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Studying the nonlinear performance of an
amplifying reflectarray antenna

iman aryanian, abdolali abdipour and gholamreza moradi

In this paper, significance of studying the nonlinear performance of amplifying reflectarray antenna is clarified by showing
nonlinear behavior of the unit cell. Furthermore, the procedure for nonlinear analysis of amplifying reflectarray antenna is
described and nonlinear analysis is verified by ADS software simulation. Moreover, a typical amplifying reflectarray antenna
is designed considering the nonlinear behavior. Nonlinear analysis of the active aperture-coupled patch unit cell is performed
using harmonic balance method considering nonlinear model of the amplifier. Then, the effect of nonlinear element in radi-
ation pattern of the antenna is studied. Passive unit cell is simulated using full-wave analysis method considering infinite
array approach, and scattering parameters of the unit cell is obtained. Next, these scattering parameters are transformed
to admittance parameters and used in obtaining nonlinear response and harmonic distortion of the unit cell containing amp-
lifier. Obtained results show up to 3.4 dB error in predicting pattern of the antenna with linear modeling of the active element.
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I . I N T R O D U C T I O N

A microstrip reflectarray antenna is a low-profile planar reflect-
or that consists of microstrip patch arrays printed on a dielectric
substrate which its surface is illuminated by a feed antenna.
Each element of the array is designed to produce required reflec-
tion phase shift to form desired pattern. Phase shift in each cell
can be obtained by different methods like varying the size of the
resonating patches [1] or by a transmission line of proper length
connected [2, 3] or aperture-coupled to the patches [4, 5].
Moreover, the phase can be controlled by active element in
the structure of the antenna which gives the ability of controlling
the pattern to have a reconfigurable antenna [6, 7]. Different
methods are used to add reconfigurability to reflectarray
antenna, using microstrip elements with an integrated electronic
control, like micro-electro-mechanical systems (MEMs)-based
structures [8], varactor-loaded patches [9–12], PIN diodes
[13], or liquid crystal-based structures [14]. Furthermore, amp-
lifying reflectarray antenna is a candidate to increase gain of the
antenna in which, an amplifier is used in each unit cell of the
antenna. This kind of antenna has been used in [15–17] to
reach to power amplification from the antenna surface.

Power level on the surface of the antenna can be such that it
necessitates nonlinear analysis of active reflectarray antenna
when using amplifier or diodes in the unit cell of the antenna.
In this paper, it is shown that power distribution on the
antenna surface may cause some active elements of the antenna
to behave nonlinear. In these cases, unit cell of active reflectarray

antenna should be analyzed in a two-step process to consider non-
linear behavior of active element. First, passive radiation part
should be simulated by a full-wave analysis method to obtain
parameters of the passive part. For this purpose, unit cell of the
antenna is simulated assuming infinite array and the active
element is replaced by a two port network. Also, two spatial
ports are considered for each polarization of the incident plane
wave which are modeled as Floqute port. Consequently, linear
structure is analyzed to obtain scattering parameters of the unit
cell. Next, obtained scattering parameters are used in the non-
linear analysis of the unit cell and finally nonlinear results are
used in the design of whole antenna. The novelty of this paper
is showing the importance of nonlinear analysis of amplifying
reflectarray antenna which is not considered in the past works
and also showing the effects of nonlinear phenomena on the
antenna pattern. Furthermore, nonlinear analysis of amplifying
reflectarray antenna is explained for the first time and the
results are compared with simulation using ADS software. In add-
ition, based on the described approach in this paper, one can
develop the nonlinear analysis for the active reflectarray
antenna with different nonlinear active devices by other nonlinear
models. However, the described analysis method can be per-
formed when nonlinear model of the active element is available.
Nonlinear model may be provided by the constructor of the tran-
sistor or can be obtained from a test procedure to extract para-
meters of the nonlinear model which is performed for example
in [18].

I I . U N I T C E L L C O N F I G U R A T I O N

The proposed unit cell consists of a dual-polarized aperture-
coupled microstrip patch and an amplifier connected
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between the two ports in the microstrip line path as shown in
Fig. 1(a). Also, to focus mainly on the performance of the
active element, an ideal phase shifter is considered in the
structure to control the phase of the reflected signal.
Dielectric constant of top substrate is 3.02 with a height of
1.524 mm, and dielectric constant of bottom substrate is
6.15 with a height of 1.28 mm. The element is designed in
the center frequency of 6 GHz by adjusting the dimensions
of the patch, aperture, and matching stub so that good match-
ing is achieved from the ports at the end of the microstrip lines
and also increasing the isolation between the two slots.
Optimized dimensions for the element are given in Table 1.

A) Unit cell modeling
To simulate the unit cell of the antenna assuming infinite
array, the active element is replaced by a two port network
and the unit cell is modeled as a four port network, in
which ports 3 and 4 are spatial ports modeled as Floqute
port, and ports 1 and 2 are located at the middle of the trans-
mission lines representing the amplifier. Consequently, linear
structure is simulated by high frequency structure simulator
version 13 software to obtain four port scattering parameters
as shown in Fig. 1(b). In this simulation, phase shifter is
replaced by a transmission line and infinite array approach
is used which gives a good approximation of the reflected
phase from the element using Floquet modes [19].

B) Active unit cell modeling
After modeling the linear part of the unit cell, active element is
added to the analysis by a nonlinear two port network as
shown in Fig. 1(c).

Showing the analysis procedure needs to select a sample
transistor in which its nonlinear model parameters are avail-
able. Also, as our goal is to compare analysis results with
ADS simulation for verification, nonlinear model should be
defined in the software. By the explained nonlinear analysis
method, the analysis procedure can be performed for other
transistors with different nonlinear models. Active element
used in this section is ATF36163 which has nonlinear Statz
model [20]. This model is shown in Appendix.

I I I . N O N L I N E A R A N A L Y S I S

A) Harmonic balance analysis
The model for analyzing the antenna is complex and the unit
cell response of the amplifying reflectarray antenna should be
obtained for all input powers of the amplifiers.

Nonlinear analysis is performed using harmonic balance
method which is appropriate for nonlinear circuit analysis
and is commonly used to simulate nonlinear circuits.
Therefore, using harmonic balance method [21], nonlinear
analysis of the unit cell is performed. For this reason, the
unit cell structure is divided into two nonlinear and linear net-
works as shown in Fig. 2(a). The linear subcircuit is treated as
a multiport and described by its Y-parameters and the non-
linear elements are modeled by their I/V or Q/V character-
istics, given in (A.1)–(A.5) in the appendix, and must be
analyzed in the time-domain. The nonlinear network is com-
posed of two nonlinear capacitances and one nonlinear
current source and the linear network consists of parasitic ele-
ments and lumped elements of unit cell and also, four-port
network of the unit cell obtained in the previous section.

The circuit in Fig. 2(a) is successfully analyzed when either
the steady-state voltage or current waveforms at each port are
known [21]. If, for example, we know the frequency domain
port voltages, we can use the Y-parameter matrix of the
linear subcircuit to find the port currents. The port currents
can also be found by inverse-Fourier transforming the vol-
tages to obtain their time-domain waveforms and calculating
the current waveforms from the nonlinear elements’ I/V equa-
tions. Our aim in harmonic balance analysis is to find a set of
port voltage waveforms that give the same currents in both the

Fig. 1. (a) Antenna unit cell schematic, (b) four port modeling of the unit cell,
and (c) nonlinear simulation of active element.
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linear-network equations and the nonlinear-network equa-
tions; that is, the currents satisfy Kirchoff’s current law.
When that set is found, it must be a solution. Therefore, our
aim is to find voltages of V1, V2, and V3 of Fig. 2(a), to have
Ii + Ĩ i = 0 and i ¼ 1,2,3. Biasing network of the amplifier is
shown in Fig. 2(b), where DC bias voltages of gate and
drain are 20.2 and 1.5 (V), respectively, and capacitances
C1 and C2 are 100 (nF), and inductances L1 and L2 are 100
(nH). Detailed steps to obtain harmonic balance equation
and solving it, is explained in the Appendix.

Considering nonlinear Statz model for the transistor and
harmonic balance analysis, total directivity of the unit cell and
the phase shift of the reflected signal from the cell are obtained

versus incident power to the unit cell which are shown in
Figs 3(a) and 3(b). Besides, to verify our code, nonlinear
results of harmonic balance analysis is compared with ADS soft-
ware simulation in Figs 3(a) and 3(b) which have good agree-
ment. Nonlinear simulation can be performed using other
simulation software too. Schematic of the nonlinear simulation
and nonlinear analysis is shown in Fig. 1(c) where the nonlinear
active element is placed between ports 1 and 2 in Fig. 1(b). Pin in
Figs 3(a) and 3(b) is the power of port 3 of Fig. 1(c) which simu-
lates the incident plane wave. Gain of the unit cell is obtained
from the ratio of the power delivered to port 4; which indicates
the reflected wave in the orthogonal polarization; to the input
power of port 3 in Fig. 1(c).

Table 1. Parameters of the cell.

Parameter d P1 P2 S1 S2 Wl

Value 33.56 mm 14.3 mm 13.9 mm 6.3 mm 8.8 mm 0.75 mm
Parameter t1 t2 w2 x1 x2 l1
Value 6 mm 2.5 mm 1.87 mm 1.5 mm 5.7 mm 20.7 mm
Parameter l2 l3
Value 12 mm 14.8 mm

Fig. 2. (a) Dividing the unit cell to nonlinear and linear networks, (b) biasing network of the amplifier.
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B) Investigating distortion caused by active
element
It is interesting to investigate the impact of nonlinearities on
system level parameters of reflectarrays, such as harmonic dis-
tortion, especially given the spatially dispersive nature of the
reflectarray with respect to out-of-band frequencies. This ana-
lysis can be performed if the nonlinear model of the active
element is available and the explained method in the previous
sections is used to obtain nonlinear behavior of the active
reflectarray antenna. Therefore, in this section harmonic dis-
tortion is evaluated utilizing nonlinear model of the amplifier.
Harmonic levels versus input power to the active unit cell is
depicted in Fig. 4 which shows an increase in the harmonic
levels as the input power to the cell increases, because
nonlinearity increases. The analysis method to obtain har-
monic distortion is like the analysis used to obtain the gain
and the phase response of the active nonlinear unit cell.
Second-harmonic level distortion indicates the ratio of the
power of the second-harmonic component to the power of
the fundamental frequency and the third-harmonic level dis-
tortion indicates the ratio of the power of the third-harmonic
component to the power of the fundamental frequency which
is shown in Fig. 4.

I V . S A M P L E A M P L I F Y I N G
R E F L E C T A R R A Y D E S I G N

In this section, we show that the power received to each cell is
different and as a result each cell may have different gain and
phase. To simulate the active antenna, a 59.5 × 59.5 cm2

antenna is designed by focal length of 74 cm. Assuming
center of reflectarray as center of Cartesian coordinates, feed
antenna is placed in (229.6, 0, and 74 cm).

We should determine the compensating phase of each
element to have a focused beam in the desired direction.
Our antenna contains 17 × 17 reflecting elements that are
illuminated by a feed located at the focal point of the
antenna. Considering a horn feed illuminating the individual
patches of the antenna, the excitation terms are proportional
to the magnitude and phase of the electric field of the feed
at the nth patch. One factor that affects the reflected field at
each patch is the distance between the feed phase center and
the nth element phase center (Rn). Furthermore, the feed
has a certain angular taper over the antenna surface which
can be included in the pattern analysis by multiplying the rela-
tive complex excitation term by a raised cosine factor [19] that
can be adjusted to match the pattern of the actual feed by
choosing the proper q. Here, q is the exponent of the feed
pattern function represented by cosqu and is determined
from the taper factor at the edges of the reflectarray, which
is about 210 dB for a focused beam [19]. The angular
taper of the feed can be modeled as e−jkRn/Rn cos uq

n.
Consequently, by multiplying the complex excitation term
by the compensating phase and amplitude factor An.e2jkcn

resulted from each element, the complex reflected field from
each element can be expressed in the form

An
cos uq

n

Rn| | e−j(kRn−cn), (1)

in which cn is the compensation phase of the nth element.
The required phase shift at each element to produce a col-

limated beam in a given direction is [19]:

fn = k0(Rn − (xn cosfb + yn sinfb) sin ub), (2)

where ub, fb shows the beam direction, k0 is the free space
propagation constant, Rn is the distance between the feed

Fig. 3. (a) Gain response of the active unit cell by nonlinear analysis, (b) phase
response of the active unit cell by nonlinear analysis.

Fig. 4. Harmonic levels versus input power to the active unit cell.
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phase center and the nth element phase center, and (xn, yn) are
the coordinates of element n.

Considering the raised cosine factor cosqu for the feed
pattern function with q ¼ 13, relative power imposed by the
feed horn antenna on the reflectarray antenna surface is
obtained which is shown in Fig. 5(a). Relative power on the
antenna surface shows the power distribution on the reflectar-
ray antenna surface relative to the maximum power on the
antenna surface. Also, required phase shift of each cell of
the antenna based on (A.18) is shown in Fig. 5(b).

A) Case 1
By varying the power of the feed antenna, the power distribution
on the reflectarray antenna surface changes. Assuming transmit-
ted feed antenna power in a way that the power distribution on
the antenna surface is like Fig. 6(a), most active elements are non-
linear, and the impact of nonlinearity of each cell should be con-
sidered. For this reason, amplitude and phase differences caused
by the nonlinear amplifier in each cell should be considered.

Considering amplitude and phase nonlinear behavior of
the unit cell shown in Figs 3(a) and 3(b), and the power

distribution on the antenna surface shown in Fig. 6(a), amp-
litude and phase error of each unit cell are calculated as
shown in Figs 6(b) and 6(c). In this case, gain of the amplifiers
is shown in Fig. 6(b) which varies from 4 to 13 dB, and the
errors caused by the amplifiers in the phase of the reflected
wave are shown in Fig. 6(c) which is 458.

Fig. 5. (a) Relative power imposed by the feed horn antenna on the
reflectarray antenna surface, (b) required phase shift of each cell of the
antenna based on (A.18).

Fig. 6. Case 1: when feed power is so that active elements are in nonlinear
state: (a) supposed power on the antenna surface, (b) gain of each unit cell,
(c) phase error of each unit cell.
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B) Case 2
Assuming transmitted feed antenna power in a way that the
power distribution on the antenna surface is like Fig. 7(a),
most active elements are linear. In this case, gain of the ampli-
fiers is shown in Fig. 7(b) which varies in an acceptable range
from 14.3 to 14.9 dB. Also, the errors caused by the amplifiers

in the phase of the reflected wave are shown in Fig. 7(c) which
is 148.

C) Computing directivity for case 1 and case 2
Directivity of the antenna can be computed using the input
power of the feed horn PF, according to [19] as:

D(u,w) = 4pr2

2h0PF
E(u,w)| |2, (3)

where h0 is the intrinsic impedance of the free space and
|E(u, w)| is the amplitude of the far electric field. Hence, far
electric field should be calculated to obtain directivity of the
antenna which is explained in [19].

The errors in the amplitude and phase of the reflected
signal from each cell can cause gain reduction. Antenna direc-
tivity with and without considering the nonlinear effect of
active elements are shown in Fig. 8(a) for case 1 and
Fig. 8(b) for case 2. In Fig. 8(a) feed power is like Fig. 6(a)
so that some cells are in nonlinear region. In this case, non-
linear analysis shows degradation in gain which cannot be
assessed by linear analysis. In another scenario, in Fig. 8(b)
feed power is like Fig. 7(a) so that all cells are in linear

Fig. 7. Case 2: when feed power is so that active elements are in linear state: (a)
supposed power on the antenna surface, (b) gain of each unit cell, (c) phase
error of each unit cell.

Fig. 8. (a) Antenna directivity with and without considering the nonlinear
effect of active elements when feed power is so that some cells are in
nonlinear region, (b) antenna directivity with and without considering the
nonlinear effect of active elements when feed power is so that all cells are in
linear region.
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region where linear and nonlinear simulations have the same
result. Therefore, to assess the pattern of the active reflectarray
antenna correctly, for all feed power, the nonlinear impact of
amplifier should be considered.

To relate the amount of directivity lost to the area of non-
linearity of the amplifiers, first the amount of nonlinearity of
the amplifiers should be defined which is proposed by the
maximum gain of the amplifiers of the array minus minimum
gain of the amplifiers of the array for a supposed feed power as:

K = Gainmax − Gainmin. (4)

Increase in K means that the array is more nonlinear. Now,
lost gains for different K values are computed as in Table 2.

V . V E R I F I C A T I O N O F T H E
P R O P O S E D N O N L I N E A R A N A L Y S I S

We have repeated the analysis method described in this paper
for the unit cell of [9] to verify our analysis method by test
results of [9]. Test results of [9] show nonlinear behavior of
the active reflectarray cell but [9] does not give analysis or
simulation results for this nonlinear behavior.

In [9] required phase shift of each cell is obtained by chan-
ging DC voltage of the two varactor diodes and the amplitude
of the reflected wave from the surface of the reflectarray is
imposed by the feed antenna. Like the described method in
Section II and III, the active elements are replaced by two
port networks and the unit cell is modeled as a six port
network. Consequently, linear structure is simulated by HFSS
software to obtain six port scattering parameters assuming
infinite array. After modeling the linear part of the unit cell,
active elements are added to the analysis by two nonlinear
two port networks and phase response and amplitude response
of the active unit cell is obtained for different incident power
levels of the feed antenna by both nonlinear analysis, and non-
linear simulation using ADS software, which is shown in Fig. 9.
Test results shown in Fig. 4 of [9] is near the results of Fig. 9. So,

our nonlinear analysis procedure is verified by test results.
However, because the parameters of the diode model are not
specified in [9], the selected parameters for the varactor diode
in this paper are different, and this leads to different cell
response. Nonlinear diode model is given in [18] and diode
parameters used in this paper are given in Table A.2 of
Appendix C.

V I . C O N C L U S I O N

The importance of considering nonlinear behavior of amplify-
ing reflectarray is clarified and it is shown that in some cases,
nonlinear analysis of amplifying reflectarray antenna is neces-
sary. Thus, nonlinear analysis of active reflectarray antenna
has been explained using harmonic balance method in which
scattering parameters of the passive part of the unit cell is
obtained and used in the nonlinear analysis to obtain nonlinear
response of the unit cell and harmonic distortion versus inci-
dent power. Analysis result is verified by comparing with simu-
lation using advanced design system (ADS) software. Finally,
the result of nonlinear analysis has been used in designing a
sample antenna which shows error in predicting pattern of
the antenna with linear modeling of the active element.
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A P P E N D I X

A . S T A T Z M O D E L

Statz model which has two nonlinear capacitances of Cgs and
Cgd, and one nonlinear current source of Ids is shown in
Fig. 10.

Relations for current source of Ids, electric charges of Qgs

and Qgd, and capacitances of Cgs and Cgs in Statz model are
given in (A.1)–(A.5) and parameters of the nonlinear model
of ATF36163 are given in Table A.1. Current source of Ids

in Statz model is given as [20]:

Ids=

b Vgs−Vt0
( )2

1+b Vgs−Vt0
( ) 1− 1−aVds

3

[ ]3[ ]
1+lVds( )0,Vds,3/a

b Vgs−Vt0
( )2

1+b Vgs−Vt0
( ) 1+lVds( ) Vds≥3/a

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(A.1)

Also, electric charges of Qgs and Qgd are expressed as:

Qgs=

Cgs0 2×Vbi 1−










1−Vmax

Vbi

√( )
+ Vnew−Vmax















1−Vmax/Vbi
√

[ ]
Vnew.Vmax

Cgs0×2×Vbi 1−










1−Vnew

Vbi

√( )
Vnew≤Vmax

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(A.2)

Qgd = Cgd0 × Veff 2. (A.3)

Fig. 10. Nonlinear Statz model of the transistor.

Table A1. Statz model Parameters of ATF36163.

Parameter Value Units Parameter Value Units

Vt0 20.55 V Rs 0.5 Ohm
b 0.1 A/V2 Ld 0.04e-9 H
l 0.25 1/V Lg 0.03e-9 H
a 5 1/V Ls 0.01e-9 H
b 1.5 _ Cds 0.05e-12 F
Vbi 0.7 V Crf 0.1 F
Cgs0 0.13e-12 F Rc 350 Ohm
Cgd0 0.04e-12 F Delta1 0.2 V
Rd 0.5 Ohm Delta2 0.2 V
Rg 1 Ohm
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Moreover, capacitances of Cgs and Cgd in Statz model are
obtained as:

Cgs =
∂Qgs

∂Vgs
+ ∂Qgd

∂Vgs
=

Cgs0

2
















1 − Vmax/Vbi

√ 1 + Veff 1 − Vt0

























Veff 1 − Vt0

( )2+Delta22
√

⎡
⎢⎣

⎤
⎥⎦×

1
2
× 1 + Vgs − Vgd

























Vgs − Vgd
( )2+Delta12

√
⎛
⎜⎝

⎞
⎟⎠+ Vnew . Vmax

Cgd0

2
1 − Vgs − Vgd

























Vgs − Vgd
( )2+Delta12
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where Delta1 and Delta2 are two parameters of the nonlinear
model. Delta1 is the capacitance saturation transition voltage
and Delta2 is the capacitance threshold transition voltage
which are given in Table A.1. Furthermore, Vnew, Veff1, and
Veff2 are defined as:
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√

, (A.6)
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. (A.8)

B . D E T A I L S O F H A R M O N I C
B A L A N C E A N A L Y S I S

1) Currents of the linear part
Current of the linear sub circuit can be expressed as:

I1

I2

..

.

I7

⎡
⎢⎢⎢⎣

⎤
⎥⎥⎥⎦ =

Y11 Y12 ... Y17

Y21 Y22 ... Y27

..

. ..
. ..

. ..
.

Y71 Y72 · · · Y77

⎡
⎢⎢⎢⎣

⎤
⎥⎥⎥⎦

V1

V2

..

.

V7

⎡
⎢⎢⎢⎣

⎤
⎥⎥⎥⎦. (A.9)

Partitioning the Y matrix in (A.9) gives an expression for I,
the vector of currents of linear part in ports 1–3:

I =
I1

I2

I3

⎡
⎢⎣

⎤
⎥⎦ =

Y11 Y12 Y13

Y21 Y22 Y23

Y31 Y32 Y33

⎡
⎢⎣

⎤
⎥⎦

V1

V2

V3

⎡
⎢⎣

⎤
⎥⎦

+
Y14 Y15 Y16 Y17

Y24 Y25 Y26 Y27

Y34 Y35 Y36 Y37

⎡
⎢⎣

⎤
⎥⎦

V4

V5

V6

V7

⎡
⎢⎢⎢⎣

⎤
⎥⎥⎥⎦ = YL.V + YS.VS.

(A.10)

IS ¼ YS.VS represents a set of current sources in parallel
with the first, second, and third ports; which transforms the
input and output port excitations into this set of current
sources.

2) Currents of the nonlinear part
Fourier transforming the charge waveform at each port gives
the charge vectors for the capacitors at each port:

F qgs (t)
{ }

� Qgs, F qgd (t)
{ }

� Qgd, (A.11)
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and the charge vector, Q, is:

Q =
Qgs

o
Qgd

⎡
⎣

⎤
⎦. (A.12)

The nonlinear-capacitor current is the time derivative of
the charge waveform. Taking the time derivative corresponds
to multiplying by jv in the frequency domain, so:

ic (t) =
dq (t)

dt
↔ jkvPQ k = 0, 1, . . . ,K ,

⇒ Ic = jVQ

(A.13)

where V is a diagonal matrix with three cycles of 0, v0, . . .,
kv0 along the main diagonal where k ¼ 0, 1, 2,. . . is the
number of harmonics determined.

Fourier transforming from nonlinear current vector in
time-domain gives the nonlinear current vector in frequency
domain:

F ids(t)( ) � Ids. (A.14)

Therefore, vector of nonlinear current sources in ports 1, 2,
and 3, IG is:

IG =
o

Ids

o

⎡
⎣

⎤
⎦. (A.15)

So, nonlinear current vector of ports 1, 2, and 3 is
Ĩ = IG + IC .

3) Solving harmonic balance equation
By calculating the admittance parameters of the linear
network of Fig. 2(a), which is a 7 × 7 matrix, the following
harmonic balance equation is obtained by substituting I and
Ĩ in Ii + Ĩi = 0 [21]:

F v( ) = YL.V + Is + jVQ + IG = 0, (A.16)

where ym,n ¼ diag(ym,n(kvc)), and V is the vector of nonlinear
voltages of the nonlinear ports.

The time-domain voltage waveforms at each port is
obtained by inverse Fourier transform of the voltages at
each port which is done in written matlab code by Ifft_Func
command. Obtained time-domain voltages are used to calcu-
late nonlinear current of (A.1) and nonlinear charges and
capacitances of (A.2)–(A.5) which are in time-domain. The
nonlinear-element currents result from two nonlinear capaci-
tors, and one controlled source. Fourier transforming the
charge and capacitance waveforms at each port gives the
charge and capacitance vectors in frequency domain at each
port which is done in written matlab code by fft command.
Also, Is current matrix is obtained from Ys admittance
matrix of (A.10). Obtained frequency domain currents and
charges are used to obtain the harmonic balance equation of
(A.16).

Harmonic balance equation can be solved with different
methods, among which the Newton–Raphson [21] technique

is the most common technique and is used in this paper.
Newton–Raphson technique is an iterative method involving
calculation of Jacobian matrix, which contains derivatives of
all components of the vector F(v), with respect to components
of V and is expressed as [22]:

JF = ∂F V( )
∂V

= YL +
∂INL

∂V
+ jV

∂QNL

∂V
= YL + JI + jVJQ, (A.17)

∂Fn,k

∂Vm,l
= Yn,m(k = l) +

∂I NL n,k
∂Vm,l

+ jkvc

∂Q NL n,k
∂Vm,l

, (A.18)

where n and m are the port indices (1, . . ., N), and k and l are
the harmonic indices (0, . . ., H ); hence, JF will be a N(H + 1)
by N(H + 1) matrix. Referring to (A.17) and (A.18) JI and JQ

are written as:

JI =
o o o

Gm Gds o
o o o

⎡
⎣

⎤
⎦, (A.19)

JQ =
Cgs o o
o o o
o o Cgd

⎡
⎣

⎤
⎦. (A.20)

Gm, Gds, Cgs, and Cgd are (H + 1) by (H + 1) square matri-
ces, expressed as:

A =

A(0) A(1) . . . A(H − 1) A(H)
A∗(1) A(0) A(1) . . . A(H − 1)
..
. ..

. ..
. . .

. ..
.

A∗(H) A ∗ (H − 1) . . . A∗(1) A(0)

⎡
⎢⎢⎢⎣

⎤
⎥⎥⎥⎦,

(A.21)

or, A¼ toeplitz(A(1:H + 1), conj(A(1:H + 1))) in MATLAB
notation. Note that in (A.21), A(k) represents the kth frequency
component of Gm, Gds, Cgs, and Cgd, calculated in frequency-
domain by taking fast fourier transform (FFT) of the time-
domain values, Gm, Gds, Cgs, and Cgd, respectively. Gm and Gds

denote derivatives of Ids with respect to Vgs and Vds, respectively.

C ) D I O D E P A R A M E T E R S

Table A2. Diode parameters.

Symbol Quantity Value

Is Saturation current 100 (pA)
N Ideal factor 2
Vt Thermal voltage 26 (mV)
Cj0 Junction capacitance 1.7 (pF)
M Grading coefficient 0.9
vj Junction potential 1.2
Fc Forward-bias depletion capacitance coefficient 0.5
LP Parasitic inductance 0.4 (nH)
CP Parasitic capacitance 0.1 (pF)
Rs Ohmic resistance 0.9 (Ohm)
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