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Abstract The flow past an obstacle is a fundamental object in fluid mechanics. In 1967 Finn and
Smith proved the unique existence of stationary solutions, called the physically reasonable solutions,
to the Navier—Stokes equations in a two-dimensional exterior domain modeling this type of flows when
the Reynolds number is sufficiently small. The asymptotic behavior of their solution at spatial infinity
has been studied in detail and well understood by now, while its stability has remained open due to
the difficulty specific to the two-dimensionality. In this paper, we prove that the physically reasonable
solutions constructed by Finn and Smith are asymptotically stable with respect to small and well-localized
initial perturbations.
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1. Introduction

The two-dimensional motion of viscous incompressible fluid past an obstacle is a classical
object of research in fluid mechanics. It is modeled by the two-dimensional Navier—Stokes
system:

1
8tu—R—Au+u'Vu+Vp=0, divu =0, t>0, x e Q,
e

ulga =0, lim u=e, >0, (1.1)
|x]—00

Ulj=o = ug, x € Q.
Here the fluid domain € is assumed to be an unbounded domain in R? with a smooth and
compact boundary, while u = u(t, x) = (u1(t, x), uz(t, x)) and p = p(t, x), x = (x1, x2)
are the unknown velocity field and the pressure field of the fluid, respectively, ug =
(uo,1(x), up,2(x)) is a given initial velocity field, and e; = (1, 0). The complement of the
domain € represents the obstacle and is normalized in the following sense: diam(R?\2) = 1
and the origin of the coordinates is located interior to R? \ € and dist({0}, 92) > 1/4. The
positive parameter Re represents the Reynolds number. We use the standard notation
for derivatives: 8, = %, 9 = %, A= Z§=1 8]2.7 divu = Z§=1 djuj,u-Vu = Z§=1 u;joju.
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518 Y. Maekawa

By denoting u —e; and ug—e; by the same symbols u and ug, respectively, and also
by introducing the scaling of the time variable t — ot with o = Re for simplicity of
notations, system (1.1) is equivalent with

ohu —Au+adiu+aou-Vu+Vp =0, divu=0, t>0, x e,

u|39 = —eq, lim u = 0, > 0, (1 2)
|x|—00 ’

Uli—g = ug, x € Q.
Here ap is also denoted again by p. In this paper « is always assumed to be positive.

The important contribution to the study of (1.2) has been done by Finn and Smith
[22], where the unique existence of stationary solutions U = U (x; ) to (1.2) is established
when the Reynolds number « is sufficiently small, based on their analysis of the Oseen
linearization in [21]. The stationary solutions in [22] decay in the order O (lox|~2),
which comes from the decay of the Oseen fundamental solution, and they are called the
physically reasonable solutions. The asymptotic behavior of U as |x| — oo is studied by
Smith [49] and it is shown that the leading profile is described by the Oseen fundamental
solution. The results of [21, 22, 49] have been extended in various aspects by Galdi [24, 25].
The reader is also refereed to the book by Galdi [26] for further details on the results for
the stationary solutions to (1.2), and see also the work on Hillairet and Wittwer [34] for
the stationary exterior problem in a half-space setting.

In spite of its importance, few is known so far about the stability of the physically
reasonable solutions. This is contrasting with the three-dimensional case, where the
unique existence of physically reasonable solutions for small Reynolds numbers are proved
in the series of works by Finn [17-20], after a pioneering work of Leray [38] on the general
existence result but with less information on the estimate at spatial infinity; see also the
works by Fujita [23], Babenko [6], Farwig [16] about the stationary solutions to (1.1)
in three dimensions. For the three-dimensional case the physically reasonable solutions
decay in the order O(|x|~") and are known to be asymptotically stable when the Reynolds
number is small enough. This asymptotic stability is proved by Heywood [30, 31] in the L?
framework, and the L? stability is further studied and extended by many researches; see
Masuda [43], Heywood [32], Miyakawa [44], Maremonti [41], Miyakawa and Sohr [45], and
Borchers and Miyakawa [7]. In three dimensions another natural functional framework
is the Lebesgue space L3, for the physically reasonable solutions actually belong to L3
as observed in the work of Shibata [47]. The L3 stability is then established by Shibata
[47], based on the analysis of the Oseen semigroup by Kobayashi and Shibata [37]; see
also the work by Enomoto and Shibata [14, 15] for the L? theory in higher dimensions.
Finn’s starting problem is also settled in three dimensions; see Galdi, Heywood, and
Shibata [27].

In the two-dimensional case, recently the global well-posedness for nondecaying initial
data is obtained by Abe [2] and Maremonti and Shimizu [42]. However, the stability of
the physically reasonable solutions has been completely open, even when the Reynolds
number is sufficiently small and the initial perturbations are small enough and compactly
supported. The crucial difficulty comes from the slower spatial decay of U such as
0(|ax|_%) as |x| = oo, which is only in the slow variable ax rather than the original
variable x, while in the three-dimensional case it is at least in the order O(|x|™") already
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in the original variable. In fact, even in the level of the Oseen semigroup the analysis
becomes rather complicated due to the logarithmic singularity of the resolvent near the
origin and also to the parabolic distribution of the continuous spectrum of the Oseen
operator. Indeed, it is very recent that the Oseen semigroup in two dimensions is shown
to define a bounded semigroup in the L? space for p € (1, 00), which is established
by Hishida [35]. However, due to the slow decay of U, the L? estimate for the Oseen
semigroup in [35] does not yield either the linear or nonlinear stability of the physically
reasonable solution itself, even when « is small enough. In fact, the stability of the
physically reasonable solutions shares a common difficulty with the stability of the small
scale-critical stationary solution (decaying in the order O(|x|™!) for the Navier-Stokes
equations (¢ = 0) in a two-dimensional exterior domain, for which no general theory is
established yet and only some partial results are known for specific examples (see Guillod
[29], Y. M. [39], and Higaki [33] and references there in). A short discussion about this
scale-critical nature of the problem is given in Remark 1.4 below.

In this paper we shall prove that, when « is sufficiently small, the physically
reasonable solutions obtained by Finn and Smith are asymptotically stable for small and
well-localized initial perturbations. As far as the author knows, this is the first stability
result in the two-dimensional case. To be precise let (U, VP) be the stationary solution

to (1.2):
—AU +ad1U+aU-VU+VP =0, divU=0, xeQ,
Ulpo = —e;, lim U =0. (1.3)
|x|—00

We study the evolution of the perturbation v = u — U, which obeys the system:

v —Av+adiv+Vg = —aV-(URQv+vQ®U +v®v), t>0, x €,
divv=0, >0, x € Q,

v|ge = 0, lim v=0, >0,
|x|—00

V|i=0 = v, X € Q.

(1.4)

Here vo = (vo,1, vo,2) is a given initial perturbation, and f ® g = (fig;)1<i,j<2- The decay
structure of U clearly plays an important role for its stability. The key observation here is
the well known wake structure of U, which gives the additional anisotropic spatial decay

other than 0(|ax|*%). In particular, the argument of [11, 22, 26, 49] gives the following
decay estimate of U, which will be assumed in this paper.

Assumption. The following statements hold for any sufficiently small o > 0.
(A1) The velocity U = U(a; -) belongs to L®(2)? and satisfies

C 1 1
|U(x)| < . T+ , XeQ
llogarl \ |ox|2(1 + |ax| —ax)r 1+ lax]

with a constant C independent of «.

(A2) VU € LYQ?2N L)% and VU | 4qpx2nrc@ee < C with a constant C
independent of a.
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Since the pointwise estimate in (A1) is not written explicitly in the literature, for
reader’s convenience, we give a sketch of the proof of (A1) in Appendix C for the solutions
constructed in [22].

Remark 1.1. (i) The decay of U is estimated in the rescaled variable X = ax, which is
compatible with (1.3). The factor (1 4+ |ex| —ax;) in (A1) represents the wake structure

behind the obstacle. The key point is that the slow decay O(|ozx|_%) appears together
with the wake structure, while the nowake part of U decays in the order O(|ax|™!). The
factor |logar|™! gives the smallness of U in the rescaled variable when « is small enough
and plays a key role in constructing the stationary solutions in [22]. This smallness factor
is related to the Stokes paradox; cf. Chang and Finn [10].

(ii) The important property of the function —————— is that it still belongs to

lax| 2 (1+|ax|—ax)) 3
a scale-critical space but in the anisotropic sense. Indeed, as proved in Lemma A.1, we

have ! c
, - < — . x e R?\ {0}, (1.5)
lox|2(1+|ex| —ax;)2  |ax|Z + |ox;]
and thus, the function % is bounded in the anisotropic norm ||x2 f| o

lax|2 (14|ax|—axy)2
which is invariant under the scaling f(x) = Af(Ax); see Remark 1.4 for the discussion on
1

the criticality. Moreover, in virtue of the factor ———— rather than T,
(I+]oex|—exy) 4 (I+]eex|—exy) 2
the function — 1 even belongs to LgfL}Q, i.e., it is integrable in x,.

lax|2 (1+|ax|7ax1)%
The main result of this paper is stated as follows. The precise definition of the function
spaces is stated in § 2. Let us define the function 5(X) by the formula

1 1 1
= + .
b xpraix - xpi o 1HIX

(1.6)

Theorem 1.2. For any B €[0,1) there exists a constant a = a(B) > 0 such that the
following statement holds for any o € (0, &]. There exists a constant € > 0 such that
for any vg € Lé(Q) satisfying
lvollLo (@) + 1b(e)vollLo(e) < (1 — Be, (1.7)
system (1.4) admits a unique mild solution v € C([0, 00); LE(2)) N C((0, 00); Wy *(2)?)
satisfying (15)2 V(1) € L®(0, 00; L®()2*?) and
Cllog o|
o Olle@) < ——oa ||+ bla)voll 2. (1.8)
1+ (a21)2

Here € and C are independent of @ and 8.

Remark 1.3. (i) One can check that any solenoidal vector field in Q satisfying (1.7)
belong to Li(Q) (in virtue of the wake factor). The solutions treated in this paper are
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mild solutions, i.e., the solutions to the integral equation associated with (1.4), which is

well defined since the Oseen operator appearing in (1.4) generates the analytic semigroup

in L% (Q); see §2 for details.

(ii) The condition (1.7) reflects the decay structure of U. Indeed, we are imposing the

same decay on the perturbations as U. It should be emphasized that the positive number

€ is small but is independent of a. Note that the estimate ||vg| o (@) < %”b(a')UOHLOO(Q)
2

holds under the normalized condition of the domain 2 stated above? but in order to
make the smallness condition on € uniformly in «, this estimate should not be used
in describing the condition (1.7). Another important remark is that U itself does not
satisfies the smallness condition of (1.7) in general. Indeed, for the physically reasonable
solutions in [22] one can only claim that

UL (@) + Hogal |b(a-)UllLe@) < C

for some constant C which is uniform in small «, but this constant C is not necessarily
small. In particular, |U||L =) is not necessarily small in general.

(iii) The weight function b can be slightly generalized. Indeed, Theorem 1.2 is valid even
if the definition of b in (1.6) is replaced by

1
b YO Ty

In thls case the number € in Theorem 1.2 depends on ||pd||Loo + ||d||Loo L| with p(X) =
IX12 + [Xal.
(iv) The number B represents the order of time decay and must be strictly less than 1 in

with (|X|2 + [ X2) d(X) € L®(R?) and d(X) € LY L. (1.9)

our analysis. As indicated in (1.7), the decay order O((oczt)_%) exhibits a criticality in
the estimate. In fact, if vg satisfies for some § > 0,

1
ess.sup,cq (1 + lax|2 4 laxa ) oo (x)| < €(d) < 1, (1.10)

then one can show [[v(#)| L~ Q) = 0((052t)_%) as a’t — oo, that is, v decays in time faster
than the critical order in L°°. However, to achieve this faster temporal decay (under
stronger spatial decay of vg as in (1.10)) requires an even more technical computations.
The discussion in this regime is stated in §6.

Remark 1.4. It will be meaningful to point out here the scale-critical nature underlying
this problem, though the phrase ‘scale-critical’ for (1.4) is somewhat confusing since there
is no invariant rescaling for (1.4) even in the whole space setting, due to the presence of the
term «d;. In fact, the criticality here is seen in the level of various estimates. One easy way
to glimpse it is to recall the L-L" estimate of the Oseen semigroup in R?, which is given
by lle~™e £y ey < Ct 7T £l ey for 1 < r < q < oo with C uniformly in @ (here
Ay = A, g2 = —A + a0 is the Oseen operator in R?; see §2.2). Thus, in the level of the
Li-L" estimate in R%, we do not see the effect of «, and then heuristically the borderline
whether one can treat the linearized term —aV - (U @ v+v @ U) in (1.4) as a perturbation
globally in time or not should be related to whether U is small in a scale-invariant norm
for the standard Navier—Stokes equation (¢ = 0), i.e., the norm which is invariant under
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the scaling f(x) — Af(Ax). As stated in Remark 1.1, the physically reasonable solution
U formally satisfies this requirement in an anisotropic way. Unfortunately, this view is
of course too optimistic and naive in the actual proof, and we do not know whether U
is stable or not in the simple framework of LY spaces. Another way to see the criticality,
which is indeed related to the actual proof, is to introduce the distance

p(X) = [X|Z +[Xal, X =ax, (1.11)

where the parabolic aspect in the low frequency of the operator «d; — 822 is taken into
account. This distance is natural and useful in the analysis of (1.4). For example, as
shown in Lemma A.1, U satisfying (A1) obeys the bound

C
llogar|p(X)’

that reminds us the scale-critical decay O(ﬁ) for the standard Navier—Stokes equations.

U] < (1.12)

The criticality of the order O(p(X)~!) will be seen in the analysis of the bilinear form
in R? in §3.2. Roughly speaking, the result of §3.2 is applied to the integral form of the
linearized term Aa,[U, f1(t,") ==« [y e ("9%PV.(U® f + f ® U)ds, where P is the
Helmholtz projection in R?, and after some computation using Lemma 2.3, we can show

1
dY sup | p(a)? f($) ooy, (1.13
lloge| Jr2 p(X —Y)2p(¥)1Hr ©7 00 Loy (1.13)

[Aa, LU, f1(, x| <

where y > 0 and X = ax. Here (1.12) is used and the function p(x—l_y)Z comes from the

—(t—s5)A,

time integral of the kernel e @PV.. Lemma 2.4 for the convolution of % implies that

1 C 1 1
/ —_dy < : + (1.14)
R p(X —Y)2p(Y)r'+y p(X)Y I \y' —1+y  3—y—y
as long as 0 < ' — 14y < 2, which yields by taking y' =1,

Y ¢ ! 1 Y
sup (@) A (U S10) a2y < oo (y + 2_y) sup lp(@)” £ ()l oz
This estimate indicates how to close the estimate when 0 < ¥y < 2 and « is small enough,
by making use of the decay of U in a crucial way. Although we need more weighted
norms (as stated below) and technical computations to achieve the nonlinear asymptotic
stability, the proof of the linear estimate for the whole space problem proceeds along this
basic idea. We observe from (1.14) that, if |U(x)| = O(p(X)~7") with y’ < 1, then there
is no hope to close the estimate in this approach: in this sense, the decay of U in (1.12)
is just in the critical order.

The key step of the proof of Theorem 1.2 is to study the linearized problem

v —Av+adiv+Vg =aV-(fR®g+g®f), t>0, x e,
divv=0, >0, x € Q,

Vg = 0, lim v=0, >0,
|x]—o00

V|t=0 = vg, X € Q2.

(1.15)
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The results for (1.15) are summarized in Propositions 4.3 and 4.4. We shall establish
the weighted L estimate of the solution to (1.15), where the weight function is suitably
chosen in view of the wake structure of U and the Oseen operator so that we can close the
global estimate. The key idea is to introduce the weight function p(X) in (1.11), which
takes into account the anisotropic nature of the Oseen operator and the wake structure of
the physically reasonable solution. Then we introduce the space-time norm || - ||o,s With
a € (0,%) and B €0, 1] as

I fllap = Sulg(llp(a')f(l)llmo +(1 =B @05 p@) P £(1) 1)
>

>0 |log |

1
+Sup(1+(a2t)g)<—||f()llL +<1+ )2 IIVf(t)IILoo>-

The first supremum in || - |4, exactly controls the critical quantity (for example, let us
recall (1.12) for |p(a-)f(®)||Le), while the second supremum is a subcritical quantity
when B < 1. The introduction of the prefactors 1 — 8 and |loga| is aimed to achieve the
result in a unified and sharp manner. The presence of 1 — 8 is inevitable in the estimate
of the bilinear form, already in the whole space problem. It describes the difficulty in
achieving the critical temporal decay O((oezt)_%) for solutions to (1.15) when f=U
merely under the condition ||g|l4,1 < 00. The reason of the factor Toga] Og 3] is more specific to
the exterior problem, for it is related with the large-time control of the flow produced near
the boundary. Intuitively, the logarithmic order comes from the logarithmic singularity
of the resolvent for the Stokes or Oseen operator when the resolvent parameter tends to
Zero.

We show the following estimate of the solution to (1.15):

lvlla.p < ClI(A+b(e)vollL=

1

C 1 t 2
+ mllglla,ﬁ ?‘:g (IIp(a')f(t)Ile +a2 (1—+t> ||Vf(t)||L°°> . (L.16)

Here C is independent of « € (0, %] and B €[0,1). This estimate is proved in
Propositions 4.3 and 4.4. In (1.16) the norm for f allows us to handle the case when
f = U which is independent of ¢.

As in the previous works of [35, 37] for the Oseen semigroup in the L? framework, our
approach to (1.15) consists of two steps:

(i) analysis of (1.15) in R?;
(ii) local energy decay estimate of e A2 in the exterior domain;

where in (ii) the resolvent problem is considered with a compactly supported sourcing
term. In each step, however, obtaining the desired global bound is highly nontrivial, since
we have to work with f = U whose the spatial decay is not fast enough; it is just in a
critical regime in an anisotropic form and only in the slow variable X = ax.

In the step (i), to overcome the difficulty, we make full use of the anisotropic transport
effect of the Oseen semigroup and our specific choice of the weight norm as above. More
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precisely, the key is to apply Lemmas 2.3 and 2.4, which are compatible with the kernel
of the Oseen semigroup. Lemma 2.3 describes how the wake structure appears from the

time integral of the Oseen semigroup. Lemma 2.4 gives the convolution estimate of ﬁ.

It should be stressed that the use of the distance p(X) = |X|% + | X>| enables us to obtain
the sharp estimates in a unified manner. Another important lemma is Lemma A.1, which

connects the wake decay ——1 - and
X2 (1+|X]|-X)2

The step (ii) is handled in [40] independently of this paper, and the result is stated in
Theorem 4.1, which is a significant improvement of Hishida’s result [35]. The estimate
(1.16) in the exterior domain is obtained by combining the results from (i) and (ii)
through a standard cut-off argument using the Bogovskii operator.

This paper is organized as follows. In § 2, the function spaces are introduced and some
basic results on the Stokes semigroup and the Oseen semigroup are collected. In § 3,
we study the linearized problem (1.15) in R2. Section 4 is then devoted to the analysis
of (1.15) in the exterior domain. The nonlinear stability is proved in §5 by applying a
standard fixed point argument. Some key estimates used in the proof are collected in the
appendix.

_1_
p(X)"

2. Preliminaries

In this section, we collect some notations frequently used in this paper and state some
basic results on the Stokes semigroup that are standard and thus whose proofs are not
given in details.

2.1. Function spaces of solenoidal vector fields

Let Q be an exterior domain in R? with smooth boundary. The class of smooth and
compactly supported functions in  is denoted by C§°(£2), and the class of test functions
for solenoidal vector fields in €2 is defined by C(‘)’f’g RQ={f¢€ C(‘;O(Q)2 | div f = 01in Q}. We
denote by L1($2), 1 < g < o0, the usual Lebesgue space of all measurable functions whose

1
L9 norm, || fllre = (fQ | flidx)4 for g < oo and || flzee = ess.sup,cqlf(x)| for g = o0, is
finite. For p € (1, 00) and ¢ € [1, oo] the Lorentz space LP9(R2) is defined to be the set
of measurable functions f in € such that

*° 1 dR\4
/ (Ri{x e QI 1f)] > RHP)I— |, 1<q<o0,

_ 0 R
I fllra@) = 1
sup Rl{x € 2| [£(0)] > R)[?, g =ox,
R>0
is finite. Here |A| denotes the Lebesgue measure of the measurable set A. It is well known
that || - |Lr.a(q) defines a quasi-norm and there exists a norm equivalent to it by which
LP49(2) becomes a Banach space when p > 1; see [28, Ch. 1]. Moreover, by O’Neil [46]
the generalized Holder inequality and the Young inequality are known: if 1 < p,q,r < oo
and 1 < 51,52 < 00 then

1 1 1 1

1 1
lfelors@ < Cllfllrsi@lighienig, —+-=-, —+—=-, (2.1)
P q r S1 52 S
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and

If =gl < Clfl gl L] + : 1 1 + Lo (2.2)
* r.s I K .S , - = — —— 1, — —_— = -, .
8l Lrs (R2) LPs1(R2) 181 L4952 (R2) r - p g 51 s s

where (f * g)(x) = fRZ f(x —y)g(y)dy is the usual convolution in R?. Moreover, we also
have from [46, Theorem 3.6],

||f*g||L00(]R2) S Clfllprs: (Rz)llglqu,sz(Rz),

1 1 1 1 (2.3)
—+—-—=—+—=1, 1<p, g<oo, 1 <51, 50 <00.
P q s 52

The space of all L? solenoidal vector fields in € is denoted by LI(Q), which is
characterized as LI (Q) = CSOU(Q)”f”Lq ={feLli(Q)?|divf=0inQ, f-n=0on dQ}
for ¢ < co. Here n = n(x) is the exterior unit normal vector at x € 2. The L4 Sobolev
space of order k in Q is denoted by W*4(2) and we also introduce the space WO1 Q) =

C(?O(Q)Hf“”"l’q. As is well known, for g € (1, 00), the space L()? is written as the
direct sum L9(Q) = L& (Q) & G9(Q), where G1(Q) = {Vp € LY(Q)* | p € L] (Q)}. Then
the Helmholtz projection Pq : L9(2)? — LI () is well defined, which is an orthogonal
projection when g = 2; see Miyakawa [44] and Simader and Sohr [48] for details. For

simplicity, the Helmholtz projection in R? is denoted by PP, instead of Pg2.

2.2. Oseen operator
For g € (1, 00) the second order elliptic operator Aq g in L9(2) is defined by
L,
Dra(Awo) = W @QNWy'(Q), Awaf=—-Af+adif, [€Dri(Awg).

Then the perturbed Stokes operators Ay o in LZ () is defined by

Dpa(ho,0) = WHI(Q)* N Wy () N LL(Q),

Agaf =PoAsaf, f € Dri(Ayq).
The operator Ay o is known as the Oseen operator. To simplify the notations the
counterparts of these operators in LZ(R2) are written as A, instead of Ay g2 As is well
known, the Stokes operator —Aq = —Ag o generates a bounded Cp-analytic semigroup
in LL(); cf. Borchers and Varnhorn [9]. Since the terms aPqd, f is lower order, it is not
difficult to show that the Oseen operator —A, o also generates a Cop-analytic semigroup

e A in L2 (Q). Moreover, the following LP-L4 estimates have been recently established
by Hishida [35].

Proposition 2.1 (Hishida [35]). Let 1 <g < p <oo and let f € L&(Q). Then for
a e (0, 1],
—thy 0 C
le™ 2 fllLr@ € —5—I1flea, t>0. (2.4)
akta~p
Here C depends only on 2, p, and q, while k > 1 depends on «, p, and q.

Remark 2.2. In the approach of [35] the singularity O(«¢™) in (2.4) for small « is crucial.

Estimate (2.4) is improved in [40], and in particular, it is shown in [40] that this singularity
can be completely removed. This improvement (in the level of local energy decay estimate)
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is essential in the proof of the stability of U, for the smallness of U in a weighted norm
is only in a logarithmic order O(HOHW).

On the other hand, the following LP-L9 estimates for the derivatives of the Stokes
semigroup e~ "A¢ are classical:

—k—

1.1
195V e ™22 fl ey < Crt 2 X040 | flla. 0<t < T < oo, (2.5)

for j=0,1,2, k=0,1, 1<g<p<ooorl<g<p=o0, and f € LL(Q). Here Cr
depends on 2, p, g, and also on T in general. Recently, the L* theory of the Stokes
semigroup has been developed by Abe and Giga [3, 4], Abe, Giga, and Hieber [5], and
Abe [1], and the following L estimates have been established by now:

lofVie™42 fll @) < Crt™ 27| flleiy, 0 <1< T < oo,
||e_tAQPQV . F”LOO(Q) < CTI_%”F”LOO(Q)”VF”LOO(Q), 0< r < T < o0, (27)
for j=0,1,2, k=0,1, 0 €(0,1], and f € LX(Q) ={f € L®(2)? | divf =0 in ,
f-n =0on9%}. Note that the semigroup property e "A2PoV . F = e_%AQe_%AQIF’QV -F
together with (2.7) and (2.8) also give the estimate
— 1+
Ve 22PQV - Fllpei) < Crt™ 5 | Fllfog)IVFIILg), 0<t<T <oo,  (2.8)

Estimates (2.7) and (2.8) are useful in handling the inhomogeneous term of the form
V- (f®g+g®f). From (2.5), (2.6), and (2.7), it is not difficult to show that the
following L™ estimates hold also for e ~"A«.;

IVieThas fll @ < Cri~ 2l flie@. 0<t<T <oo, j=0,1,  (29)
for all f € L°(R2). Indeed, estimate (2.9) is derived by solving the integral equation
t
v(t) = e_’AQf —oz/ e~ =9hapo g v ds (2.10)
0

in the function space
X7 = {f € Co([0,T]: LP(Q)) |
12V f(1) € L0, T: L®()>2), f(t) =0 on 99,1 € (0, T1}

1
sup (| f) Lo + 1211V (Dl Le))s
0<t<T

I/l x7

where Cy+ denotes the x-weak topology. Precisely, the second term of the right-hand side
of (2.10) is estimated by using (2.6), (2.7), (2.8) as

t
H V/a / e~ =9hapo g v ds
0

< Ca / -5 1) 1700 I VOO 125 s
Loo(2)

_jto _l-o
o (t—s) s 2 ds|vllx;,
0

< CaT 7 |vllx,, O0<t<T, |jl=0,1.
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Here we have taken, for example, as o = % Thus, if T € (0, 2] is sufficiently small then
there exists a unique solution v € X7 to (2.10). Repeating this argument, we obtain (2.9)
for any 0 < T < oo with a constant Cr depending on 2, T', and «. In particular, if 7 = 2
and « is small enough then Cr depends only on .

2.3. Key integral inequalities

Our approach is built upon the weighted L* estimate of the Oseen semigroup which
reflects the transport term «d; and the wake decay structure of U. The following two
integral inequalities play a crucial role, where the integrand is related to the kernel of
the Oseen semigroup.

Lemma 2.3. For any M > 0 there exists a positive constant C = C(M) such that the
following statements hold for any y; € R with |y;| <M, j=1,2.
(1) Let y1 > —1. Then

_ 2+y

T XY —(r— 2\ T2
/(z—s)*‘ <1+| S s)e”) ds
0 T—S
1
—Clog|X —7Y|, if0<|X—Y| <=,
e
< c _ | (2.11)
1 e AFIX =Y > -
A+y)IX-Y2A+[X-Y[- (X1 —Y1)) 2 ¢
(ii) Let y1 > —1, y» #0, and y; — |y2| > =2. Then
_xn
4 2t X—Y—(t—s)e >\ °
/(r—s)—¥ <1+| s s)‘|> ds
0 T—S
C 1 1 . 1
— | —4+——), ifO0<|X—-Y|<-and y» >0,
IX=Y" \y2 24+71—-» e
1 1 . 1
C ﬁ+2,—|——|| s 1f0<|X—Y|<—andy2<0,
< 2 Yi— 12 e (2.12)
C ( 1 n 1 )
1 1 ’
X =Y (A4 X =y = (X -y A 2=l
1
if1X—Y|> -
e

Proof. Assume that y1, y» € R satisfy y; > —1 and y; — |y2]| > —2. Then by changing the

variable s as Ui:fl =r and using ds = |X_2Y‘ dr, we have
r
_xn
T 2+ X—Y —(r—s)e| :
/ (t—s5)" 7 (1+| (= s)el ) ds
0 T—S5
247 _ 4
/OO r " hirix—y(r+ D) 20 —vy) T X2,
e \JX — 7] r e r2

T
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24
1 o0 X — Y| N7 dr
<— 1+20X = Y| = (X1 = Y) + —— (=D =

@)

X - YI2

T x-v® </ / /) g .

(1) Estimate of I: We observe from |X — Y| — (X1 Y1) > 0 that

jaln2) 1 r1tr
2 2

2 r 24y 2 r
I < 7 dr <2°™1 g dr.
O (r+|X=Y|r—DH 2 O (r+X-Y) 2

If I X —Y| > 1/e then it is easy to see that

1 vitr
2

2 r 1 2 y4n 2
Ty 47 S 70 AS T
O (r+|X—-Y)2 |X —Y|72 70 CH+y+y)lX-Y|2
Next we consider the case 0 < |X — Y| < 1/e. In this case we see
Yitr 1

/‘% roz o J /|X—Y|+/‘z
r =
O r+IX—vp 0 X-|

[X=Y| V1+V2 : »n
< —m/ dr+/ _1+7 dr
X -y X-Y|

—log|X—-Y| ifyp=0

2 .
241+ n y;

The estimate of I is done.
(2) Estimate of II: We have

% o X
cﬁ A41X = Y] = (X1 = V) +1X = Y] — 1)) 2 ar.
2

Here C is uniform in y; € R with |y;j| <M, j =1,2. Then, when 0 < [X = Y| < 1/e it is
easy to see that II < C. Thus it suffices to consider the case | X — Y| > 1/e. In this case
we have

% o 2
ﬁ(1+|X—Y|—(X1—Y1)+|X—Y|(r—1)) 28
2
z_ﬂ
< (1+|X—Y|—(X1—Y1)+|X—Y|(l’—1)) 2 dr

_W/ (I+]1X Y] = (X1~ YD)+~ dn
2

C
<

1 Iy~
A+yDIX =Y+ |X Y| —(X; —Y) 2
The estimate of I is done.
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(3) Estimate of III: We have

o0 1 dr
m<c |, =

2+y1
3 (I4+rX=Y))2 r 2
Here C is uniform in y; € R with |y;| <M, j =1,2. If | X —Y| > 1/e then it is easy to

see that
/OO 1 dr /00 dr
2+ —n =
I (4rix—ypzorTe |x Y|7 P

2

(2+)/1 y2)IX — YI
When 0 < |X — Y| < 1/e we have

© 1 dr
3 24y 112
2 (I+rX=-Yp—=2r 2

2

1 °° 1
= +7] 7 9
Cx—v|? |X Y (14s) 5%
1
—log|X —Y|+—— if p =0
gl I i ¥2
: —+ : if 0
D TE— if yp >
|X Y|2 v 2+vi—wn
X —Y|/?
if y» < 0.
y2l 2+y1—n
Finally we note that for |[X —Y| > 1/e,
1 C

< Laval
X =Y P A+X Y| = (X1 — 1)

since 1+ y; > 0. Thus, collecting the estimates of I, II, and IIl, we obtain the desired
estimates. The proof is complete. O

Next we set 1
p(X) = [X]? +Xal. (2.13)

Note that p defines a distance in RZ.

Lemma 2.4. Let —1 < 3,14 <2 and y3+y4 > 1. Then for X # R?,

1 c 1 1 1
dY < . (2.14
/Rz p(X =Y)Trsp(y)ltn p(X)rstra=l <2—7/3+2—V4+J/3+J/4—1> (2.14)
Here C is independent of y3 and yy.
Proof. We decompose the left-hand side of (2.14) into three parts:

L.H.S of (2.14):/ +/ +/ =1+10+41
20N <P (X) PX)L2p(Y)<40(X) 2p(X)<p(Y)
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From p(X —Y) > p(X)/2 when 2p(Y) < p(X), by 1 +y3 > 0, I is estimated as

C dYy
<~ — T
p(X)Y Joprygpx) p(Y) T4

__C / dy
S T onidos |
PO w12 <ocxr2ml<o) (1Y]2 4|, ) s
c dvy 1
— — s s Swm<2,
2

__C vs i< )3 2
= (X)) dY, 1
p(X) Cp(X) | Ty —1<V4<§
A2 <o) |y 2
C
< )
2=y p(X)rstra-]
Here C is taken independently of ys3, ya. As for II, we have
C dy
s~ X 1)
p(X) Y Jory<epc) (X —Y) T3
< C / dy
PO X, 1112 G0, X121 <300 (|X1 — V1|7 + | X2 — Vo)) 147
C dY, 1
_/ i — 7@ ;Sn< 2,
< C V3 JJ1Xi-n12<3p(X) | X — Y12
= o(X) dY, 1
PO cpix) ——m —l<m<y

1
X1-N2<3p(X) | X1 — Y| 2
C
< .
Q2 —y3)pX)rstr-l
Finally let us estimate III. We use p(X —Y) >

< C / ay
= Jon<em) p(Y)HER

Y S
20X <PV Il PP 0 <oy paiivyE oY)

p(Y)/2, which gives

=: IIl| + 1II,.
The term II1; is estimated from p(Y) < 2|Y;| for |Y|1 < |Y2| as
I, < C/ ay C/
1 x <
p(X)<|Ya| (|Y1|+Y2) Vz 24y3+va ()< |Ys |Y2|73+y4

(V3 +ya— l)p(X)V3+V4“ '
The term III, is estimated as, by using the fact that 2p(X) < p(Y) with |¥3] < |Y|% and

|Y2| > 8 implies 2p(X) < 8|Y1|%,
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dy
1 < c/ -
20X <RIV vl P(Y)ZH73H7

+C/ ay
20X <INV vyl 8 P(Y) 27347

< C / dY —i—C/ dY
= opX)rtrl Jiy < p(Y)? p(X)<dlyy 2 p(Y)FHrstys

c dy dy;
< X)V3tr—l 3 +C 17 T
p(X) N8 |V ]2 p<ANIE 1y,
c C
< + .
pX)Hr=L - (y3 4 s — Dp(X)rstra-l
Collecting these above, we obtain (2.14). The proof is complete. O

3. Estimate of Oseen semigroup in R?

In this section we establish weighted L™ estimates of the Oseen semigroup in R?, written
as e A« and the Duhamel term fot e~ =9)8aPF (5) ds. Here the operator e AP is realized
as a convolution operator e AP f = & (¢) * f, and the kernel ®, (¢, x) is given by

Dy (t,x) = D(t, x —atey), (3.1)
where e; = (1,0) and ® is defined in terms of the Fourier transform
O(r,X)=F! [e—ffz <]I - —i(jf)] (X). (3.2)

Here I = (§j0)1<j k<2 and € ® & = (§81) 1< k<2 Note that @ is nothing but the kernel
of e™®P. By its definition the pointwise estimate of @, is available from that of ®, which
is well known by now as follows.
Proposition 3.1. Let k =0,1,..., and let j = (ji1, j2) be a multi-index. Then
iy
ki —1-Yl g |IX|? ’
[0; V@ (7, X)| < Ct 1+— . (3.3)
T

Here C depends only on k and j.

3.1. Estimate of semigroup in R?

We start from the estimates of e ="« f in the weighted L® norm. Let us recall that b(X)
is defined as (1.6) and p(X) = |X|% + | X>|.

Proposition 3.2. Let 8 € [0, 1]. Let b(a-) f € L®°(R?)? and div f =0 in R%. Then

B B _
sup(1+ (@) 1) | p(a) e e fll e < CII(1+b(@)) fllLe, (3.4)
>0
and ]
supt2[[Ve "4 fll oo < C|l f |l 1o (3.5)
t>0

Here C is independent of o and B.
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X2
Proof. Let G(t, x) = 41?6_% be the Gauss kernel in R2. Then, in virtue of the condition
div f = 0 in R?, the following representation holds:

(e fy(x) = fR G x—y—ate f()dy. (3.6)
Then it is straightforward to see
IVie b flle < Ct7 3| fllgm, >0, j=0,1. (3.7)

Next we observe that
(e f)(x)| < f G(t,x —y—atep) (
RZ

S LICONATES
1 1

Let us recall from Lemma A.1 that ———— = € L;’,?L%,z, and we also note 77 €
[Y12(A+Y|-Y) 4

L?,’OO(RZ). Thus we conclude from ||G(¢, x —- —Olfel)HL{ Ly +IIG@, x — - —ater)| 21 <
M1 2 y

1 1
+ dy
ley|2 (1 + lay| — ) 1+|0‘y'>

Ct1 that

_ C
le™" fllzee < =1 llble) fllze. 1> 0. (3.8)
ot?
Estimates (3.7) and (3.8) yield (3.4) with 8 = 1. Next, since p defines a distance in R?,
we have

plax)| (e £)(x)|
< A;{z(p(ax —ay —a’rer) + play) + p(@’re)G(t, x —y —ate))| f(y)| dy

1 1
< /2(a2|x—y—otte1|2 +alxy — )G, x —y —ate)| f(y)|dy
R

o) fllz +att /R G(t.x — y —aten)| ()| dy

< Camf G, x— y— ater)—— dyllp(@) fllL=
R2

play)
+ Catt /R GQ1,x —y —are)| f(y)|dy

o)l +art [ Gy —arenifldy.

Then, by using the fact that ﬁy) < W with |y|_% e L**(R?) and also by arguing

as in the derivation of (3.8) (for the second and the forth terms), we obtain
plax)|(e™ e ()] < Cllpl) flls + Ib@:) fllz).
Thus the inequality ||p(a-) fllre < Cllb(e) fliL= (by Lemma A.1) yields
lpe)e™ e fll oo < Cllb@) fliL=. t> 0. (3.9)

Here C is independent of «. Estimates (3.9) and (3.7) prove (3.4) with g = 1. Then the
case B € (0, 1) of (3.4) follows from the interpolation of the endpoint cases 8 = 0, 1. The
proof is complete. O
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3.2. Estimate of bilinear form in R2
We set the bilinear form Ay, [f, g] as

1
A, LS, g1(0) =a/ TPy (fRg+g® f)ds. (3.10)
0

Our aim is to establish the weighted L* estimate of Aa,[f, g] globally in time by using
the scale-critical anisotropic norm.

Proposition 3.3. Let @ € (0, %] and B € [0, 1). Then the following estimates hold for any
f. g € L®(0, 00; WH(R?)?) such that p(a-) f, pla-)g € L=(0, 00; L (R?)?).

sug(azt)% 1p(a) P AL, Lf g1(0)] 1o
1>

C
<
1

sup llp(a) f(t)ll oo sug((a%)% lo@)' gl +llp(@)g®)ll=), (3.11)
> 1>

sup(1 + (20 D) || A, Lf. g1(0) [l 1o

>0
< T—p o er) f (@)l oo
% sup(@20) 2 | p(@) P ()1 + o (@) gl + (1 + @) D@ <), (3.12)

>0
1

2.8 r\?
sup(l + (a”1) %) (1—_|_t> VAL LS g1l

t>0

1
< Ca? sup (Ilp(a-)f(t)llm +az (L) : IIVf(t)IILoo>

t>0 1+1
2.4 %
x sup(l+ (1) 2) { llg() = + 107 IVe@lir= |- (3.13)
>0 +t

Here C is independent of a and B.

Remark 3.4. (i) In Proposition 3.3 the function f does not need to decay in time, which
is important to handle the linear term V - (U ® u + u ® U) with the physically reasonable
solution U.

(ii) Estimate (3.13) is easier, for it is subcritical estimate in view of scaling. Estimate
(3.12) is still subcritical, but the proof requires a detailed computation in order to derive
the prefactor ﬁ, which could be optimal. Estimate (3.11) is just critical in view of
scaling and is the most nontrivial estimate in Proposition 3.3. Its proof consists of the
pointwise estimate of the kernel given by (3.1) and Proposition 3.1, and the integral
inequalities obtained in Lemmas 2.3, 2.4.

Proof of Proposition 3.3. (i) Proof of (3.11) and (3.12): We observe that

A LS gl(t, x) = Ap[f, 81(r, X), T=0a’t, X =ax
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by the change of variables in the integral, where f(r, X) = f(t,x) and g(t, X) = g(t, x)
with 7 = &%t and X = ax. Then (3.11) and (3.12) are respectively equivalent with the
weighted estimate

B _ ~ .
sup 2| P Au, [f, 81(0)ll L

>0

<

—g P lpf (©)llzee Sug(fz ' P gL + g ()|, (3.14)

and the L estimate

sup(1 +7 )| An, L, Z1(0) 1o

>0

S Topslef @l Sulg@z 10" P E@ll + 1pFD) Iz + (1 + T DIF@ ).

(3.15)

Let us first consider the L* estimate for a short time. To simplify the notation we set

-1
|X—Y—te1|2>

- (3.16)

K(t,X-Y)= (1+

Then, from (3.1)-(3.3), the kernel of e "AIPV. is pointwise bounded from above
by Ct=3K(z,X—Y)? for all >0,X,Y € R2. Thus we have e ™A1 PV.F|~ <
Cr’%||K(t)||L%_] IF|l 40 < CT 3||F|| 4 by (2.3) and the real interpolation. Then the

definition of AAl[f, g] implies

IAa,[f, 81Dl < C/O (T—5) T F®F) +8® F(5)| oo ds

1 ~ ~
< Ctiswpllg®llee supllp f (), 0<T<2  (3.17)

s>0 s>0

Here we have used p(X)~! < |X|7V/? € L**°(R?), and hence, ||f(s)||L4_oo < Clpf)llr=.
Next we prove the weighted (3.14), and the L* estimate (3.15) for the case t > 2 is
discussed later. To this end we recall that

~ T _i ; ~ - - ~
|AA1[f,g](r,X>|<C/ /2(r—s> K -5, XV} f@g+® f(r, V) dY ds,
0 R
(3.18)
. o SRS S
and then, by splitting the time integral f; into [’ and f%,

|Aa, LS, g(r, X>|

<Ct™ 7/ /(t—s) Ra—s,X-Y) dY ds

( )?
x sup [|0& (D)l o sup | o f (T) [l £

>0 >0
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1
+Ct7 2 / / (t—8)  K(t—5,X—Y)} — ST dY ds

xsup [0 g0l sup llp f (D)l . (3.19)

>0 >0

Now we apply Lemma 2.3 with y; = 1 and y» = 1 — 8, 1, which is the key in our argument.
Then it follows that

|Aa[f, 81(z, X)|

1 1 1
< ng{ ———_ay
1=8 Jux—vi<y IX =Y['7F p(¥)

. : | ar)
(IX-v|>1} | X — Y| (1+|X Y- (X1 — ¥ P
x sup [ pg(t)ll > sup [l o f (T)]| L

>0 >0

1 1
+CT_§/ 2 dY
R IX —Y[(1+]X —Y|— (X1 = 1)) p(Y)2=P
ﬁ A~ ~
xsupt?[[p" g ()l sup llp £ (T)ll L.

>0 >0

As for the first term, by decomposing as f{\Xleéé} = f{\X—Y|<§, YI<1} +f{\x7y|<%,|y|>1}

and by using % and the triangle inequality p(X)'™# < p(X —=Y)! "B + p(¥)! 75,

(Y)2 <
it is not difficult to see that f{\X—Y|<£} \X—Y|1£/3p(Y)2 dYy < p(XC)‘l’ﬂ with C independent of
B. As for the second and the third terms, we recall the inequality

1 C
g 9
X =Y +IX—Y|—(X;—y):  PX=D)

which follows from Lemma A.1 (the square root of (A 3)). Then we arrive at

|Aa, LS, &1z, X))

_B 1 1
s {(1 A (X)F +/Rz P(X V) Fp(Y) dY}
x sup ||pg () [l oo sup || p £ (2)|| oo

>0 >0

B 1
+C’_7/ av sup 810 PR~ sup I f . (320
w2 p(X — 1) 2p(V)2P - (3.20)

Note that f]RQ W dY = fRz m dY. Then Lemma 2.4 with Y3 = 1—
B and y4 = 1 gives

|Aa,[f, 81T, X)|

C - B _ B~ >
< 2 sup(1p& (D)l Lo + 721" P g(@)llzo0) sup lp f (1)l oo,
(1 —,3)‘[7,0(X)1_ﬂ >0 >0

https://doi.org/10.1017/51474748019000240 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000240

536 Y. Maekawa

that is,

B _ ~
sup 2 ||p TP Ay Lf, 81(T) Il

>0

C - B 1-B~ x
sup([[pg (D) llLe + T2 llp" "7 g(T)lILe) sup [|p f (T) || L. (3.21)

<
1 _:3 >0 >0

This proves the weighted estimate (3.14). The L estimate (3.15) is proved in the similar
manner. Indeed, instead of (3.19), we compute as

|Apf, 81(z, X)I

_B 3 _3-8 3
<Crt 2/ / (t—s) 2 K(t—s,X-Y)2 Yds
0 R2

— d
o)A+ p(Y))
x sup [[(1+ p)g(0)| o sup [lp.f (1)l

>0 >0
_8 [T 3 3 1
+Ct 2/ / (t—s) 2K(t—5,X-Y)2 T dY ds
: Jre p(Y)(1+p(Y)1=F)
E _ - ~
x sup 72 [[(1+ p' )& (0)ll oo sup [lo £ ()| oo (3.22)
>0 >0

Then the above argument using Lemma 2.3 yields
|An,Lf 81z, X))

<C‘l,'g{ : : : ay
b L=B Jux—ri<ly IX =Y['=F p(") (1 +p(Y))

1 -
+ dy 14+p)g o 00
/{|xY|>;} PX =V Fp(N)(1 +p(V) }55‘3 I+ 280 e g e Ol
_B 1
e /R P X Do)ty
xsup 72 [ (1+ p )3 (D)l sup 19 F(2) v (3.23)

>0 >0

The difference from (3.20) is that the singularity around ¥ = 0 is relaxed thanks to the
factor ﬁ rather than ﬁ. Then it is not difficult to show that for |X| < 1,

1 1
/ i dy <C,
Ix-vi<ly X =Y B p(Y)A+p(Y))

f 1 ay < C ,
1x-v|>1 p(X=Y)Bp(¥)(1+p(Y)) 1-8

/ ! dY < ¢ .
k2 p(X —V)2p(Y)(1+ p(Y)) 1P =8

On the other hand, we already know from Lemma 2.4 that

1 1 C
dY < )
./{X—Y|<;} X = Y|'"F p(¥)(1+p(Y)) p(X)!1=F
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/ ! avy<— ¢
(1x-riz1) PX =) Fp(V)(L+p(Y)) (1=P)p(X)1-F

1 C
dY < —————.
[1.@2 p(X =Y)2p(Y)(1+p(¥Y)I—F (1=PBpX)1—F

These three bounds are applied for |X| > 1. Thus we have shown for 7 > 2,

% IAALf, 81Dz < sup [|(1+ )3 ()l Lo sup [|p £ (2) ]| oo

1 _;3 >0 >0
E _ - ~
+ sup 2 [|(1+p' ") gl sup o f (D)l poe.  (3.24)
11— >0 >0

Combining (3.17) and (3.24), we obtain (3.15).

(ii) Proof of (3.13): We estimate in the original variables ¢ and x. We denote
by xp the characteristic function of the set B. Let us recall the estimate
IVe~thaPhll g < C3 [l oo, Ve PRIl < C1=3 ] o, and [ Ve 4PV - F o0 <
Ct 3| Fll ase, which yield by using || fV/gll s < Cllfll s Vi gllze and || fllpae <
Ca 2 lpa) fliL

VA4, LS g1l

t
_1
< Ca / Kir—s<)(t =) gV £ ()]l ds
0

t
_3
+Ca/ Xi—s<1y(t =8) "3 fVg($)lpace ds
0

t
_s
+C05/ Xit—s=>1yE —5)" 4[| fg(s)|l Lo ds

0
! 1 B _; 1451
<Ca/ Xisen =9 HU+ @D (b as
0
1
2.4 s \°
x sup(1 + @) g5 1 sup (=) IV £
s>0 s>0 +s

1
! 3 B 1+s5)\2
+Coﬂ/0 X{t—sgl}(t—s)“(1+(0l23)2)1( . ) ds
1

% sup [|p(a-) £ ()l o sup(1 + (a%5) D) (IS?) 1Vg(s) L

s>0 s>0

vead [ —o i+ @b
Xit—s211 (¢ —8) 21+ (a®s)2) " ds
0

B
x sup [|p(e:) f ()l e sup(1 + (a?s)2) | g (s) | . (3.25)
5s>0 5s>0
Thus (3.13) follows. The proof is complete. O
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3.3. Estimate for compactly supported data

In this subsection we consider the estimate of the term
t
Ta, [RI(1) = / e U=9RaPR(s) ds, (3.26)
0

when R(s) is compactly supported for each s. The term of this kind naturally appears in
the cut-off procedure near the boundary in the exterior problem. We note that estimate
(3.28) in Proposition 3.5 below is valid for 0 < 8 < 1 (including 8 = 1), but with the
logarithmic singularity |log | in the coefficient. This logarithmic singularity is inevitable
in general, for the kernel of fot e~(=94aP ds has a similar behavior as the one of A ! for
t > 1. Indeed, the kernel of A;l is uniformly bounded in the regime |ax| > O(1) in virtue
of the transport term «d;, while, as indicated by (2.11), it contains the term C log |ax|
in the regime |ax| < O(1) and this is responsible for the singularity |log«| in (3.28).

Proposition 3.5. Let o € (0, 1] and B €[0,1]. Suppose that R(t) € L*(R*)? and
supp R(¢) C {|x| < 6} for allt > 0. Then

sug(azt)g||p<a->‘*f’ma[R]<r>||Loo ﬂsug<1+<a r)z)( ) IR@®)+, (3.27)
t> - t>

3

7

Sug(l +(a2t)g)||TAa[R](t)”L°° < Cllog o Sug(l +(0t2t)§)( > IR, (3.28)
> >

sup(l + (« t)z)( +t)2 VY4, [RI@) [ < Csup(l + (« t)2)< ) IR 4

t>0 t>0

(3.29)

Here C is independent of @ and B.

Proof. (i) Proof of (3.27) and (3.28): Let 0 < ¢ < 2. Then from the pointwise estimate of
the kernel stated in (3.1) and Proposition 3.1, it is straightforward to show for 4 € L*#(R?)?
with supp s C {|x| < 6},

I+ (@) ~Fye BePhl e < Cr¥[lhlIe, 0 <1<2, Bel0,1]. (3.30)

The details are omitted here. Thus we have for # € (0, 2],

t
(14 o) =PYYp, [RI(D) | e < cfo (t — )75 |R(s)|l 14 ds

s \1i
< Csup (1_—|—S> I R(s)I 4. (3.31)

5>0

Next we consider the case t > 2. In this case we can write

t
e~ (=DhePR(s) ds + / e~ URPR(s)ds = 1(t) +11(1). (3.32)
0

t
Ta, [RI(1) = /

t—1
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The term (z) is handled as in the proof of (3.31), and we have for g € [0, 1],

(14 p () "PYI (1) || oo

3

! _1 2 B 2.8 ( s )4
SC/ (=534 (a“s)2) dssup(l+ (@“)2) [ —— ) IRl 4
-1

s>0 l+s
24811 2.8 s \*
S C(1+(a")2)” sup(l+ (as)?) T IR(s) Il 4 (3.33)
s>0

To estimate II(t) let us recall that e« = ¢~4« (on the space of solenoidal vector fields)
and P are convolution operator in the spatial variables and hence we have the identity
e haPp = ¢ 1 AePh = ¢~ = DAePe—Aaf When h € L*(R%)? with supph C {|x| < 6}, due
to the exponential decay of the Gaussian, we have

(1 + x5 e Akl Lo < CllRllL < CllAl 4. (3.34)

Here we have used supph C {|x| < 6} in the last line. Set R(s) = e~ 4« R(s). Then (3.34)
and the pointwise estimate of the kernel for e~¢=$=DAP stated in (3.1) and Lemma 3.1

imply

t—1
I, %)) = / e~ =5=DAPR(s) ds (x)

0
-1
—1 2
_ |x —y—at—s—1e| dy
<C r—s—1D71 R d
/0 Rz( s—1) ( + PR 1+|y|8|I () pads
—1
t—1 2
—y—a@t—s—1 d
< C/ (t—s—1)"] 1Jrlx y—a(t—s—1De| y '
0 R2 t—s—1 1—|—|y|

3
% (1 + (@25) 1)~ (ﬂy ds
S

3
4
x sup(1 + (a2,)§) (#) IR 4.

t>0
To estimate the integral in the last term we set

t—1

—1
z —y—a(t—s—1e | d

111=/ ((—s—1 (14 T2z Del Y
0 R2

t—s—1 1+|y3

3

1 4

% (1 + (@25) 1)~ (i) ds.
S

-1
t—1 2
—y—alt—s—1 d
112=/ f(t—s—l)_l o royz etz — Derl -
tzl R2 t—s—1 1+|y|

3
x (1 +(a25)§)_1 (%)4 ds.
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Let us estimate II; for t > 2. When at!'/? > p(ax) we compute as

-1
c ! —y—a(t—s)e|? d
111<—1/ /(z—s)—% proymetoval) o Ay
it ey r—s T+ 1yl

1 -1
c 3 —y—alt —s)e? d
+—/ /4 p Emymeltmaln) gy A (3.35)
t Jr2 Jo t—s 1+ 1y|

while when p(ax) > at!/? we use the bound

-1
t oy f— 2 d
I < c/ /(t—s)_l | Xy et =se] ds —>—
R2 % t—s 1+ |y|

1 —1
c i —y—al - s)e|? d
+—/ / |4 oy et o se] sTHds—=2—. (3.36)
t Jr2 Jo t—s 1+|y|

In each case the second term (the time integral over [0, 4—11]) is not a leading term in large
time and we may focus on the estimate of the first term in the right-hand side of (3.35)
and (3.36). Let « € [0, 1]. We observe that from the change of the variable § = a?s and
Lemma 2.3 with y; =0 and y» = —«,

—1
' . —v—alf— 2
/(,_S)HZ(HM y—al s>e1|) i
0 r—s

—1
1 [T P X—Y—(t—35e?
=—K/(r—§)_l+7 <1+| (r S)e”) 45, t=d%
(04 0

T—S
X(X—Y|>1
—X(x-v|<1/e lOg|X = Y|+ ; IX=yizl/e) =, k=0,
o X=Y]Z(A+|X-Y|—-(X1—-11))2
~ P _ _
af | XUx=YiSl/e) | _ XUX=Y|>1/e) -, k€ (0, 1].
Kk X-Y| 2 (A+|X-Y[—-(X)—-Y1))2
(3.37)

Here xp denotes the characteristic function of the set B. Thus, when ar!/?

have from (3.35) and (3.37) with « = 1 that

2 plax) we

- C
plex) “PIL (1, %) < (@20 7 I (1 ¥) < ——, (3.38)
(a?t)2

and when at!'/? < p(ax) we have from (3.36) and (3.37) with « = 0, by writing X = ax
and Y = ay,

plax) 7P (1, x) <

p(ax)I(t, x)

(azt)g
c / p(X —¥)+p(¥) dy
@05 SR X —YPA1X— Y= (X — ¥ LB
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C 1 dy
< A 1+ ; =
(a2t)7 JR? Ix—y|z ) T+

C
< 7 (3.39)
(a?1)2
Here we have used Y_y
1 p(X—Y) _<c.
IX=Y]2(A+|X-Y|-(X1—-Y1))?
which follows from Lemma A.1, and
1
p(Y) layl2 +ay] _ C+y])
1 1 g 1 < 1 -
IX=Y[2(I+|X-Y]— (X1 —Y1)2 X =Y|2 lx —y[2
Hence (3.38) and (3.39) shows
o) P (0|~ < (3.40)

@)

Next we estimate I, for ¢+ > 2. Since

-1
c ' —y—a(—s)e? d

Ilzg—ﬂ/ /(r—s)_l |4 Xy el =sel ds—2—.  (341)
1+ (a2t)2 JR2Jo t—s 1+ ]yl

the computation as above and (3.37) with ¥ = 0 imply
plax) P, x)

< X =) pm)'F

1+ (a2t Jee

X{X-Y|>1 dy
x <_X{|X—Y|<1/e} log| X -Y|+ (IX=Y|>1/e} )

X Y2+ |X—Y|—(X;—1))2 /) T+

By using the inequality of the form sup,¢ 1 a'“P(—loga) < % one can check that

p(X = Y)'"P | —xix—vi<i/e) log|X — Y|+ ; Xx-rizl/e} :
IX—=Y[2(A+|X-Y|—(X1—T1))2

C

~ ]—ﬁ’
while from p(Y)!=# < Ca%(l +yD'=# and

—X(x-vi<1/eylog | X = Y| < C(lloga| + xqx—y|<1yHoglx — vl D,

we have

_ X(X—Y[>1
p(Y)'=F —X(x-v|<1 ey log | X =Y |+ - (xX=rizl/e) -
[X=Y]2(A+|X-Y[—-(X;—11))2

c
< T+ DA+ xgeyi<y llogh = yID-
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Hence we have arrived at

C
o) =PI (1)l < —. (3.42)
(1=p1+(@?)?)
Estimates (3.40) and (3.42) give
C i
o) P | 1o < m sug(l + (azs)g) <1s?) IR Ipa, t>=2. (3.43)
— a“t)2 s>

Then, (3.32), (3.33), and (3.43) for r > 2 and (3.31) for 7 € (0, 2] prove (3.27). The proof
of (3.28) is similar to the one of (3.27). Indeed, in virtue of (3.31) for ¢ € (0, 2] and of
(3.32) with (3.33) for ¢ > 2, it suffices to consider the estimate of ||[II(z)| L~ for ¢ > 2. Let
us recall that II(¢) is bounded from above in term of II} and II,. Then I is estimated

as
t—1 3
C 2 dy 2 B -1 1+S 1
mt,x) < — 1 G- 1F5)
o< = [0 FEsasen b (52 as
C
< ——., 122 (3.44)
1+ (a2t)2
As for II, we have from (3.41) and (3.37) with « =0,
C
IL(t,x) < ———
1+ (o)
X{X=Y|>1/e} dy
x — Xix—vi<iye log |X — Y|+ )
/nxz( Hrisi 108 X —YEA+1X Y= (X, — ¥ ) T+ 1P
C dy
< —— | (Hogal+ xqx—y<nlloglx — y[ )
1+ @) Jee ISt L+]yl®
C|l
llog o] (3.45)

T4t
Thus, (3.44) and (3.45) give the desired estimate of II(r) for ¢t > 2. The proof of (3.28) is
complete.
(ii) Proof of (3.29): from the estimate || Ve "A«Ph||p~ < Ct
we have

VY, [RI(®) | Lo

1
2

1
‘1||h||L47t>071<6] <OO,

! 3 3
< C/o pr—s<yE =) 7RI g4 + Xjr—s21yE — ) 2| R($)|I 1) ds

3
! _3 _3 g [1+s\*
<c/0 Utr—s<1) (1 = 8) " 4 xp—s>1y ¢ =) 2)(1 + (a®s)?) ]<T> ds

3
I
Xsup(l_l_(azs)g) <1s?) IlR(s)||L4

s>0

Here we have used supp R(s) C {|x] < 6}. Hence (3.29) easily follows. The proof is
complete. O
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4. Estimate of Oseen semigroup in exterior domain

In this section we establish the stability estimates for the Oseen semigroup {e‘A“’Q}@o,
which extends the estimates in the whole space case in the previous sections. Let us
recall that € is normalized so that diam (R?\ ) = 1 and the origin is in the interior of
the obstacle R?\ € and dist ({0}, 9Q) > 1.

In establishing the estimate of {e*tAan}go in large time, it is important to obtain
the local (in space) estimate taking into account the flow produced from the boundary.
This estimate is called the local energy decay estimate in the literature for the exterior
problem, and is a key step for the global LP-L9 estimates of the Stokes semigroup in
exterior domains (Iwashita [36] for 3D case, Dan and Shibata [12, 13] for 2D case) or of
the Oseen semigroup {e~"«2},5( (Kobayashi and Shibata [37] for 3D case, Hishida [35]
for 2D case). Let us consider the Stokes system

oru—Au+adiu+Vp, =0, t>0, x e Q,
divu =0, t>20, x € Q,
u=0 t>0, xe€0L,
U= = ]PQf, x € Q.
Our analysis relies on the following theorem, which gives the temporal decay estimate of

the solution u(t) = e_’A“»QIP’Qf and the associated pressure p,(t) = p[Pqo f]1(t) near the
boundary when the given data f € LI(Q)?, 1 < ¢ < 0o, is compactly supported.

(4.1)

Theorem 4.1 (Local energy decay estimate [40, Theorem 1.2]). Set Q4 = QN {|x| < 4}.
Let a € (0, %] and 1 < g < 0o. Assume that f € L9()* and supp f C {|x| < 5}. Then for

j=0,12,

C

I flla, 0<t<3,

t3

P C Ca? B
IV/e t ,SZIEDQf”L‘I(QU < <—t(10g[)2 + m) ”f”L‘I(Q), 2<t<a 2’ (4.2)

)

Wllfllm(m, t> o’

and the associated pressure field p[Pq f1(t) = p, (1), f94 p[Po f1()dx = 0, satisfies

—_ , 0<r<3,
t%(H_é) Il fllLa
C Ca?
| P[P f1()]Le ) < - 4+ == 2<t<a?, (4.3)
4 rozr? T Tlogt] Il fllLa), o
- , t>a 2,
2alloga] I fllLa)

Here the constant C depend only on g and 2.

Remark 4.2. (i) The constant C in Theorem 4.1 is independent of « € (0, %]. Hence,
by taking the limit @ — 0, we recover the local energy decay estimate of the Stokes
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semigroup e A2 established by Dan and Shibata [12]. Note that Theorem 4.1 is a
significant improvement of [35], where the algebraic singularity in «~! is present.

(i) The key point of (4.2)—(4.3) is that the quantities [ ||V/e "A«2Pg f| 14(q,) dt and
floo | p[Pq f1(t)]I e (,) dt are estimated uniformly in small «. Such bounds are essential to
obtain the estimate in the exterior domain as in the whole space case and to handle the
term oV - (U ® v+ v ® U) with U whose scale-critical (anisotropic) norm is small only in
the logarithmic order.

4.1. Estimate of semigroup in exterior domain

In this subsection we establish the weighted L™ estimate of the Oseen semigroup e~ 4.2,

Let us recall that the function b(X) is defined as (1.6).

Proposition 4.3. Let a € (0, 1] and B €[0,1). Let f € LA(Q) satisfy b(a-) f € L®(Q)>.

Then
C
sug(azt)g||p<a->“ﬂe*“*~ﬂf||m < Tl b flo, (4.4)
1> -
Sug(l+(062t)%)lle_[A°"9f||Loo < Cllogal [(1+b@)) fllz~,  (4.5)
1>
1
1 2
sup(1 4 (@21)3) (%) Ve ™ as £l e < ClI(L+b(a)) fllLoe. (4.6)
t>0 +1

Here C is independent of a and B.

Proof. Let us introduce a cut-off function x € C(C)’O(]Rz)7 0 < x <1, such that x(x) =1
for |x] <1 and x(x) =0 for |x| > 2. Then we set

v(t) = (1= x)e b2 f + B[Vy -e A f],

Here B is the Bogovskii operator in the annulus Dy = {x € R? | 1 < |x| < 2}, that is, B[g]
satisfies
divB[g]=¢g in Dg, B[g]=0 on dDy

for a given function g € C3°(Dp) with fDo gdx = 0. As is well known (see, e.g., Borchers

and Sohr [8]), the Bogovskii operator B is extended to a bounded operator from W(])( “1(Dy)
to W(;H_l’q(Do)2 forany 1 <g <ooand k =0, 1, ..., together with the estimate

IVE I Blgll Loy < ClIVFgllLapy, 1 <g <00, k=0,1,.... (4.7)
Then v(z) is regarded as a solenoidal vector field in R?, and satisfies the equations
dv+Av+Vp, =R, divv=0, >0, xeR? (4.8)
and v|;=0 = (1 — x) f +B[Vx - f], with a suitable pressure p, and

R(t) = (Ax)e e f 4 2vy . Ve et f_g(dx)e Aas f
— (V) pa(®) + (3 + A)B[Vx - e A2 f]. (4.9)
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Here pq is the pressure associated with e "A«2 £ while R(¢) is supported in Dy. Thus v
satisfies the integral equation

t
v(t) = e Poyg 4+ Yy, [RI(1),  Ya,[RI() = f e~ =hPR () ds,
0

vo = (=) f+B[Vx- [l
By Proposition 3.2 we have

(4.10)

_ B B _
sup (| p(e)e ™Ay oo + (1 + (@) D) | p (@) e Aang]| oo
>0

+ (14 @00 e P oo + 12| Ve By | 1)
< ClI(1 + b(a))voll Lo
S ClA+b(@)) fllr=. (4.11)

Here we have used in the last line that |(14+b(x-)B[Vy - flllLe < CIB[Vyx - flllLe <
CIB[Vx - flllws SClIVx- fllzs < C|l fllzee. On the other hand, Proposition 3.5 implies

sup (np(a-)ma [RIO) [ + (1 = B)(@*) 5 1p (@) =P, [RI(0) | 1
1>
1

1+ (@207 ’
I+ (« I)Z)HTAQ[R](I)”LOO-F(I+(0521‘)%)(%_H) IIVTAC,[R](I)HL&>

|log |

3
< Csup(1+(@*0)?) (ﬁ) IR, (4.12)

t>0

since supp R(#) C {|x| < 2}. For the estimate of R(¢) we have

IR+ < Cle™ ™2 fllyr1apy) + 1 22Ol 14(y))- (4.13)

Estimate (4.13) is apparently nontrivial, due to the presence of the time derivative in the
definition of R. This difficulty is overcome by applying the estimate for the Bogovskii
operator in Sobolev spaces with a negative order, which is obtained by [8]. The details
of the proof of (4.13) are postponed to the appendix. Admitting (4.13), let us focus on
the estimate near the boundary. To this end we take a smooth cut-off denoted again by
x such that y =1 for |x| <2 and x = 0 for |x| > 3, and set

u(t) = (1—x)e b f 4 B[V -e e f], (4.14)

where f is extended to R? by zero in R?\ €. The operator B denotes the Bogovskii
operator but in the annulus D; = {x € R? | 2 < |x| < 3} in this case. Since div f = 0 in
R2, we have e /A« f =e e f and in particular, the associated pressure is zero. Then
the direct calculation shows that w(f) = e 4«2 f —u(t) satisfies

a,w—i—Aaw—{-pr:—R, t>0, x € Q,
divw =0, t>0, x € Q,
w=0 >0 xe€0,
wl,:() = wo, X € Q,
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with py = pa, wo = xf —B[Vx - f], and
R(t) = (Ax)e ™ f+2Vy - Ve ™ f —a(@ix)e ™ f + (3 + A)BIVx - e P f1.
Thus w is written as
w(t) = e Moy — /Ol e~ U=9haapo R(s) ds
= w @) +w?@). (4.15)

Then the associated pressure p,, is written in the form p,, = p, 0 + p,@, where

t
Py (1) = plwol(®),  py,o@) = —/0 PIPQR()1(t —s) ds (4.16)

by following the notation used in Theorem 4.1. Since e A« f = w(r) for |x| <2, it
suffices to estimate w(z).

(i) Estimate of w": from the L™ estimate of the Oseen semigroup, see (2.9), we have

Fe C C )
IV/w (D)L < —llwollze < — 1 fllee, 0<2<3, j=0,1, (4.17)
13 13

while Theorem 4.1 and the Sobolev embedding inequality yield

C C
lw® @) .00 @i <3 < Tlwollzs < I flleee, 1 >3 (4.18)

Here C is independent of «.

(ii) Estimate of w®: From the estimate of the Oseen semigroup it is easy to see that
o) ' ~i-1IPoR
Vw0l < € [ a9 iPaR) s ds
0

t .
< c/ (t—s)—%—%nzé(s)nm ds, 0<t<3, j=01 (419
0
When ¢ > 3 we have also from Theorem 4.1,

2
flw' )(t)llwl-oo(m{|x|<3})

t
< / e~ =h0 g R(5) 1. ds
t—2
-2 N ;
+C/é e~ (=9 PR () lw24@nix|<3)) 45

t
< cf (t —5) 3| R(s)| 1+ ds

t—2

=2 2
1 O Xt—s<a2} X{t—s>a~2} ~
C = = R ds.
v | <(r—s>(log<t—s)>2+ loglt—)1  —s7a?lloga] ) | 1+

(4.20)

https://doi.org/10.1017/51474748019000240 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000240

On stability of physically reasonable solutions 547

2
. 1 (o4 X(téot*z) X[,}a*Z) .. . 1
Note that the function Tlog1)? + —foerr T Tollogal integrable over (2, oo) and its L

norm is uniformly bounded in « € (0, %]. Next, as in the estimate of R, by recalling that
the associated pressure of e« f is zero, we have

- _ C _1
IRl s < Clle™ Fllyroquicay < ——— 1+ DIA+b@) flle.  (4.21)
1+ («21)2

Here we have also used Proposition 3.2 in the last line. Thus, (4.19) and (4.21) give
@ 3 IVw®
lw ()L + 12|V (@O)llLe < CIA+b(e)) fllLe, 0 <1 <3, (4.22)
while it is not difficult to see from (4.20) and (4.21) that

C
||w(2)(t)||WI,OO(QQ{MQ}) < RN (1 +b(e) fllre, =3 (4.23)
1+ (a21)2
(iii) Estimate of p,,u: By Theorem 4.1,
C C
||Pw(l>(t)||L4(gm x|<3) S —llwollps < <51 fllpe, >0,
{1x1<3} 3 3
11 11
which implies
3
(1+ @*)?) (H_ ) I Pw D4 @nri<3y < Cllfllze, 2> 0. (4.24)

(iv) Estimate of p,@: By Theorem 4.1 we have

X{r—s<2} X2<t—s<a~2}
(t—s)i (t—s)(logt —5))?

t
||Pw(2)(t)||L4(Qn{\x|<3}) < C/O (

2
X Xpgr—s<e X{t—s>a2}
[log(t —s)| (t —s)%a?|log o

|) IR(s)l 4 ds,

and then, combining with (4.21),

1 ro\*
(1+ (@?)?) (1_+t) Py Ol La@ngx<spy < CIIA+b(a) fllpe, 1> 0. (4.25)

Let us recall that e "A«2 f = wM (1) + w@(¢) and pg = Py + py@ for |x| < 2. Then,
from estimate (4.13) for |R(z)||;4 and (4.17), (4.18), (4.22), (4.23), (4.24), and (4.25), w
have

IR < € (% + ;) 1+ b)) 1.
17 14 (a?t)2

Therefore, the right-hand side of (4.12) is bounded from above by C||(1 + b(«-)) f || e with

C independent of o and B, as desired. Then, by recalling (4.10) and (4.11), we obtain

(4.4), (4.5), and (4.6) but with L* norm in the left-hand side replaced by L*({|x| > 2})

norm (since v(r) = e~"«2 f for |x| > 2). The estimates in {|x| < 2} follow from (4.17),

(4.18), (4.22), and (4.23). The proof is complete. O
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For «a € (0, %] and B € [0, 1] let us introduce the space/time norm |- [lo,g as

I fllap = Sug(llp(a')f(t)llmo + (1= B) @20 o) =P £ ()]l 1)
>

1
+sup<1+(a2r>5)(—||f<t>||L +<1+t)2||Vf<t)||Loo>- (4.26)

>0 |log |

Note that the factors (1 — g) and in (4.26) are compatible with the estimates in

|lo of
g

Proposition 4.3 for e "A«2. The choice of the weight («?#)2 rather than (azt)% in front

of || f(®)|lL=~ and ||V f(t)||L~ even in the case B < 1 is due to the bilinear estimate in the

next subsection, although we have the critical decay 0((a2t)_%) in (4.5) for the Oseen
semigroup. In this sense the norm

t>0 |1

sup<1+(a2r>‘§><—||f(>||L +<1+ ) ||Vf(r>||Loo)

is subcritical when B < 1. Proposition 4.3 implies

lle™ 4«2 fllq.p < CII(1L+ b)) fl v (4.27)
Here C is independent of @ and 8.

4.2. Estimate of bilinear form in exterior domain

In this subsection we establish the estimate of the bilinear form
t
An,olfs gl) =« / e ITVRRPOV  (f @ g+ ® f)ds. (4.28)
0

Note that the norm || - [lo,g is defined as (4.26).

Proposition 4.4. Let o € (0, %] and B €[0,1). Let b(a) f, b(a-)g € L%(0, 00; L®(2)?),
and V f, Vg € L ((0, 00); L*(R2)). Then we have

loc
1

C 1 t 2
lAa, oLf &llla,p < m”g”a,ﬂ sug <||,0(Ol')f(f)||L°° +a? (1_—|—t> ||Vf(f)||L°°> .
>

(4.29)
Here C is independent of @ and B.
Proof. The proof is similar to the proof of Proposition 4.3. We first take a cut-off function
X € COO(RZ) 0 < x <1, such that x(x) =1 for |x] <1 and x(x) =0 for |x| > 2. Then
we set

v(t) = (1= X)Ap ol fs 81() +BIVX - Ap, o[ fs 81()].

Here B is the Bogovskii operator in the annulus Dy = {x € R? | 1 < |x| < 2}. Then v(r)
is regarded as a solenoidal vector field in R?, and satisfies the equations

v+ Av+Vpy=aV-(1—x)fQg+g®U—x)f)+R, t>0, x € R?
divv = 0, >0, x € R?,
v|t=0 - Oa X GRZ»
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with a suitable pressure p, and

R(t) = (Ax) A olfs 81(0) +2V - VAp, oS, g]() —aB1X) A, oL f, 1)
— (V) pa®)+ (0 + Ax)B[Vx - Ap, ol fs g1(D)]
+a(Vy) - (fRg+g® f). (4.30)

Here pq is the pressure associated with Ag, o[ f, ], while R(#) is supported in Dyg. Thus
v satisfies the integral equation

v(t) = Ap [(1 =) f, g1(t) + Ta,[R1(2),

t
Ap,Lf. 81(1) = “UAPY L (FRg+g® f)ds,
sl 2810 a/oe (F@g+g® f)ds wa
t
Y, [RI(1) = / e~ =IAPR(s) ds.
0

By Proposition 3.3 we have

[Aa LA =) 1 glllep

1
C 1 t 2
S1-3 -y glle,p sup (IIp(a-)(l = fllL= +a2 (1—+t) v — X)f||Lm)

1
C i t 2
< — su o- o t+a2 | —— \% o |. 4.32
= I8las sup (up( i <1+r> IV £ ) (4.32)
Here we have also used in the last line that o2 NVx)fllLe < Cllp(a:) fllLe. On the other
hand, Proposition 3.5 implies

1 ro\*
1Ta,[Rlllap < C sug(l +(@*1)7) <l_—|—t) IR 4, (4.33)
1>

since supp R(#) C {|x| < 2}. For the estimate of R(¢) we have from (4.30),

IR® s < CUIAR o Lf 81D Iwispg) + 1P2 Ol apy + el &l spy).  (4.34)

The proof of (4.34) is exactly the same as the proof of (4.13). As in the proof of
Proposition 4.3, next we derive the estimate near the boundary. To this end we take
a smooth cut-off denoted again by x such that x =1 for |x| <2 and x =0 for |x| > 3,
and set

u(t) = (1= 0Aa [(L= ) £, 81(1) + B[V x - Ap, [(A =) f, g1(0)], (4.35)

where f, g are extended to R? by zero in R?\ Q. The operator B denotes the Bogovskii
operator but in the annulus D; = {x € R? | 2 < |x| < 3} in this case. Then the direct
calculation shows that w(r) = Aa, o[ f, g1(t) —u(?) satisfies

w4+ Aqw+Vpy, =—R, t>0, x € Q,
divw =0, t>0, x € Q,
w=0 >0 xe€0,
wl= =0, xe€g,
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with py, = po — (1 — x)pg2, where pp2 is the pressure field associated with Ay, [(1 — x)
/. gl, and

R(t) = (AX)Aa, [(1—X) f, gl() +2Vx - VAx (1= x) f, gl(®)
— a1 ) A [ = x) [, g1(1) + (0 + A)B[Vy - A [(1 = ) f, gl(®)]
—(VOpre—aV - (xf®g+g@xf)+axV-(1-x)fR®g+g®U—x)f).

Thus w is written as .
w(t) = — / e~ =982 Pg R(s) ds, (4.36)
0

while the associated pressure p,, is written in the form

t ~
pw(t) = —/0 pIPoR(s)I(t —s)ds (4.37)

by following the notation used in Theorem 4.1. Since Az, o[ f, g](t) = w(t) for |x| < 2, it
suffices to estimate w(r).

(i) Estimate of w: from the estimate of the Oseen semigroup, see (2.9), it is easy to see
that

IV/w(®)|lLe < Cf (t — )22 |PaR(s)]| 1+ ds
0

t .
< C/ (t —s)_%_%||R(s)||L4 ds, 0<t<3, j=0,1. (4.38)
0
When ¢ > 3 we have also from Theorem 4.1,

lw @) w100 (@nx1 <3

t
< / e (= hasPg R(s)l 1. ds
=2

=2
‘I‘CV/(‘) ”@_([_S)AQ’QPQR(S)||W2,4(Qn{|x‘<3}) ds

t
<C | (=5 "3|R(s)| 4 ds
=2

=2 1 azx{tfs<a_2} Xii—s>a2) R
C X = R ds.
+ /O ((t—s)(log(t—s))2 + log( — )] + (t —5)2a2[log a| | R(s) I 4 ds

(4.39)
Next, Proposition 3.3 for the bilinear form Aa [(1 — x)f, g] yields

IR s < CUALLA =) f. gl I wrooqqiei<ap + 1Pr2 Ol 41 <3))
Fallx Vol +all feVxls)

1 1
C(l+¢t2 2
= ) 718 lla.p sup (IIp(a')f(t)Ile—i-oe% (L>2 ||Vf(t)||L°°>
(1—=B)A+(a?1)?) >0 141t
+ Clipre ()| 14 (4.40)
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To estimate pp2 we recall that
0 An, LS, 81+ AaAa, LS, 81+ Vg2
=aV- (1= f®g+g@(—f), >0, xR,
and thus, from div A [f, gl =0, pr2 is given by the formula
Pz = —a(=Ag)"'V-V- (L= ) f®g+g® (1= X)f). (4.41)

Since (—Ag2)"'V-V. defines a singular integral operator, we have from the
Calderon—Zygmund inequality

1Pe2 ()l sy < Call £ ® () +2® FD)ll sz
= Collf @) +g® fDls, X =ax
and then, using
If @80 +g® fOl s < CIFOI g IOl
1

<cH_
0

o, ) fF(OllLell 1 @)l Lo

LY ({1X|2a/4})

_ . . . 2 : 1
due tlo f =0 for |x| < 1/4 (since f is zero extension to R*), by using ||p ||L§(({|X|>a/4}) <
Ca™%, we end up with the estimate
1
PRz (D L4pyy < CaZlipla) f(O)llLellg@)llre

. Ca?|logal

7 l1glla,psup llp(a) f (D). (4.42)
1+ (a21)2 >0
Collecting (4.40) and (4.42), we obtain
1 1
< C(1+1t72) 1t \?
[R®) s < 718 lla,p sup (llp(ot')f(t)llmo +a? (1—) ||Vf(t)||u>0) .
(1=B)(1+(e?1)?) >0 T
(4.43)
Hence, combining (4.38) and (4.39) with (4.43), we arrive at
N\
lw @)l Lo @nfix1<3) + (I_—i—t> IVw (@) |l Lo (nf1x|<3D
C 1 t :
< 7 lIglla,psup | lo(a) f (D)L + a2 Tos IVf@OliL= ) -
(1= B)(1+ (@21)?) = +i
(4.44)

(i) Estimate of pg in Dg: Recall that pg = py + (1 — x) pge. From (4.37) and Theorem
4.1 we have

t
X{t—s<2} XP<t—s<a™2?}
PwllLa@nqx<ay < C/o (

(t—s)i (t—=s)llog(t =)

2
O™ X< r—s<a~?) X{t—s>a=2}
[log(t — s)| (t — 5)%a?|log o]

) IR(s)l 4 ds,
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and then, combining with (4.43), we obtain

3
8 ro\?
(1+(@*)7) <l_+t> Il Pw Ol L4 @nq1x1<3)

¢ )2
<l_ﬂngua,,sfgg(||p(a.>f<t>||Loo+az(1_+t> ||Vf(t)||Loc), (4.45)

Thus, (4.42) and (4.45) yield

t

3
3
1+t> lPoDl24(Dy)

(1+@nh) (

¢ WAt
<= ﬂ”g“a,ﬂfgg(”P((x.)f(t)HLoo—l—(xz(I—_H> ||Vf(t)||Loo). (4.46)

1
Estimates (4.34) with afl gl .4ny < 227 18 lla,s 5pr-o l0(e) f @, (4.44), and
I+ (1) 2
(4.46) give

(1+ @) (L)3 IR+
141 L

1-8 1+1¢

Since Ag.@lf, g1 = v for |x| > 2, estimates (4.32), (4.33), and (4.47) yield (4.29) away
from the boundary (|x| > 2), while (4.44) yields (4.29) near the boundary (|x| < 2). The
proof is complete. O

1
c 1
< ——lgllap sup <|Ip(0t-)f(t)|ILoo + <—t )2 ||Vf(t)||L°°> : (4.47)
>

5. Nonlinear stability

Based on the linear analysis in the previous sections we solve the integral equation of the
Navier—Stokes equations

t
v(t) = e Mety) —qg f e~ =he2Pov . (U@v+vQ@U)ds
0
t
—« / e~ =Dhe2Po v . (v @) ds
0

= e_tA""Qv() — Aa,Q[U, v](t) — %Aa,ﬁ[v’ v](2). (5'1)

Proof of Theorem 1.2. Let o € (0, %] and B € [0, 1), and let || - |lo,s be the norm defined
as (4.26). Let X be the Banach space defined by

X = {f € C([0, 00); L2 (2)) N C((0, 00); Wy ' () | | flla,p < 00}.
Then we define the nonlinear map N on X as

NI = e P20y — Ag.alU, 1) — S Aaalf. F1(0), (5.2)
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and our aim is to show that N defines a contraction map in a small closed ball of X.
Set wo(t) = e~"A«2y), which belongs to C([0, 00); L (€2)) N C((0, 00); Wy *(2)?) since
vo € L% (). We observe from (4.27) that

lwolle,s < Cill(1+b(ex-))vollzo~. (5.3)

Here C; is independent of & and 8. On the other hand, we have from Proposition 4.4,

C 1
AU, flllap < m”f”a,ﬂ(”p(a')U”L“ +aZ||VU| L)

< S (L) un
X o
1—8 \Jlogal “p

1
< g1 f s (5.4)

where we have used the assumptions (A1)—(A2) for U, and we have taken ¢ small enough
depending on B € [0, 1). We also have

1-8 141
&)
1-8
Here C; is independent of & and 8. We note that V- (f ® g) € L*(2) when ||p(a-) f |z +

lo(a)gllre + IV fliLe + [|VgllLe < oo. Therefore, we have for 0 <t < T with any T > 0
and j =0,1,

c | >
IAe.lfs 8llla.p < ——I8llep Sug (IIP(Oé-)f(t)IILOO +oaz (—t ) ||Vf(t)IIL°°>
t>

lglle,sll flla,p- (5.5)

~X

. t
H \Z / e~ I=9hePoV . (f ®g)ds
0

L4

t .
< CT/O (t—5) APV - (f @)l ds
t .
<cr /0 (t—5) 31 Vg @)l 4 + 18V £ () 4) ds

t .
< CT,oz/O (=) 2(lp@) fFO L= IVE@) L + lp(@)gl L~V f($) L) ds.  (5.6)

Here the constant Cr, depends on T and «. From the estimate of the form (5.6) it
is not difficult to show that Ago[U, f] and Agqlf, g] belong to C((0, 00); Wy*(2)?)
and lim;—o([|Aw.@lU, f1O] 12 + | Aa.qlfs gl(®)ll;2) =0 when f, g € X. The details are
omitted here. Thus we have proved that the nonlinear map N is a map from X into X.
Estimates (5.3), (5.4), and (5.5) imply that A is a contraction map in the ball

1-p
{fEX [ fllep < 8_C2}

if Ci||(1+b(a))vgllpe < %. Hence, if this smallness condition is satisfied, by the
Banach fixed point theorem there exists a unique fixed point v of A/ in this ball, which is
the solution to (5.1). Note that the proof of the Banach fixed point theorem also implies

vlla,p < 2llwolla,p < 2C1II(1 4 b)) voll oo (5.7)
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By the definition of || - [lo,p we have

[log «| 2C|log |
v llLe $ ————F IVlla,p < —,3”(l +b(e)vollLoe.
(1+(a?1)2) (1+(@?1)?2)
Thus (1.8) follows. The proof is complete. O

6. Note on the class of perturbations and temporal decay

In Theorem 1.2 and the key linear estimate (1.16) the solution decays in time with
the rate O((@?)~2), B < 1, in LS. In this section we discuss how to obtain the critical
or supercritical rate 8 > 1 under the additional condition on the initial data. In fact,
in this regime we need more complicated weighted norm. Let « € (0, %], 8 €(0,1), and

B ell,1+6). Then we set || flla,p,5 as

s(14+6—-5)

I fllaps = Sug <||p(05')1+6f(t)||L°0 t+
1>

3% (0l2t)§||p(0l~)1+6_’3f(l)||L°°>

+ sup(1 + @05 2—F 0l +( )énwmnm .
sup 2= pllogal T

(6.1)

Asin || fll«,p, the first two terms in the right-hand side lie in the same scale, while the last
two terms are in the subscale compared with the first ones (in view of time and spatial
decay). Then, instead of the linear estimate (1.16), we have for « € (0, %], 8 € (0, 1),
B €ll,1+8) with 8 > 26, and for the solution v to (1.15),

(14 p () T2 wg]| oo

lvlle,ps <

C
5(1—8)

1
1 1 ty
+C<m )”g”aﬂtSSUP (H;O(Ot )f(t)||L°°+0l2 <l_+t) ||vf(t)”L°°)

(6.2)

Here C is independent of «, 8, 8. The main difference with (1.16) is that (i) there are
additional singularity on § near § = 0 and 8 = 1, and (ii) the norm ||(1 + p(a-))* vyl L=
is needed, rather than |(1+ p(a-))'*Pvg|lzc. The proof of (6.2) proceeds in the same
manner as in the proof of (1.16): (Step 1) obtain the estimates in the whole space problem,
(Step 2) invoke the local energy decay estimate in Theorem 4.1, (Step 3) obtain the
estimates in the exterior problem by combining the results of Step 1 and Step 2 through
a cut-off argument. Step 2 and Step 3 are exactly the same as discussed in §4, and the
modifications are needed only for Step 1, i.e., the estimates in the whole space problem.
Thus we state here the counterparts of Propositions 3.2, 3.3, and 6.3, but without details
of the proof.

Proposition 6.1. Let § € (0,1) and B e[0,1+8]. Let p(a)' ¥ f e L®°R»? and
div f =0 in R%. Then

sup(1 + (@26) )| p (o) T Petha | o < I+ p(a)' ™2 £l e, (6.3)

>0 8(1=96)

https://doi.org/10.1017/51474748019000240 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000240

On stability of physically reasonable solutions

and

B 1 _
sup(1 4 (@?1)2)12 [ Ve ™ fl e < CII(1 4+ pla)) T2 fll 1.

t>0
Here C is independent of a, B, and §.

955

(6.4)

Proof. We give a proof only for (6.3) with 8 = 1+4§. Since div f = 0 ensures that the

kernel of =&

e ) ()] < / Gt x—y—ater)
R2

« is given by the heat kernel, we have
dy
(1 + p(ay))'+2

1+ o) 2 £l oo

From the definition p(Y) = |Y|% +|Y2|, we have [ (1+p([fxyy2))l+25 < 8|a§1|5’ which yields

_ \)cl—)'l—otl\z dYI
4t B
lay

C
e )] < - / e
R

at?28

C
< ———5 1A+ p@)'™ fllr~.

§(1—8)(a2t) 3

(14 o) 2 £l oo

Note that we need the norm [|(1+ p(e-))' 2% f|| L rather than ||(1+ p(a-))!*? f||z=. The

proof is complete.

O

Proposition 6.2. Let o € (0, %], 8€(0,1), and Be[l,14+68). Then the following
estimates hold for any f,g € L®(0,00; WL ([R?)?) such that p(a-)f, p(a)' g e

L0, 0o; L®¥(R?%)2).

sug(oﬂz)g 1p(a) TP A4 Lf. g1l
>

1 1 1
s¢ 5 Vf L
<1+5—5+1_5+5>§218||P(a)f()IIL

X S“g«azr)% o) P gl + llo(@) g0 1),
1>

sup(1 + (@20 )| A, Lf. g1l

t>0

1 1 1
<C - . t o
<1+s_,3+1_a+5)l‘j§”p(“)f“”L

x sup((@?0) 2 [l p(a) TP g (1) [l 1o + o(@) P g ()l + (1 + (@) Dl (1) 1),

t>0

1

2.8 r\?
sup(l + (a”1)2) 41 VAL LS 81Dl

t>0

1
< Ca? sup (II,O(Ol-)f(t)IILw taz <1L) i ||Vf(t>||Loo)
>0 4+t

x sup(1 + ( 2t)g) lg@Il < ! ); IVe@®ll
o . _ \v4 o | .
t>107 8 L> + 1+7 8 L

Here C is independent of o, B, and §.
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Note that 1 =8 > 1468 — 8 when 8 > 25. The proof of Proposition 6.2 is very parallel
to the proof of Proposition 3.3, which is based on Lemmas 2.3 and 2.4. The singularity 1 5
is related to the case when g is close to 1, and if 8 > 1 then this factor can be replaced by
/3— Indeed, these singularities are orlglnated from the computation of the form (3.19),
which now reads as

< 2 3 3 1
[Aa LS, 81z, X)| < Ct 2/(; /RZ(T—S) 2 K(t—S’X—YVWdeS

x sup [|p 2 g (v)|l oo sup | o f ()|l o<

>0 >0
ot [ -3k X-¥)y— ' _ava
+Crt . RZ(T—S) (T—s5,X-Y) (V)2 s

E A~ ~
xsup 2 | p' P (1) L sup o f (2) | Lov. (6.8)

>0 >0
Here the number n must be taken suitably to meet our purpose. If 8 > 1 then we may
take n = B, which yields the singularity ﬁ when 8 > 1 by the application of Lemma 2.3
for the kernel estimate in the regime |X — Y| < % When 8 > 1, in order to replace the
factor ﬁ by % we may assume § < 1 +% (otherwise the replacement to % is trivial) and
then consider two cases 72 > p(X) and 2 < p(X). When 2 > p(X) we take n = 1+%
and then apply Lemma 2.3. By using 2 < tfg,o(X)””/3 we finally obtain the desired

estimate, after the similar computation as in the proof of Proposition 3.3. If 3 < p(X)

then we take n = 0, which yields the decay p(le from the first term in the right-hand

side of (6.8) and thus we obtain the decay r*g,o(X)fl"Hﬁ. One can check that the
singularity % appears through the applications of Lemmas 2.3 and 2.4 in this argument.
Since these are technical issues, we omit the details.

The nontrivial modification is required in obtaining the estimate of the inhomogeneous
term with a compactly supported data, as stated below.

Proposition 6.3. Let o € (0, %], 8e€,1),Bell,14+6), and B = 28. Suppose that R(t) €
LY(RH? and supp R(t) C {|x| < 6} for allt > 0. Then

C 1
sup(e20) 2 [|p () Py [RI) o < ———— sup(1 + (21 F) ( ) IR 14,
>0 5 :B t>0 + 14

(6.9)

3
| 3
sup(1 +(a2t)g)||TAa[R](t)”L°0 <C (IIOgotl + 2—) sup(1 + (o H%) ( +z>4 IRl 4,

t>0 - t>0

(6.10)

% ;
fglg(lJr(a t)2)< _H> IVYa, [RI()| Lo < Cfgg(lJr(oe t)2)< +t> IR L.

(6.11)
Here C is independent of o, B, and §.
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Proof. It suffices to focus on the estimate for # > 2; the estimate for ¢ € (0, 2] is proved
in the same way as in the proof of Proposition 3.5 without difficulty. We decompose
Ya,[R1(#) into I(¢) +1I(¢) as in (3.32), and the term 7 (¢) is handled in parallel to (3.33).
As for the term II(t), we argue as in the proof of Proposition 3.5, which gives

-1
t—1 L o 2
|11(r,x)|<c/ /u—s_n*l (1+'x y—al-=s 1>ell> dy
0 R2

t—s—1 1+ |y3
3
1 4
x(1+(a2s)'3)1< +s> ds
S

2.8 %
x sup(l + (a”1)2) [ IR 4.

t>0
Thus, the proof is reduced to the computation of

t—1

-1

z —y—a(t—s—1)e|? d
111=/ (=51 (14 2yl =5 Dell Y
0 R2 t—s—1 1+|y|

3

1 7

x(l—i—(azs)g)l( —i—s) ds
s

-1
t—1 2
_ lx —y —at —s—Dey| dy
I, = t—s—17[1
2 ﬁl LTS <+ f—s—1 e

2
3
1 3
x (14 (Otzhv)g)_1 ( +s) ds.
s
The estimate of II; is obtained in the same way as in the proof of (3.42), and we have
C
T
(1+8=p)(1+(@*)?)

We omit the details and focus on the estimate of II;. When at? < 4 we have from (3.37)
with « = 0 that

1 ’ -1
4 _ _ r— d
II[ < C/ / (t_s_l)fl 1+ |'x y a( S)ell y szg ds
0 JR2 t—s 1+1yl

—1
t —v—al(t — 2 d
+C//(t—s)_l |4 oy el se] Y__ds
1 Jre t—s 1+ |y|

1

-1
1 2
—y—oat— d :
<C/4 (t—s—1)7"1 1+|x y— el —s)el] J i ds
0 R2

o) P (0)| L <

-
s L+ 1yP?
X{1X-Y|>1

+C/ —X(x-v|<1 ey log | X =Y |+ 1 (1X=Y[>1/e} 1
- XI5+ X~ ¥ — (X — 7))
dy

X b

1+y®
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which leads to the bound for at% <4 as
C

1+ @D H)llp) P11 ()|~ < T+5-8

1
Thus we consider the case at2 >4. In this case we further decompose II] into

i =1
f(;z/4a + [ 2 =11 +1I 2, and then it is not difficult to see
12 4o
1

t2 3
o S 1 3
plax) P (1) < Z(@in T / “ 14 @ (i) ds
0 N
C C
< 7 < -
Q=P @t 2= p)a?n):?

It remains to estimate I12. We have from (3.37) with x = g,

—1
C ! —y—a(t—s)er|? d
My < ———5 t‘%/ /(t—s)‘l+g proymetmval) o 4y -
(+@n7) TR Jo L=s I+l

c B _B
S ———5 1t fa 2
1+ (a?1)7)
X{X—Y[>1/e} dy
X /RZ X(1x-Y|<1/e} + iz 14+ ]y8

X = Y| (14X = Y] = (X - V1)
Then, under the condition 26 < § <2wehave | +§—8 < 1 — g and 1 — g > 0, and thus,

Pp(X =Y xix_yi>1/e)

N

X =Y 2 (14X — Y|~ (X — )2

<C<oo

holds with a universal constant C. Hence, by also recalling ar? >4,
C
—
1+ (@?1)2
The proof of (6.9) is complete, for 2—8 > 1 —§8 > 1+ 8 — B under the condition on the
parameters. The proof of (6.10) and (6.11) is similar to the proof of (3.28) and (3.29).

Note that the factor ﬁ in (6.10) comes from the time integral in (3.44). The proof of
Proposition 6.3 is complete. O

o) =PIl (1) |1 <

Remark 6.4. Once the linear estimate (6.2) is obtained, the application to the nonlinear
stability is a routine work. If the initial data is localized enough so that (1 + p(ee-)' )y €
L*®(Q)? with § > 0 and if this weighted L* norm is small enough (depending also on §),

then the solution v(¢) decays with the rate 0((0421‘)%) in LY as t — oo.
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Appendix A. Key inequality

Lemma A.1. There exists k € (0, 1) such that

CIXl, if |Xaof = «|X1],

IX|-X1> 1 y2 (A1)
., if | X2| <wlXil.
41X1]
Here C is independent of X. As a consequence, there exists C' > 0 such that
1
1 (o 1 X1]3
1 - < — ( l—l—min:l,l 1|1}>, X#0, (A2)
IXI2A+IX[-XD+  [X][24+[X2] \1+[X][3 |X>|2
1 c’
< 5, X #0. (A3)
XIA+IX[= X)X+ X2
In particular, the function ————— belongs to L% L;z.

1X12 (A+IX|-XD4
Proof. Fix sufficiently small x > 0. If | X3| > «|X || we have for any € > 0,
IX| =X =€|lX|+A=)|X|=X1 Z€|lX|+A =)V +&D)|X1]| - X1.

Thus, by taking € > 0 sufficiently small but depending only on k, we obtain |X|— X >
€| X| in this case. Next we consider the case | X»| < x|X1]|. In this case we have from the

smallness of |§—T|,
1
X, 2\ 2
X=X = |X1||1+| 5 - X
Xi

1/X2\? X2
>Ix(1+=-(=22) )-x1> .
4\ X, 41 X1|

1
This proves (A 1). To show (A2) we set g(X) = . It is obvious that

IX]2(1+X] - X1)3
1
|X|2g(X) € L*®(R?), and moreover, if |X»| > «|X1| then (A1) gives the bound
C

IX|2(1+|X]DE

gX) <

Hence, it suffices to consider the case |X2| < «|X1|. In this case (A 1) implies

2142 2
g(X) < — < T
X2 |Xo)(1+ X — X)F |Xa] (14 |X]— Xp)

which gives | X»|g(X) € L®(R?). Thus we have (X7 + X2 g(X) € L®(R?), and

1
C 1 X%

(X1F +1X2Dg(X) < _<c pmin 1, K2 )
(1+1X|— X} T X2/
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Thus, estimate (A 2) holds. Estimate (A 3) is also proved in the same manner. Finally, it

is clear that (|X|% +1X2D7ra + |X|%)’1 belongs to L%"l L}(z, and since

1 o 1
T 1 dX2 =2 T E— dr
R (1X112 +[X2D[X2]2 0 (X112 +r)r2

2 © 1 C
= 1 rds = 1o
X117 70 (1+5)s2 | X1]%

the right-hand side of (A 2) belongs to L% L§(27 and hence, so does g. The proof is
complete. 0O

Appendix B. Estimate of localized terms R

We give a proof of (4.13). Note that the support of Vy is included in Dy = {1 < |x| < 2.
To simplify the notation we set u(f) = e A« £ In virtue of the estimate for the Bogovskii
operator stated in (4.7), it is easy to see

I(AY)u(s) +2Vx - Vu(s) —a (@1 x)uls) — (Vx)pals) — LaB[Vx -u(s)]llp4
< Clu)llwrapg) + 1P L4(py))-
Thus, what is nontrivial in the estimates of R(¢) defined by (4.9) is the estimate of the
term 9;B[V x - u(s)]. To estimate this we observe that
B[Vy -u] = B[Vy - (Au—adiu — Vpg)]
= B[V (VX Vi)l +B[(V*x)Vul
—aB[Vx - d1ul = B[V (paV )] = BI(V? 1) pal.

Since Vx vanishes on dDg we can apply the estimate for the Bogovskii operator in the
Sobolev space with a negative order (cf. [8]), which yields

IBLV - (Vx Vi)l L4(py) + IBIV (P2 VOl L4(Dy)
< CUIVxVullpapyy + 1P (VX L4(py))
< C(||Vu||L4(DO) + ||PSZ||L4(DO))~
The other terms are estimated by applying the standard estimate for the Bogovskii
operator, and (4.13) follows. The proof is complete.

Appendix C. Estimate of Finn and Smith solutions

In this appendix we show that the stationary solutions constructed by Finn and Smith
[22] obey the condition (A1). The result and the argument stated here are not essentially
new, so we only give a sketch of the proof. We note that the subcritical bound (A2) easily
follows from [22] and thus the details are omitted here. First we observe that the solution
(U, P) to (1.3) of Finn and Smith satisfies the global bound

VUl 2@ < C, (C1)
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where C is independent of small o [22, Lemma 5.2]. Then from the bootstrap argument
and the local elliptic regularity for the Stokes system it is not difficult to see that U is
smooth on Q2 and satisfies the local bound

1U w24 @nB,0)) 1P llwia@npo0) < € (C2)

where C is independent of small o. Furthermore, we have already known from [22] that
U obeys the pointwise estimate

Ui (x)] < Lhi(ax), (C3)
llog o|

where

2
hi(X) =log—, 0<IX|<1,
i(X) 21y < I1X]

h(X) = X2, ha(X) =|X|75, |X] > 1.

Therefore, it suffices to consider the estimate of U (x) for |ax| = |X| > 1. To this end let
us recall the representation formula

Vi) = —a 3 /Qainj<x—y;a>Uz<y)Ui(y)dy

1<i,1L2
- X [ By T P0G do,
1<i 12799
+a/a§zE1j(x—y;oc)n1(y)doy. (C4)
Here we have used the fact Ulpg = —ej, and E(x — y; @) = (E;j(x —y; @))1<i,j<2 is the

Oseen fundamental solution. The tensor T (U, P) is defined as T (U, P) = (VU +VU ") —
PI, where I is the identity matrix. Thus U solves the integral equation

U=U"+N,(U,U),

where
v =-a ¥ [ aE @y aUoU)
1<i,1<2 QNfayl<1
= Y [ By T P0G do,
1<i,1<2 ¥ 9%
+oz/ Eij(x —y;a)ni(y)doy
a0
and

N ) = |2 3 /ll1azEl-j(x—y;wUz(y)U,-(y)dy
ay|>

1<iIL2 j
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Noting the homogeneous property E;;(x; o) = E;;j(X; 1) =: E;;(X) for X = ax and setting
V(X) = U(x) and VO(X) = U%x), we see that the above integral equation is equivalent

with
V=V'4 NV, V),
where
Nv=[- 3 / B (X~ V)V(V)Vi(¥) dY
1<ii<2 /Y=l ‘
J
Let us write V = V04 V, then the equation for V is
V=NV, VO +NW,V). (C5)

We now regard V and Vp in (C5) as given terms, and then try to reconstruct V as the
solution to (C5) in {|X| > 1}. To this end let introduce the norm

~ 1 ~
VIl = sup [X1[#[V(X)],

IX|>1

- . - (o)
IVI'= sup [X[2(1+[X|-XD*|V(X)|.
1X|>1
Our aim is to solve (C5) in the closed ball {f € L¥{|X| > 1} | IfII' < “Ogal} and also

to show the uniqueness in {f € L*({|X]| > 1}) | || f|l < oo} for small @. The key is the
following pointwise estimate of VE (X):

C
> E; (X)) < 5 e
(i, j.)#A(1,1,2) X1+ [XD2(1+ [X] — X1)?2

C
IXI(1+ X = X1)

(C7)
IVE(X)| <

This can be shown from the expansion of E;;(X) for |X| > 1; see, e.g., [49, equation (13)]
and also [11, equation (22)] for details. The crucial point is that 9;E;; with (i, j,[) #
(1, 1,2) has a slightly faster isotropic decay than d;E;;, while V, decays isotropically
faster than V; as stated in (C3).

Step 1. [VO(X)| < ( I ) for [X| > 1.
Ez IX12 14X X)) ¥ r

By the definition of U° the velocity V? is written as V0 = V&1 4 v02 1 0.3 in the natural
manner, and we observe from (C 3) that

volx)| <

s [ IVEG- 1)+ gy Iy ay.
llogal® Jiyi<i

Hence it is easy to see from (C7) that VO]’ < . As for V%2, we see

[log |2

VR =— 3 f Eij (X —an)Tu(U, PY(y)mi(y) doy,

1<i,1L2
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and thus, when |X| > 1 and « is small enough, we can see that the leading term in the
estimate of V]Q’z is given by the term

Z Eij(X) /(;Q T (U, PY(y)ni(y) doy.

1<i,1<2
The key point here is that we have

Yoo | T, Py doy| < (C8)

o
15709 [log |

which reflects the Stokes paradox; see [22, equation (5.4)]. On the other hand, we have
the pointwise estimate for E;;(X) such that

1
+ c1XI= 1, (C9)
1X|2 (1 +1X] - X)) 1+|X'>

which can be checked from the expansion of E;;j(X) for |X|> 1; see, e.g., [49,
equation (13)]. Thus, V%2 satisfies the desired pointwise estimate stated above. The
estimate for VJQ’3(X) =Olf89 E1j(X —ay)ni(y)do, also follows from (C9). Step 1 is
proved.

Step 2: [N(V, HII' < IngaI”f”/'
We have from (C3) for V and (C7) for VE,

|E;j(X)] < C(

IN(V, /)(X)]
_C 1
S llogal Jiyis1 | X — Y[(14 X —Y)I(+|X — Y| —(X; —Y})?
1
x SaYifI
[Y|(1+ Y| —=Y1]4
c 1

dy|fI'.

—‘f_
loger| Jiyj=1 X =Y+ 1X =Y = (X1 =YD) |y |51 4 |¥| - ;)3

The triangle inequality for the weight |X| — X; implies that

3 1
(1+|X|—X1)3/ ; ;
> X=Y|Q+|X=-Y])D2A+|X-=-Y|—(X1—=Y1))2

X ! s dY
[YI(A+|Y]—=Yi])*
1 1
ccf |
Y>1 | X =Y|(A+|X=YD* |[Y|(A+|Y][—Yi])*

1 1
+C/ 1 1 v,
I X = Y[+ X =YDI(A+|X —Y|— (X1 —Y)2 Y]
=1+,
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and
(1+]X| = X3 ! ! dy
— Al
=1 IX = YIA+IX =Y = X1 =YD) 1y 13 (1 47| - vy
1 1
<C 1 4 3 ay
Y1 X = Y|(14 X = Y| — (X, = Y)) Y31+ Y] — )3

1 1
+C/ 7 dY
yi=1 (X =Y[A+ X =Y|=(X1=Y1) |y|3
=1L+ 1.

We see from Lemma A.1 that

1 1
xitnoo <c [ : _ay
Vit X = Y[F [Y(1+ (Y] - V)

e i)
IY|>1,]X—Y|<1 [Y|>1,|X—Y|>1

1 1
X dy

X —Y|(1+|X —Y)3 Y21+ Y| - Y)i

1 1
SC/ 3 IdY]
RIX) =YY% (1+|Y1D2

1
+C+C / ——dl
R(I1+[X1—=Y1D*
< C < o0.
3
Similarly, by using the bound : 1 T € L;’,T(R; L;z (R)), which follows

[X—Y|3 (1+]X =Y |- (X1 —Y1))2

again from Lemma A.1, it is not difficult to see that |X|%12(X) < C. The bound for I

and 14 is obtained in the same manner, and we have
1
|X12(I3(X) + [4(X)) < C < o0.
The details are omitted here. Step 2 is proved.
. (N C
Step 3: [NV, V)| < logal®”
Thanks to Step 1 and the proof of Step 2 it suffices to show

/

f Z |a,Eij(x—Y)|(1+|Y|)—%—1dy < C < oo, (C 10)
WI=1 G jn#£(1,1,2)

5
H/ EN(X —Y)|(14+ Yo" ay
IY]>1

<C < oo. (C11)

Here we only give a proof of (C 10), for (C11) is easier. In order to show (C 10) we observe

from (C7) that

1 3 1
|X|7(1+|X|—X1)1/ > E;X-V)+|ypT2lay
V=1 jn#a1.2)
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1 1 1
< c/ - - dY+C/ 1 dY
IYI>1 |X —Y|7 (14|Y])2 YI>1 X —Y|(1+|X —Yps A+IYD

1 1
+C/ 1 1 1 3 dY
> | X=Y[2(+|X=-YD2A+|X-Y|—-(X1=Y))2 (1+|Y])*
1 1
+C/ - - —dY.
PLX —Y|A+[X=YD2(A+|X—-Y|- X1 —YD))2 A+ Y3

In these four terms the most delicate one is the last term, for which it suffices to consider

1 1
Is :/ : - -dY.
YILIX=Y>1 (14X = YDI(1+|X = Y| = (X1 = Y1))2 (1Y)
Then, from
1

A+1X—Y|— (X, = V)21 +Y])3
1 1
< n
3 3¢ (l—e)?’
A+]X =Y = (X —V))id+|YD2  A+|y)G

for 0 <€ < % and from Lemma A.1, one can check that the integral Is converges. The
other terms are easier to bound and the details are omitted. Step 3 is proved.

Step 4: [[N(V, HII < @”f”-
We have from (C3) for V and (C7) for VE,
IN(V, /HX)]

C 1
< ——dY|fl.
loga| Jiyi=1 X =YI(L+[X =Y = (X1 = Y1) |y|3|y,|#

Thus, Lemma A.1 implies

C
-dYi £l < ———IIfIl.

logerl J& |x) — 112|113 X114 llog e
This proves [N (V. /)]l < g&qrll /1l

In virtue of Step 2 and Step 3 above, we see from the standard fixed point theorem
that there exists a unique solution W to (C5) (i.e., W = N(V, VO + N(V, W)) satisfying
Wi < \logLalz if @ is small enough. Moreover, Step 4 ensures the uniqueness of the
solution to (C5) in the space {f € L¥({|X| > 1}) | | f]| < oo}, which implies V — V? = W
since we have already known that V — VO satisfies ||V — VO < |V + |V?]| < oo, in virtue
of (C3) and Step 1. Hence, V = VO + W satisfies the bound in (A1) by recalling the
estimate of V in Step 1.

IN(V, /HX)] <
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