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Abstract. We present new examples of finite-dimensional Nichols algebras over
fields of characteristic 2 from braided vector spaces that are not of diagonal type,
admit realizations as Yetter—Drinfeld modules over finite abelian groups, and are analo-
gous to Nichols algebras of finite Gelfand—Kirillov dimension in characteristic 0. New
finite-dimensional pointed Hopf algebras over fields of characteristic 2 are obtained by
bosonization with group algebras of suitable finite abelian groups.

2020 Mathematics Subject Classification. Primary: 16T20; Secondary: 17B37

1. Introduction. The goal of this paper is to present new examples of finite-
dimensional Hopf algebras in characteristic 2, which are pointed, non-commutative, and
non-cocommutative. Following the usual guidelines of the lifting method, we focus on
finite-dimensional Nichols algebras, then the Hopf algebras are obtained routinely by
bosonization. The main result of [2] (in characteristic 0) is the classification of the Nichols
algebras with finite Gelfand—Kirillov dimension arising from braided vector spaces (V, ¢)
that decompose as:

V=V& ---@&Vi®dVy1®---®Vy, c(Vi@V)=V,®V, i, jel,

where V7, ..., V; are blocks (see Section 2.2); Vi, ..., Vy are points (i.e. have dimen-
sion 1); and the braidings have a specific form, see for example, (3.2), (5.2). This result
relies on the classification in [7] and assumes a Conjecture treated partially in [3],
both about Nichols algebras of diagonal type. However in positive characteristic, the
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Table 1. Finite-dimensional Nichols algebra in characteristic 2.

Vv BV dimK dim B(V)
Lo(1, 1) Proposition 3.6 23 27
£o(l,a), a1 Proposition 3.7 24 28
P(q, a), a € (k) Proposition 5.4 2lAl 24HAl
€u() Proposition 6.2 22 24

Ep (), 0Bl Proposition 6.3 3 2233

classification of finite-dimensional Nichols algebras of diagonal type is known only in
rank <4 [9, 10, 11]. Inspired by [6] and by familiar phenomena in Lie theory in positive
characteristic, examples of finite-dimensional Nichols algebras in odd characteristic were
constructed in [4] by analogy with the Nichols algebras in [2] that have infinite dimension.
Here we extend these constructions assuming that the base field k is algebraically closed
of characteristic 2. There are new features as 1 = —1 now. For instance in characteristic
0, two main actors are the Jordan and the super Jordan planes. Their restricted versions
in characteristic p > 2 have dimensions p? [6] and 4p? [4], respectively. When chark = 2,
they merge in the restricted Jordan plane that has dimension 16 =4 x 2? [6]. Other fami-
lies of [2] also merge. Finally, the fact that x? = 0 for suitable x; in the braided vector space
brings on more examples with finite dimension. Let us present the main result of this paper.

THEOREM. If V is a braided vector space as in Table 1, then the dimension of the
Nichols algebra B(V) is finite.

See Section 2.3.2 for the meaning of K. The braided vector spaces £,(1, 1) appear
to be close to £(—1, %) and £_(—1, ¥) in [4, Table 1], but (£, (1, a)), a # 1 has no
finite-dimensional analog in char k = p > 2. Similarly, the algebras Z(3(q, a)) are finite-
dimensional in odd characteristic only when the entries of a belong to the prime field,
in contrast with characteristic 2. Also &, (w) does not appear in the loc. cit. Albeit no
classification is envisageable yet as the knowledge of diagonal type is still incomplete, we
present partial results in Theorems 3.1, 4.1, and 6.1.

After spelling out some preliminaries in Section 2, we devote Sections 3, 4, 5, and
6 to Nichols algebras of one block and one point, one block and several points, several
blocks and one point, and one pale block and one point, respectively. Our proofs rely on the
splitting technique Section 2.3.2 and the classifications in [9, 10, 11]. Explicit examples of
finite-dimensional pointed Hopf algebras are discussed in Sections 3.2, 5.2, and 6.2. More
examples by lifting will be presented in a future work.

2. Preliminaries.

2.1. Notations and conventions. We denote the natural numbers by N, Ny =N U
{0}. Weset ly,={neNy:k<n<¢},l,=0;, and N5, =N\1,_;, for £ <€ eNy. We
work over an algebraically closed field k of characteristic 2. The group of N-th roots of
unity in k is denoted by Gy; G), is the subset of the primitive roots of order N and G, =
UNEN Gy.

Throughout H is a Hopf algebra with bijective antipode S. We use the notations
G(H) = the group of grouplikes in H, P(H) = the space of primitive elements, H=
Hom,j,(H, k), H#YD = the category of Yetter-Drinfeld modules over H; see for example
[12, 11.6].
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2.2. Yetter—Drinfeld modules.

2.2.1. Braided vector spaces
A braided vector space V is a pair (V, ¢) where V is a vector space and ¢ € GL(V'®?)
is a solution of the braid equation:

(c®id)(id ®c)(c ® id) = (id ®¢) (¢ ® id) (id ®c).

We are interested in two classes of braided vector spaces. First, (V, ¢) or simply V is of
diagonal type if there exist a basis (x;);el, of V' and a matrix q = (g;); e, such that g;; € k*
and c(x; ® x;) = q;x; @ x; for all i, j € ly. We denote in T(V), or any quotient braided Hopf
algebra:

X = (adc x,~) Xj, Xiriy.iyy = (adc X,‘])xiz___,*M, i,j, iy...,0iy € ﬂ, M >2.

Second, let € e k* and £ € N>,. A block V(e, £) is a braided vector space with a basis
(7)1, such that fori,jel,,j> 1:

c(x; ®x1) =€x1 @ X, c(x; @ x;) = (ex; +xj-1) @ x;. 2.1

For simplicity, a block V(e, 2) of dimension 2 is called an e-block.

2.2.2. Realizations

Any Yetter—Drinfeld module V' bears a structure of braided vector space by c(v @ w) =
V=1 - W V), v, w € ¥V where §(v) = v(_1) ® v(g). The braided vector spaces above appear
as Yetter—Drinfeld modules in different ways called realizations. Let I be an abelian group
and let T be the group of characters of I'. The Yetter—Drinfeld modules over the group
algebra kI' are the I'-graded I'-modules, the I'-grading being denoted by V = @gerVe;
thus h- Vo=V, forg,hel. Ifgel and x € T, then the one-dimensional vector space
k¥, with action and coaction given by g and x, is in {L.YD. Given V € {1 VD with a basis
(vi)ier Where v; is homogeneous of degree g;, there are skew derivations 9;, i € I, of T'(V)
such that:

0i(vj)) =8y, i,j€l, 0i(xy) = 0;(x)(gi - y) +x0:(»), x,y € T (V). (2.2)
More generally, a YD-pair for H is a pair (g, x) € G(H) X H such that:
x (W) g = x(h@)ha) g S(ha)), heH. (2.3)

Let k¥ be a one-dimensional vector space with H-action and H-coaction given by x and g,

respectively; then (2.3) says that k¥ € #YD. Thus, a realization of V' of diagonal type with
matrix q = (g;)i jel, is just a collection (g1, x1), ..., (g, Xo) such that g; = x;(g;) for all
I,je ﬂg.

2.2.3. Realizations of e-blocks
For x € H, the space of (x, x)-derivations is

Dery , (H, k) ={n € H* :n(ht) = x (n(0) + x (On(h) ¥Yh, £ € H}.

The realizations of e-blocks are given by the notion of YD-triple for H [4]; this
is a collection (g, x, n) where (g, x), is a YD-pair for H, n € Der, , (H, k), x(g) =,
n(g) =1and
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nh)g =nhe)hngSha), heH. 24

Given a YD-triple (g, x, n), we define V,(x, n) € g)}D as the vector space with a basis
(x;)ie1,, whose H-action and H-coaction are given by:

h-xi=xMx1, h-xo=xMWx+nx, x)=g®x, heH, icl,.

Then, V,(x, n) 2~ V(e, 2) as braided vector spaces.

ExampLE 2.1. Lete =1 and I' = (g) be a cyclic group of order N. Let V be the vector

space with a basis (x;);e1, with grading deg x; = g, i € [,. Then the assignment g — ( (1) : )
defines a representation of I' (hence, a structure of Yetter—Drinfeld module over kI') if and
only if N is even. Thus if dim H < oo and H admits a YD-triple (for € = 1), then dim H is

cven.

2.3. Nichols algebras. Let V € 22)D. The Nichols algebra of V is the unique graded
connected Hopf algebra (V) = @,-0%" (V) in YD such that V ~ B (V) =P(B(V))
generates A(V) as algebra. See [1] for an exposition. The algebra and coalgebra underlying
B (V) depend only on the braiding. If V' € EFJJD is as in Section 2.2, then the 0;’s induce
skew-derivations on Z(V). Then, w € Z*(V), k > 1, is 0 if and only if 3;(w) = 0 in B (V)
foralliel.

2.3.1. The restricted Jordan plane
This is the Nichols algebra of a 1-block.

THEOREM 2.2 ([6]). The algebra B(V(1, 2)) is presented by generators xi, x, and
relations:

x%, xg, x%xl + xlx% + x1x%71, X1X2X1 X2 + XX 1X2X1. (2.5)
Let x51 :=x1x + xox1. Then, dim BV (1, 2)) = 16 since B (V) has a basis:

mp m;_n .
{Xl Xy1 Xy 1 My, My EI](),], I’l€|]0,3}. O

2.3.2. The splitting technique
Let V=V @ V, be a direct sum of objects in ﬂg)}D. Then, Z(V) >~ K#% (V) where
K = 2(V)«°#7) By [8, Proposition 8.6], K is the Nichols algebra of

K'=ad. B(V) (V). (2.6)

Here, K' € g%;ﬂg YD with the adjoint action and the coaction given by
8 = (e mr ®id) A zur. (2.7
3. One block and one point.  Let (g;); jel,, ¢ij € k™, a € k. In this section, we assume

that

qu =1, q12q21 = 1. 3.1
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Sometimes, we use o =¢qp = qz_ll. Let £,,(g22, a) be the braided vector space with basis
() en, and braiding given by
X1 @ X1 (2 +x1) ®x q12%3 ® X1
(cxi ®x)ijer, = | x1 ®x2 (2 +x1) ®x; g3 ®x; | - (3.2)
gnx1 ®x3  gu(x2+ax)) ®x3 X3 X3

Let Vi = {(x1, x2) = V(1, 2) (the block) and ¥, = {x3) (the point); then £,(g2,a) =V, @&
V5. For simplicity, ¥ = £,(¢2, a). Let I' = Z* with canonical basis g;, g». Observe that
(V, ¢) can be realized in [L YD via:

g1 X1 =Xy, g1 Xy =X + X2, g1 - X3 =(12X3,
& X1 =qux1, - -X2=q0x2+ax)), g -X3=gnxs, (3.3
degx1 =41, deng =41, degx3 =&.

Ifa =0, then B(L£, (g2, 0)) = B(V1)QA(V,), where  is the braided tensor product.
Since dim Z(V}) =24, dim B(L,,(¢2, 0)) < 00 <= dim B(kx3) < 00 <= ¢ € G
Thus, we can assume that a € k*.

Our main goal in this section is to prove the following result.

THEOREM 3.1. Assume (3.1) and that a # 0. Then, dim (£, (g2, a)) < o0 if and only
if ¢22 = 1. Precisely, dim #(L£,(1, a)) = {;Z ;Z :ﬂi\ ©.1).
We shall apply the splitting technique cf. Section 2.3.2. To describe K, we set
z, .= (ad. x2)"x3, neNp. (3.4)
We establish first a series of useful formulae.
LEMMA 3.2. The following formulae hold in B(V) for all n € Ny:
g1 Zn = q122n, X1Zn = q12ZnX1, X212n = qaZaXa1, (3.5)

&2 Zn = 4519220, X2Zp = q12ZpX2 + Zpt1. (3.6)

Proof- Note that (3.5) holds for n = 0. Indeed, g; - zy = g - x3 = 1220 and using deriva-
tions is easy to check that x,zy = g12z¢x| and x31z9 = quzoxn . Now suppose that (3.5) holds
for n. Then, z,41 = (ad. x2)" %3 = (ad.. x2)z, = %22, + (1 - 2,)X2 = X2Z), + G1224X2. SO We
compute

Q1 Zup1 = &1 - (02p + q1220%2) = 12 (X1 +X2)2, + @120 (1 4+ X2)
= q12l(x2zy + q1224%2) + (X120 + q1222X1)] = G12Z041-
Similarly,
X1Znp1 = X1 (022, + q1222%2) = (¥21 + X2X1)Z + @1oZnX1X2
= q2ZuXa1 + q12%2ZuX1 + G1aZn (21 + X2x1)

= q12(X22 + G122pX2)X1 = q12Zp41X]1.
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Also, since xp1x2 = x3X21 + x21x; we have that

3
X21Zn41 = X21(X2Z, + q1224X2) = X21X225 + ¢15ZpX21X2
3
= X2X21Zy + X21X1Zn + q17ZnX21X2
2 3
= g12X0Z,X21 + q12X212,X1 + q122, (X2X21 + X21X1)
_ 2 3 3 3
= q12X2ZnX21 + q122nX21X1 + q12ZnX2X21 + G12Z0X21X1
2
= g7, (X22, + q122,X2)X21
_ 2
={q12Zn+1X21-

Finally, the first equation in (3.6) follows by induction. For n =0, g; - zo = g2220.
Suppose that g; - z, = ¢5,9222,. Then,

82 Znt1 =2 - (%22, + G122,X2)
= q21 (X2 + ax1)(q5,9222n) + q12(q5,92220)q21 (X2 + ax;)

= @57 o2 (0220 + q122a%2) + agh @2 (¥124 + q12z4%1)

=57 g202011. O
We define
mo=1, n1=a, M2 =a, uz=a(a+1),
yo=1, yi=2Xxi, Y2 =X21, V3 =X1X21.

LEMMA 3.3. For all k € Ny, 0,(z;) = 0,(zx) =0, and
03(zr) = vk,  kelys, 0(zk) =0, k=>4
Proof. Clearly, 0,(z9) = 02(z9) =0, 93(z0) = 1. Recursively, 9,(zx) =0 for all k. If
3.5
02(z) =0, then 3 (zg41) = 02 (X225 + q1224X2) =1 - Zk + g2z = 0. Next,
03(z1) = 93 (x2x3 + q12x3%2) = X2 + q12(g21 (X2 + ax)) = ax; = w11,
03(22) = 3(x2z1 + q1221X2) = axox1 + g12ax1q21 (X2 + axy) = axp1 = U2y,
03(23) = 03 (0222 + q1222X2) = axpXxp1 + g12ax21q21 (X2 + axy)
= axy (xox1 +x1x2) + a(xax1 + x1x2) (X2 + axy)
= ax%xl + axlxé + a2x1x2x1 =) (a+ az)xlxle
= (a+ a*)x1x2 = w33,
03(24) = 03 (X223 + q1223%2)
= (a + @)xx1x2x1 + qi2(a + a*)x1x2x1 (g2 - X2)
= (a+ a*)xox1x02x1 + qi2(a + @®)x1x2x1 (g21 (2 + axy))

25
= (a + @) (X101 + X1X2X1X2) @y, O
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LEMMA 3.4. Let By :={z;:i€lo2} and By :={z;:i€los}. Ifa=1 (resp. a # 1), then
By (vesp. By) is a basis of K.

Proof. Notice that (ad. x1)z, = 0 and (ad, x31)z, = 0. By Theorem 2.2 and Lemma 3.3,
ifa=1 (resp. a # 1), then B (resp. B,) generates K'. Since the elements of B; (i € l ,) are
homogeneous of distinct degrees and are nonzero, it follows that B; (i € ly2) is a linearly
independent set. O

Let i € Nyg. We define recursively the scalars v;;, for j > i, by
vii=1, vij=(@+ (G —1)vij1.

LEMMA 3.5. The coaction (2.7) on z;, i € ly 3, is given, (forn =0, 1) by

n n
“k_2k-1 —k 2k
8(zon) = Z VinX1Xy, &1 &2 ®Zap—1 + Z VknXy 81 &2 ® Zok,
k=1 =0

n n
n—k 2k n—k 2k+1
3(zony1) = E Vkn1X1X51 81 82 & 2ok + E Vit 1Xy) &) 82 @ 2241

k=0 k=0

Proof. Similar to the proof of [2, Lemma 4.2.5]. O
Lemma 3.5 implies that K' is of diagonal type with braiding given by

o(z; ® 2) =y 4227 ® 7, Vi (3.7)

Now we are ready for to prove the main result of this Section.

Proof of Theorem 3.1. If g5, = 1, then the Dynkin diagram of K is totally disconnected
with vertices labeled with 1. Thus, if a = 1, then dim Z(K') = 2% and dim B(£,,(1, 1)) =
27;if a # 1, then dim Z(K') = 2* and dim B(L,, (1, a)) = 2%. If g, # 1, then the Dynkin
diagram of K is

a=1: o2 a#l: o2
5/%2 5/%2 qu 5 ‘I%z
a2
2 2 2
od2 9n od2- 0922 _ T2 o422 _T g
qu
By inspection of the lists in [10, 11], we conclude that dim Z(K') = cc. O

3.1. The presentation by generators and relations. Let c be the braiding of K' as
in (3.7). Then gy = 1 if and only if ¢* =id. Hence, for a =1 (resp. a # 1), Z(K") is the
algebra generated by zg, z1, z (resp. zo, z1, 22, z3) With relations:

2 i .
z; =0, ziZj = ¢ ZjZis i #j.

Thus, we have the following results.
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PROPOSITION 3.6. The algebra (L, (1, 1)) is presented by generators x1, x, x3 with
defining relations (2.5) and

X1Zj =q12ZX1,  Zjp1 =X2Zj + q122ZjX2, J €N, (3.8)
zizj = q];lizjz,-, Zf =0, 2z =0, i,jeloa, k=3. 3.9

The dimension of #(£,(1, 1)) is 27, since it has a PBW-basis:
O

my My ms ny .
{x]" x0T x5 25 2] ZO s my, my, n; € oy, my €los}.

PROPOSITION 3.7. The algebra HB(L,(1,a)), a#1, is presented by generators
X1, X2, X3 with defining relations (2.5) and

X1Zj =P ZX1, Zjp1 =X2Zj + PZjX2, 7 €N, (3.10)
zzi =977z, =0, z=0, ijelys, k=>4 (3.11)

The dimension of B(£,(1, a)) is 28, since it has a PBW-basis:
O

my my M3 _ns _np_ni_no .
(x)'x50xy 250 2502 2z 2 my, mo, g € Doy, m3 el 3}

3.2. Realizations. Let (g1, x1, ) be a YD-triple and (g», x») a YD-pair for H, see
Section 2.2.3. Let (V, ¢) be a braided vector space with braiding (3.2). Then Vg, (x1, n) ®
k3 € HYD is a principal realization of (V, ¢) over H if

a5 = x;(2), i,j€ly; a=q,'n(g).

Thus, (V, ¢) =V, (x1, 1) @ ]kgz2 as braided vector space. Hence, if H is finite-dimensional
and (V, ) = £,(1, a), a#0, then B(V,, (x1, 7) ®kL)#H is a finite-dimensional Hopf
algebra. Observe that the existence of a YD-triple for A finite-dimensional is not granted,
for instance, g = ¢, should be a root of 1, otherwise there is no such triple. Suppose that
ord o = M € N. Notice that M is odd because char k = 2. Here are some explicit examples
of finite-dimensional pointed Hopf algebras like this: take I = (g1) x (g2) where both g,
and g, have order 2M. Then, (V, ¢) is realized in kFyD with structure as in (3.3) and
dim B(N#HKT =2°M? (ifa=1) or 2'°M? (if a # 1).

4. One block and several points. Let6 € N3, IJZ =l U {%}; as usual | x| is the inte-

gral part of x € R. We fix a matrix q = (g;); jer, wWithentriesink* anda= (1, az, ..., ap) €
k?. We assume that
qu =1, qijqn =1, foralljel, g, a#(1,0,...,0). 4.1)
Let (¥, ¢) be the braided vector space of dimension 6 + 1, with a basis (x;), I and braiding
given by
+
q1i%; @ Xi, iel), jely;
o @xy=1 """ R 42)
qup (e +ayx) @x;, iely, j=3.

Then, V=V, @ V, where V| = (xl,xs Yy~ V(1, 2) (the block) and V, = (x3, ..., xy) (the

points). If I' = 7% with basis (g4)scl, » then V can be realized in kFyD asin (3. 3) Here is
the main result of this section.
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THEOREM 4.1. Assume (4.1). Then dim B(V) = co.

We shall use the material from the previous section with % replacing 2 for instance
X3 =x3X1 +X1X3. We shall apply the splitting technique cf. Section 2.3.2. To describe K!,
we introduce the elements:
n
= (adcx%) X, il n e No. 4.3)
Letielyy, neNy. By Lemma 3.2, we have that
81" Zin = q1iZin» Zintl =X3Zin + Q1iZinX3 X1Zjn = q1,iZi,nX1.- 4.4
Consequently,
&h* Zin = qzlqhizi,ns he |]2,9. 4.5)
In fact, g, - z; 0 = gx - Xi = quix;. Suppose that g, - z; , = g}, qniZi». Thus,
&h Zin+1 =8h " (X%Zi,n + q1izi,nx%)
=dqn (x% + ahxl) qmniZin + CIIiQZTICIhiZi,n (x% + ahx1)
=g g (X%Zi,n + quz[,nx%> = ¢ Grizinn-

As in Lemma 3.3, we define fori e [, 4,

:u’(()l) = 17 H/El) =4, Ng) =daj, l“l':(;l) = ai(ai + 1)7
yo=1, yi=xi, Y2 =X, V3 =X1x3p

Hence, 05(zi,) =0forielp,neNy,i#he I]Z, and
0i(zin) = Mf,i)J/n, nels, 0i(zin) =0, n>4

Fori e[, 4, we define

{(lv 0)}’ ai:()’
Ji = {(lv 0)7 (lv 1)7 (l, 2)}7 a; = 1, J = U Jl
(G,0), G, 1), (,2), G, 3), @ #10, 1), i

LEMMA 4.2. The family B = (z; ) (i.nyes is @ basis of the braided vector space K', which
is of diagonal type with braiding:

czZim ® 2Zjn) = 41191,95Zjn @ Zim, (i,m), (j,n)eJ. (4.6)

Proof. Arguing as in Lemma 3.4, we see that B is a basis. We compute the coaction
(2.7) on z; , as in Lemma 3.5 and then (4.6) follows. O

Proof of Theorem 4.1. 1t is enough to show that dim Z(K') = co. By (4.6), we may
assume that the Dynkin diagram of the matrix (g;j); jet, , is connected. We then may assume
that § =3 by taking a suitable subdiagram; thus g3 := ¢23¢32 # 0. We distinguish then
three cases. First assume a = (1, a, 0) with a # 0. By Theorem 3.1 applied to V; @ (x»),
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g2, = 1. By Lemma 4.2, K! is of diagonal type. If a = 1, then its Dynkin diagram is

q23 ol
which does not appear in the list in [11]. If a # 1, then the diagram above appears a subdi-

agram. The case a = (1, 0, b) with b #~ 0 is similar. As well, if a= (1, a, b) with a, b # 0,
then the diagram above also appears a subdiagram of that of K. O

5. Several blocks and one point. Let7>2 and 6 =7+ 1. As in [2, 4] we use the

notation:
1
u,fz{k,k+§}, kel F=rFu---ulfue).
We fix a matrix q = (g;); jet, with entries in k* and a = (a, .. ., a;) € k. We assume that
qi =1, qiqi =1, foralli#jely; aj #0, jel;. 5.1

Let B(q, a) be the braided vector space with basis (x;);c: and braiding:

q1ijlj) % @ Xis L] <t LiJ# Ul
X ® X, lij=j=t,
c(xi®x) =1 (x;,4x,)) ®x, li] <t j=li]+3. (5.2)
qo; X @ Xg, i=0,jely,
o1y O+ ayx) ®xe, =0, j¢ly.

Let 1 =W &®...&® W, where W; = (x;, xk+%) ~ (1, 2) (the blocks); and let V; = (xy)
(the point). Then, P(q, a) = V1 @ V,. If T' = Z? with basis (g;);ci,, then there is an action
of I" on V determined by

X ®x) =g X X, iely, jelt (5.3)
Thus, V is realized in L YD with the grading deg(x;) = g;, i € [*.

Here is the main result of this section; see (5.9) for the explicit formula of the
dimension.

THEOREM 5.1. Assume (5.1). Then dim B(B(q, a)) < oo.

Letjel,. Wesetx;, 1;=x; 1x;+xx;, 1 and define

,u(()j): 1, uﬁj):aj, Méj):aj, ,u;j):aj(aj+ 1), ,uf,j)zo ifn=>4,
vio=1,  yi1=x, Via =Xl Vi3=XXj1 Yin=0 ifn>4

To apply the splitting technique, see Section 2.3.2, we introduce the elements:

mn:=<adcx%> 1...(adcx,+%)1x9, n=(n,...,n)€N;. (5.4)
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We start establishing some useful formulas.

LEMMA 5.2. Letjel,andn=(ny, ..., n;) € N{. Then

ad, XJ'(Hln) =ad, ijr%j(HIn) =0,

ade x4 () = [ gjfmae,
i<j
t t
g ma=qo | [q} g ma=]]ghma

i=1 i=1
t
O(my) =01 (my) =0, Bp(m) = [ [ ty1m - im,
i=1
Proof. Similar to the proof of [2, Lemma 7.2.3].

Let us set

bj:=2, ifa;=1, bj=3, ifa; #1, andb= (b, ..., b)eN.

Arguing as in [2, Section 7.2], we conclude from Lemma 5.2:
LEMMA 5.3. Let A= {n e Nj : n <b} ordered lexicographically.
(i) The elements (111y)ne.4 form a basis of K.
(i) The coaction (2.7) on 1y, is given by

k k
SO = > VRVink - Vem—k&)' - - 88 @y

0<k<n

Jor some scalars vy, 0 <k <n, with vy = 1.

75

(5.5)

(5.6)

(5.7)

(5.8)

(iil) The braided vector space K' is of diagonal type with respect to the basis (1, )ne.4

with matrix braiding (Dm.n)m.neA, Where
t
mn; m; n
Pmn = 1—[ q; "9 ;-
ij=1
Hence, the corresponding generalized Dynkin diagram has labels:

Pmm = 1 Pm.nPnm = I, m #n.

Proof of Theorem 5.1. By Lemma 5.3, dim Z(K')=2". Now the blocks
Wi and W;, i#j, commute in the braided sense by definition, therefore Z(V;) =~

BWNQBW,) ... 8%A(W)). Hence,

dim Z(P(q, a)) = 244l
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5.1. The presentation by generators and relations.

PROPOSITION 5.4. The algebra (3(q, a)) is presented by generators x;, i € I¥, and

relations:
X} =0, xl =0, iel, (5.10)
2
x?+%xi+x,-x?+% +x,-xi+%x,-=0, iel, (5.11)
xixi+%x,~xl-+%+xi+%xl~xi+%xi:0, iel, (5.12)
XiXj = qi)1j1%%i, Li] # Ul €1, (5.13)
XiXg = qioXoXi, iel, (5.14)
1+b;
(adcxpr%) (xp) =0, iel, (5.15)
My My = Pm, n 1, My, m#ne A, (5.16)
mflzo, neA. (5.17)

A basis of B(P(q, a)) is given by

B= {ylymlx’fz . .y,,,,,z,flx:’j:’l H ml 0<by<2, 0<m<4y.
: ? eA

Hence, dim Z(3(q, a)) =24+l 0

5.2. Realizations. Let H be a Hopfalgebra, (g;, xi, 1:), i € l;, a family of YD-triples
and (gy, xo) a YD-pair for H, see Section 2.2.3. Let (¥, ¢) be a braided vector space with
braiding (5.2). Then,

V= ( ®ici, Vo (i n,-)) ®kL eiyD (5.18)
is a principal realization of (V, c) over H if
i = X;(&), i,j €lg; aj=q;'n;(g), j€l..
Consequently, if H is finite-dimensional, then so is Z(V)#H. But the existence of such
H requires that all g;;’s are roots of 1. In this case, let I' = (Z/N)? where N is even and

divisible by ord g;; for all i, j. Then, (V, ¢) is realized in ﬁgyp with action (5.3). Thus,
AB(P(q, a))#kI is a pointed Hopf algebra of dimension 24 +4IN? .

6. One pale block and one point. An indecomposable Yetter—Drinfeld module
which is decomposable as braided vector space is called a pale block [S]; the simplest
examples were studied in [2, 4]. We extend the analysis there to characteristic 2.

Let (g)i je, be a matrix with nonzero entries; we assume that g;; = 1 and g12¢921 = 1;
we set p =¢q2 = q;ll. Let V' = €, (q22) be the braided vector space of dimension 3 with
basis (x;);e1, and braiding given by
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X1 ®@x1 X2 @ X1 q12x3 @ X1
(cxi®@x))ijer, =] x1 Qx2 X2 ® X2 quax3 x| - (6.1)
@1x1 Qx3 g2 +x1) @x3 X3 ®x3

Let V] = (x1, x;) (the pale block), V', = (x3) (the point), and I = 7? with a basis 21, 2.
Notice that (V) is a truncated symmetric algebra of dimension 4. We realize V in [.VD
by deg x; = degx; = g1, degx3 = g»:

81 X1 =X1, 81 X2 = X2, 81 - X3 = {q12X3,
(6.2)
& X1 =qux1, £ -X2=gn02+x1), g X3=qnx;.

THEOREM 6.1. The Nichols algebra JB(&(q2,)) is finite-dimensional if and only if
g2 =1o0r gn =, withw € Gj.

To apply the splitting technique, see Section 2.3.2, we introduce the elements:
My,n = (adc xl)m(adc x2)nx37 Wy =y 0, Zp = 1o, p, m,ne N0-

By direct computation,

81 - Wy p = q1200y 5, 2 Wi = qg,lquZWms (63)
Zn+1 = X2Zy + q12ZnX2, Myt 1, = X1 My + G120 4 X1, (64
01 (1L, ) = 02 (111, ) = 0, d3(w,,) =0, forall m> 0. (6.5)

Since x; and x, commute, 111, , = (ad. x2)" (111,,,0) = (ad. x2)" (Wy,). By (6.5) wy,, =0
and thus 11, , = 0, for all m > 0. Hence, {z, : n € Ny} generates K I Ttis easy to check that

&2 Zp = qgquZZn, 03(z,) :x’f, ne N0~ (66)

As x? =0, we conclude that {zg, z;} is a basis of K'. The coaction is given by §(z9) =
2 ®zp and §(z1) =x122 ® 29 + 212> ® z;. From (6.6) follows that K is a braided vector
space of diagonal type with braiding:

c(zi®z) = 611;612221' ® z;, i,jely;.

Proof of Theorem 6.1. If gy, = 1, then the Dynkin diagram of K' is totally discon-
nected with vertices labelled with ¢,,. In this case, 2(2) :z% =0, dim Z(K') =4 and so
dim B(€, (1)) = 2% 1If g2 # 1, the Dynkin diagram of K! is

o
of2 2 an

By inspection in the list of [9], dim Z(K') < oo if and only if ¢ = w, with w € Gj5. In this
case, dim Z(K') = 33 and so dim Z(€,, (w)) = 2233. O
6.1. The presentation by generators and relations.

PROPOSITION 6.2. The algebra %(& (1)) is presented by generators x, x,, x3 with
defining relations:

¥=0, B=0,  xx=xx, (6.7)
X1X3 = OX3X1, Z] =XoX3 + £OX3X2 (6.8)
¥=0  zZI=0. (6.9)
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The dimension of (€ (1)) is 24 since it has a PBW-basis:
O

my_ my _np_no
{x1 x5z x50 T my, nieﬂoﬁl}.

PROPOSITION 6.3. Let zo; :=ad. x3(z1). The algebra B(&,(w)) is presented by
generators X1, Xy, x3 with defining relations:

x% =0, x% =0, X1Xy = XoX1, (6.10)
X1X3 = PX3X1, 2] =X2X3 + £X3X2 (6.11)
xn=0  z1=0. (6.12)
Z =0, (adex3)’(z1) =0. (6.13)

The dimension of (&, (w)) is 2233, since it has a PBW-basis:
O

my_ my _ny _nyp_no
{x1 X520 zg1x5" tmi€loy, nie [Io,z} .

6.2. Realizations. Assume that g is a root of 1 of odd order M. Take I" = (g;) X
(g2) where g has order M and g, has order 2M. We realize € (1) in ﬁ;yp by degx; =
degx, =gi, degx; = g, and action (6.2). Then, (€, (1))#kT is a pointed Hopf algebra
of dimension 2°M?.

Also, let Y = (h;) x (hy) where h; has order M and 4, have order P := lcm(6, M). We
realize €, (w) in ﬁ%yl) by deg x; = degx, = hy, deg x3 = h; and action as in (6.2) with 4;’s
instead of the g;’s. Then, (€, (w))#kY is a pointed Hopf algebra of dimension 2333 MP.
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