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ABSTRACT

Pricing approaches for long-tail quota shares are often based on the chain lad-
der method. Apart from IBNR calculation, common pricing methods require
volume measures for accident years in the observation period, and for the quota-
tion period. In practice, in most cases restated premiums are used as the volume
measures. The prediction error of the chain ladder method is an important part
of the prediction uncertainty of these pricing approaches. There are, however,
two sources of uncertainty that are not addressed by the chain ladder model:
the stochastic volatility of the claims in the first development year; and the re-
statement uncertainty, the risk that the restated premium is not a good volume
measure. We extend Mack’s chain ladder model to cover these two sources of
uncertainty, and calculate the mean-squared error of chain ladder pricing ap-
proaches with arbitrary weights for the accident years in the observation period.
Then we focus on the problem of finding optimal weights for the accident years.
First, we assume that the parameters for restatement uncertainty are given, and
provide recursion formulas to calculate approximately-optimal weights. Second,
we describe a maximum likelihood approach that can be used to estimate the
restatement uncertainty.
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1. INTRODUCTION

Despite a trend towards non-proportional reinsurance, long-tail quota shares
remain extremely important for reinsurers. For instance, in 2012, German in-
surers ceded more than EUR 3 billion motor premium on a pro rata basis (see
Haas (2013)). In view of large volumes and relatively small margins, pricing
accuracy is fundamental in this segment.

Long-tail quota shares often have risk-mitigating features, such as sliding
scale commissions or profit commissions. In these cases, a point estimate for
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the expected loss ratio is not sufficient for pricing — a stochastic loss model is
required. Practitioners often use the method of moments to fit an aggregate loss
model. In this context, it is very useful to have a formula for the standard error
of the selected pricing approach, since it can be used to estimate the standard
deviation of an aggregate distribution that includes parameter uncertainty.

There are two very common but rather different approaches for pricing long-
tail quota shares: the average loss ratio ( ALR) method, and the roll forward ( RF)
method. Both methods are based on a chain ladder calculation for the claims
triangle.

The ALR method requires trending of losses and restatement of premiums
in order to make figures comparable across years. The average ultimate loss ratio
of the observation period, as predicted by the chain ladder, is used to forecast
the ultimate loss ratio of the quotation year.

The RF method relies on the chain ladder prediction for the ultimate loss
ratio of the most recent accident year of the observation period. RF parameters
for the premium and expected loss are used to reflect the expected changes from
the last accident year in the observation period to the quotation year.

The ALR method should be preferred for segments with large stochastic
volatility (e.g. quota shares covering industrial liability). On the other hand, the
RF method is the standard method for segments with low stochastic volatility
of the claims burden, and relatively high uncertainty of restated premiums (e.g.
large motor quota shares, where the loss ratios are mainly driven by the premium
cycle).

The ALR and RF methods are two extreme cases. The ALR method em-
ploys the average over all accident years in the observation period, whereas
the RF method only uses the chain ladder ultimate of the last accident year.
An obvious first approach to generalization of both methods is to allow arbi-
trary weights for the accident years in the observation period. In practice, these
weights are normally used to average the ultimate loss ratios resulting from the
chain ladder calculation. There is, however, a second approach that should be
considered: using the weights to average the loss ratios after the first develop-
ment year, and then multiplying the resulting loss ratio by the product of the
development factors from the chain ladder calculation (see Mack (1993)). This
second approach is less intuitive, but we will see that it should be preferred since
it employs estimators with smaller (conditional) variances.

These pricing methods are suited mainly for attritional losses, i.e. it makes
sense to remove large losses before applying the methods. An approach to sep-
arate large and attritional losses in a consistent way has been introduced by
Riegel (2014).

The standard chain ladder model describes the stochastic claims develop-
ment, provided that the claims burden of the first development year is given. For
predictions using the discussed pricing approaches, there are additional sources
of uncertainty that need to be addressed. First is the stochastic volatility of the
claims in the first development year. We extend the chain ladder model by as-
sumptions for the first development year, and require that the claims burden has
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a compound Poisson distribution. The second source of uncertainty is that the
restated premiums, used as estimators for the volume measures, deviate from the
correct volume measures. We call this effect restatement uncertainty and handle
it with a simple time series model. These extensions of the chain ladder model
allow calculation of and comparison between the mean squared errors of the
different pricing approaches, and estimation of approximately-optimal weights
for the accident years in the observation period.

In Section 2, we introduce the mentioned extensions of Mack’s chain ladder
model. We assume that all data have been trended to the quotation year, and
use an axiomatic definition of restatement uncertainty, to keep the model as
simple as possible. In Section 3, we discuss certain aspects of claims trending and
restatement uncertainty to provide a practical motivation for the corresponding
model assumption. In Section 4, we define the pricing approaches in detail and
apply them to an example based on data from a German motor quota share. The
example is used in each of the subsequent sections to illustrate results. Section 5
is dedicated to the calculation of the mean squared errors of the considered
pricing methods. Assuming that the parameters for restatement uncertainty are
known, or at least estimated using expert judgement, we derive a recursion that
allows calculation of approximately-optimal weights for the accident years in
Section 6. In Section 7, we use a maximum likelihood approach to estimate the
parameters for restatement uncertainty.

An Excel implementation of the discussed pricing methods, the calculation
of the standard errors and the recursions for optimal weights is provided by the
author on www.researchgate.net.

2. STOCHASTIC MODEL

In this section, we extend Mack’s chain ladder model in such a way that it can be
used to calculate the prediction error of the most common chain ladder based
pricing approaches for long tail quota shares.

We consider the typical situation of a pricing actuary. Assume that a claims
triangle is available for an observation period consisting of the accident years
i =1,...,n. The task is to predict the ultimate loss ratio of the quotation year
g =n+2Fori =1,...,qand j = 1,...,n let G ; denote the cumula-
tive claims of accident year i after j development years (payments or incurred
amounts). We assume that all claims data have been trended to the calendar
year ¢, i.e. that inflation has been removed. More details on trending are found
in Section 3.

The observable claims data at the end of calendar year n (which is the data
available to the pricing actuary) is described by the o -algebra

DZO'{CIJ|Z+]§H+1}
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FIGURE 1: Illustration of the used o-algebras.

Moreover, let By be the claims information given after & development years of
each accident year, i.e.

Bk:ZU{C,',jHEiSQajSk}’
and let
ijzmek.

The o-algebras are illustrated in Figure 1.

In addition to the claims information, we assume that restated premiums v;
have been calculated for the accident years i = 1, ..., ¢. The first three model
assumptions combine the common chain ladder model with additive assump-
tions for the first development year.

Model Assumption 1. The accident years are independent.

Model Assumption 2. There exist volume measures vi,...,v, and factors
fbv sy ]r}'l—l Z OSMCh Zha[

E(Ci) = fovi and E(Cij41|B)) = f;C;,

fori=1,...,qandj=1,...,n—1.

Model Assumption 3. There are 012, e 0,1271 > 0 such that

Var(G ;111 B)) = 07 Ci .

for j = 1. Moreover, there exist x > 0 and ¢ > 0 such that C 1, ..., C, 1 can be
represented as collective risk models

N
Cii=Y_ Xk
k=1
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(ie. Xi1, Xi2, ... ii.d and independent of N;) with Poisson distributed claims
count N; and E(X; ;) = x, CV(X; ) = c.

Here, CV(X) denotes the coefficient of variation of a random variable X. An
introduction to collective risk models is found in Klugmann et al. (2004). Even-
tually, we add a supplementary model assumption for restatement uncertainty.
The practical background for this assumption is discussed in the next section.

Model Assumption 4. The volume measure v, equals v,. The unknown volume
measures vy, ..., v,y are estimated by the restated premiums Vy, . .., Upy1 Such
that

vi=v(l+e+ -+ enpn),

with independent and normally distributed random errors e; ~ N(0, &7). More-
over, the random vector (ey, ..., e,y1) and the claims development o{C; ;|1 <
i <q, 1< j <n}areindependent.

Remark 2.1. Since the normal distribution is not bounded from below, Model As-
sumption 4 can yield negative v; in extreme cases. In practice, restated premiums
are always positive of course. If the model is used for simulation, paths with v;
below a certain threshold, say 0.05 - v;, should therefore be ignored. Correspond-
ingly, we will truncate the distribution of v; for the calculation of the prediction
uncertainty (cf. Appendix C).

Remark 2.2. From Model Assumption 3, Wald’s equation and the Blackwell-
Girshick equation we have

E(C;1) = E(N) E(X;.1) = E(N)x,
Var(C; 1) = Var(N;) E(X;1)* + E(N,) Var(X; 1) = E(N)(1 + ¢H)x*.
With 002 = fo(1 + ¢?)x we obtain

Var(C;1) = E(C;.)(1 + ¢)x = ogv;.

3. COMMENTS ON TRENDING AND RESTATEMENT UNCERTAINTY

In the last section, we have assumed that claims data have been trended and
that premiums have been restated to the calendar year ¢. In order to provide a
practical background for Model Assumption 4, we describe the relevant aspects
of the methods that are typically used in this respect. Restating premiums (also
called trending or on-leveling of premiums) can be very complex. For a detailed
discussion of this topic cf. Jones (2002).

Let p}, ..., p; be the (untrended) premiums of the accident years in the ob-
servation period and let p; ., and p; be the estimated premiums for the accident
yearsn+1and ¢ = n+2. Let C7; denote the cumulative claims before trending

and let IS be the expected individual claims size in C;,. There are a number
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of different methods for trending the claims C7; to the calendar year g. The
most popular ones are calendar year trending and accident year trending. We do
not go into detail here, but the usual methods have in common that the claims
C}, of the first development year should be multiplied by ch /IE to obtain the

trended claims C; ;. Of course, the index I€ is not known. The pricing actuary

uses estimates ZC and calculates the trended claims C; | as
I°
Ciii= I% -Gy

Regarding the premiums, we proceed in two steps. First, we trend the premiums
p; in the same way as the claims C}}, i.e.

In the following, we assume that claims trending works perfectly. In particular
we assume that IC = I and that the trended claims are inflation-free. This
idealization is a common requirement for most IBNR methods (in particular
for chain ladder). Note that this assumption is not more critical in our context
than for normal chain ladder calculations since C; 1/ p; = C}'|/p; holds even if
I€ deviates from IC.

In a second step, we restate the trended premiums p; in order to correct
for effects that influence the premium quality and thus the expected loss ratio.
Examples are tariff changes, frequency trends and portfolio changes. We define
the premium quality index IiQ by

0. Di

I7 = .
E(G1)
With 0
E(C l) Iq
for=—2L2 and v =-L.p;,
Py I,-Q
we then have v, = p, = p; and
E(Ci.) = fo - vi,

for all i. The premium quality index I,.Q is not known, of course. The pricing

actuary has to rely on estimates ’I:Q which are typically derived from market data
and additional individual information regarding tariff and portfolio changes.
Using this estimated index, we obtain the restated premiums

https://doi.org/10.1017/asb.2015.2 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2015.2

CHAIN LADDER BASED PRICING APPROACHES 273

that are used as estimators for the volume measures v;. Assume that the annual
changes of the premium quality index can only be estimated up to random errors
€ with E(ei) = 0, 1.e.

7° 1¢
i+1 i+l
- = — (1 +¢).
0 0
1?1
Fori =1,...,n+ 1 we then have

U= Pi= ﬁ(l +e) - (Ttep)pi=vil +e) - (1 +enp).
1 1

Neglecting the error terms of higher order, we obtain
Ui A vl +e 4+ enp1) =0 ()

With the additional assumption that ey, ..., ¢, are independent and normally
distributed with standard deviations ¢, . . ., &,41 these considerations lead quite
naturally to Model Assumption 4.

Note that E(9;) = E(v;) = v;. For the parameters used in practice, ¥;
and v; have similar distributions and the random vectors (¥y, ..., V,41)" and
(V1, ..., Unp1)" have very similar covariance matrices (see Appendix A). There-
fore, the approximation () makes sense in our context. Figure 2 shows the re-
alizations of Uy /vy, ..., Uyy1/Vus1 and 0y /vy, ..., Upy1 /sy for 100 simulations
ofer,...,e,r1 withn = 10and e; = --- = g,y = 3%. The realizations from
each simulation have been connected to a path. Apart from a few extreme cases
(where [v1/v; — 1| > 0.2) the paths for ©; and v; are quite similar. R

In the next section, we introduce methods that provide predictions C, ; for
the cumulative claims C, ; of the quotation year ¢g. Note that the prediction
a” has the monetary value of the calendar year ¢ and has to be projected to
the calendar year ¢ + j — 1.

4. CHAIN LADDER BASED PRICING APPROACHES FOR LONG-TAIL QUOTA
SHARES

In this section, we describe the pricing approaches in more detail. All of the
considered pricing methods are based on a chain ladder calculation for the tri-

angle (C; j)iyj<nt1. For j =1,...,n — 1 we use the D;-conditionally unbiased
estimators ’
][; — 27:;{ Ci,j+l’
i Gij
for f;. Fori =1,...,nand j §n—i+llet@j =Cjandforj =n—1i+
2,...,n

Cj=Cin—ivt fomit1--. fi-1.
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i i
v; Vi
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FIGURE 2: 100 simulated paths for ;/v; and v; /v; in the casen = 10 and ¢] = - - - = g4 = 3%.

The ALR method uses the predictions

n
SALR
ct = E
q,] i.js
z_l U,

i=1

i.e. the predicted loss ratio CALR /vq is a weighted average of the restated loss

ratios C, _j/Vi, where the restated premium v; is used as welght for the accident
year i. The calculation of the predicted ultimate loss ratio C;*%R /vy is illustrated
in Figure 3.
The RF method predicts the cumulative claims burdens C, ; by
~RF . ~
C,; = C

§>|Q

i.e. the loss ratio /C\n’j /v, of the last accident year in the observation period is
used to estimate the corresponding loss ratio 655 /vy of the quotation year. An
illustration of the RF method is found in Figure 4

The ALR and the RF method are two extreme cases: the ALR method re-
lies on the volume weighted ALR of the observation period, whereas the RF
method only uses the last accident year of the observation period. These two
approaches can be generalized by using arbitrary weights for the accident years
in the observation period.

Let w = (wy,...,w,)" be a vector with non-negative components and
> i_jw; > 0. The most popular and intuitive way to generalize the ALR and
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CLi/TL oo Crn/By
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éRF/Uq = én,n/an

q,n

ARF =~
ng?l JUq e 05,5 /v

FIGURE 4: Illustration of the RF method.

RF methods is to predict the loss ratio C, ;/v, by the weighted average of the
loss ratios C; ;/v; from chain ladder calculation, where the weight w;v; is used
for accident year i. Then the cumulative claims burden C, ; is predicted by

v -~
q § :
7 — wl-C,-,j.

AUW
Cq,j T Z i
i=1 Wili “—
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CLafTL oo Chn /o1

62‘77,/?2

()n’ 1 /Un Cn. 9 /@n ............................... Cn,n /T’n
Averaging with weights w101, ..., w, 0, l
AUW AUW
C /2 ....................................... Cq,ﬁ /Uq

FIGURE 5: Calculation of /C\f;;;,‘.

cc 2

We use the superscript “u” in the notation to indicate that the predictor 6};:,? /g
is obtained by averaging over the ultimate loss ratios C; ,/v; of the chain ladder
calculation. Figure 5 provides an illustration of this method.

There is, however, a second way to use arbitrary weights. We consider the

estimator
n
Zizl Wi Cz',l
~n ~
Z[:] W;V;

for the factor f;. Note that ];W is the ALR after the first development year, where
w;v; is used as weight for accident year i. Then we define alternative predictors

qu;v =vgfo fio fi-1,

for j = 1,...,n. In this case, we use the superscript “ f” to indicate that the
predictor Cq M / v, is obtained by averagmg over the loss ratios C, 1/v; of the first
development year before the factor f1 f,, 1 is applied. Figure 6 illustrates the
calculation of qu, M

Note that the ALR method and the RF method are really special cases of
these approaches: If w = wAlR := 1, := (1, ..., 1)’ then we have

=

ALR fw oUW
CALR — /v — g,
In the case w = wRF := (0, ..., 0, 1)’ we have

RF W uw
CRE =G/ = ¢
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Croafic | o Cyn/B1
C2.TL/{’:2
(}n_l/fn Cn-,2/ﬁn ............................... Cn'n/;;”
Averaging with weights w1, ..., w,0,
C({,’lw/”q Célf.’;v/'”q """"""""""" Coni1/vg CY Jvq
fi “fa fr—2 fr—1

FIGURE 6: Calculation of 6(//:

Remark 4.1. The predictions 6;’,‘: can alternatively be written as

G = v o A A,

with the D j-conditionally unbiased estimators

LA
2 wiCijg
n -~
Yimg wiCij

’

ﬁw =

for fj. A short calculation shows that

n—j A

G+

EYV—,X]:Zn —J

i,j

with ;= w; +

n ~
Zk=l17j+l Wy Cka J

> it Crj

277

ijs

ie. fw is a convex combination of the D; condztlonally unbiased estimators

Cij+1/ Cij. It is well known that conditionally, given D, f; has the smallest vari-
ance amongst all convex combinations of C; j11/C; ; (see Mack (2002)). There-

fore, we have

Var(/Y' | D)) = Var(f; | D)),

for j = 1,...,n — 1. Based on this observation it is possible to show that 6 S
should be preferred to C” Y if the Conditional Resampling Approach ( cf- Wuthrlch
and Merz (2008)) is used to compare the prediction errors. A proof is available

on request from the author. At first sight, this is surprising since the predictor Cq{ n
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is not based on the last known diagonal of the triangle. Here, we see a funda-
mental difference between pricing and reserving. In the chain ladder model the
last diagonal is crucial for reserving since the reserve E(C;,, — Cip_iv1|D) =
(fr—it1 -« fum1 — DCiy—iy1 is a linear function of C; ;1. On the contrary, in
pricing we want to predict the random variable C, , which is independent of the
last diagonal Cy ,, ..., Cy1.

Although ’C\qf,v,v should be preferred, we calculate the standard error for both
predictions in the next section since most actuaries intuitively rather use 6’;‘;" in
practice.

For j =1,...,n — 2 we have the usual estimators

) 1 anC Ci s 7 :
o, i —m, ————— i = — . s
4 n— ] -1 i1 7] Cj’j /

(see Mack (1993)) and for j = n — 1 we use the extrapolation

Gp_y =min (5, ,/5, 3,5, 5).
The average claims size x in the first development year and the corresponding
coefficient of variation ¢ cannot be estimated from the data described above.
In segments like motor third party liability or motor hull, x and ¢ are typically
very similar for all portfolios in a market, i.e. estimators X and ¢ can be obtained
from individual claims information of an arbitrary portfolio. In other segments,
where the market is less homogeneous, individual claims data for the respective
portfolio is needed to estimate x and ¢. Given estimators X and ¢ we use the
estimator _

@)= Ra+x,
for a(f.

Example 4.2. We will now apply the discussed methods to a numerical example
which is based on a German MTPL portfolio. The observation period consists
of n = 8 accident years and we predict the loss ratio of the quotation year
g = 10. Table 1 contains the restated premiums and cumulative payments. All
numbers are in 1,000 EUR. The result of the chain ladder calculation is provided
in Table 2.

We apply the methods with the following vectors w:

0 0.125
0 0.250
0 0.375
4y .__ 0 inc . 0.500
’ 1
1
1
1

ALR __ RF _

- W= 10625
0.750
0.875
1.000

=
|
— ke
=
|
— O OO OO oo
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TABLE 1

RESTATED PREMIUMS ¥; AND CLAIMS TRIANGLE (C; ;)i j<n+1-

i v Cia Cia Cis Cia Cis Cie Ci7 Cis
1 107,309 54,547 74,053 76,573 78,825 80,118 81,419 82,250 82,905
2 114,101 56,961 76,587 79,144 82,421 83,196 84,295 85,203
3 115,849 56,885 73,400 74,865 76,723 77,543 77,737
4 116,540 57,588 72,977 75,295 77,484 79,074
5 114,632 55,629 69,854 72,425 73,274
6 120,303 58,679 80,071 84,169
7 117,410 61,948 80,254
8 116,293 60,105
9 117,000
10 118,000

TABLE 2

LOsSS RATIOS 6,,/?‘ RESULTING FROM THE CHAIN LADDER CALCULATION.

J
i 1 2 3 4 5 6 7 8
1 50.8%  69.0% 71.4%  73.5% T4.7% T75.9%  76.6%  77.3%
2 499% 67.1% 694% T722% T72.9% T73.9% 74.7%  75.3%
3 49.1% 634% 64.6% 662% 66.9% 67.1% 67.8%  68.3%
4 494% 62.6% 64.6% 66.5% 67.9% 68.6% 69.3% 69.9%
5 485% 60.9% 63.2% 63.9% 64.8% 65.5% 66.2%  66.7%
6 48.8% 66.6% 70.0% T71.9% 72.9% 73.7% T4.5% 715.1%
7 528% 68.4% 70.7% T72.7% 73.7% 74.5%  753%  75.9%
8 51.7% 67.7% 70.1% 72.0% 73.0% 73.8%  T74.6% 75.2%

The vectors wAR and wRF correspond to the ALR and RF method, respectively.

With w¥ we average over the last four accident years and with wi™ we apply
increasing weights for the accident years. The predicted loss ratios quy /vy and

C” "7 /vy are provided in Tables 3 and 4. We observe that C;:}V = 6””7 forw =

ALR and w = wRF. For w = w¥ and w = w™ we have quy # C”wfor] > 2.

5. CALCULATION OF THE MEAN SQUARED ERROR

Let C*;V denote one of the predlctlons Cf " and C” Y. Let DY be the o-algebra
generated by Dand vy, ..., V,4;. In this sectlon we study the mean squared error

mse(ajl‘:f]) =E [(Cq,n - a’;:,‘,v)z | DV] ,
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TABLE 3

PREDICTED LOSS RATIOS C/' /v,

w 1 2 3 4 5 6 7 8

wALR 50.12%  65.69%  67.97%  69.85%  70.84%  71.60%  72.35%  72.93%
wRF 51.68%  67.74%  70.09%  72.03%  73.05%  73.83% 74.61%  75.20%
wh 50.44%  66.10%  68.40%  70.29%  71.28%  72.05%  72.81%  73.39%
wine 50.38%  66.03%  68.33%  70.21% 71.21%  71.97% 72.73%  73.31%

TABLE 4

PREDICTED LOSS RATIOS C.7 /v,

w 1 2 3 4 5 6 7 8

wALR 50.12%  65.69%  67.97%  69.85%  70.84%  71.60%  72.35%  72.93%
wRE 51.68%  67.74%  70.09%  72.03%  73.05%  73.83% 74.61%  75.20%
wh 50.44%  65.93%  68.53%  70.17% T71.17%  71.93%  72.69%  73.27%
wine 50.38%  65.79%  68.18%  69.98%  70.98%  T71.72%  72.47%  73.05%

of the prediction C* w for the random variable C, ,, given Dv.

As usual we spht the mean squared error mse(C;;;r‘,v ) into two components,
the process variance pvar(a}*:)’v) and the squared parameter estimation error
spee(é;:,vj

mse (CY) = Var(Cyn | D)+ [Col — E(Cy | DY
= Var(C,,) + Gy —E(Cun)l

~———
process variance squared parameter estimation error

= pvar(C;)) + spee(C:™).

q.n

Here, we have used the fact that C, , and D" are independent. The calculation
of the process variance is straight forward (see Appendix B).

Estimator 5.1 (Process variance). We estimate pvar(Cy)) by

3
|
—_

pvar(Co) =0,(60") f7 - i +vq oS fi0 [

.
Il
—_

The squared parameter estimation error cannot be calculated directly. Sim-
ply replacing E(C, ,,) by the estimator C* Y would yield zero. Therefore, we have
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to analyze bias and volatility of the estimator 6;‘:): for E(Cy,,). A nice overview
of the commonly used approaches is found in Wiithrich and Merz (2008), Sec-
tion 3.2.3. One of the most popular techniques is the Conditional Resampling
Approach that has been introduced by Buchwalder ez al. (2006). It can be shown
that the volatility of a{ '» (as measured by this approach) is less than or equal to

the volatility of @1’3 and that both predictors have the same bias as estimators
for E(C, ). Therefore, the predictor @f,’,ﬁv should be preferred to v,

N ) .
Let us assume now that we have estimators g, for the standard deviations & j

of e;. Lete := (€1, ..., €y41)". We define

p(x) = 66x* +12xX° +3x> + x+ 1,
VY (x) = 29297x5 4 3492x° 4 430x* + 55x° + 7x* + x,

and

. 2
1~ ~
PE, W =9 (Z?tl 83(272{ w,-v,-) )
(Xhy widi)’
. 2
1 ~
VE,w) =y (Z?_l 85(221} w,-v,-) )
(Z?:l wiﬁi)z

(with n A j := min(n, j)). In Appendix C we show that ® (&, w) and ¥ (&, w)
can be used as estimators for

Wi "W
E <—Zﬁ,:1 Ll ) and Var (—Zfl L > ,
D i) Wils D izl Wil

respectively. The following estimators for the squared parameter estimation er-
rors of af w and 6};: , respectively, are derived in Appendix B. We use an ap-
proach similar to Braun (2004) since the resulting formulas are slightly simpler
than those obtained with the Conditional Resampling Approach.

Estimator 5.2 (Squared parameter estimation error of 6{,2” ). For spee(a]fj,:V ) we
have the estimator

2 n
JPPN v e SO
spee(C/v) = (quﬂ?) ® (€, w)*Var (Z wiCiafi--- fn—l)

i=1

i=l1

n 2
+WE W (Z w;i Gy fi fl) +(Cy[e@w - 1]
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with
2
Var(Zw, ,1f1 ) Zw v,ffo 1 nl—i—(Zwl 11)
i=1
n—1 6,\2
x Zﬁﬁq#]}ﬂﬁ_l
j=1 ZK:I Cej

Estimator 5.3 (Squared parameter estimation error of a‘]‘:x ). For spee(@}:,”," ) we
have the estimator

2
@) = () | 2o (Swer 7

i=1
n 2
+YE W (Z w G f ﬁh) +(C @ w) — 17
i=1
with

Var(Zwl llfl e 1) Zwaggv (ﬁw)z.”(ﬁwﬂ)z

i=1

n 251
o {2 GCy A
+<§jwici,1> §:(f1W)2---<ff1)2Z — /W/ LS (T
i—1 j=1 Qo1 A7

where we have used the coefficients

n
> ; Cr.i
W k=n—j+1 Wi k, j
)»,-’j = (wi + pr; Cij

k=1 Ck,j

from Remark 4.1.

Note that we have replaced f; by f, in Estimator 5.2 and by f ¥ in Estimator
5.3 since we want to use the same estimators for f; that are used in the predictors.

Therefore, these formulas do not guarantee SpCC(qu,n) < spee(C}{",V,V ). But, at
least, we normally have

spee(C/ M) /Tl < spee(Clmy /.

Example 5.4. We consider the portfolio from Example 4.2. The average pay-
ment in the first development year of a German MTPL claim is approximately
X = 2 (in EUR 1,000). For the coefficient of variation ¢ of individual claims we
use ¢ = 2.5 which has been estimated from individual claims payment data of a
German motor portfolio.
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TABLE 5

RESULTS FOR VARIOUS VECTORS W WITH&; = 0.5%, X = 2 AND ¢ = 2.5.

W WwALR WRF w4

Clv o, 72.93%  7520% 73.39%  73.31%
JparCIMy/ Gy 402%  3.95%  4.00%  4.01%
spee(CIm/ClY 1.89%  227%  1.89%  1.85%
se.(CIM/Cly 444%  A456%  4.43%  441%
Cun /i, 72.93%  7520% 73.27%  73.05%
pvar(Cyn)/Ciw 4.02%  3.95%  4.01%  4.02%

Jspee(Ci) /Gl 1.89%  227%  2.20%  1.92%

s e (Cumy/Cw 4.44%  456%  4.57%  4.46%

n

wmc

For the first calculation we use €] = - - - = €,,4.1 = 0.5% which is a rather low
assumption for restatement uncertainty. Table 5 shows the predicted ultimate

loss ratios ’C\;:;" /v, of the quotation year and the standard errors

ST = | /AR(CyY) = \/pvar(Cy) + spee( Ty,
in percent of the predicted ultimate lossBurden 6;‘;)]. In addition, we provide the
square roo‘g of process variangs: p’v?r(C;‘:,Vj) and squared parameter estimation
error sﬁe\e(C;‘;r‘,V ) (in percent of C3}f). The columns show the results for the selec-
tions wALR wRF w4 and wi™ of w that have been introduced in Example 4.2. For
the ALR method and the RF method (first two columns) the predictions ’C\C{,vf

and a‘;:f] and also the standard errors S/E(af,‘f ) and s’.\e.(@;;x ) are identical.
Since restatement uncertainty is rather low, the mean squared error is dominated
by the process variance and the estimated standard error for the ALR method is
smaller than for the RF method. Moreover, we see that in columns 3 and 4 the
standard errors (in percent of the predicted ultimate) for the predictions Ci/ are

slightly larger than for the predictions 6({;,? . This is in line with our expectation.

Table 6 shows the results of the same calculation withg), = --- = 5,41 =
4.0% which is a rather high assumption for the restatement uncertainty. In this
case, the mean squared error is dominated by the parameter estimation error. It
is not surprising that we obtain the smallest standard error for the RF method
in the second column.

6. ESTIMATION OF OPTIMAL WEIGHTS
In this section, we assume that the parameters for restatement uncertainty are

known or can be estimated from an external source (e.g. market data or ex-
pert judgment). We derive a recursion that converges to approximately-optimal
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TABLE 6

RESULTS FOR VARIOUS VECTORS W WITH &; = 4.0%, X = 2 AND ¢ = 2.5.

ALR

w w WRF w4y winc

Clv o, 72.93%  75.20%  73.39%  73.31%
Jpvar(CIMy /Gy 402%  3.95%  4.00%  4.01%
Jspee(CIM /Tl 8.52%  6.12%  T.12%  7.51%
se(CIM/Cly 9.42%  7.29%  8.16%  8.51%
Civ /o, 72.93%  75.20%  73.27%  73.05%
Jpvar(Cimy/Cex 4.02%  3.95%  4.01%  4.02%

q.n

Jspee(Ciy/Cly 8.52%  6.12%  7.21%  7.53%
se(Clmy /Ty 9.42%  729%  825%  8.53%

q.n

weights. In consideration of Remark 4.1, we concentrate on the calculation of
an optimal vector w for C({,’Zv , 1.e. optimal weights for f*. Let
Cia
1 = ;(1 —ej — - — Cup1).

Vi

Then the 7; are unbiased estimators for fy with

E(C? Var(C
Var(T) = ot Var(l — ¢ — - — ey) + I B g~y
v v;
E(C;1)? + Var(G; Var(C;
_ EG) 5 ( ,1)(8i I B 1(]2 1)

1

2
[oF
=ﬁ(s§+---+sﬁ+l)+v—9(1+e§+---+e§+1)
1

=:s;(€),

and fori # j

E(Ci1C;
Cov(T, T) = GG oyt o= — gy L =€) — oo — ens)

' ViV _
Cov(Ci1, G
+ %E(l_ei—"'—€n+1)E(1—ej—-'-—enH)
ivj

E(G ) EC ) 5 ) Cov(Ci1, Cj1)
= T(Smax(i,j) Tt T

2,2 2
=/ (Emaxi, ) T+ &np1)

=:s5;;(€),
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i.e. the random vector T := (7j, ..., T,)" has the covariance matrix

51,1(8) -+ 51,0(8)
S(e) := :

501(8) -+ Sun(E)

Lemma D.1 in Appendix D implies that S(e) is positive definite and that
the components of S(e)~'1, are non-negative. Therefore, optimal coefficients
g = (g1,...,g,)" for a convex combination g; 7} + - - - + g, T, of the estimators
1i, ..., T, are given by
gim S(e)'1,
IS L
where ||-||; denotes the 1-norm (or Manhattan norm), i.e. the sum of the absolute

values of the components (see Appendix E).
The estimators 7; are not observable. We only have the estimators C; ;/v;

for fy. Since we have the linear approximation with respect to e;, ..., e,y at
eg=---=¢éepy1 =0
G _ i
v ovi(l4ei+ -+ entr)
Ci
(I —e = o) = T,
Vi

the weights g are approximately-optimal for the estimators C; | /v;. Since we have

n n o~
> wiCGia wv; G

f(‘)w = —n =< = ~n __ ~ =~
Dio Wil i1 D k=1 WUk Uj
the vector R
Vg Vsl
IV="glli  IV-IS(e) "1,
with V := diag(vy, ..., v,) is approximately-optimal for the calculation of f;w.

Apart from e, the matrix S(e) depends on the parameters f and o7, which
are not observable. We use the estimator

TS‘\1,1(/8\’ W) "'Tg\l,n(/e\v W)
S(e, w) := : : ,
3’\7,,1(/6\, W) tte 3\",}’1(/6\? w)
with
e T2 2 =2
51,5 (& W) == (fg") (gmax(i,j) +- e,
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TABLE 7

RECURSION TO CALCULATE APPROXIMATELY-OPTIMAL WEIGHTS WITH THE ASSUMPTION &; = 0.5%.

k 0 1 2 3
w® 10.0%  53%  52%  52%
wi 10.0%  58% 5%  5.7%
wy” 10.0%  6.8%  6.8%  6.8%
wi? 10.0%  8.6%  85%  85%
wd 10.0%  112%  11.1%  11.1%
w® 10.0%  14.9%  149%  14.9%
“‘> 10.0%  20.1%  202%  20.2%
<"> 10.0%  27.4%  27.5%  27.5%

"1, 7293%  73.62%  73.63%  73.63%

S (c,,f YOI 444%  440%  440%  4.40%

e’ 13, 7293%  13.57%  73.57%  73.57%

SE(Cuny/Con®  444%  443%  443%  443%

fori # jand

— N (o, W)2 - -
5@ W) = (2@ 4+ )+ —— 0 14 B B

The matrix S(s w) is positive definite and the components of S(e w)~'1, are
non- negatlve (see Appendix D). Since S, w) depends on the vector w we need
a recursion to estimate optimal weights for f".

Recursion 6.1 (Estimation of optimal weights for given ). Start with a vector
w and use the iteration

Uty VIS@E w1,
IV-IS(e, w0) =11, ||

In Appendix F, we show that this recursion converges to a fixed point if the
loss ratios C;1/v; do not fluctuate too much. In practice it is difficult to find
an example where the recursion does not converge. Often two or three steps are
sufficient to obtain a good approximation for the fixed-point, i.e. typically w®
or w® can be used.

Example 6.2. We pick up the Examples 4.2 and 5.4. In Tables 7 and 8 we see

the results of Recursion 6.1 with external estimates?; = --- =%,4; = 0.5% and
T = - = Euq1 = 4.0%, respectively. We start with w® := 10% - 1,,. In both

cases the recursion converges very quickly, we have w® ~ w® _Ifg; = 0.5% then
we obtain substantial weights for the more mature accident years. If g; = 4.0%
then w® is close to wRF, i.e. the “optimal” method is close to the RF method.
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TABLE 8

RECURSION TO CALCULATE APPROXIMATELY-OPTIMAL WEIGHTS WITH THE ASSUMPTION &; = 4.0%.

k 0 1 2 3
w 10.0%  0.0%  0.0%  0.0%
wid 10.0%  0.0%  0.0%  0.0%
w1 10.0%  0.0%  0.0%  0.0%
wy” 10.0%  0.0%  0.0%  0.0%
wd? 10.0%  02%  0.1%  0.1%
w 10.0%  1.2%  1.2% 1.2%
wi 10.0%  10.5%  10.3%  10.3%
wg? 10.0%  88.1%  88.4%  88.4%
i s, 7293%  7531%  7531% 75.31%
SECy Tt e T21%  127%  1.27%
e ra, 72.93%  75.26%  75.26%  75.26%

se (G 9.42%  7.28%  7.28%  7.28%

7. ESTIMATION OF THE PARAMETERS FOR RESTATEMENT UNCERTAINTY

In this section, we use a maximum likelihood approach to estimate the param-
eters for restatement uncertainty. In the last section, we have used the linear

approximation with respect to e;, ..., €41
C; C; C;
- = = N (e = =) =T
v vill+e+-ten) v
We now interpret C; 1/v; as a function of the variables C; 1, ¢;, ..., e,+1 and use
the linear approximation at ( fov;, 0, ..., 0)", i.e.
C1  Ciy
—— A~ == — folei+ -+ euy) = T.
V; v;
Then 77, ..., T, are unbiased estimators for f;. We have
2

of
Var(T)) = fi(e} 4+ + sﬁﬂ) + v_o =:s;,(e),
1

and fori # j

COV(];/, 7}/) - f{()z(sﬁmx(i,j) + Tt + 834»1) =: Sl{,j(s),
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i.e. the covariance matrix of the vector T' := (77, ..., T)" is given by

si’l(e) Si‘n(é‘)
S'(e) := : :
S;t,l(e) U s;l,ﬂ (e)

For motor quota shares the expected number of claims per accident year is typ-
ically very large. Taking the asymptotic normality of the compound Poisson
process into account we can therefore assume that the distribution of C; is
close to the normal distribution N( fyv;, aozvi) (CLT for compound Poisson dis-
tributions, see Kaas et al. (2001)). We have

Ci1
vl_l ol=f- —f —fo :
T/= . . . . Cn,l
. o : e |
0 v;l 0 —fo — /o
€n+1

i.e. TV is a linear transformation of the independent (and nearly normally
distributed) random variables C; i, ..., C,1,ej, ..., e,+1. Therefore, the dis-
tribution of T’ can be approximated by the multivariate normal distribution
N(fol,,S'(¢)). We use

F = (Cl,l/ﬁla e, Cn,l/)i)\n)[ ~T,
and approximate S’(¢) by

Sii(e,w) -5 (e, W)

S'(e,w) := : : ,
5,108, W) -5y (8, W)
with
o PWN2( 2 2
5 e, w) = (f) (Smax(i,j) + )
fori # jand

~ TWN2 (.2 2 (b\_gV)Z
5w =" (er 4+ + e+ —

i

Note that S'(e, w) is positive definite and thus invertible (cf. Appendix D). We
obtain the approximation

1
\/(27r)” det @’(e, w))

- 1 PN N
Lg(e) == exp <_§(F — 0 1,)'S' (e, W) (F — fowﬂn)) )
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for the likelihood function Lg(e). Note that the approximation depends on the
choice of the weights w.

Obviously, it does not make sense to estimate n + 1 parameters ey, ..., &,41.
We therefore assume that ¢; := ¢;¢ with ¢ > 0 and known factors ¢; > 0, i.e.
& = ce with ¢ = (cy, ..., cur1)'. The constants ¢; provide a certain flexibility if
the uncertainty of the index change is not the same for all accident years. In the
case ¢ = 1, we simply haveg; = --- = ¢, = ¢.

Recursion 7.1 (Estimation of restatement uncertainty and optimal weights).
Choose an initial estimator €% for ¢ and an initial vector w. Given w® we
determine €V such that

Iy"(@® V) = max(Ly"(ce) | & € [0, 00)).

Then we use the matrix S(¢g*+D | w®) from Section 6 to estimate optimal weights
w D with the new estimator %V for e

w(k+1) . Vfls(c’s\(k+l)’ w(k))*l]ln
[V=IS(ce®+h, wk) =11,

Remark 7.2. The likelihood function A% : [0, co) — [0, 00), & > ZVFV(k) (ce) has a
global maximum since . (0) > 0 and 1% (¢) — 0 for ¢ — o0o. We have calcu-
lated a number of cases and 1% was always either unimodal or strictly decreasing.
However, there might be situations where A® has several local maxima or even
several global maxima. In such cases, we recommend not to use the method, since
the results might be misleading.

We omit a systematic analysis regarding convergence of Recursion 7.1 since it
is much more technical and difficult than for Recursion 6.1. We have calculated
a lot of cases and did not have any issues with convergence of this recursion.
Typically 2% and w® are stable after k = 3 iterations.

Remark 7.3. In calculations with n = 10 and ¢ = 1,11 we have observed that
the recursion provides quite reliable estimates for ¢ if the coefficients of variation
CV(C;.1) are small compared to e. The results are still good if CV(C;1) and € are
similar in size. Therefore, the algorithm works quite well for segments with low
stochastic volatility of the claims burden (like large German motor quota shares).
Nevertheless, we recommend to check whether the estimated parameter for restate-
ment uncertainty is plausible.

For segments with high stochastic volatility, i.e. segments where the coefficients
of variation CV(C; 1) are large compared to €, the results of the algorithm are less
reliable. The algorithm then often yields €% = 0 and w® = 1,,/||1, | for k > 1
(which corresponds to the ALR method). In such segments, however, the influence
of restatement uncertainty is less material than in segments with low stochastic
volatility. Here, we suggest to use a reasonable external estimator € for & and to
apply Recursion 6.1 from Section 6.
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TABLE 9

RECURSION TO ESTIMATE € = 1,1 - ¢ AND CORRESPONDING OPTIMAL WEIGHTS.

k 0 1 2 3

e® 4.00%  2.36%  2.05%  2.05%
w? 100%  0.0%  0.0%  0.0%
wy? 10.0%  0.0%  0.0%  0.0%
w? 100%  0.1%  01%  0.1%
w? 10.0%  03%  05%  0.5%
w® 10.0% 1.2% 1.7% 1.7%
wd 10.0%  4.6%  59%  59%
wid 10.0%  18.7%  20.5%  20.5%
wd 10.0%  75.1%  71.2%  71.2%
i, 72.93%  75.23%  75.17%  75.17%
ST 942%  5.56%  529%  5.29%
e’ 13, 72.93% 7521%  75.16%  75.16%

Se(Cuny/Cen®  942%  5.59%  533%  5.33%

q.n

AF) () .

\
TN
NEV/aN
o
10 / 1

0 1% 2% 3% 4% 5% 6% 1% 8% €

FIGURE 7: Graphs of the likelihood functions A® for k =0 and k > 1.

Example 7.4. We finalize the preceding examples. Table 9 contains the results
of Recursion 7.1. We have assumed that e; = --- = ¢,,1,1.e. & = 1,,.6. We
start with8® = 4.0% and w©® := 10% - 1,,. Again, the recursion converges very
quickly, we have 3 ~ £® ~ 2.05% and w® ~ w®. In Figure 7 we have plotted
the likelihood functions A® (as defined in Remark 7.2) for k = 0 and k > 1 (for
k > 1 the A® are nearly identical).

We conclude that for our example the “optimal” method mainly relies on the
loss ratios of the last two accident years in the observation period. This is due to
the fact that the average individual claims size X and the coefficient of variation
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¢ are relatively small. This is typical for large MTPL quota shares in Germany
where the loss ratios are to a large extent driven by the premium cycle.
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APPENDIX A
ADDITIONAL DETAILS REGARDING THE APPROXIMATION FROM SECTION 3

In Section 3, we use the approximation

bi=vil4+e)...(l+ep) vi(l+e + -+ epp1) =0
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The following lemma shows that (v, ..., U,41)" and (vy, ..., V,41)" have very
similar covariance matrices.
Lemma A.1. Let ¢y, ...,e,01 > 0 and ¢ := max{ey, ..., &,11}. Then we have
Cov(v;, vj) > 0 and
~ o~ 2yn+1 __
<COV(,U\“,I-)\])<(1+8) 1
~ Cov(v;,v;) = (n+De?

’

foralli,je{l,...,n+1}.

For instance, Lemma A.1 yields for » = 10 and ¢ = 5%

COV(ﬁl‘, ljj) <1012
= Cov(@;,v)) =

Proof of Lemma A.1. Fori =1,...,n+1letd; = e,2_; and §; = g,.2_;. We
define

DM:=(0+d) --(1+dy) and Df:=1+4d +---+d.

Then we have

ﬁiZU,’-DM

M., and v =v; - DI

n+2—i»
fori =1,...,n+ 1. Since the d; are independent with E(d;) = 0 we obtain for
i>]

Cov(i;, v;) = viv; Cov(D), ;. D)i, ;) = viv; Var(Dy{, ;) and

Frelles A A A
COV(U,’, Uj) = V;V; COV(Dn+2—i’ Dn+2—j) =Viv; Var(Dn+2_i),

ie.
Cov(¥;, ;) _ Var(D), )

Cov(v;,v;) Var(D,erz_,»)

Letk,/leN,1 <i; <---<irand1 < j; < --- < j;. Taking E(d;) = 0 into
account, we can use Lemma D.2 from Riegel (2014) and induction to show that

812183 ifk:landiu=j,,forallv,

Cov(di, ---d;y , dj ---d;) = 0 else.

Using this fact, it is easy to show that

Var(DM) = (1+6])---(1+68)—1 and
Var(D{) =687 +--- + 67
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2’01

FIGURE 8: CDFsof 9; andv) forn = 10and | = - -+ = g, = 5%.

Applying the chain rule, we obtain fori € {1, ..., k}

0 Var(D,ﬁ”) 28 l_[/<k /751(1 + 52)(21) 1 v) - 28 [Hllc:l(l + 8?) - 1]

_ > 0.
38; Var(Df) — (X1 89)?

Consequently, §; = ¢,40_; < efori =1,..., kimplies

Var(D}) _da +eHk -1
Var(D{) — ke? '

With

A+e—1 Y (e —1 - Xk: (k=D 01
ke? N ke? B

>1+Z(k k=2 oy _ (4P -1

—v—DHh! o (k—De2
we see that
Var(D}) - (14>t —1
Var(D{) =  (m+ D>
fork=1,...,n+1. O

Figure 8 shows the distribution functions F;, and F; forn = 10and e = - - =
enr1 = 5%. The deviation between the two distribution functions is certainly
acceptable for our purpose. Let §;, DM and D! be defined as in the proof of
Lemma A.1. Similar arguments as in the proof show that D/ and DY — D are
uncorrelated and that

Var(DM — D!

Var(D{)
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is a strictly increasing function with respect to k and 8y, ..., 8;. For n < 10 and
€1, .-, Ent1 < 5% we therefore expect that for each i the approximation of Fj,
by F, is better that the approximation of Fj; by F5, in Figure 8. This qualita-
tive expectation is strongly supported by plots of the distribution functions for
smaller values of n and &; where the approximations look much better.

APPENDIX B
DEDUCTION OF THE ESTIMATORS FOR THE MEAN SQUARED ERROR

In this appendix, we deduct the estimators for process variance and squared
parameter estimation error from Section 5. We have

Var(C, 1) = crozvq,
and

Var(Cy j41) = Var(B(Cy j111B) + B(Var(Cy j1118)))
= Var(f;C,,j) + E(Ufcq,j)

= sz Var(C, ;) + aqufo o it
By induction we obtain

n—1

pvar(a;’fj) = Var(C, ) = v, Z fo... f.,-,lcrjzsz+1 i

J=0

Replacing the unknown parameters f;, af by their estimators ]‘;, 8].2 (forj > 1)

and f, (35”)2 (for j = 0) we obtain Estimator 5.1. For the estimation of the
squared parameter estimation error we use the approximation

spee(CHY) ~ E(Spee(a}ij))

q.n

= E(CY — E(C,0P)

q.,n
= E(Cy — E(Cy) + E(Cy) — E(CuD)

= Var(C:) + [E(C2Y) — E(Cp)l

= Var(C;) + v [EN fi - oot = fofi -

2

Wil 7_ wi@
Dimi P ,1) —fo] f12 2

Do Wil i Wi, o

= Var(C;) + v [E (
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. 2
o~ 1 WiV
= Var(C;‘j,‘,v) + U; [E (%) Jo— fO:| fl2 cee nz—l
i=1 %t

_ S wi; 2
= Var(C;") + E(Cy.0)’ |:E (ﬁ) — 1] :

i=

For the calculation of Var(C* ») we have to differentiate between Cf and C” W,

With
Var(C({,Vlv)_Var< wﬁZwCufl )
l 1 L.
2 n
Vy > Zz 1 WiV i
=\ Var —A wj zlfl fn—l
(Z;—l W; Vi (Zz 1 Witi
2 n 2 n
_ Vg i) Wivi =
B (Z?:l wivi> E(Z:‘lzl wﬁ)\i) Var (;wiq’lﬁ“.ﬁl_)
+ Var izt Wil E Z fie 2
—_— w, i, ’
Dol Wil VY
we obtain

2 n 2 n
P v E S WV —~ ~
/My~ [ —4 E(&==L"") v E Gy i o
pee(Can) (Z:’l:l w;v;) (ZL w ) s WG S

D ieg WiV ?
E(C, ) |E(&="1) — 1] .
+E(Con) [ (Z?_Wivi

’:l_ .U. ’rl_ .v.
E (—ZLI w,/\,) and Var (—Z’l w,/\,)
Dim Wil > it Wil

by the estimators ® (&, w) and W (¢, w). For details cf. Appendix C. Moreover,

we replace

We replace

n 2
Uq o~ o~
et and E( (Y wiCafi- fi
Zi:l w;v; ([:l l !

https://doi.org/10.1017/asb.2015.2 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2015.2

296 U. RIEGEL

by the estimators

2
vy " PN
< = and Zwici,lfl'”fn—l )
Qi1 Wili s

and use the estimator ’C\qf,? for E(C, ). Apart from the formula for the estimator

n n
VA(chff> of Var(zwici,lﬁ---ﬁ_l),

i=1 i=1

we then obtain Estimator 5.2. With

n n n
Var (Z w; C,-,l) = Z wl2 Var(C; ) = Z wizoozv,»,
i=1 i=1 i=1

and

Var (Z wiC,-,lﬁ-.-]’;)

i=1

=Var( (Zw, ,1f1

)

2
—Var<szwl zlfl Zwl llfl —1) Var(f;le)

i=1

: 2
—fzvar<zwl llfl Zwl llfl ) U/C ;

i=1

>
_szar(zw,,lﬁ )+E( RS

i=1

we obtain by induction

Var(Zwl ,1f1 ) Zw V;0, fz

i=1

n-l (Z" wclﬁf 1)
+ZE( )gg e
j=1 ZZ:i Ce.j
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We estimate

’

n = 72 n I 7 )
E<(Zi:1 wiCiy fie+ fi-1) > by (i wiCinfie fi-1)
> et Cej Yot Cej

replace f; and 02 by their estimators fj, o; 2 (for j > 1)and fW CA ) (for j = 0)
and obtain

@(Zwici,lﬁ---ﬁ_l)

i=1
2 Aw 2
_E w;;(3y") --~fn—1

=~2

n—1 n 2
-~ -~ 0
+ E (E wiCi,lfl"'f./1> nfj{ j?jzﬂ'” -1
j=1 \i=l ZK:1 Ce.j

)

This concludes the deduction of Estimator 5.2. For Estimator 5.3 we only derive
the formula for

Var(Zw, ,lfl Ry A 1)

i=1

The rest is completely analogous to Estimator 5.2. Recall from Remark 4.1 that

n—j w n C. .

“w A G s . W > ke J+l wiC. j

fr= E . . with A", = |w; + G i

J n—j AV C: ; LJ n G »J
i=1 Zk:l k.j LJ Zk k,j

Using

“ n ( :_zv/)Z Ci,j+l
Var(fj D)) = E Var c
2]

= 5)) - EHOLPIG
= i)

(Zn J )\‘w .1
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we obtain

n
Var (Z wi Gy f' - ﬁw>

i=1

=Var(E<waCi,1ﬁw"‘ﬁv Dj))
i=1
+ E(Var(zwici,lﬁw”'];w Dj))

i=1

= Var (f, ZwiC[,lflw“'ﬁV1>

i=l

n 2
(Zwl'ci,lﬁw"'j;w_l> Var(]/(;w|’D])

i=1

= /7 Var (Zwiqlﬁw...ﬁv_1>
5 .
Py YY) Gy
( sz llf1 ]_> (Z” j;w 10']-2

_f2Var(Zwl 11f1 f_)

2 .
n — . Z” ./()\‘w )2/Cj .
+E(<;wia,lfl -‘-fjl) S o2,

and by induction

Var(Zw, 11f1 ) Zw V;0 f2

i=1

n—1 n 2 Z"—j( w )2/C~ .
o~ o~ ; i,j
+ E E (E wiCi,lflw"'f/Wl> 5 l,jAw G_/Z ‘/'2+1"'J[nzfl
Jj=1
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We estimate

2

pyiehpLley

E sz zlfl ";1

i=1 (Z” j)bw
by
2 n—j
S )Gy
S w7 ln]w ’
i=1 (Z )‘

replace f; and 0]2 by the estimators ]"7 and ’a\jz and obtain

Var Zw, Ca ' ) =) win G (2 .. (f)?

i=1 i=1

-1
d SV ey )/ i ~

+ 3 Zw, CRWARTRY S (Zl” 7 U R A
j=1 \i=1

APPENDIX C

MOMENTS OF THE RECIPROCAL TRUNCATED NORMAL DISTRIBUTION

For the calculation of the mean squared error we need an estimator for mean
and variance of the random variable

n
Zi:l W;v;
~n =
Z,‘:] W;V;
In our simple time series model for restatement uncertainty we have

n+l n+1 nAj

n
Zw,-vl Zw vl+Zw,v,Ze, —Zw,v, +Ze,Zw v;.

i=1 i=1 i=1 i=1 i=1

Since the error terms ¢; are normally distributed and independent ) ", w;v; is
normally distributed with mean ) 7, w;v; and

n n+1 nAj n+1 nnaj 2
Var E w;v; | = Var E e; E w; v; E 8 E wiv; |,
i=1 j=1 =l i=1

1.e. the reciprocal random variable

Z?:l w;v;
Do wiv;
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of O 71— wiv)/(Q ;_; wiv;) is normally distributed with mean 1. As mentioned
by Frishman (1971), in the real world, few if any, random variables are truly nor-
mally distributed since they typically cannot range from —oo to +o0. In practice,
the normal distribution is always only an approximation and can at best be a
good approximation around the mean of the data. Therefore, it is typically not
critical to replace a normal distribution by a truncated normal distribution. In
our case, an adequate truncation is definitely no issue since a pricing actuary
would notice extremely large deviations from the mean (e.g. if Y+, w;7; is close
to zero or even negative). In this case, the method would not be used.
Therefore, we are interested in mean and variance of the reciprocal truncated
normal distribution. Let X, be normally distributed with mean © = 1 and
standard deviation o > 0, i.e. X, ~ N(I,0?). Then the reciprocal variable
1/ X is not integrable due to the behavior at { X, = 0}. Let ®; ,> denote the
CDF of X, and let k > 0. Let \Iff‘gz be the CDF of the distribution which is

truncated from below at 1 — ko and from above at 1 + ko, 1.e.

P 52(x) — @y ,2(1 — ko)

for 1 — k | + ko
O (ko) =1 (ko) O o =Xsitke

Wi (x) =

Let Y* be a random variable with CDF \IJ{"‘;. The random variable
7 = (Y — )+ 1,

with
o

J/Var(Y*)’

has the same mean and standard deviation as X,. If k is not too small (e.g.
k > 3) then 7 ~ 1 and the distributions of Z*° and X, are very similar around
the mean. Z* only ranges from 1 — kto to 1 + kto. Let

z7 -1
Zy = .
o

If kto < 1 then mean and variance of 1/Z* can be expanded into power series

E(1/Z) =1+ Zazl' E(Z}),

i=2

Var(1/Z5%) = o2 + Zazi Var(Z}) + ZZ Z o't (=1 Cov(Z, Z,i),

i=2 i=1 j=i+1
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(see Frishman (1971)). We use k = 3. Then for 0 < o < 0.3 the first terms of
the power series provide good approximations

E(1/Z) ~ 660% +120° +30* + 0> + 1 = ¢(0?)
Var(1/Z2%) ~ 292970'% + 34925 '% 4-4300° + 550° + 7o + 0% = ¥ (0?),
with
o(x) = 66x* + 12x° +3x* + x+1 and
VU (x) = 29297x° + 3492x° + 430x* + 55x° + 7x% + x.

Let Z* denote the random variable obtained from X, by truncation from below
atu > 0. For0 <o < 0.3and 0.05 < u < 1 — 30 numerical calculations show
that

E(1/Z) ~E(1/Z°) and Var(1/Z") ~ Var(1/Z?),

i.e. the result does not depend materially on the choice of the truncation.
Applying these results to our situation, we obtain

) 2
~ n+1
E <Z?_1 wivi) ~ <Var (Z?_l wivi)) —y (Z/’:l 5?(272{ wi”i) )

Do Wit D im Wil (ZL] wivi)2
and
. 2
~ 1
Yo Wiy Yo Wil 27:1 55 (ZZ{ wi”l’)
Var = = |~ lﬁ Var ey = 1[f 3 .
D1 Wil Dt Wil (X7, wivy)

If we replace the parameters ¢; and v; by their estimators g; and v; we obtain
the estimators

n n
PRV R L W;iV; -
E (%) ~ ®(e,w) and Var (%) ~ U(e, w).
Do) Wil 2 imi Wil
APPENDIX D
A TECHNICAL LEMMA FROM LINEAR ALGEBRA
In this appendix, we provide a technical lemma from linear algebra that guar-
antees the asserted properties of the variance matrices in Sections 6 and 7.

LemmaD.1. Fork=1,..., nlet

ap ay - a1 ag
da dy --- di—1 di
Ay = : Do : and Dy := diag(d,, ..., dy),
-1 Q-1 =~ Ap—1
ai  ax .-+ ap ag
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witha, > a > --- > a, > 0andd,,...,d, = 0. Then A, + D, is positive
definite. Moreover, the components of W := (A, + D,)~'1, are non-negative.

Proof. We use induction to show that det(A;) > 0 for k = 1, ..., n. We have
det(A;) = a; > 0. Assume that det(As_;) > 0. We consider A; and subtract
aj—kl times row k — 1 from row k. Then we obtain

*

det(A;) = det Ak : =det(Ai_)) (ak — i%) > 0.
* Aje—1

0o .- Olak— a;’flak
Since the leading principal minors det(A;) of A, are all positive, we conclude
that A,, is positive definite.
Let vi, ..., v, be an orthonormal eigenbasis of A, and A, ..., A, > 0 the
corresponding eigenvalues. Since d; > 0, we obtain for an arbitrary non-zero
vectorv= xivi + - -4+ X, v,

VA, + D)V =21x 4+ 1,X> +VD,v > 0,

————
>0 >0
i.e. A, + D, is positive definite.
We use induction to show that the components of w® := (A; 4+ Dy)~'1,
are non-negative for k = 1, ..., n. For k = 1 this is obvious. Assume that the

components of w*~1 are non-negative. From the first k — 1 equations of the
system (Ax + D)w® = 1, we see that

— (k=1)
W(k) _ ( 1 ak)\,)W ’

A

with a unique A € R. Since the components of w*~1 are non-negative it remains
to show that 0 < A < 1/a;. We define

x () = (@ iy, (1 —a)w D) + (@ + do)a,

where (-, -) denotes the standard scalar product of R*~!. Then the last equation
of the system (A + Dy)w® = 1, can be written as

x(A) =1.

We have

aj + dy -

x0) = (@li—y, WD) <1 and  x(1/a) = 1.

Ay
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Since A — x()) is continuous, the intermediate value theorem guarantees the

existence of a A € (0, 1/a;] with x (A) = 1. O

Remark D.2. The assertion of Lemma D.1 remains true if we assume a; > - - >

a, > 0andd,, ...,d, > 0insteadofa, > --->a, >0andd,,...,d, > 0.
APPENDIX E

OPTIMAL WEIGHTS FOR CONVEX COMBINATIONS OF CORRELATED
ESTIMATORS

For independent and unbiased estimators 7; of a parameter ¢ it is well known
that the weights of 7; in a convex combination should be chosen in proportion to
1/ Var(T;) (see e.g. Mack (2002)). In this appendix we provide the corresponding
result for correlated estimators since it is probably less well known.

Lemma E.1. Let Ty, ..., T, be unbiased estimators for t, let T .= (T3, ..., T;)"
and assume that the covariance matrix

S := Cov(T),

is positive definite. Then a linear combination g1\ T} + - -- + g, T, with g, + - - - +
gn = | has minimal variance (amongst all such linear combinations) if and only

ifg= (g1 ..., &) satisfies

S-1,

8= s, 1,)

where (-, -) denotes the standard scalar product in R".

Proof. Let f(gi,...,gn) = Var(}__, & T}). We calculate the minimum of f
under the boundary condition ¢(gy, ..., g,) = Y -, & = 1. We have

grad (g) =2Sg and Hj(g) =28,
(where H s denotes the Hessian matrix of f). Moreover, we have
grad,(g) = 1,.
The Lagrange condition for a local extremum is
Sg = A1,

1e.
g =281,

where A is chosen such that ) i, g; = 1, i.e.

1

A= ——"—.
(S_l]lna ]1n>
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Note that (S7!1,, 1,)) s 0 since S is positive definite. As H s = 28 is positive
definite, we see that f has a local minimum at g. It is a unique global minimum
since it is the only local minimum and since f(g) — +oo for ||g|l, — +oo. [

Remark E.2. If the components of S™'1,, are non-negative then we have

s'1, s,
(S_l]lna ]ln) B ”S_l]ln”l’
where || - ||| denotes the I-norm in R".
APPENDIX F

CONVERGENCE OF THE RECURSION FROM SECTION 6

In this appendix, we first show that Recursion 6.1 converges to a fixed point if
the loss ratios C; 1 /v; do not fluctuate too much. Afterwards we use a numerical

calculation to illustrate this result for the case n = 10, v; = --- = v, and
€= mn+l .
Lemma F.1. Assume that restated premiums vy, . .., vy and estimators ¢, X and
€1y ..., Eny are given. For arbitrary a > 0 there exists b > a with the following
property: If Ci1/v; € [a,b] fori = 1,...,n then Recursion 6.1 converges to a
fixed point.
Proof. Let

n
R’ :={(w1,...,w,,)|wiZO,Zwi>O} and

i=1

n
Apri={(wr, ..., wy) |w; >0, Zwi =1}.

i=1

We define n
FiR! — R owes fy = 2= WG
D i) Wil
and
S = FlAy-.
Moreover, we define S*(¢) := (S?jj(l))i,jzl ’’’’’ . with

. 222 ~2
S0 = P 4+ ),

and
N t(1 +2)X e e
s; (0 = PE A+ 8+ B A+& + -+,
1
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for i # j. Eventually, we consider the curve

V-Is (1)1,

a:(0,00) > Ay, t = —= .
(0,000 = Any IV-1S* (011,

Since R R
S, w) =S*"(f),

we then have
WD = (¢ o F)(w®).

If we can show that the mapping ¢ o f: A, — A,_; is contracting, then we
can apply Brewer’s fixed point theorem to see that Recursion 6.1 converges to a

fixed point.

The continuous function ||&||; assumes a global maximum C on the compact
interval [a, 2a]. Let m := max{v;/v;|i,j = 1,...,n} and choose b € (a, 2a]
such that .

b—a<
Cmvn—1
We have

(&L - A
I\7 0
1 .

grad,(W) = ————
r Z _ W)

Forw € A, the gradient grad ;(w) is the orthogonal projection of grad (w)
to the tangent space Ty A,,_;. We therefore have

1 "L —
[ grad ;(w)ll2 < || grad ;(W) |2 = m Z ; <— - fw)

Let ap := min{C;/v;|i = 1,...,n}, by := max{C;;/v;|i = 1,...,n}. The
function )
x . [ao, bo] = [0, o0), X > Z( )

is convex and therefore x (f) < max{x (ao), x (bo)} for all ¢ € [ay, by]. We obtain

n Ci _ 2
Z (,U\—l - fow) < (n— 1)(by — ap)*.

i=1

i=

Since 02/ (3_1_, w;0;)* < m? for w € A,_; we conclude that

I grad ;(W)ll2 < mv/n — 1(by — ao).
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max [la(t)]] _ _ ~ _ _

f,€[0.5,1.3] £=0.125% £=0.5% e=2% £=8% £=32%

3:0.25%/ =19 / e—a% /5:16% / £—64%
| | ]

T AL A IR
IR

0.4

0.3

0.2 /\
X

>_

0.1 >< \
M
V| Y /| N \ \
Ll / il >>~;:Z; <f:~~-. T i\..: Sl av@s
0 107 107® 107* 107% 1072 107! 10° 10! &
FIGURE 9: Plot of (1 +)X/7; maxep.s, 1.3{le ()2} forn = 10,9 = --- =9, and various € =€1,,4.

If C;.1/v; € [a, b] for all i, i.e. [ag, bo] C [a, b], then we have
lae(f W) ll2 - || grad (W2 < Cmv/n — 1(b —a) <1,

for all w € A,,_; which implies that « o f is contracting. U

Lemma F.1 does not provide an indication on how large b can be chosen for
given a. In order to obtain a better feeling we consider an example. Let n = 10,
v = -+ =71, and € = €l,;. As lower bound for the loss ratios C; ;/v; we
choose a = 50%. We will use a numerical calculation to see that the recursion
always converges if C; 1 /v; € [50%, 130%)] for all i. Hence, we can choose b =
130% in Lemma F.1. Note that this condition for C;/v; is sufficient but not
necessary. In practice, it is not easy to find an example where the recursion does
not converge.

We use the notation from the proof of Lemma F.1. If we consider the defini-
tion of S*(¢) we see that the curve o : (0, 00) — A,_; depends on the parameters
(1 +7%)X/v; and  (we omit these parameters in the notation). In Figure 9 we
have plotted the graphs of

1+ .
———— > max_|a()l>,
V; t€[0.5,1.3]
for a number of values for ¢ on logarithmic paper. For small values of € we have
L+8 + 48 1
Gt Bt

which implies that a change of € results approximately in a shift of the graph
(using logarithmic scale). From Figure 9 it seems to be quite obvious that

max |la(r)], <04 =:C,
1€[0.5,1.3]
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for arbitrary X, ¢, v = --- = v, and ¢ (although this is not a strict proof of
course). Since vy = - -- = v, we have m = 1. Like in the proof of Lemma F.1 we

obtain with n = 10
le (£ (W2l gradf(w)||2 < Cm~n —1(130%—50%) = 0.4-1-3-0.8 = 0.96 < 1,

which implies that Recursion 6.1 converges to a fixed point.
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