly implies n,, = 0 along the equilibrium curve. Moreover, let us set

1’ (w) = n(u, Au),  ¢"(u) = q(u, Au)). (4.17)

With these assumptions, if A € C?, the function n°(u) is found to be a convex
entropy for the limit equation (4.15), with corresponding flux ¢°(u). Using (2.47)
and (4.16), one obtains that the limit function @ satisfies the entropy inequality for
the scalar equation

f f o+ @6, dedt + [ ) @600 de >0, (118)

However, one would like to find out if @ is the unique entropy solution of (4.15) or
not; this is still not clear at the moment and requires further investigation. A partial
answer can be given following the lines of [7,14].
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Appendix A.

PROPOSITION A.1. Let K C R™ be a compact set and g : K x [0,1] x [0,d2] — R
be a C* function satisfying, for any u € K : g(u,z,0) = g(u,0,y) = 0,

HtB

WQ(MO,O) =0 (A1)

for every «, B satisfying a + 8 < 4, (o, 8) # (1,3),(3,1), and

4 4

0
mg(uﬁ,o) = 8x—5,y39(u70,0) = a(u) > 0. (A2)

Then there exists 6 > 0 such that g(u,z,y) = 0 for any (u,z,y) € K x[0,d) x [0, 9).
Proof. We can write
9(u,2,y) = g(u,z,y) — g(u,z,0)

= fy ig(u z,y')dy’
o 9y o

_/y[i (u,z ’)—i(uo ’):|d’
- 0 8y/g ’ 7y 8y/g ’ ﬂy y
Y * 82 / / / /
" sEmatuat ) asay. (A3)

Since (0%/0x0y)g(u,z,y) is C?, from the Taylor expansion in Lagrange form one
has

82 1 0 4

o4 , o }
+2$y8x2—8y29(u79$79y)+y 8x—ay39(u79$79y) , (A4)

where 6 € (0,1). a is a continuous function on the compact set K, hence it has
a minimum ag. Since the derivatives in the right-hand side of (A 4) are uniformly
continuous on the compact set K x [0,07] X [0, 2], there exists 6 > 0 such that
V(u,z,y) € K x [0,0) x [0,0) one has

84
Mﬂ(uﬁxﬁy) > $ag,
4
8x2—8y29(u’9x’9y) > —2ag, (A5)
4
ax—aygg(u,ﬁx,ﬁy) > %ao.
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Therefore (A 4) becomes

82
8mf)yg(t@x,y) > 1(3a0z® — Saozy + Sagy’]
= ja(u)(z —y)?
>0 (A6)

for any (u,z,y) € K x[0,9)x[0,4). Equations (A 6) and (A 3) imply the proposition.
O

PROPOSITION A.2. Let K C R™ be a compact set and g : K x [0,1] x [0,d2] — R
be a C* function satisfying, for any u € K : g(u,z,0) = g(u,0,y) = g.(u,0,) =
gﬂ?m(u70’y) = 07
Hts
WQ(%O, 0)=0 (AT)

for every «, B satisfying a+ 5 < 4 and («, 8) # (3,1). Moreover, assume that, for
any u € K, we have

4
mg(u,o, O) = a(u) > 0. (A 8)
Then there exists 6 > 0 such that g(u,z,y) = 0 for any (u,z,y) € K x[0,d) x [0, 9).
Proof. The proposition is proved if one shows that (92/0x0y)g(u,r,y) is non-
negative in K x [0,4) x [0,0) for some & > 0 (see the proof of proposition A.1).
Therefore, we write

9? 9? 9?
aIayg(twmz/) = 8mf)yg(maw/) - &U—ayg(wO,y)
x 83
—/(; Mﬂ(uwl,y)dx/

T ,
=), Mg(u7x,y)—ax,—%9(u70,y) dz
x z’ 84
—/(; /(; 8x/—38yg(u,x”,y) dz"da’. (A9)

Observing that the function (0*/9z30y)(u,z,y) is uniformly continuous in K x
[0,81] x [0, d2] and positive at (u,0,0) for any u € K, the theorem is proved. O

Proof of lemma 3.2. To simplify the notation, we set

(s, up) = \/(ul _ u2)(i _ i), (A10)

Uz Uy

U(up,up) = In 2. (A11)

u1
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Consider a wave-interaction pattern as in figure 2. If the outgoing waves are both
shocks, one for each family, the equations defining u* are

W (ug, tp, um, ™) =0 for 1s: 1r, 2s: 2r, (A12)
ﬁ/(ul,ur,um,u*) =0 for 1r:1s, 2r: 2s, (A 13)

where
W (up, Uy, U, u*) = & (up, u) + ¥ (up, u™) — (U, Um) + [P (Um, ur)|, (A14)
ﬁ/(ul,ur,um,u*) = W (uy, Uy, Upy, u™). (A 15)

We claim that there exists kg < 1, depending only on the compact set X', such
that, for the first case (A 14), we have

ut > ul(ﬂ) Vk € [ko, 1], (A 16)

Um

and for the second case (A 15)

ut > ur(ﬂ) Vk € [ko, 1]. (A17)

Um

We will prove only (A 16) (note that (A 17) is symmetric with respect to u; and uy).
From the Lagrange formula we get

K
Uy
W(’LLl,Ur,um,Ul( ) )
Um

Uy
= W(’LL], Uy, Um, UL w )

st = D2 ) 25 Lo (g (22 )

Um Uy Ou* Um

> In 22 [1 4 (1 = &) A(ur, ur, um, 7)), (A 18)
Uy

where kK < £ < 1 and h is a suitable function bounded by a constant C'*, which can
be chosen greater than two, depending only on the compact set KX’. Hence, if we
take kg = 1 — 1/C*, we obtain

W(ul,ur,um,ul(ﬂ) ) >0 Vk € lko, 1] (A19)

The claim is proved by observing that the function u* +— W (uy, ty, Um, wr, u*) is
decreasing. Now we fix {y = 1/(2k9 — 1). Using (A 16), consider the following two
cases (with £ € [1,&)).
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(i) 2s: 2r:
Uy Uy Um Um L/
AfEVs + Vi) —f[ln—* +In— —ln—:| —fln(—)
u u Uy Uy
(1+€)/2¢
()]
u* \ U
<2¢In1
=0. (A 20)
(ii) 1s: 1r:

1/¢
A[EVs 4+ V] —§|:lnu—i Jrlnu—i —lnﬂi| —g]n(ﬂ)
u u

Um Um

1/¢
e
U Uy
2 2/§
con[22(2) |
up \ Up

<0, (A21)

where the last inequality in (A 21) is obtained by observing that wuy, u; > uy,.

The proof for the 1r : 1s and 2r : 2s cases is similar.

On the other hand, if the outgoing waves are a shock and a rarefaction, then u*
is no longer defined by (A 12) and (A 13). We consider only the 2r : 2s example,
with a 1s and a 2r outgoing from the interaction, the other cases being similar. The
equation defining u* is given by

Q(um;ul) _W(um;ur) = _W(U*;ul) +¢(UY;U*)ﬂ (A22)
which, recalling (A 11), an be written as
S(u*,u) + ¥, w) = =¥ (Um, Uy) — P(Un, Ur)- (A23)

From definitions (A 10) and (A 11), one can see that there are constants ¢ and C,
depending only on the compact set X', which satisfy

D (U, Uy) = (Uy — Um), U (U, uy) < C(uy — ). (A24)

Hence, if we choose & = 1+ ¢/C, recalling (A 23) and the inequality (2.3), for any
€ €1]1,&)] we can write

AlEVe + Vi] = £0(u”, ) + P(ur, u”) = P(um, ur) — P (U, ur)

< (E-DP(u*,wm) — P(um,uy)

< 3(E= D@ w) + ¥ (u*, w)] — P(un, u,)

= %({ — D[P (tm, ur) — P(tm, ty)] — P(tm, uy)

< (ur —um)[( = 1)C = ¢

< 0. (A 25)
The proof is complete. O
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