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Abstract

Stark conjectured that for any 4 € N, there are only finitely many CM-fields with class number 4. Let C
be the class of number fields L for which L has an almost normal subfield K such that L/K has solvable
Galois closure. We prove Stark’s conjecture for L € C of degree greater than or equal to 6. Moreover, we
show that the generalised Brauer—Siegel conjecture is true for asymptotically good towers of number fields
L € C and asymptotically bad families of L € C.
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1. Introduction

For a number field L/Q, let ny and d; denote its degree and absolute discriminant,
respectively. Let iy denote the class number of L. Stark [13] conjectured that for
any h € N, there are only finitely many CM-fields, that is, totally imaginary quadratic
extensions of totally real fields, with class number A. Stark proved his conjecture for
fields with fixed degree greater than or equal to 6.

A number field M is called almost normal if there exists a sequence of number fields
Q=MyC M, C---CM;,=M, for some ¢ € N, such that each extension M;/M,_; is
normal for 1 <i < £.In[11], Odlyzko verified Stark’s conjecture for CM-fields L with
ny > 6 whose maximal totally real subfields L* are almost normal. In [6], Hoffstein
and Jochnowitz proved that there exists an effective absolute constant C such that the
assumption of the almost normality of L* in Odlyzko’s theorem can be replaced with
the bound d;- > CIL"@ Murty [10] proved Stark’s conjecture for CM-fields L having
solvable normal closures over Q when n;, > 6.

For any CM-field L, class field theory tells us that the class number %+ divides Ay,
where L* is the maximal totally real subfield of L. Thus, the number h; = hp/hp+is a
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positive integer. This number is called the relative class number of L. One may also
consider the following problem that generalises Stark’s conjecture.

PROBLEM 1.1. Let H be a positive integer. Is the set of CM-fields L with ; < H finite?

If the answer to this problem is affirmative, then Stark’s conjecture is true. Since
the class number of Q is 1, Problem 1.1 for CM-fields L with n; = 2 is, in fact, Gauss’s
original class number conjecture proved by Deuring, Hecke, Heilbronn and Mordell.
An effective version of Gauss’s conjecture has been established by Goldfeld [4].

The first goal of this paper is to prove an instance of Problem 1.1. Let K be a subfield
of a number field L. We say L/K has solvable Galois closure if Gal(L/K) is solvable,
where L denotes the normal closure of L over K. Throughout this paper, we let C be
the class of number fields L for which L has an almost normal subfield K such that
L/K has solvable Galois closure. Our first main result is the following theorem.

THEOREM 1.2. Let H be a positive integer.

(i) The set of CM-fields L € C with ny # 4 and h;, < H is finite and its cardinality
can be bounded effectively (in terms of H). Moreover, if Artin’s conjecture is true,
then the set of CM-fields L with ny # 4 and h;, < H is finite and its cardinality can be
bounded effectively.

(i) Unconditionally, the set of CM-fields L with n;, = 4 and h;, < H is finite.

REMARK 1.3. (i) The class C contains every number field with solvable Galois closure
over Q. If the maximal totally real subfield of L is almost normal, then L is also almost
normal and so L € C. Thus, the class C includes the fields considered by Murty [10]
and Odlyzko [11] and Theorem 1.2 presents a common extension of their results. There
is a further extension of Murty’s result because the Galois closure of L € C over Q may
not be solvable. For instance, if L contains a subfield K that is a nonsolvable Galois
extension of Q, then the Galois closure of L over Q cannot be solvable even if the
Galois closure of L over K is solvable.

(i1) The second part of Theorem 1.2 is ineffective since the proof requires Siegel’s
ineffective bound on the exceptional zeros of Dedekind zeta functions of quadratic
fields.

There are several questions and results concerning the behaviour of 4y as L varies.
Most famously, in [1], Brauer proved the following theorem.

THEOREM 1.4 (Brauer—Siegel theorem). Let {L;} be a family of number fields (that is,

L; # L; for any i # j) such that each L;/Q is Galois. If lim;_,, dlll_/nLi

= o0, then
lim 10g(hL,-RL,») _
i—o0 log ’dLi
where Ry, denotes the regulator of L;. Moreover, the Galois condition on L;/Q can be
removed if the generalised Riemann hypothesis is true.
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Siegel [12] proved this theorem for the case when {L;} is a family of quadratic
fields. If {L;} is a family of imaginary quadratic fields, then R;, = 1 and hence the
Brauer—Siegel theorem provides a rate at which A;, goes to infinity. Consequently,
there are only finitely many imaginary quadratic fields with a bounded class number
(see also [5]).

In [13], Stark proved an effective and much stronger version of the Brauer-Siegel
theorem for families of almost normal number fields that do not contain any quadratic
fields. Stark was aware that the Brauer—Siegel theorem would hold over families of
almost normal fields, but this was only made explicit in the work of Zykin [15].

In [14], Tsfasman and Vl1adut formulated the generalised Brauer—Siegel conjecture
(GBS) and proved some instances of it. Let £ = {L;} be a family of number fields. By
the definition of the Dedekind zeta function y,(s) of L;, there are nonnegative integers
N,(L;) such that

a = [a-g™®,
q

for Re(s) > 1, where the product is over prime powers g. We call £ = {L;} asymptoti-
cally exact if the limits

Ny(L; : L; . L;
%, ¢r(L) = lim ri() and  ¢c(L) = lim raLi)

L; 8L,

40) = lim

8L

exist, for every prime power g, where g;, = log /dy,, and ri(L;) and r,(L;) are the
numbers of real and complex embeddings of L;, respectively.

CONJECTURE 1.5 (Generalised Brauer—Siegel conjecture). For any asymptotically
exact family £ = {L;}, the limit BS(L) = lim,_,., log(hz,Ry,)/ 81, exists. Moreover,

BS(L) =1+ ) ¢,(L)log—
q

-1 ¢r(L)log2 — ¢ (L) log 27.

Following [14], an asymptotically exact family £ will be called asymptotically bad
if ¢4(L) = pr(L) = ¢pc(L) = 0 for every prime power g. If an asymptotically exact
family is not asymptotically bad, then it will be said to be asymptotically good.

Tsfasman and Vladug [14] proved their conjecture for any asymptotically exact
family under the assumption of the generalised Riemann hypothesis. Also, uncon-
ditionally, they proved GBS for asymptotically good towers of almost normal fields.
(Recall that a family {L;} is called a tower if L; C L;;| for each i.) Moreover, Zykin [15]
proved GBS for asymptotically bad families of almost normal fields. Recently, Dixit
[3] showed that GBS is true for asymptotically good towers and asymptotically bad
families of number fields with solvable Galois closure over Q. Our second goal is to
prove the following extension of the work of Dixit, Tsfasman and VIadut, and Zykin.

THEOREM 1.6. If an exact family £ C C is an asymptotically good tower or an
asymptotically bad family, then GBS is true for L. Furthermore, if Artin’s conjecture
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is true, then GBS is true for any asymptotically good tower and any asymptotically bad
family.

REMARK 1.7. (i) As noted by Dixit [3], it follows from the class number formula that
GBS for an exact family £ = {L;} is equivalent to the statement that the limit
1 ,
p(£) = lim 08hL
1—00 g L;
exists and equals X, ¢,(L£)log(g/(q — 1)), where py, is the residue of the Dedekind
zeta function Jz,(s) at s = 1. We shall use this fact repeatedly in Section 4.
(ii) The family £ = {L;} is asymptotically bad if and only if lim; ... d,™ = co. From
this, GBS for asymptotically bad families is equivalent to the classical Brauer—Siegel
conjecture (that is, the Brauer—Siegel ‘theorem’ without the Galois condition on L;).

2. Stark zeros in certain towers of number fields

Stark’s conjecture arose from his work on exceptional zeros of Dedekind zeta
functions. These zeros are also crucial to the study of GBS. In this section, we will
briefly review some results concerning ‘Stark zeros’ (see [10] for further discussion).

For any number field L, Stark showed that the Dedekind zeta function ;(s) has at
most one zero in the region

1
1 Tlogd, <Re(s) <1 and |Re(s) < Tlogd,’ 2.1
and if the zero exists in this region, it must be real and simple. We call this possible zero
the Stark zero of {;(s) and denote it by S8y. For any Galois extension L/K, if the Stark
zero 3y of {;(s) exists, then there is a field M with K C M C L such that [M : K] <2
and £y (By) = 0. In the case when L is almost normal, Stark [13, Lemma 10] showed
that if the Stark zero ) of {;(s) appears in the region

- —— <Re(s) <1
Tlogd, = Re®@ =1

then there is a quadratic field F' € L such that {(5y) = 0. These results play a key role
in the argument of Odlyzko [11].
Let m be a positive integer. We set
e(m) = max & and  8(m) = (e(m) + 1)>31/3 12401, (2.2)
o

[|m

THEOREM 2.1 (Murty, [10, Theorem 2.1]). Let L/K be an extension with solvable
Galois closure. Let m be the degree of L/K. There exists an absolute constant cy > 0
such that if {1 (s) has a zero By in the region
l-— % <Re(s)<1 and |Re(s) < ——2
mem§(m)logdy mem§(m)logdy

then there is a field M with K C M C L such that [M : K] < 2 and {y(By) = 0.
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As in the work of Odlyzko [11], in order to ‘descend’ the Stark zero of {i(s) to
a quadratic field, Murty considered the class of number fields with solvable Galois
closure over Q and applied his theorem with K = Q.

We require the following refinement of Murty’s theorem for our main theorems.

THEOREM 2.2. Let L/K be an extension with solvable Galois closure and let K be an
almost normal field. Let m and n be the degrees of L/K and L/Q, respectively. Let cg
be as in Theorem 2.1 and ci = min{cy, 1/16}. Suppose that {;(s) has a zero By in the
region

C1 1
- —— 9 <Re(s)<1 and [R . 23
sy logdy, ~ @ =1 and Re)l < 7o 2.3)

where e(m) and 6(m) are defined as in (2.2). Then By is real and simple and there is a
quadratic field F C L such that {r(Bo) = 0. Consequently, if {1(s) has a zero By in the
region
1 C1 1
ne™§(n)logdy, 4logd;’
then By is real and simple and there is a quadratic field F C L such that {r(By) = 0.

<Re(s) <1 and |Re(s)| <

(2.4)

PROOF. As the region (2.3) is contained in the region (2.1), Sy must be real and
simple. Since ¢ < ¢y, by Theorem 2.1, there is a field M with K € M C L such that
[M : K] <2and {y(Bo) =0. As [M : K] < 2, the extension M /K is normal. Since K is
almost normal, M is also almost normal. Observing that

C1 1
<
mem§(m)logd; ~ 16logdy’

we have 8y € [1 — 1/161og dy, 1]. Finally, by the result on Stark zeros in almost normal
extensions [13, Lemma 10], there is a quadratic field F with F € M C L such that
{r(Bo) = 0.

To prove the second part of the theorem, it suffices to show that the region (2.4) is
contained in the region (2.3). As m | n, we have e(m) < e(n) and thus 6(m) < d(n). This
concludes the proof. |

If Artin’s conjecture is true, one has the following improvement of these results.

LEMMA 2.3 (Stark, [13, Lemma 13]). Let L be a number field of degree n > 1 and let L
be the normal closure of L over Q. Suppose that all the Artin L-functions L(s, y, L/Q)
are holomorphic at s # 1. If there is a zero By of {1(s) in the range

- <Re(s) <1
80— Dlogd, ~ W=t

then there exists a quadratic field F C L such that {r(Bo) = 0.

Lastly, we recall the following bound for the exceptional zeros of Dedekind zeta
functions of quadratic fields.
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LEMMA 2.4 [13, Lemma 11]. Let F be a quadratic field. Then there is an effective
absolute constant ¢, > 0 such that {g(0) is nonvanishing for o > 1 — ¢, /d},/ 2,

3. Proof of Theorem 1.2

To prove Theorem 1.2, we shall prove the following lower bounds for 7 .

THEOREM 3.1. Let L be a CM-field with maximal totally real subfield L*. Assume
either L € C or the truth of Artin’s conjecture. Write d; = d%+ f and set n = [L* : Q].
Then there are effective absolute constants c3 > 0 and ¢4 > 1 such that

- C3 -
> n ¢(1/2)~(1/2n) 31
L = ng(n) cyf > (3.1
where the function g(n) is defined by
2n)®Ms(2n)  ifL € C,
gn) =

1 . .y . .
n—s3 if Artin’s conjecture is true.

Moreover, for any € € [1/(8logdy), 1], there exists c(g) > 0, depending only on &, such
that

hy > czc(e)” d21+/2)—(l/n)—sf(l/Z)—(l/Zn). (3.2)

ng(n)
PROOF. We shall follow the arguments used in [10, 11, 13]. Note that there is a
nontrivial Hecke character y of L* such that £;(s) = 1+(s)L(s, x), where L(s, ) is

the Hecke L-function attached to y. Let 8y be the possible exceptional zero of L(s, y)
satisfying

] - S S 13
o @ =P

and set 8 = f3 if it exists. Otherwise, set 8; = 1 — 1/(4log(d?, f)). By equation (31)

in [13],

__h n

hy = i >d, P 122 "L(, ).
In addition, as in [13, Proof of Lemma 5] (see also [11, Equation (4.2)]), for any o
such that
1
1 < <2,
T loga, S

there is a ¢5 > 0 such that
L(1Lx) > cs(1 = Bd, 7 Vo)™
Thus,
h 2 es(1=Boydy /PR R Qm T o) (3.3)

https://doi.org/10.1017/50004972721001076 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972721001076

294 P.-J. Wong [7]

Now, if L(s, x) has a zero By in the region
o
g(n)logd,
where c; is defined as in Theorem 2.2, then f is also a zero of {;(s). By Theorem 2.2
and Lemma 2.3, since S is in the region (3.4) and c¢; < 1/16, there is a quadratic

field F C L such that {z(Bo) = 0. By Lemma 2.4, B < 1 — ¢2/d}/*. Therefore, L(s, x)
1S nonzero on

<Re(s) <1, (3.4)

C1 (6
= - } <Re(s) < 1.
max { o0 logd, dz P e(s)

(Here, we used d; > d;ﬂ.) Consequently, as d = dé f,

Co d—l/nf—1/2n

Co . -1 -1/2n
1 - > — I d ,d > +
Bi = minf{(logd,)™,d, """} ng(m) L

g(n)

where cg = min{cy, cp} > 0. It follows from (3.3) that

hZ > ﬂd(Ll+/2)—(1/2)(tT|—1)—(1/n)f(l/2)7(1/2n)(2ﬂ)*néfb(0-1)*1_ (3.5)

ng(n)
Now, as argued by Odlyzko [11, pages 284-285], there are effective absolute positive
constants ¢7 and cg such that
hy > ST A g gy,
ng(n)

This proves the first claimed bound.

To prove the second bound, we choose o] = 1 + 2e with e € [1/(8logdy), 1]. Recall
that for o € (1, 3],

0< () < 20 < (= l)n

for some effective absolute cg > 0. Thus, by (3.5),

C5C — —
hz 2 &d(l/Q) (1/n) 8f(l/2)—(1/2n)(2ﬂ,)—né/(l + 28)—}’!

ng(n)
C5C (1= e \"
> 6% dzl+/2) (1/n) 8f(1/2)—(1/2n)(_)
ng(n) CoTt
as desired. |

We are now in a position to prove Theorem 1.2. As mentioned before, for CM-fields
of degree 2, the theorem follows from the works of Goldfeld, Gross and Zagier. So, we
may restrict our attention to CM-fields of degree at least 6.

PROOF OF THEOREM 1.2. (i) Let L be a CM-field with h; <H, n;+ >3 and
dp = dé f. Assume either L € C or the truth of Artin’s conjecture. Since e(n) <
logn/log?2,

n‘™ < exp((logn)?).
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Thus, by (3.1), there exists an effective positive constant Ay > 0, depending only on H,
such that n;+ < Ay and f < Ay.

Note that n; > 6 for [L* : Q] > 2. By Minkowski’s bound, n; < 2logd; /log3,
and thus 1/(8logd;) < 1/(4(log3)n;) < 1/(241og3). To use (3.2), we may choose
e = 1/(241og 3) so that

1 1 1
-—g>—-—-g>0.
£z o€

2 nr+

Now, by (3.2) and the bounds n;+ < Ay and f < Ay, there is an effective positive
constant By > 0, depending only on H, such that d;+ < By. Hence, we arrive at d; =
dé f< Bi,AH. This completes the proof because the number of number fields L with
di, < B}, Ay can be bounded effectively.

(ii) In the proof of Theorem 3.1, instead of using Lemma 2.4, we may use Siegel’s
ineffective bound

for some ineffective absolute &, > 0. This results in an ineffective improvement of the
second bound of Theorem 3.1 to give

- 6@ am-/am-e p1/2)-(1/am)
L2 d f

ng(n)
for some ineffective ¢3 > 0. This estimate, together with the first bound of
Theorem 3.1, proves the finiteness of L with n;+ = 2 and h, < H for any given H € N.
Note that L must have Galois closure over Q since n; = 4 and so this finiteness result
is unconditional. O

4. Proof of Theorem 1.6

4.1. Auxiliary lemmas. Our proof of Theorem 1.6 builds on the works of Dixit [3],
Tsfasman and Vladut [14] and Zykin [15].
Let L be a number field and let G, (s) be the entire function such that

4(s) = LGy (s). 4.1
s—1
‘We shall set
_ d (logGy(s)
Z1(s) = ds( gL )

From Lagarias and Odlyzko [8, Theorem 9.2], based on an idea of Tsfasman and
Vladut [14], Dixit proved the following lemma.

LEMMA 4.1 (Dixit, [3, Lemma 4.2]). Let L belong to an asymptotically good family L,
and let n = [L : Q. Suppose that {1 (s) has no zero in the region
C1

l-—————  <Re@)< 1. 4.2
s logd, = el = 42)
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Then there are positive constants Ci, C, and Cs, dependent on ¢y and L, but
independent of L, such that|Z;(1 + 0)| < Clgg2 oz forany 6 € (0,1) and any g1, > Cs.

To control the possible exceptional zeros arising from an asymptotically good
family, Tsfasman and Vlddut [14] proved the following finiteness lemma.

LEMMA 4.2 (Tsfasman and Vladut, [14, Lemma 7.3]; see also [3, Lemma 4.3]). Let
L = {L;} be an asymptotically good family, and set

QL) ={F|[F:Q]=2andF C L; for some i}.
Then Q(L) is finite.
Lastly, we require the following bounds for the residues py..

LEMMA 4.3 (Louboutin, [9, Theorem 1]). For any number field L # Q, if {1(8) =0
for some B € [%, 1), then

elogdy )"L

o< (1 —ﬁ)( -

LEMMA 4.4 (Stark, [13, Lemma 4]). There exists an effective constant ¢’ > 0 such
that for any number field L # Q, one has py > ¢’(1 — By), where By is the possible
exceptional zero of {1 (s) in [1 — 1/(4logdy), 1]. If the possible exceptional zero does
not exist, then one can take By = 1 — 1/(4logdy).

4.2. Proof of Theorem 1.6 when L is an asymptotically good tower. In light of
the work of Dixit [3] and Tsfasman and Vladut [14], to prove Theorem 1.6, we require
the following general inequalities towards GBS for asymptotically good towers.

LEMMA 4.5. Let L ={L;} be an asymptotically good tower. Let {6} C (0,1) be a
sequence convergent to zero such that log 0y, = o(g.). Then

log o1,
Z ¢qo(L)log el > lim sup £PL
q q - 1 i—oo 8L;

and

log pr, log Gr,(1 + 6,
timinf 2£L2 > 3 6,(£)log L — lim sup 2 U * )
L; .
q

i—oo 8L, q- 1 i—00 8L,

PROOF. The first inequality is established in [14] for any asymptotically exact family,
so it remains to prove the second inequality. By (4.1), for any 6, € (0, 1),

logr(1+6,) logpr . logGr(1 +6.) log6y
93 8L gL gL

Since L = {L;} is a tower, for 8 > 0,

(4.3)
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log ¢7,(1 +6) Z Ny(Ly) 1
—_— = log

_ ,—1-0
8L, L l1-¢

N, (L; 1 N,(L; 1
:Z o )log — _1_€+Z ol )log

— g0
> 8L l-p o= 8L l-g¢g
k=2
| N, (L) 1
2 Z‘pp([') log 1= p1-0 * Z L log 1—g 10
” o

In addition, there is a positive number ¢ such that

Ny(Ly) 1 1
Z q 10g o — Z ¢q('£) IOg m

1 gL,' 1 - q_ k
qa=pr qa=p
k>2 k>2

uniformly in 6 > —¢. Thus, as the sequence {f;,} converges to zero, we arrive at

1 (1406
lim inf 24U+ 0L > #y(L)log —L. 4.4)
o0 8L 7 q-1
Gathering (4.3), (4.4) and the assumption log 6;, = o(g;,) completes the proof. m|

We now prove Theorem 1.6 for asymptotically good towers.

PROOF OF THEOREM 1.6 FOR ASYMPTOTICALLY GOOD TOWERS. Let L ={L;}
be an asymptotically good tower. Assume either £ = {L;} C C or Artin’s conjecture.
Following Dixit [3, Section 5.1], we choose 6;, = g;_(CZH) log gL", where C, is the same as
in Lemma 4.1. It is clear that the sequence {6} converges to zero and log 6, = o(gy,)-

Therefore, by Lemma 4.5, it remains to show that

logG..(1 +6;,
hm Sup M S O
i—0o0 8L;
By Theorem 2.2 and Lemma 2.3, if {7,(s) has a zero Sy in the region (4.2) with

L = L; and n = ny,, then it must be a real zero of {z(s) for some F € Q(L). By Lemmas
2.4 and 4.2,

2

Po<1- L.

- f <
1/2
maxreqr) dy

Hence, for i sufficiently large, {;,(s) has no zero in the region (4.2) with L = L; and
n=ng,. As Gr,(1) = 1, by Lemma 4.1, for i sufficiently large,

log G..(1 + 6;, Lj _
log G, (1 + 61,) = fg Z(1+60)do < gblog&".
8L; 0 '

Taking the lim sup on both sides completes the proof. o
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4.3. Proof of Theorem 1.6 when L is an asymptotically bad family. For any
asymptotically bad family £ = {L;}, we have 0 > limsup,_,, (logpr,)/gr,- Thus, to

prove GBS for an asymptotically bad family £, it is sufficient to show that
1 ,
liminf ~22% > ¢ 4.5)

1—00 g Li
Let 7 be the set of indices i for which {;.(s) does not have any zero in the region
(4.2) with L = L; and n = ny,, and let [ be the set of indices i for which {;,(s) has a
zero in the region (4.2) with L = L; and n = ny,. Without loss of generality, we may
assume that both 7 and J are infinite.

If £;,(s) is nonvanishing on the region (4.2), Lemma 4.4 gives

, . 1 1 ¢
pr, > ¢ min >

n;fnL[)d(nLi) log dLi ’ 4 10g dLi nzil’lL[)é‘(nLi) l()g dL’.

and thus we obtain
log o1, S log(c’cy) — e(ng,)logn;, — log 6(ny,) — loglogd;,
gL 8L '

Recall the estimates e(n) < log n/log 2 and §(n) < n*. Since gr, —~ ocandng,/gr, — 0,
by the above inequality, we obtain

logp;.
lim inf —2£%
oo

>0

Now suppose that {7,(s) has a zero By ; in the region (4.2) with L = L; and n = ny,. By
Theorem 2.2 and Lemma 2.3, there is a quadratic field F; € L; such that {r,(fy;) = 0.
By Lemmas 4.3 and 4.4,

PF; ’ 1
=p; — > 1 - .
Pr =P = P g e og dpy e "

Hence, (logpr,)/ g1, is bounded below by
logc” +2log(4/elogdr,) +logpr,  logc’ +2log(4/elogdr,) N gr. log pr,

8L; 8L 8L, 8F;
By the classical Brauer-Siegel theorem, Theorem 1.4, for quadratic fields F7,
log oy,
lim inf ~2£% >
11230 8L;

Since 7 U J contains all the indices, this gives (4.5) and completes the proof.

5. Concluding remarks

In [11], Odlyzko also showed that the generalised Riemann hypothesis implies
Stark’s conjecture. We note that the generalised Riemann hypothesis can be replaced
by a much weaker conjecture on the nonexistence of Stark zeros. More precisely,
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assume that none of the Dedekind zeta functions £;.(s) of CM-fields L admits a zero in
the region (2.1). Then arguing as in the proof of Theorem 3.1, for any CM-field L with
ny+ = n and applying Minkowski’s bound,

__csc7 1 1n p1/2 n CSC7‘/§ 1 1/2 n
h Z I + Z
R T R A
and
o csc(e)” 1 (1/2)—af1/2'

T4 logd ) M

Consequently, the cardinality of the set of CM-fields L with 4, < H is finite and can
be bounded effectively (in terms of H).

In a slightly different vein, for GBS, suppose that a family £ = {L;} is an asymp-
totically good tower or an asymptotically bad family such that each Dedekind zeta
function z,(s) is nonzero in the region (2.1) with L = L; and n = n;. By the arguments
used in Section 4 and observing that the region (4.2) is contained in the region (2.1),
one can show that GBS is true for £.

Last but not least, we note that Theorem 2.2 may have other applications. For
instance, consider the Euler—Kronecker constant vy, attached to a number field L in
the expansion

é(s) =Ly yi + O(s = 1).

45 s—1

Thara [7] showed that under the generalised Riemann hypothesis, y; < 2loglog Vdy,
and unconditionally, y; > —log Vd;. In [2], Dixit proved that for every almost
normal L not containing any quadratic fields, |y;| < xo(log dL)4nz for some absolute
ko > 0. Moreover, he showed that if L has solvable Galois closure over Q and does not
contain any quadratic fields, then |y;| < k;(log dp)*'1°2'°¢4 for some absolute k; > 0
and k; > 0. Now, if we consider a number field L € C of degree n such that L does not
contain any quadratic fields, then by Theorem 2.2, any zero Sy of {;(s) in the region
(2.1) must satisfy

C1
1- _
4logdy nem§(n)logd;
Hence, arguing as in [2, Sections 2.3.1-2.3.2] yields the following theorem.

g

THEOREM 5.1. Let L € C be a number field not containing any quadratic fields. Then
lyrl < «j(log dy ) loglogd:

Jor some absolute k| > 0 and «, > 0.
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