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Abstract Using some formulas of S. Ramanujan, we compute in closed form the Fourier transform of
functions related to Riemann zeta function ζ(s) =

∑∞
n=1 1/ns and other Dirichlet series.
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1. Introduction and results

B. Riemann stated the following formula in his famous and epoch-making memoir Ueber
die Anzahl der Primzahlen unter einer gegebenen Grösse [9, 15]:

If s = 1/2 + it, t ∈ C then

1
2
s(s− 1)π−s/2Γ(s/2)ζ

(
1
2

+ it

)
=

∫ ∞

0

Φ(u) cos(ut)du, (1)

where

Φ(u) := 4
∞∑

n=1

(2π2n4e9u/2 − 3πn2e5u/2)e−πn2e2u

.

G. H. Hardy proved in 1914 that an infinite number of zeros of the zeta function are on
the critical line. G. Pólya gave a proof of this fact using the above formula [15]. Similar
representations hold for other L−functions and this fact is well known [10]. A recent
paper of D. K. Dimitrov and Y. Xu [7] provides a solution to an old problem of G. Pólya
on giving necessary and sufficient conditions on an entire function of order one, which
is represented in terms of a Fourier transform, to have only real zeros. In fact, in that
paper, there is a necessary and sufficient condition for the Riemann Hypothesis to hold,
using the above kernel Φ(u), in terms of a density condition in L1(R).

It is worth mentioning that there are other criteria for RH to hold: the classical Nyman–
Beurling criterion [5, 8, 11] and its generalizations and refinements due to Báez–Duarte
and his collaborators [1, 2].
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Fourier transforms related to ζ(s) 201

Also, there is a vast literature concerning the location of the zeros of sine or cosine
transforms with contributions of many masters of the classical analysis. The reader may
consult the comprehensive paper [6].

From the above, it seems to be of some interest to have other formulas for ζ(s) or other
Dirichlet series as Fourier transforms. To name a few more, there is in fact a beautiful
formula due to van der Pol [13] of the sole zeta function as a Fourier transform: if [x] is
the largest integer ≤ x and −1/2 < �t < 1/2 then

ζ(1
2 + it)

( 1
2 + it)

=
∫ +∞

−∞
(e−u/2[eu] − eu/2)e−iutdu.

Also, S. Ramanujan proved other formulas for ζ(s) [14, p. 72] and one wonders what
other formulas might exist. In the search for other representations for ζ(s) the author
[12] proved, among others, the following formula: if s = 1

2 + it and −3/2 < �t < 3/2,
then

s(s− 1)Γ(1 − s
2 )Γ(s)

2s−1πs/2
ζ

(
1
2

+ it

)

= 8π
∫ ∞

0

{∫ ∞

0

e−πxe−2u

e2π
√

x − 1
{e−3u/2 − e−7u/25πx+ e−11u/22π2x2}dx

}
cos(ut)du. (2)

The kernel in the last integral is an even function of u.
The aim of this note is to present, as an application of certain formulas given by S.

Ramanujan, Fourier transforms related to the Riemann zeta function and two particular
Dirichlet series:

Lχ4(s) :=
∞∑

n=1

(−1)n−1

(2n− 1)s
,

(the Dirichlet series which corresponds to the non-trivial character mod 4) and

L(t) :=
∞∑

n=0

(−1)nsech{ 1
2π(2n+ 1)}

(2n+ 1)it−1
.

We notice that in formula (2), the poles of the Gamma factors turn out to be such that
they do not cancel with the trivial zeros of ζ(s) and this is why the formula holds only
in the stated strip (the same phenomenon occurs in Theorems 1 and 5). This is not the
case with formula (1) where cancellations occur and therefore, the Fourier integral is an
entire function (as in Theorems 2, 3 and 4).

The main results of this note are the following theorems.

Theorem 1. Set

ψ(x) :=
∞∑

n=1

e−n2πx,
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I(α) :=
2

4
√
πα

ψ(1/α) − 2(πα)3/4

∫ ∞

0

e−παx

e2π
√

x − 1
dx,

Φ(x) := I(ex).

Then Φ(x) = Φ(−x) if 0 < x. Also if −3/4 < �t < 3/4 then

∫ ∞

0

Φ(x) cos(tx)dx

= πit−1/2Γ
(
−it+

1
4

){
1 − 1√

π
Γ
(
it+

3
4

)
Γ
(
−it+

3
4

)}
ζ

(
−2it+

1
2

)
.

Theorem 2. Set

I4(α) :=
∞∑

n=1

(−1)n+1

n sinh(nαπ)
,

I(α) := I4(α) − αI ′4(α) − α2I ′′4 (α)

Φ(x) := 2I(ex)

Then Φ(x) = Φ(−x) if 0 < x. Also if t ∈ C

∫ ∞

0

Φ(x) cos(xt)dx = (1 + t2)
2Γ(it)
πit

(
1 − 1

2it

)2

ζ(it)ζ(it+ 1).

Moreover if one sets F (t) := (1 + t2)2Γ(it)/πit(1 − 1/2it)2 and t ∈ C then

2
∫ ∞

0

Φ(x) cosh(x/2) cos(tx)dx

= ζ

(
it+

1
2

){
F (t+ i/2)ζ(it− 1/2) + F (t− i/2)ζ(it+ 3/2)

}
,

and

2i
∫ ∞

0

Φ(x) sinh(x/2) sin(tx)dx

= ζ

(
it+

1
2

){−F (t+ i/2)ζ(it− 1/2) + F (t− i/2)ζ(it+ 3/2)
}
.

For the next theorem, we need to recall the definition of the Bernoulli numbers Bn.
These are defined by the formula

x

ex − 1
=

∞∑
n=0

Bn

n!
xn.
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Theorem 3. Assume that 2 ≤ n < m and that Bn are the Bernoulli numbers. Set

I∗n(α) := α

∞∑
k=1

k2n−1

e2πk n
√

α − 1
,

I(α) := I∗n(α)
B2m

4m
− I∗m(α)

B2n

4n
,

Φ(x) := 2I(ex).

If t ∈ C and either n, m are both even numbers or n, m are both odd numbers then

nΓ(nit+ n)
(2π)n(it+1)

ζ(nit+ n)ζ(nit− n+ 1)
B2m

4m

− mΓ(mit+m)
(2π)m(it+1)

ζ(mit+m)ζ(mit−m+ 1)
B2n

4n

=

⎧⎪⎨
⎪⎩

∫ ∞

0

Φ(x) cos(tx)dx,

i

∫ ∞

0

Φ(x) sin(tx)dx,

respectively.

The next two theorems give sine or cosine transform formulas for certain Dirichlet
series.

Theorem 4. Set

I3(α) :=
∞∑

n=1

(−1)n+1

(2n− 1) cosh{(2n− 1)απ/2} ,

I(α) := I3(α)′ + αI3(α)′′,

Φ(x) := exI(ex),

Lχ4(s) :=
∞∑

n=1

(−1)n−1

(2n− 1)s
.

If t ∈ C then

t
2itΓ(it+ 1)

πit
Lχ4(it)Lχ4(it+ 1) =

∫ ∞

0

Φ(x) sin(tx)dx.

Moreover if we set F (t) := t2itΓ(it+ 1)/πit and t ∈ C then

2
∫ ∞

0

Φ(x) cosh(x/2) sin(tx)dx

= Lχ4

(
it+

1
2

){
F (t+ i/2)Lχ4(it− 1/2) + F (t− i/2)Lχ4(it+ 3/2)

}
,
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and

2i
∫ ∞

0

Φ(x) sinh(x/2) cos(tx)dx

= Lχ4

(
it+

1
2

){
F (t+ i/2)Lχ4(it− 1/2) − F (t− i/2)Lχ4(it+ 3/2)

}
.

Theorem 5. Set

L(t) :=
∞∑

n=0

(−1)nsech
{

1
2π(2n+ 1)

}
(2n+ 1)it−1

, (t ∈ C).

F (x) := x2
∞∑

n=0

(−1)n(2n+ 1)3sech
{

1
2π(2n+ 1)

}
cosh{(2n+ 1)x} + cos{(2n+ 1)x} ,

and

Φ(x) := 2F (exπ/
√

2).

Then Φ(x) = Φ(−x) if 0 < x. If �t < 2 one has

2it/2

πit

{ ∫ ∞

0

xit+1

coshx+ cosx
dx

}
L(t) =

∫ ∞

0

Φ(x) cos(tx)dx.

The following lemma is a rather trivial result about the zeros of L(t).

Lemma 1. If �t ≤ 1.6 then L(t) �= 0.

Proof. Using the series defining L(t) one has that

|L(t)| ≥ sech(π/2) −
∞∑

n=1

sech
{

1
2π(2n+ 1)

}
(2n+ 1)−�t−1

= sech(π/2) − g(�t),

where g(�t) is increasing in �t. But one has the value g(1.6) = .369307 · · · while
sech(π/2) = .398537 · · · . �

2. Preliminaries observations

For the proof, we will use the following lemma.

Lemma 2. Assume that I(α), J(α) are defined for real α > 0 and, for fixed s,
that αs−1I(α), αs−1J(α) are absolutely integrable in α on [0, ∞], [0, 1], respectively.
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Moreover, assume that they satisfy with c0 > 0:

I(α) = ±c0I
(

1
α

)
+ J(α).

Then ∫ ∞

0

αs−1I(α)dα =
∫ ∞

1

I(α)
α

{
αs ± c0α

−s

}
dα+

∫ 1

0

αs−1J(α)dα.

Furthermore, if one has c0 = 1, J ≡ 0 and s = it, t ∈ R, then setting Φ(x) := 2I(ex), the
following formula holds

∫ ∞

0

αs−1I(α)dα =
∫ ∞

0

Φ(x) cos(tx)dx,

in case one takes the plus sign. In case one takes the minus sign, the following formula
holds ∫ ∞

0

αs−1I(α)dα = i

∫ ∞

0

Φ(x) sin(tx)dx.

Proof. One has

∫ 1

0

αs−1I(α) dα = ±c0
∫ 1

0

αs−1I(1/α) dα+
∫ 1

0

αs−1J(α) dα

= ±c0
∫ ∞

1

β−s−1I(β) dβ +
∫ 1

0

αs−1J(α) dα.

where in the last equality we changed variables α = 1/β. Inserting this in

∫ ∞

0

αs−1I(α) dα =
∫ 1

0

+
∫ ∞

1

,

yields
∫ ∞

0

αs−1I(α) dα =
∫ ∞

1

I(α)
α

{
αs ± c0α

−s

}
dα+

∫ 1

0

αs−1J(α) dα,

and the first part of the lemma follows.
If c0 = 1, s = it, J ≡ 0 with t ∈ R, taking the plus sign and making the change of

variable α = ex, one gets

∫ ∞

0

αs−1I(α) dα =
∫ ∞

0

Φ(x) cos(tx) dx.

The other case is similar. �
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3. Ramanujan’s formulas

We first recall the theta transformation formula: set

ψ(x) :=
∞∑

n=1

e−n2πx,

I0(x) :=
1
4
√
x

{
2ψ(1/x) + 1

}
.

Lemma 3 (formula (2.6.3) p. 22 of [15]). If 0 < α then

I0(α) = I0(1/α).

It is convenient to reformulate some of Ramanujan’s formulas. Therefore, we define

I∗n(α) := α

∞∑
k=1

k2n−1

e2πk n
√

α − 1
.

I1(α) :=
1
4

∞∑
n=1

1
n2 sinh2(πn

√
α)

− 2π
√
α

∞∑
n=1

n2 log(1 − e−2πn
√

α).

I2(α) :=
1

4
√
πα

{
1 + 2πα

∫ ∞

0

e−παx

e2π
√

x − 1
dx

}
.

I3(α) :=
∞∑

n=1

(−1)n+1

(2n− 1) cosh{(2n− 1)απ/2} .

I4(α) :=
∞∑

n=1

(−1)n+1

n sinh{nαπ} .

Finally set

F (x) := x2
∞∑

n=0

(−1)n(2n+ 1)3sech
{

1
2π(2n+ 1)

}
cosh{(2n+ 1)x} + cos{(2n+ 1)x} ,

I5(α) := F (απ/
√

2).

Lemma 4 (Ramanujan). Assume that Bn are the Bernoulli numbers and 0 < α.
Then if 2 ≤ n is even:

I∗n(α) = I∗n(1/α) +
B2n

4n

(
α− 1

α

)
.

Also if 3 ≤ n is odd:

I∗n(α) = −I∗n(1/α) +
B2n

4n

(
α+

1
α

)
.

Proof. These formulas correspond to Entry 13 p. 261 of [3]. In this cited formula
change α by π n

√
α and β by π n

√
β. �
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Lemma 5 (Ramanujan). If 0 < α then

I1(α) = −I1(1/α) +
π2

120

(
α+

1
α

)
− π2

72
,

I2(α) = I2(1/α),

I3(α) = −I3(1/α) +
π

4
,

I4(α) = I4(1/α) − π

12

(
α− 1

α

)
,

I5(α) = I5(1/α).

Proof. The first formula of the lemma corresponds to Entry 11 p. 323 of [3]: in this
entry changing α by π

√
α and β by π

√
β yields the first formula.

The second formula corresponds to formula (13) of [14], p. 56 of the paper Some definite
integrals, Messenger of Mathematics, XLIV, (1915), pages 10-18.

The third formula is formula (1) p. 129 of [14] of the paper On certain infinite series,
Messenger of Mathematics, XLV, (1916), pages 11–15. In the cited formula set t = 0 and
change α by πα/2 and β by πβ/2. The fourth formula follows from formula (10) of the
same paper with t = 0, changing α by πα and β by πβ.

The fifth formula is given in Entry 31 p. 461 of [4]. �

Next, we use the above formulas to define suitable functions I(α) to be used together
with Lemma 2.

Corollary 1. Set

I(α) :=
1
4
√
π
I0(α) − I2(α).

Then if 0 < α

I(α) = I(1/α).

Corollary 2. Assume that 2 ≤ n < m and that either n, m are both even numbers or
n, m are both odd numbers. Using the above formulas set for 0 < α

I(α) = In,m(α) := I∗n(α)
B2m

4m
− I∗m(α)

B2n

4n
. (3)

Then in the first case

I(α) = I(1/α),

and in the second case

I(α) = −I(1/α).

In any case, there exists positive numbers c, r (depending on n, m) such that I(α) =
O(e−c r

√
α) as α→ ∞+.
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Corollary 3. Set

I(α) :=
π2

10B6
I∗3 (α) − π

18
I3(α) − I1(α) =

π221
5

I∗3 (α) − π

18
I3(α) − I1(α).

Then if 0 < α

I(α) = −I(1/α).

There exists positive numbers c, r such that I(α) = O(e−c r
√

α) as α→ ∞+.

4. Proof of Theorem 1

In this proof (and in the sequel), we will use the following well-known formula without
further notice ∫ ∞

0

e−nxxs−1 dx =
Γ(s)
ns

, (�s > 1). (4)

From the definitions of I0(α) and I2(α), one sees that

I(α) :=
1
4
√
π
I0(α) − I2(α)

=
2

4
√
πα

ψ(1/α) − 2(πα)3/4

∫ ∞

0

e−παx

e2π
√

x − 1
dx.

and we have, from Corollary 1, that the transformation formula I(α) = I(1/α) holds.
Observe that for any negative n, one has αnψ(1/α) → 0 as α→ 0+. Therefore,

I(α) = O(α3/4),

as α→ 0+, which implies using the transformation formula that

I(α) = O(1/α3/4),

as α→ ∞+. We have proved the following result.

Proposition 1. The integral

∫ ∞

0

I(α)αs−1 dα,

is absolutely convergent for −3/4 < �s < 3/4.

Next note that if we set ψN (x) :=
∑N

n=1 e
−n2πx then 0 ≤ ψN (x) ≤ ψ(x) = O(1/

√
x)

if x→ 0+. Also ψ(x) = O(e−πx) as x→ ∞+. All these can be used in what follows
to interchange the sum and the integral using the dominated Lebesgue’s theorem: if
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�s < −1/4 and using (4)

∫ ∞

0

1
4
√
α
ψ(1/α)αs−1 dα =

∫ ∞

0

ψ(β)β−s+1/4−1 dβ

=
∞∑

n=1

∫ ∞

0

e−n2πββ−s+1/4−1 dβ

=
Γ(−s+ 1/4)
π−s+1/4

∞∑
n=1

1
n2(−s+1/4)

=
Γ(−s+ 1/4)
π−s+1/4

ζ

(
−2s+

1
2

)
,

and if −3/4 < �s < −1/4

∫ ∞

0

α3/4

{ ∫ ∞

0

e−παx

e2π
√

x − 1
dx

}
αs−1 dα =

Γ(s+ 3
4 )

πs+3/4

∫ ∞

0

x−s−3/4

e2π
√

x − 1
dx

=
Γ(s+ 3

4 )
πs+3/4

2
∫ ∞

0

τ−2s−1/2

e2πτ − 1
dτ =

Γ(s+ 3
4 )

πs+3/4

2Γ(−2s+ 1
2 )

(2π)−2s+1/2
ζ

(
−2s+

1
2

)
.

Therefore, using this last two results, one has:

∫ ∞

0

I(α)αs−1 dα

= 2πs−1/2

{
Γ
(
−s+

1
4

)
− 22s+1/2Γ

(
s+

3
4

)
Γ
(
−2s+

1
2

)}
ζ

(
−2s+

1
2

)

= 2πs−1/2Γ
(
−s+

1
4

){
1 − 1√

π
Γ
(
s+

3
4

)
Γ
(
−s+

3
4

)}
ζ

(
−2s+

1
2

)
,

where in the last equality, we have used Legendre’s duplication formula. This identity
holds true for −3/4 < �s < 3/4 using the last proposition and analytic continuation.
Now the theorem follows if s = it, using Lemma 2 and analytic continuation (we have
cancelled the number 2 on both sides of the formula).

5. Proof of Theorem 2

Observe that from the definition of I4, one has I4(α) = O(e−2πα) as α→ ∞+. Also from
the transformation formula for I4 given in Lemma 5, one gets that I4(α) = O(1/α) if
α→ 0+.

Next note that if we set I4,N (α) :=
∑2N

n=1 (−1)n+1/n sinh{nαπ} then 0 ≤ I4,N (α) ≤
I4(α) if 0 < α. These can be used in what follows to interchange the sum and the integral
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using the dominated Lebesgue’s theorem. If 2 < �s then

∫ ∞

0

I4(α)αs−1 dα =
∫ ∞

0

{ ∞∑
n=1

(−1)n+1

n sinh(nαπ)

}
αs−1 dα

=
∞∑

n=1

∫ ∞

0

(−1)n+12
nenαπ(1 − e2nαπ)

αs−1 dα

=
∞∑

n=1

(−1)n+12
n

∫ ∞

0

{
e−αnπ + e−3αnπ + e−5αnπ + · · ·

}
αs−1 dα

=
∞∑

n=1

(−1)n+12Γ(s)
πsns+1

{
1
1s

+
1
3s

+
1
5s

+ · · ·
}

=
2Γ(s)
πs

(
1 − 1

2s

)2

ζ(s)ζ(s+ 1).

The derivative of the transformation formula (i.e. Lemma 5) for I4 multiplied by α
yields

αI ′4(α) = − 1
α
I ′4(1/α) − π

12

(
α+

1
α

)
,

and the derivative of this last formula multiplied by α yields

α{I ′4(α) + αI ′′4 (α)} =
1
α
{I ′4(1/α) + 1/αI ′′4 (1/α)} − π

12

(
α− 1

α

)
.

Subtracting this last formula from the transformation formula for I4 yields that if we set
I(α) := I4(α) − αI ′4(α) − α2I ′′4 (α) then one has the transformation formula

I(α) = I(1/α).

Integrating by parts one sees that (1 < �s)
∫ ∞

0

I ′4(α)αs dα = −s
∫ ∞

0

I4(α)αs−1 dα,

∫ ∞

0

I ′′4 (α)αs+1 dα = s(s+ 1)
∫ ∞

0

I4(α)αs−1 dα,

which yields
∫ ∞

0

I(α)αs−1 dα =
∫ ∞

0

{I4(α) − αI ′4(α) − α2I ′′4 (α)}αs−1 dα

= (1 − s2)
∫ ∞

0

I4(α)αs−1 dα.

Note that the first integral in this last formula is defined for all values of s: I(α) has
exponential decay at infinity and for α = 0 one uses the transformation formula for I(α).
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Finally, using the first formula of this section and Lemma 2 with s = it yields

∫ ∞

0

2I(ex) cosxtdx = (1 + t2)
2Γ(it)
πit

(
1 − 1

2it

)2

ζ(it)ζ(it+ 1),

which is the desired first result.
Next set F (t) = (1 + t2)2Γ(it)/πit(1 − 1/2it)2 and Φ(x) = 2I(ex). Then changing in

the last formula t by t± i/2 with t real yields

∫ ∞

0

Φ(x)(cos tx coshx/2 − i sin tx sinhx/2) dx = F (t+ i/2)ζ(it− 1/2)ζ(it+ 1/2),

∫ ∞

0

Φ(x)(cos tx coshx/2 + i sin tx sinhx/2) dx = F (t− i/2)ζ(it+ 1/2)ζ(it+ 3/2).

Adding and subtracting these two formulas yield

2
∫ ∞

0

Φ(x) coshx/2 cos txdx

= ζ

(
it+

1
2

)
{F (t+ i/2)ζ(it− 1/2) + F (t− i/2)ζ(it+ 3/2)},

2i
∫ ∞

0

Φ(x) sinhx/2 sin txdx

= ζ

(
it+

1
2

)
{−F (t+ i/2)ζ(it− 1/2) + F (t− i/2)ζ(it+ 3/2)},

which proves the theorem using analytic continuation.

6. Proof of Theorem 3

From the definition of I∗n(α), one has

I∗n(α) = O(e−cα), (5)

for some positive constant c (which depends on n) as α→ ∞+. Also, from Lemma 4 (its
transformation formula) one has that I∗n(α) = O(1/α) as α→ 0+. If one sets I∗n,N (α) :=∑N

k=1 k
2n−1/e2πk n

√
α − 1 then 0 ≤ I∗n,N (α) ≤ I∗n(α). Therefore, Lebesgue’s dominated

theorem can be used to interchange the sum and the integral in what follows: if 1 < �s
then

∫ ∞

0

I∗n(α)αs−1 dα =
∫ ∞

0

∞∑
k=1

k2n−1

e2πk n
√

α − 1
αs dα

=
n

(2π)n(s+1)

∞∑
k=1

∫ ∞

0

k2n−1

ekβ − 1
βns+n−1 dβ
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=
n

(2π)n(s+1)
Γ(ns+ n)

∞∑
k=1

k2n−1

kns+n

(
1 +

1
2ns+n

+
1

3ns+n
+ · · ·

)

=
nΓ(ns+ n)
(2π)n(s+1)

ζ(ns+ n)ζ(ns− n+ 1).

Therefore, if 2 ≤ n < m and if

I(α) := I∗n(α)
B2m

4m
− I∗m(α)

B2n

4n
,

where n, m are both even numbers or n, m are both odd numbers then from Corollary 2
one has I(α) = ±I(1/α). This and formula (5) implies that

∫ ∞
0
I(α)αs−1 dα is absolutely

convergent for all values of s.
Next, observe that

∫ ∞

0

I(α)αs−1 dα =
nΓ(ns+ n)
(2π)n(s+1)

ζ(ns+ n)ζ(ns− n+ 1)
B2m

4m

− mΓ(ms+m)
(2π)m(s+1)

ζ(ms+m)ζ(ms−m+ 1)
B2n

4n
.

The theorem follows setting s = it and using Lemma 2.

7. Proof of Theorem 4

From the definition of I3, one has I3(α) = O(e−πα/2) as α→ ∞+. Also from the
transformation formula for I3 given in Lemma 5 one gets that I3(α) → π/4 if α→ 0+.

Thus, for 1 < �s, one has

∫ ∞

0

I3(α)αs−1 dα =
∫ ∞

0

∞∑
n=1

(−1)n+1

(2n− 1) cosh{(2n− 1)απ/2}α
s−1 dα

=
∞∑

n=1

(−1)n+1

(2n− 1)
2
∫ ∞

0

{
1

eα(2n−1)π/2
− 1
e3α(2n−1)π/2

+
1

e5α(2n−1)π/2
− · · ·

}
αs−1 dα

=
2Γ(s)
(π/2)s

∞∑
n=1

(−1)n+1

(2n− 1)

{
1

(2n− 1)s
− 1

(2n− 1)s3s
+

1
(2n− 1)s5s

− · · ·
}

=
2s+1Γ(s)

πs
Lχ4(s)Lχ4(s+ 1).

Lemma 2 yields (�s > 1)

∫ ∞

0

I3(α)αs−1 dα =
∫ ∞

1

I3(α)
α

{
αs − α−s

}
dα+

π

4 s
.
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Observe that the integral in the right-hand side of the last formula is defined for all values
of s. Therefore, multiplying the last formula by s, setting s = it and integrating by parts

s

∫ ∞

0

αs−1I3(α) dα = 2
∫ ∞

1

I3(α)
{−t sin(t logα)

α

}
dα+

π

4

= −2I3(1) − 2
∫ ∞

1

I3(α)′ cos(t logα) dα+
π

4

= −2
∫ ∞

1

I3(α)′ cos(t logα) dα,

where we have used the fact that I3(1) = π/8, which follows from the transformation
formula for I3. Integrating by parts again

−2
∫ ∞

1

I3(α)′ cos(t logα) dα =
2
t

∫ ∞

1

{
αI3(α)′

}′
sin(t logα) dα.

Therefore, we have proved that for all values of s = it

s
2s+1Γ(s)

πs
Lχ4(s)Lχ4(s+ 1) =

2
t

∫ ∞

1

{
αI3(α)′

}′
sin(t logα) dα,

or

t
2sΓ(s+ 1)

πs
Lχ4(s)Lχ4(s+ 1) =

∫ ∞

1

{
I3(α)′ + αI3(α)′′

}
sin(t logα) dα.

The first result in the theorem follows making the change of variable α = ex.
Next set F (t) = t2itΓ(it+ 1)/πit and Φ(x) = ex{I3(ex)′ + exI3(ex)′′}. Then changing

in the last formula t by t± i/2 with t real yields
∫ ∞

0

Φ(x)(sin tx coshx/2 + i cos tx sinhx/2) dx = F (t+ i/2)Lχ4(it− 1/2)Lχ4(it+ 1/2),

∫ ∞

0

Φ(x)(sin tx coshx/2 − i cos tx sinhx/2) dx = F (t− i/2)Lχ4(it+ 1/2)Lχ4(it+ 3/2).

Adding and subtracting these two formulas yield

2
∫ ∞

0

Φ(x) coshx/2 sin txdx

= Lχ4

(
it+

1
2

){
F (t+ i/2)Lχ4(it− 1/2) + F (t− i/2)Lχ4(it+ 3/2)

}
,

2i
∫ ∞

0

Φ(x) sinhx/2 cos txdx

= Lχ4

(
it+

1
2

){
F (t+ i/2)Lχ4(it− 1/2) − F (t− i/2)Lχ4(it+ 3/2)

}
,

which proves the theorem using analytic continuation.
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8. Proof of Theorem 5

Observe that I5(α) has exponential decay at infinity and recall that by Lemma 5

I5(α) = I5(1/α),

if 0 < α. Therefore, the integral
∫ ∞
0
I5(α)αs−1 dα converges absolutely for all values of s.

Therefore, one may use Lemma 2 (here an := π2/2(−1)n(2n+ 1)3sech{ 1
2π(2n+ 1)})

with s = it, t ∈ R which yields:

∫ ∞

0

αs−1I(α) dα

=
∞∑

n=0

an

∫ ∞

0

αs−1 α2

cosh
{

(2n+ 1)απ/
√

2
}

+ cos
{

(2n+ 1)απ/
√

2
} dα,

where the change of variables β = (2n+ 1)απ/
√

2 yields

∫ ∞

0

Φ(x) cos(tx) dx =
∞∑

n=0

an

{ √
2

π(2n+ 1)

}s+2 ∫ ∞

0

βs+1

coshβ + cosβ
dβ.

This last integral is well defined for −2 < �s. The theorem follows cleaning this last
expression and using analytic continuation.

9. Final remarks

If one sets

I(α) :=
π221

5
I∗3 (α) − π

18
I3(α) − I1(α),

then by Corollary 3 one has I(α) = I(1/α). Set Φ(x) := 2I(ex).
The following result holds.

Lemma 6. If t ∈ C and Lχ4(s) :=
∑∞

n=1
(−1)n−1

(2n−1)s then

i

∫ ∞

0

Φ(x) sin(tx)dx

=
π263

5
Γ(3it+ 3)
(2π)3(it+1)

ζ(3it+ 3)ζ(3it− 2)

− π

9
2itΓ(it)
πit

Lχ4(it)Lχ4(it+ 1) − 2Γ(2it)
(2π)2it

{1 − 2it}ζ(2it− 1)ζ(2it+ 2).
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Proof. As above and with some care, one may prove that for 1 < �s
∫ ∞

0

I1(α)αs−1 dα

=
∫ ∞

0

{
1
4

∞∑
n=1

1
n2 sinh2(πn

√
α)

− 2π
√
α

∞∑
n=1

n2 log(1 − e−2πn
√

α)
}
αs−1 dα

=
∞∑

n=1

1
n2

∫ ∞

0

{e−2πn
√

α + 2e−4πn
√

α + 3e−6πn
√

α + · · · }αs−1 dα

− 2π
√
α

∞∑
n=1

n2

∫ ∞

0

{
e−2πn

√
α +

e−4πn
√

α

2
+
e−6πn

√
α

3
+ · · ·

}
αs−1 dα

= 2Γ(2s)
∞∑

n=1

1
n2

{
1

(2πn)2s
+

2
(4πn)2s

+
3

(6πn)2s
+ · · ·

}

− 2π2Γ(2s+ 1)
∞∑

n=1

n2

{
1

(2πn)2s+1
+

1
2(4πn)2s+1

+
1

3(6πn)2s+1
+ · · ·

}

=
2Γ(2s)
(2π)2s

ζ(2s− 1)ζ(2s+ 2) − 2π
2Γ(2s+ 1)
(2π)2s+1

ζ(2s− 1)ζ(2s+ 2)

=
2Γ(2s)
(2π)2s

{1 − 2s}ζ(2s− 1)ζ(2s+ 2).

We have already proved that (1 < �s)
∫ ∞

0

I3(α)αs−1 dα =
2s+1Γ(s)

πs
Lχ4(s)Lχ4(s+ 1)

and ∫ ∞

0

I∗n(α)αs−1 dα =
nΓ(ns+ n)
(2π)n(s+1)

ζ(ns+ n)ζ(ns− n+ 1).

Next, observe that I(α) has exponential decay at infinity and using Corollary 3, one has
that I(α) = −I(1/α) if 0 < α. Therefore, the following integral is absolutely convergent
for all values of s

∫ ∞

0

I(α)αs−1 dα

=
π221

5
3Γ(3s+ 3)
(2π)3(s+1)

ζ(3s+ 3)ζ(3s− 3 + 1)

− π

18
2s+1Γ(s)

πs
Lχ4(s)Lχ4(s+ 1) − 2Γ(2s)

(2π)2s
{1 − 2s}ζ(2s− 1)ζ(2s+ 2).

Setting s = it and using Lemma 2 finishes the proof. �
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