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Abstract

The method of relativistic plasma control (RPC) for generation of single (sub-) attosecond pulses based on high harmonic
generation at plasma surface is presented. Use is made of the concept of apparent reflection point (ARP), introduced for the
sake of analytical treatment of the plasma dynamics. We show theoretically and numerically that managing the laser
polarisation the ARP dynamics can be efficiently controlled and a single ultra-short pulse can be extracted out of the
short pulse train generated by a multi-cycle driver. For the sake of future applications the structure of the pulse is
studied analytically and numerically by particle-in-cell simulations.
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1. INTRODUCTION

The interaction of strong laser pulses with solids is
accompanied by the generation of high order harmonics.
This spectacular phenomenon was observed for the first time
with nanosecond CO2 laser light pulses of mm-wavelength
(Carman et al., 1981). Shortly after the experimental obser-
vation in 1981, the problem of harmonic light emission was
studied theoretically (Bezzerides et al., 1982). This approach
based on non-relativistic equations of motion and hydrodyn-
amic approximation for the plasma predicted a cutoff of the
harmonic spectrum at the plasma frequency.

Roughly 10 years later, in 1993, a new approach to the
interaction of an ultra short, relativistically strong laser
pulse with overdense plasma was proposed (Bulanov et al.,
1993). The authors “interpreted the harmonic generation as
due to the Doppler effect produced by a reflecting charge
sheet, formed in a narrow region at the plasma boundary,
oscillating under the action of the laser pulse” (Bulanov
et al. 1993). The “oscillating mirror” model predicts a cutoff
harmonic number of 4gmax

2 , where gmax is the maximal
g-factor of the mirror.

At the beginning of 1996, numerical results of
particle-in-cell simulations of the harmonic generation by

femtosecond laser-solid interaction were presented
(Gibbon, 1996). In this work, it was demonstrated numeri-
cally that the high harmonic spectrum goes well beyond
the cutoff predicted in Bezzerides et al. (1982) and also pre-
sented a numerical fit for the spectrum, which approximated
the intensity of the n-th harmonic as In / n25. At about the
same time the laser-overdense plasma interaction was also
studied by Lichters et al. (1996).

In the same year, the analytical work by von der Linde and
Rzazewski appeared. The authors used the “oscillating
mirror” model and approximated the oscillatory motion of
the mirror as a sin-function of time, without analysis of the
applicability of this approximation. With this explicit form
of the mirror motion, an analytical formula for the harmonic
spectrum was obtained.

The first try to describe analytically the high harmonics
generated at the boundary of overdense plasma, by a short
ultra intense laser pulse in a universal way, that does not
rely on an explicit formula for the exact plasma mirror
motion was made in Gordienko et al. (2004). This work pro-
posed for the first time the idea of universality of the harmo-
nic spectrum. Making use of the steepest descent method,
Gordienko et al. (2004) have shown that the harmonic spec-
trum follows a slowly decaying power law In/ n2p, where
the exponent p was expected to be p ¼ 2.5.

The analytically predicted power law spectrum has found
a spectacular independent experimental confirmation in
the recently published paper (Dromey et al., 2006). This
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experiment confirms the power law spectrum decay down to
the “water window” range, and thus demonstrates that the
high harmonics generated at plasma surfaces in the relativis-
tic regime represent a phenomenon of particular interest, not
only for its physical nature but, most important, for its
various applications. Among these is the generation of
short wavelength radiation and attosecond pulses, necessary
for the study of ultra-fast processes in atoms, molecules, and
solids at intensities significantly higher than those obtained
from strong field laser-atom interactions (Kienberger et al.,
2004; Itatani et al., 2004; Niikura et al., 2002), as well as
for the high contrast study of biological samples (Ozaki
et al., 2006; Ozaki et al., 2007).

The plasma harmonics are generated in the relativistic
regime, when the laser pulse intensity is I � 1018 W/cm2.
Laser pulses of such intensity usually are several cycles
long (Fuerbach et al., 2005). As a consequence, the reflected
radiation contains a comb of attosecond pulses. For various
applications, e.g., molecular imaging (Itatani et al., 2004;
Niikura et al., 2002; Lein et al., 2002), usually a single
short pulse is needed to prevent undesirable effects. The
single attosecond pulse can be selected using a
phase-stabilized single cycle laser (Kienberger et al.,
2004). An elegant way to control the atomic response by
time-dependent laser polarization has been proposed earlier
in the context of gas harmonics (Ivanov et al., 1995).

In this work, we show that managing the polarization of
the incident laser pulse allows to extract a single (sub-)
attosecond pulse from relativistically driven plasma surface
in a well controlled way. Physically, the control is performed
over the relativistic g-factor of the apparent reflection point
(ARP) (Baeva et al., 2006a, 2006b). Although the driving
laser pulse can be long and intense, the ARP velocity
becomes highly relativistic only at the specific time, when
the vector potential component tangential to the plasma
surface vanishes, and at this moment, the single attosecond
pulse is emitted. A pulse with time-dependent polarization
can be equivalently represented as a superposition of two
perpendicularly polarized laser pulses with slightly different
frequencies and a phase shift (see Fig. 1). Experimentally,
the time-dependent laser pulse ellipticity can be achieved
by femtosecond polarization pulse shaping techniques
(Brixner et al., 2004).

We also study the structure of the attosecond pulses gener-
ated after filtering of the high harmonic radiation at relativis-
tic plasma surfaces depending on the filter position.

2. APPARENT REFLECTION POINT

Consider the interaction of a short ultra-intense laser pulse
with a slab of overdense plasma. During the short interaction
time, we can neglect the ion motion and study the electron
fluid oscillations only. It was shown in Gordienko et al.
(2004) that to describe the high harmonic generation

analytically, the boundary condition

Et ¼ 0 (1)

must be used. Here Et is the tangential to the plasma surface
component of a constructed electric field, which coincides
with the physical electric field outside the plasma, and
satisfies the vacuum wave equation everywhere. The electric
field constructed this way differs from the real electric field
inside the plasma slab. Yet, this construction is sufficient
to get all of the information about the high harmonic spec-
trum (Baeva et al., 2006a).

The boundary condition (1) stated for the constructed field
is exact, what would not be the case for the physical electric
field (Baeva et al., 2006b).

The boundary condition (1) allows to describe analytically
the ARP. We represent the electric field as the sum of the
incident and the reflected radiation. The incident laser field
in vacuum runs in the positive x-direction, Ei(x,t) ¼ Ei(x 2

ct), while the reflected field is translated backward:
Er(x,t) ¼ Er(x þ ct). The tangential components of these
fields interfere destructively at the ARP position xARP(t), so
that the implicit equation for the apparent reflection point
xARP(t) is:

Ei
t(xARP � ct)þ Er

t(xARP þ ct) ¼ 0: ð2Þ

We point out again that Eq. (2) contains the electromagnetic
fields in vacuum. That is why the reflection point xARP is
apparent. The real interaction within the plasma skin layer
can be very complex. Yet an external observer who has infor-
mation about the radiation in vacuum only, sees that Et

vanishes at xARP. The ARP is located within the skin layer
at the electron fluid surface, which is much shorter than the
laser wavelength for overdense plasmas.

Fig. 1. Geometry for relativistic plasma control of attosecond plasma
surface dynamics. The polarization of the high intensity driving pulse is
managed by a low intensity controlling pulse. After proper filtering of the
reflected radiation, a single attosecond pulse can be isolated. The interaction
process can be described in terms of the ARP. It appears to an external obser-
ver that the radiation electric field is zero at the ARP.

T. Baeva et al.340

https://doi.org/10.1017/S0263034607000195 Published online by Cambridge University Press

https://doi.org/10.1017/S0263034607000195


3. RESULTS FROM ULTRA-RELATIVISTIC
SIMILARITY THEORY

The ARP dynamics completely defines the high harmonic
generation. In the ultra-relativistic regime, when the dimen-
sionless vector potential a0 ¼ eA0/mc2 of the laser is large,
a0

2 � 1, we can apply ultra-relativistic similarity theory
(Gordienko & Pukhov, 2005) to characterize this motion.
Basically this theory states that when we change the
plasma density Ne and the laser amplitude a0 simultaneously
keeping constant the similarity parameter defined by

S ¼ Ne=a0Nc ¼ const; (3)

the laser-plasma dynamics remains similar. Here Nc ¼ v0
2 m/

4pe2 is the critical plasma density for the laser pulse with the
frequency v0. This means that for different interactions with
the same similarity parameter S ¼ const, the plasma elec-
trons move along the same trajectories, while their
momenta p scale with the laser amplitude: p / a0.
Consequently, the electron momentum components tangen-
tial and normal to the plasma surface scale simultaneously
with a0:

pt / a0; pn / a0: (4)

Therefore, in general, the total electron momenta are not
perpendicular to the surface. Moreover, the characteristic
angle between their direction and the surface normal does
not depend on a0 provided that S is fixed.

This result is crucial for the plasma surface dynamics.
Since we consider an ultra-relativistic laser pulse with
a0

2 � 1, the electrons in the skin layer move with ultra-
relativistic velocities almost all the time:

v ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

n þ p2
t

m2
ec2 þ p2

n þ p2
t

s
¼ c½1� O(a�2

0 )�: (5)

Yet the relativistic g-factor of the plasma surface gs(t) and
its velocity vs(t) behave in a quite different way. Let us con-
sider electrons at the very boundary of the plasma. The simi-
larity theory states that the electron momenta can be
represented as

pn(t) ¼ a0Pn(S;vt); (6)

pt(t) ¼ a0Pt(S;vt);

where Pn and Pt are universal functions, which do not
depend on a0 explicitly, but rather on the similarity parameter
S, and on the pulse shape. Thus, the plasma surface velocity

bs(t) ¼ vs(t)/c and gs(t) are

bs(t) ¼
pn(t)ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
ec2 þ p2

n(t)þ p2
t(t)

p ;

¼ Pn(t)ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2

n(t)þ P2
t(t)

q � O(a�2
0 ); (7)

gs(t) ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� b2
s (t)

q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ P2

n(t)

P2
t(t)

s
þ O(a�2

0 ): (8)

It follows from Eqs. (7)–(8) that the relativistic g-factor of
the plasma boundary is of the order of unity for almost all
times, except for those times tg, when the tangential momen-
tum component vanishes:

pt(S; tg) ¼ 0; (9)

Exactly at these times, there are spikes of the g-factor:

gs ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� b2
s

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

n þ m2
ec2

m2
ec2

s
/ a0: (10)

On the contrary, the plasma surface velocity vs as given by
Eq. (7), is a smooth function with well defined maxima. It
approaches +c when the electron momentum parallel to
the surface vanishes, i.e., at the same times tg corresponding
to the g-spikes. The high harmonics are generated at the
spikes, when the surface velocity is negative and close to 2c.

4. RELATIVISTIC PLASMA CONTROL (RPC)

As previously mentioned, it is of great importance to have a
single short pulse, instead of a train of short pulses. We have
shown above that the attosecond pulses are emitted when the
tangential components of the surface electron momentum
vanish. This property can be used to control the high harmo-
nic generation and to extract a particular attosecond pulse out
of the train.

In the one-dimensional geometry, the transverse general-
ized momentum is conserved: pt ¼ eAt/c, where pt and
At are the tangential components of the electron momentum
p and the vector potential A. Consequently, the attosecond
pulses are emitted when the vector potential is zero. If the
vector potential vanishes at several moments, there are
several g-spikes and correspondingly, after proper filtering,
several short pulses are observed in the reflected radiation,
(see Fig. 3b).

To select a single attosecond pulse, we must ensure that the
vector potential At turns zero exactly once. Since At has two
components, how often it vanishes depends on its polariz-
ation. For linear polarization, it vanishes twice per laser
period, while for circular or elliptic polarization, it never
equals zero. A laser pulse with a time-dependent polarization
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can be prepared in such a way that its vector potential circles
around the zero axis and touches it exactly once.

5. SPIKE DURATION VS. ATTOSECOND PULSE
DURATION

It is possible to estimate the width of a g-spike. Since the
surface velocity is a smooth function, we can expand it in
Taylor series around the maximum as

vs(t) � vmax � av2
0(t � tmax)2; (11)

where the parameter a depends only on S. The width Dt ¼
jt 2 tmaxj of the gs spikes is then

Dt/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

max=c2
q

=(v0
ffiffiffi
a
p

) ¼ 1=(v0
ffiffiffi
a
p

gmax): (12)

It follows from Eq. (12) that the gs spikes get higher and nar-
rower when we increase a0, keeping S ¼ const. The (sub-)
attosecond pulses (Gordienko et al., 2004) are emitted
exactly at the times of the spikes, which enables us to find
a scaling for the attosecond pulse duration. Since the
plasma moves together with the high energy photons,
the attosecond pulse duration tx is shorter than the g-spike
duration:

tx / (1� bs)Dt / 1=(v0
ffiffiffi
a
p

g3
s ): (13)

Of course, to observe the short attosecond pulse, one has to
filter out the lower harmonics in the spectrum, and the
actual pulse duration depends on the lower filter cut-off.
Though the duration of the shortest pulse which can be
obtained scales as

tx / 1=(v0g
3
max): (14)

The physical origin of this favorable gmax
23 scaling of the pulse

duration is provided by the g-spikes in the plasma surface
dynamics.

6. STRUCTURE OF THE FILTERED PULSE

It is clear that the structure of the filtered pulse will depend on
the way of filtration, in particular on the position of the filter.
We want to study analytically the process of filtration in order
to obtain quantitative characteristics of the pulse structure.
The reflected from the plasma surface radiation can be
expressed as follows. For the intensity of the nth harmonic
we have (Baeva et al., 2006a)

In / j exp (iQþ(n))F(n)� exp (iQ�(n))F(�n)j2; (15)

where

F(n) ¼ 4
ffiffiffiffi
p
p

( ffi
4
p

an)4=3
Ai

2 n� ncr

ncr(an)1=3

� �
; (16)

Q+(n) ¼+Q0 � nQ1: (17)

Here Ai(x) denotes the Airy function and ncr denotes the criti-
cal harmonic number satisfying ncr ¼ 4gmax

2 , where gmax is
the largest relativistic factor of the plasma boundary. Q1 is
the time of observation, and Q0 is the phase of the incident
laser pulse at the time of the g-spike. Using the represen-
tations of the Airy function, one can obtain explicitly the
well known universal law for the high harmonic spectrum
decay. For n ,

p
a/8 ncr

3/2 (2j1 2 n/ncrj�(an)1/3)

In / 1=n8=3; (18)

and for n .
p
a/8ncr

3/2 (2j1 2 n/ncrj � (an)1/3)

In /
n1=2

cr

n3
exp � 16

ffiffiffi
2
p

3a1=2

n� ncr

n3=2
cr

 !
: (19)

Let us apply to this radiation a high-frequency filter that
suppresses all harmonics with frequencies below Vf, and
study how the relative position of the Vf and the spectrum
cutoff affects the duration of the resulting (sub-)attosecond
pulses.

The electric field of the pulse after the filtration is

E/ Re

ðþ1

Vf =v0

½exp (iQþ(n)(F(n)� exp (iQ�(n))F(�n)�

� exp (int) dn: (20)

The structure of the filtered pulses depends on where
we set the filter threshold Vf. In the case 1� Vf/
v0 �

p
a/8 ncr

3/2, we use Eq. (18) and rewrite Eq. (20) as

E/ Re

ðþ1

Vf =v0

exp (int)

n4=3
dn ¼ v0

Vf

� �1=3

Re exp (iVf t

� iQ1)P(Vf t); (21)

where the function P

P(x) ¼
ðþ1

1

exp (iyx)

y4=3
dy (22)

gives the slow envelope of the pulse.
It follows from Eq. (21) that the electric field of the filtered

pulse decreases very slowly with the filter threshold as
Vf

21/3. The pulse duration decreases as 1/Vf. At the
same time, the fundamental frequency of the pulse is Vf.
Therefore the pulse is hollow when Vf/v0 �

p
8agmax

3 ,
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i.e., its envelope is not filled with electric field oscillations.
One possible application of these pulses is to study atom
excitation by means of a single strong kick.

The pulses structure changes significantly when the filter
threshold is placed above the spectrum cutoff. For Vf/
v0 �

p
8agmax

3 we use Eqs. (19) and (20) to obtain

E/
v0

Vf

� �3=2

exp � 8
ffiffiffi
2
p

Vf

3
ffiffiffi
a
p

v0n3=2
cr

 !
Re

exp (iVf t � iQ1)

8
ffiffiffi
2
p

= 3
ffiffiffi
a
p

n3=2
cr

� �
þ iv0t

:

(23)

The amplitude of these pulses decreases fast when Vf grows.
However, the pulse duration /1/

p
agmax

3 does not depend
on Vf. Since the fundamental frequency of the pulse grows
as Vf, the pulses obtained with an above-cutoff filter are
filled with electric field oscillations.

7. NUMERICAL RESULTS

The analytical results presented above can be checked
numerically. For this we study the motion of the plasma
boundary and the specific behavior of vARP and gARP, as
well as the high harmonic radiation and the dependence of
the filtered pulses on the position of the filter, using the one-
dimensional particle-in-cell code virtual laser-plasma lab
(Pukhov, 1999). The plasma slab is initially positioned
between xL ¼ 1.5l and xR ¼ 3.9l, where l ¼ 2p/v0 is the
laser wavelength. The laser pulse is represented by a gaussian
envelope of width s ¼ 2l:

a(x; t ¼ 0) ¼ a0 exp (�x2=s2) cos (2px=l): (24)

An external observer positioned at x ¼ 0 records the inci-
dent and the reflected fields at every time step. This observer
can easily chase these fields to arbitrary x and t since these
fields are solutions of the wave equation in vacuum. To
find the ARP position xARP, we solve numerically Eq. (2).
The trajectory of xARP(t) for the simulation parameters
a0 ¼ 20 and Ne/Nc ¼ 90 (S ¼ 4.5) is presented in
Figure 2a. One can clearly see the oscillatory motion of the
point xARP(t). The equilibrium position is displaced from
the initial plasma boundary position xL due to the mean
laser light pressure.

Since only the ARP motion toward the laser pulse is of
importance for the high harmonic generation, we cut out
the positive ARP velocities vARP(t) ¼ dxARP(t)/dt and calcu-
late only the negative ones, Figure 2b, because in our geome-
try, negative velocity corresponds to motion toward the laser
pulse. The corresponding g-factor

gARP(t) ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� vARP(t)2=c2

q
(25)

is presented in Figure 2c. Notice that the ARP velocity is a
smooth function around its maxima, resembling a parabola

rather than a flat plateau. At the same time, the g-factor
gARP(t) contains sharp spikes, which coincide with the vel-
ocity extrema. These spikes of the surface g-factor are
responsible for the high harmonic generation.

The numerically obtained spectrum of the high-harmonics
is shown in Figure 3a. Filtering out the lower harmonics and
keeping only the harmonics with v . 25v0, we obtain a train
of short pulses in the reflected radiation, Figure 3b.

In order to simulate numerically the technique of RPC for
generation of a single (sub-) attosecond pulse, we study the
interaction of the plasma with a laser pulse of time-dependent
polarization. This pulse can be equivalently represented as a
superposition of two perpendicularly polarized laser pulses
with slightly different frequencies, (see Fig. 1). Our
particle-in-cell simulations suggest that a signal with a few
percent of the driver intensity is sufficient to control the
high harmonic generation, if the phase difference between
the two laser pulses is chosen carefully.

To demonstrate the relativistic plasma control, we perform
a particle-in-cell simulation where we add the z-polarized
controlling pulse with amplitude ac ¼ 6 and frequency

Fig. 2. One-dimensional particle-in-cell simulation results for the par-
ameters a0 ¼ 20 and Ne ¼ 90 Nc. (a) Oscillatory motion of the point
xARP(t) where Et(x(t)) ¼ 0. (b) Velocity vARP(t) ¼ dxARP(t)/dt; only the
negative velocities are shown. Notice that the ARP velocity is a smooth func-
tion around its maxima. (c) The corresponding g-factor gARP(t) ¼ 1/

p
1 2

vARP(t)2/c2 contains sharp spikes, which coincide with the velocity extrema.
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vc ¼ 1.25, and retain the same driver pulse with amplitude
a0 ¼ 20, frequency v0 ¼ 1, and y-polarization. We keep
the same plasma density Ne/Nc ¼ 90. The optimal phase
difference between the two lasers is found empirically to
be Df ¼ p/8. The vector potential of the resulting laser
pulse is represented as a function of time in Figure 4.

The simulation results are presented in Figures 5a and 5b.
Comparing the surface g-factor dynamics in the regime of
linear polarization, Figure 2c and in the controlled regime,
Figure 5a, we see that the central g-spike is slightly larger
while both side spikes are significantly damped. This effect
becomes much more pronounced when we compare the fil-
tered radiation plots, Figure 3b and Figure 5b. The control

signal allows us to select the single attosecond pulse corre-
sponding to the highest g-spike in the surface motion.

Varying the control parameters a0/ac, v0/vc and Df we
are able to select different attosecond pulses one-by-one or
in groups out of the original pulse train.

The dependence of the short pulses on the position of the
filter also can be studied numerically. If we apply the filter
f (v) ¼ 1 þ tanh((v-Vf)/Dv), frequencies below Vf are sup-
pressed. We choose the simulation case of laser vector poten-
tial a0 ¼ 20 and plasma density Ne ¼ 90 Nc. The spectrum of
high harmonics is given in Figure 3. We zoom in to one of
the pulses in the pulse train obtained and study how the
shape of this one pulse changes with Vf. Figure 6 represents
the pulse behavior for four different positions of Vf.
We measure to what degree the pulse is filled by the
number of field oscillations within the full width at half
maximum. One clearly sees that for filter threshold below
v0

p
8agmax

3 frequency, Figures 6a, 6b, the pulse is hollow.
Notice that the case of Figure 6b corresponds to the cutoff
frequency predicted by the “oscillating mirror” model.
Only for filter threshold positions above v0

p
8agmax

3 the
pulse becomes filled, Figures 6c, 6d, in agreement with the
theoretical prediciton presented in Section 6.

8. CONCLUSIONS

To recapitulate, we studied analytically and numerically the
dynamics of the apparent reflection point at the surface of
overdense plasma. We have shown that the velocity of this
point is a smooth function of time. However, the corres-
ponding g-factor has quasi-singularities or spikes when the

Fig. 4. Vector potential of the polarization-managed laser pulse: driver pulse
with amplitude a0 ¼ 20, frequency v0 ¼ 1 and y-polarization; z-polarized
controlling pulse with amplitude ac ¼ 6 and frequency vc ¼ 1.25; phase
shift Df ¼ p8.

Fig. 5. Generation of a single attosecond pulse using the relativistic plasma
control. The driver signal has a0 ¼ 20 and frequency v0 ¼ 1. The controlling
signal has ac ¼ 6 and frequency vc ¼ 1.25. The phase difference is Df ¼

p/8. (a) the g-spikes of the oscillating ARP, (b) the single attosecond
pulse selected via the relativistic plasma control.

Fig. 3. (a) The high harmonics spectrum; (b) the train of attosecond pulses
is obtained after the proper filtering.
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surface velocity approaches the speed of light. These ultra-
relativistic spikes are responsible for the high harmonic gen-
eration in the form of an attosecond pulse train. We show that
the attosecond pulse emission can be efficiently controlled by
managing the laser polarization. This is done by adding a low
intensity controlling pulse with perpendicular polarization
and frequency slightly different from that of the driving
pulse. This relativistic plasma control allows to extract a
single attosecond pulse or a prescribed group of attosecond
pulses. The attosecond pulses generated at plasma surfaces
can be filled with oscillations or empty, depending on the
position of the filter.
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