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COMPONENTS AND MINIMAL NORMAL SUBGROUPS OF FINITE
AND PSEUDOFINITE GROUPS

JOHN S. WILSON

Abstract. It is proved that there is a formula 7 (/. x) in the first-order language of group theory such
that each component and each non-abelian minimal normal subgroup of a finite group G is definable
by n(h, x) for a suitable element / of G: in other words, each such subgroup has the form {x | x |=
n(h.x)} for some h. A number of consequences for infinite models of the theory of finite groups are
described.

§1. Introduction. A group G is called pseudofinite if it is an infinite model for the
first-order theory of finite groups, in other words, if G is infinite and G satisfies all
first-order sentences in the language of group theory that hold in all finite groups.
The study of pseudofinite groups was begun by Felgner [3] and further developed
n [10]. [8], and [9]. Some results about finite groups lead directly to results for
pseudofinite groups because they can be formulated using first-order formulae. For
example, a result of [11] asserts that there is a first-order formula p(x) such that an
element g of a finite group G satisfies p(g) if and only if g lies in the largest soluble
normal subgroup R(G) of G. It follows easily that every pseudofinite group G has a
unique largest definable normal subgroup R (G) that satisfies all first-order sentences
holding in all finite soluble groups; moreover G/R(G) is finite or pseudofinite and
R(G/R(G)) = 1 (see for example [9, Propositions 2.16, 2.17]).

We recall that a finite group is called quasisimple if it is perfect and simple modulo
its centre, and that a component of a finite group G is a quasisimple subnormal
subgroup. Distinct components centralize each other, and the components of G
can also be described as the quasisimple subgroups L that centralize all conjugates
of L distinct from L; cf. Isaacs [5, Chapter 9].

A pseudofinite group S is called definably simple if it is has no definable normal
subgroups apart from 1 and S. An argument of Felgner ([3]; cf. [10, Proposition
2.7]) shows that such groups are precisely the groups elementarily equivalent to
ultraproducts of finite simple groups; in particular, an ultraproduct of alternating
groups of unbounded rank is definably simple but not simple. We call a definable
subgroup L of a pseudofinite group G a (definable) component of G if it has no
non-trivial definable abelian quotients, is definably simple modulo its centre, and
centralizes all conjugates of L distinct from L.
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For a first-order formula (A, x) and a group element & we write {x | n(h.g)}
for the set {x | x = =(h, x)}. In Section 4 below we study definable components
and minimal definable normal subgroups in pseudofinite groups. In particular, we
prove the following result.

THEOREM 1.1. Let G be a pseudofinite group. Then

(a) every non-trivial definable normal subgroup of G contains either a non-trivial
abelian normal subgroup of G or a non-abelian minimal definable normal
subgroup of G

(b) each non-abelian minimal definable normal subgroup M is of the form S x
Cu (S) for a definably simple component S';

(c) distinct components centralize each other. and so the subgroup generated by
finitely many components is their product and is definable;

(d) all non-abelian minimal definable normal subgroups and all of the products in
(c) are sets of the form {x | n(h,x)} for elements h € G, where n(h,x) is a
first-order formula independent of G .

In particular, from (a) and (b). if R(G) = 1 then G has both minimal definable
normal subgroups and definably simple components.

For a finite group G, the relation between the various products of components
is particularly easy to describe: they constitute a Boolean lattice with respect to
natural operations. For a pseudofinite group G there is also such a lattice which
is interpretable in G and whose atoms correspond to the components of G (see
Proposition 4.5 below). Theorem 1.2 describes the structure of G in the case when
this lattice is finite.

THEOREM 1.2. Let G be a pseudofinite group that has only finitely many definable
components and let P be their product. Then G has a characteristic definable subgroup
G\ of finite index such that Gy/PCg(P) is metabelian. In particular, if R(G) = 1,
then G/ P is virtually metabelian.

The key to these results is a first-order formulation of properties of components
and perfect minimal normal subgroups of finite groups.

THEOREM 1.3. There exist formulae n(h, y). n'(h) in the first-order language of
group theory such that, for every finite group G, the products of components of G are
precisely the sets {x | n(h,x)} for the elements h of G satisfying =’ (h).

Moreover there exist formulae nt(h), ©),(h) such that, for each finite G, the com-
ponents and non-abelian minimal normal subgroups of G are the sets {x | n(h,x)}
with h satisfying, respectively, n.(h) and r},(h).

The formula z(4, y) appearing in Theorem 1.3 is the same one as in Theorem 1.1.

To prove these results we use ideas concerning double centralizers which have
proved fruitful in other contexts (cf. [12]). We also need some consequences of
the classification of the finite simple groups, including the positive solutions to the
Schreier and Ore conjectures. Somewhat weaker structural results can be proved
using only the solubility of outer automorphism groups of finite simple groups, by
working directly with double centralizers of components.
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§2. Preliminary results. We begin by listing the consequences of the classification
of finite simple groups that we shall require.

(CFSG) (a) Each finite quasisimple group can be generated by two elements.
(b) Let S be a finite non-abelian simple group. Then
(i) the outer automorphism group Out(S) = Aut(S)/Inn(S) of S has a
metabelian subgroup of index at most 2, and has a series 1 = G < G| <
< <1 Gs = Out(S) with G; /Gy cyclic fori =1,....,5.
(ii) every element of S is a commutator in S.
(c) All elements of finite quasisimple groups are products of two commutators.

Assertion (a) is an immediate consequence of the fact, proved by Aschbacher and
Guralnick [1], that finite non-abelian simple groups can be generated by two ele-
ments. For (b)(i), see for example Gorenstein [4], Theorem 4.237 and the discussion
preceding it, and for (b)(ii) and (c) see [6] and [7]. Here is an easy and well-known
consequence of (CFSG) (b)(i).

LEMMA 2.1. Let M be a perfect finite group with all components normal and with
no non-central nilpotent normal subgroups of class at most 2. Then M is the product
of its components.

PrOOF. Let L,,.... L, bethecomponents of M and M, their product. Write S; =
L;/Z(L;) for each i (where Z(H) denotes the centre of a group H). Conjugation
in M induces a homomorphism from M to 4 = Aut(S;) x --- x Aut(S,), with
kernel D, say, and My maps to I = Inn(S;) x --- x Inn(S,). Because each group
Aut(S;)/Inn(S;) is soluble so is 4/1, and thus the perfect group M must also map
to I. Hence, M = MyD. Suppose that D £ M, and choose N << M minimal
with respect to N < D, N £ M. Thus, N/ (N N M) is either abelian or a direct
product of non-abelian simple groups. Since D centralizes My/Z(M,) we have
NN My <[D, My] <Z(My) < Z(M). Hence, either N is nilpotent of class at most
2, or N is perfect and a product of simple groups modulo its centre. In the latter
case N is a product of components, and in both cases we have a contradiction. -

Our notation for conjugates and commutators is as follows: x = x~!yx and
[x.»] = x~'y~!xy for elements x, y of a group G. We write C%(X) as shorthand
for Cg(Cg (X)) for each subset X of G. Evidently (X) < CZ(X) for each X.

LeEMMA 2.2. Let G be a finite group. If L is a component of G then L <1 C%(L).

ProOF. Let T be the product of all components N # L of G;then T < Cg (L) and
$0 CL(L) < Cg(T).If ¢ € CG(T) and L¢ # L then L < T and L < T ' =T.a
contradiction. -

For each element / of a group G define
Xy ={lh" k1| g€ G} and W, =|J(X] | f € G.1X. X[1# D).
LEMMA 2.3. Let M be the product of some components Ly,...,L, of a finite

group G.

(a) If X is a subset of M whose projection in each L;/Z(L;) is non-trivial then
M= (X¢|geM[X.X¢]#1).

(b) Suppose that M centralizes all conjugates Mé # M and let h be an element of
M that projects non-trivially to each L;/Z(L;). Then M = (W},).
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PrOOF. (a) Write H = (X). Thus, [X, X¢] # 1 if and only if [H. H¢] # 1. The
following elegant proof based on an idea of Chris Parker replaces an earlier longer
argument.

Since (H® | g € M) is normal in M and has non-trivial projection in each
L;/Z(L;) we have (H® | g € M) = M. Let K = (H® | g € G.[H H®] # 1).
Then N,/ (H) contains the conjugates of H that centralize H and permutes the
remaining conjugates, and so N, (H) normalizes K. Thus, (H¢ | g € M) <
(K.Ny(H)) =Ny (H)K and M = Ny, (H)K. Clearly H® < K for some gy € M.
Let g € M and write gy = noko., g = nk with ng.n € Ny (H). ko.k € K. Then
HE = H™o &oky 'k — freoky 'k < gk 'k — K and the result follows.

(b) Foreach g € G. either g normalizes M or [M, M$¢] = 1:hence, [h~!. h¢] € M.
Therefore X;, C M. and for f € G we have X,,; C M/ thus. if X}, and X}, do not
commute then X),, C M. It follows that W), C M.

Write i = hy... h, with h; € L; for each i. For each i there is an element
s € L; such that [hfl,his] ¢ Z(L;). and clearly [h~!, h*] = [hfl,his] € L;. Thus the
subset {[A~',h/] | f € M} of M satisfies the hypothesis on X in (a), and hence
M C (W) 5

We define the words 6, for r > 1 recursively by d;(x;. x2) = [x1. x»] and
Or(x1.ex2) = [0,—1 (1o oo X1), 01 (X2 -1 4 e e - xy)] forr > 1.

LEmMMA 2.4. Let M be the product of some components L. ..., L, of afinite group
Gandlet M < K < CL(M)N Ni<r NG (L:). Then M is the set of products of two
Os-values in K .

Proor. By (CFSG) (b)(ii) and induction. every element of a non-abelian finite
simple group is a d,-value for all n. Therefore, for each i, every element of L; is
congruent modulo Z(L;) to a d3-value in L;, and every commutator of two elements
of L; is a d4-value in L;. Thus, from (CFSG) (c) each element of L; is a product
of two d4-values in L;. The corresponding statement now follows for the (external)
direct product P of the groups L;, and since M is a homomorphic image of P. every
element of M is a product of two d4-values in M.

Write S; = L;/Z(L;) for each i. Since each L; is normal in K, conjugation in K
yields a homomorphism from K to A = Aut(S) x --- x Aut(S,), with kernel D,
say. The image I of M is equal to Inn(S7) x - -- x Inn(S,). From (CFSG) (b) each
group Aut(S;)/Inn(S;) is soluble of derived length at most 3, and hence so is 4/1.
Therefore all d3-values in A4 lie in 7. and so all 63-valuesin K lie in M D. Since D acts
trivially on each S; we have [M. D] < Z(M ) and so [[M. D]. M] = 1. Therefore from
the 3-lemma we have [M, D] = [[M. M].D] = 1. Thus. D < Cg(Cg(M))NCg(M)
and so D and MD/M are abelian. It follows that every ds-value in K lies in M and
the lemma is proved. -

We shall need the following elementary lemma.

LemMmA 2.5. Let H be a finite non-abelian group with no non-central nilpotent
normal subgroups of class at most 2. Then, H has a component.

PrOOF. Let L be a minimal subnormal subgroup subject to L £ Z(H ). Thus,
L/(L N Z(H)) is simple and either L is perfect, and hence quasisimple and a
component of H, or L is nilpotent. Suppose that L is nilpotent. Then the subgroup
N generated by its conjugates is normal and nilpotent. Write N; for the i-th term
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of the lower central series of N for each i, and let d be the smallest integer with
Ny = 1. Since [Ny, Nyj] < Ny the subgroup N, is abelian and normal in H;
hence N; < Z(H) and Nyy; = 1. Thus d < 2 and N4 = 1. But then N, is abelian
and lies in Z(H ). so that N3 = 1. Therefore L < N < Z(H), and a contradiction
ensues. =

Although far better results than the following are known we include an ad hoc
proof for the reader’s convenience.

LemMA 2.6. Let G be a group having a series | = Hy<lH| < Hy <---<1H, =G
with cyclic factors and let K = (g% | g € G). Then (a) |G/K| < 2" and (b) every
element of K is a product of 3n squares in G.

ProOF. Since G/K has exponent at most 2 and has a series of length at most n
with cyclic factors assertion (a) is clear. Assertion (b) is clear forn = 1. Let n > 2
and write 4 = H, ;. Then B = (a® | @ € A) is normal in G and by induction
we may assume that B consists of products of 3(n — 1) squares. It suffices now to
show that each product of squares in G is congruent modulo B to a product of
three squares. Thus, we may pass to G/ B and assume that 4 has exponent at most
2. Write G = (t)4A and D = {a'a | a € A}. Then D < G and G/D is abelian,
and so every product of squares in G is congruent to a square modulo D. Since
a'a = t7*(ta)? for each a € A the result follows. =

§3. Finite groups: Proof of Theorem 1.3. The following first-order characteriza-
tion of quasisimple groups is similar to a characterization of simple groups given
by Felgner [3].

PropoSITION 3.1. Let G be a finite group. Then G is quasisimple if and only if G
satisfies the sentence QS; N QS, A QS;. where QS;. QS,. and QS; are respectively
defined as follows:

(Fu)(u # 1) A (Yx)(3y13y23p33pa) (x = [y1. 12103 yal):
(Vx)((Vu)[x. x*] € Z(G)) — x € Z(G):

(VxVp)(x ¢ Z(G)ACq (x. ») > Z(G) = Ny (Ca(x. y)CG (x. ) = Z(G)).

These sentences are clearly equivalent to (considerably longer) sentences written
in the primitive first-order language of group theory.

Proor. First suppose that G is quasisimple. Then QS; holds by (CFSG) (c).
while an element x that commutes modulo Z(G) with all of its conjugates generates
an abelian normal subgroup modulo Z(G). and therefore lies in Z(G). If Z(G) <
H < G then HCG(H) < G and (,(HCg(H))* = Z(G): therefore QS; certainly
holds.

Now let G be a group satisfying QS; A QS, A QS;. Then G is non-trivial and
perfect and so it has a minimal normal subgroup K subject to K £ Z(G). Moreover
KZ(G)/Z(G) cannot be abelian by QS,. Therefore G has a component 7. By
(CFSG) (a) we can find x,y with T = (x, y); evidently x ¢ Z(G). Write H =
Cqs(x.y) = Cg(T). Then the product of all components of G is normal and lies
in HT, so that (,.;(Ca(x,»)Cq(x.¥))¢ # Z(G). Therefore by QS; we have
H = Z(G); in particular T is the only component of G, and T <1 G. Write D =
Cs(T/Z(T)). Since G/ D is perfect and embeds in Aut(7/Z(T)) we have G = TD
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by (CFSG) (b)(i). Since T is perfect and [[T. D]. T] = 1 we have [T, D] = 1 from
the 3-lemma. Therefore D = H = Z(G) and G = T. -

ProOF OF THEOREM 1.3. We begin with the following formulae (cf. [12, Section

4)):

o(h.x):  @y)x =" h"]):

w(h.x): (Etﬂylﬂyz)( (. yn)Aw(h’,yz)Aw(h’,X)A [y1.p2] # 1):
yHhox): (V) (w ( y) =[x y]—l)

y(hox): (Vy)(p'(hy) — =1):

al(h,x): 3y1-- 3y16)(/\,, 1V(h yn)) A (x =04(y1..... y16)).
alh.x):  GnIy)(a(h.y) Aal(h.yr) Ax = yiy).

For a group G and element / these formulae express, respectively, that x € X,
x € Wy x € Cg(Wy,). x € CL(W,,), x is a d4-value in C%(W),) and that x is a
product of two d4-values in CZ(W},). Let o' (/) be a first-order formula asserting
that {x | a(h, x)} is a subgroup satisfying QS; A QS, A QS5 that centralizes all of
its other conjugates.

Now let G be a finite group and L a component of G. From Lemma 2.3, for each
h € L\ Z(L) we have L = (W) and hence L < C%(W,). Lemma 2.4 now shows
that L is the set of products of two J4-values in C% (W),) and that L = {x | a(h. x)}.
Therefore o’(h) holds by Proposition 3.1. Conversely, if / satisfies o’(%), then
{x | a(h, x)} is a component by Proposition 3.1.

We shall use this characterization of components to find formulae for arbitrary
products of components.

Let K = (N, (Cg(L)C%L(L)). the intersection being over all components L of
G. If Ly, L, are components then either L; = L, and hence L; < C% (L), or
Ly # Ly and hence L; < Cg(L,). Thus, for each component L we have L < K,
and indeed L <t K by Lemma 2.2. From above, we have K = (\(Cg (W),)C%(W))).
the intersection being over all / satisfying o’(h): thus, K is defined by the formula

k(x): (Vh)(a/(h) = (Fu3v)(x = uv Ay (hu) Ay(hv))).

Now we introduce formulae like those at the start of the proof but relative to the
subgroup K:

ox(h.x): @) e(y) Ax =[a"1 1"]):

wi(h.x):  (3t3y133)(k (t)AcpK(h y1) Ak (h'. y2) Aok (B, x) A [y1.y2] # 1)
vk(h.x): (V) ((6(y) Awk(h.y)) = [x.y] = 1)

pi(hx): (99)((k(y) Apk(hp)) — [x. 3] = 1):

a'(h.x): (3yr - 3y16 ((A ,1,61V1< (h.yn)) Ax =84(1.....116)):

n(h.x): Gy (@ (hoy1) Art(h y2) Ax = yiy).

Finally. let 7’'(/) be the conjunction of x(4) and a first-order formula asserting
that {x | =(h,x)} is a normal subgroup of K satisfying QS; and QS, (that is,
every element is a product of two commutators and K has no non-central nilpotent
normal subgroups of class at most 2).

If 7’ (h) holds then {x | z(h,x)} is a product of components from Lemma 2.1.
We claim that every product of components has this form. Let Ly ,..., L, (with
r > 0) be components, write M = L; ... L, and choose & € M with non-trivial
projections in all groups L;/Z(L;). (Thus, if r = 0 we have M = l and & = 1.)
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So M = {{x | wg(h,x)}). from Lemma 2.3 applied to the group K. By Lemma
2.4, M is the set of products of two ds-values in C3({x | wx(h x)}) and so
M = {x | n(h,x)}. Since M is a product of components, the formula 7’(4) holds
and our claim follows.

It is now easy to identify the elements / for which {x | (/. x)} is a non-abelian
minimal normal subgroup or a component. We take 7, (h) = 7’ (h) A | (h) A pb(h)
where | (h) is the formula

(Fu # Dr(h, u) A\WxVp)(m(h, x) = n(h, x*))ANVv # 1)(3t)(n(h,v) = [v.0'] # 1)

asserting that the subgroup {x | n(h, x)} is non-trivial, normal and contains no
non-trivial abelian normal subgroup of G. and x4 (/) is the formula

(Vi) (' (k) Ay (k) A ((Vx)m (k. x) = m(h.x))) = (Vp)r(h. p) = =(k. y))

asserting minimality of this normal subgroup. For z/(h) we can take the conjunc-
tion of n'(h) and a formula asserting that {x | n(h, x)} is minimal among sets
{x | n(k,x)} # {1} for which (k) holds. —|

84. Pseudofinite groups.
LEmMA 4.1. Let G be a pseudofinite group. The following assertions hold.

(a) forallh,. hy € G,
nlh () Anl (h) A (Vx)r(hy, x) = w(ho, x)) = (Vy)r (b, y) < r(ha, p))
and
() Am(ha) A ((Vx)r(hi, x) = w(ha, x)) = ((Vy)7 (b y) < m(ho. y)).
(b) Every non-trivial definable normal subgroup of G contains either a non-trivial
abelian normal subgroup of G or a subgroup {x | n(h,x)} with h satisfying
) (h).
(c) Let h € G satisfy nl(h). Then {x | n(h. x)} is a (definable) component of G.

PrROOF. (a) Since in a finite group the sets {x | n(/, x)} for which =/, (h) (resp.
n/(h)) holds are non-abelian minimal normal subgroups (resp. components), the
two assertions hold for finite groups. Therefore they hold for G.

(b) Let 0(x) be a formula that in G defines a non-trivial normal subgroup and
0" (x) the conjunction of f(x) and a sentence asserting that {x | 6(x)} is closed for
products, inverses, and conjugates. In each finite group the sentence

(3a # 1)0%(a)
= (30 # )07 (b) A (vx)[b.6%] = 1) v 3h) (mf, (h) A ((Vp)r(h. y) — 67(y)))

holds, since every non-trivial normal subgroup contains a non-trivial abelian normal
subgroup or a non-abelian minimal normal subgroup. Therefore this sentence holds
in G.

(c) Because of Theorem 1.3 and the properties of components of finite groups.
n(h. x) defines a subgroup H of G that centralizes all conjugates H¢ # H. It
remains to prove that H has no proper non-central definable normal subgroups.
Let w(x) be a formula that in G defines a non-central normal subgroup of H
and wT(x) the conjunction of y(x) and a sentence asserting that {x | w(x)}
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is closed for products, inverses, and H-conjugates. In each finite group the
sentence

(Vi) (mé(k) A (Vx)(w T (x) = m(k.x)) A (Va # 1) (w* (@) — (3b)(r(k.b) Ala.b] # 1))
— (V) (zlk.y) = v (1))

holds, because components of finite groups have no proper non-central normal
subgroups. Therefore this sentence holds in G, and our conclusion holds. -

ProposITION 4.2, Let G be a pseudofinite group. The following assertions hold.

(a) The non-abelian minimal definable normal subgroups of G are the subgroups
{x | n(h.x)} for elements h satisfying =’ (h).

(b) The definable components of G are the subgroups {x | n(h, x)} for elements h
satisfying n.(h).

Proor. (a) From Lemma 4.1(b). every non-abelian minimal definable normal
subgroup has the form {x | (A, x)} for some & satisfying z},, (h).

Now let & € G satisfy ), (k). Then the set M = {x | n(h,x)} is a non-abelian
normal subgroup and we must establish minimality. Since in a finite group a non-
abelian minimal normal subgroup has no non-trivial element that commutes with
all of its conjugates, M contains no non-trivial abelian normal subgroup of G. Let
N be a definable normal subgroup contained in M. By Lemma 4.1(b). N contains a
subgroup {x | n(k, x)} with k satisfying n},, (k). Therefore N = M = {x | n(k,x)}
by Lemma 4.1(a), and minimality follows.

(b) By Lemma 4.1(c) it suffices to show that if H is a definable component of
G. defined by a first-order formula y(x), then H = {x | =n(h,x)} for some h
satisfying 7(h). We may replace y by its conjunction with a sentence asserting
that {x | y(x)} is a non-abelian subgroup that normalizes its conjugates and all
of whose nilpotent normal subgroups of class at most 2 lie in its centre. In a finite
group F, a set E defined by y is a subgroup that normalizes its conjugates (so is
subnormal in F) and by Lemma 2.5 it contains a component of E, and hence of
F: thus, (3h)(zl(h) A (Vx)(m(h.x) — z(x))) holds in F by Theorem 1.3. Therefore
this sentence holds in G and we can find & € G satisfying n/.(h) such that Hy < H
where Hy = {x | n(h, x)}. Since H is a definable component we have Hy << L < H
where L = (,c;; Ny (H{'). and since L is definable and H is a definable component
we have H = {x | n(h, x)}, as required. —|

ProOF OF THEOREM 1.1. This is easy now that we have identified the non-abelian
minimal definable normal subgroups and the components as the sets {x | 7(/, x)}
for elements / satisfying 7, () and 7. (/). Assertion (a) follows from Lemma 4.1(b)
and Proposition 4.2(a). Each non-abelian minimal normal subgroup N of a finite
group is the direct product of a simple component and its centralizer in N; since
this statement can be expressed by a first-order sentence, assertion (b) holds for
G. Assertions (c) and (d) also follow from the corresponding assertions for finite
groups and Theorem 1.3. =

Let G be a finite or pseudofinite group. Write I1(G) = {4 | z’(h)} and for each
h € TI(G) write T, = {x | z(h. x)}. Define a pre-order on I1(G) by setting &; < hy
if and only if #(/;. x) — n(hs. x). Thus, I1(G) and the relation < are definable in
G.Wenote that 1 € I[1(G) and 1 < h forall & € TI(G).
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Lemma 4.3. (a) There is an element m € I1(G) such that h < m for all h € TI(G).

(b) Forall hy, hy € TI(G) there exists hy € TI(G) with T),,T;, = Th,.

(c) For each h € TI(G) there are elements h° € I1(G) with TyTyo = T, and
[[h.Tpol = Ty NTpo = 1. Moreover. Ty010 = Ty, for all choices of h°. (h°)°.

(d) The minimal elements of TI(G ) \ {1} are the elements h satisfying n.(h).

Proor. These assertions hold for finite groups and since they can be expressed
using first-order formulae they also hold in pseudofinite groups. -

It is convenient to use the following (dual of a) result of Frink [2].

LEMMA 4.4. Let B be a partially ordered set with a maximum element 1 in which
every pair of elements by, by has a least upper bound by V by. Suppose that there is an
order-reversing bijection °: B — B such that for all by, by € B we have by V by = 1
if and only if by > b3. Then B is a Boolean lattice. with minimum element 1°, with
complementation given by ° and with meet operation given by by A\ by = (b{ V b3)°.

PRrOPOSITION 4.5. The quotient B(G) of TI(G) modulo the equivalence relation
defined by

hy ~ hy ifandonly if hy < hyandhy < hy

carries the structure (definable in G) of a Boolean lattice.

Proor. This follows directly from the above two lemmas. The set B(G) inherits
a partial order from I1(G), with minimum element 0 the class containing 1 and
maximum element the class containing m, and & — I’ induces an order-preserving
bijection B(G) — {I';, | n’(h)}. By Lemma 4.3(b). for all b;.b, € B(G) there
is a least upper bound b; V b,, and (c) gives an order-reversing bijection b +— b°
satisfying the conditions of Lemma 4.4. Therefore B(G ) is a Boolean lattice. Finally,
the equivalence relation on I1(G) and the operations V and © are clearly defined by
first-order formulae, and the result follows. -

It is worth noting that when R(G) = 1 the family {I', | #’(h)} consists of all
definable normal subgroups of I',,, and lattice operations °, V, A in it are precisely
the operations K — Cr, (K ), and join and intersection of subgroups.

We turn now to Theorem 1.2. For each group G let ¢(G) be the subgroup
generated by all squares.

PrROPOSITION 4.6. Let G be a pseudofinite group with a normal definable com-
ponent L. Then q(G)Cg(L) is definable, ¢(G)Cg(L)/LCg (L) is metabelian, and
G/q(G)Cq (L) is elementary abelian of order at most 32.

PrOOF. We have L = {x | n(h. x)} forsome & € G satisfying z/ and so G satisfies
(3h)7(h) where t(h) is the formula

. (h) A (VxVy)(z(h. x) « m(h,xV)).
We shall show that ¢(G)Cg (L) is defined in G by the formula

x(h.x): (31 -+ 3yis)(3s30)
x =y} .. it Arlhos) A (Vz)(r(h.z) — [z,6] = 1).

Let F be a finite group that satisfies (34)z(h). This sentence asserts that F
has a normal component N = {x | n(h.x)}. Clearlyy, N = ¢(N)Z(N). Let
S = N/Z(N). An easy application of the 3-lemma shows that Cr(N) = Cg(S):
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therefore, F/Cr(N) is isomorphic to a subgroup H of Aut(S) containing Inn(S).
By (CFSG) (b)(i) the group H/Inn(S) satisfies the hypothesis on G in Lemma 2.6
withn = 5, and so ¢(F) < XNCr(N) where X is the set of products of 15 squares
in F. Thus, ¢(F)Cr(N) = g(F)NCr(N) = {x | x(h,x)}. Since every product of
16 squares is a product of an element of X and an element of NCr (N ), the formula

pi(h): (Vxy---Vxig)x(hxt..... x{e)

holds in F. Further use of (CFSG) (b)(i) and Lemma 2.6 shows that F/q(F)Cr(N)
is elementary abelian of order at most 32 and ¢(F )Cr(N)/NCr(N) is metabelian.
Therefore, the formulae

pa(h): (3t - F) (Ve) V2, 2 (bt g).
pa(h): (Vxy - 'VX4)(/\?:1(%(h,xi) — (Juv)
(02(x1. x2. x3.x4) = uv Am(h.u) A Vw(z(h,w) — [w. 1] = 1)))

hold in F.

Consequently, for finite groups we have (i) — p1(h) A pa(h) A p3(h). Therefore,
this implication holds for G, and G satisfies p1 (k) A pa(h) A p3(h). It follows that
q(G)Cg (L) is defined by the formula y (A, x). that this subgroup has index at most
32 and that ¢(G)Cg(L)/LCg(L) is metabelian, as required. —|

PrOOF OF THEOREM 1.2. Let Ly, ..., L, bethe definable components, Gy the inter-
section of their normalizers, and P their product. Then Gy has finite index in G
since it is the kernel of the conjugation action on the set of components. Write

G = () 4(Go)Cq, (L)
i=1

Since automorphisms of G permute the subgroups L. both G; and PCg(P)
are characteristic subgroups of G. By Proposition 4.6 each subgroup Q; =
q(Goy)Cq,(L;) is definable and of finite index in Gp: hence, G, is definable and
of finite index in both Gy and G. Because each Q;/L;Cg,(L;) is metabelian, so
is Gi/K where K = (\L;Cg,(L;). For each i, conjugation by elements of K
induces only inner automorphisms in L;/Z(L;), and so the images of K and P
in Aut([T L;/Z(L;)) coincide. Therefore, K = PCg(P/Z(P)). Another use of the
3-lemma shows that C(P/Z(P)) = Cg(P), and so G;/PCg(P) is metabelian, as
required.

Finally, suppose also that R(G) = 1. Then Cg (P) is a definable normal subgroup
containing neither components nor a non-trivial abelian normal subgroup of G,
and so Cg(P) = 1. The result follows. —
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