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Abstract We prove constancy of Newton polygons of all convergent F-isocrystals on Abelian varieties
over finite fields. Applying the constancy, we prove the isotriviality of proper smooth families of curves
over Abelian varieties. More generally, we prove the isotriviality over projective smooth varieties on
which any convergent F-isocrystal has constant Newton polygons.
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1. Introduction

The variation of Newton polygons of convergent F-isocrystals on algebraic varieties of
characteristic p > 0 is mysterious. It may depend on arithmetic and geometry of varieties.
In this paper we study constancy (i.e., non-variation) of Newton polygons in projective
smooth cases. We prove constancy of Newton polygons of all convergent F-isocrystals on
Abelian varieties over finite fields. We also give several examples of projective smooth
varieties such that any convergent F-isocrystal on the variety has constant Newton
polygons. Applying the constancy, we prove the isotriviality of proper smooth families
of curves on such varieties. The author wishes this study gives a new aspect on global
property of Frobenius slopes.

1.1. Problems

Let k be a perfect field of characteristic p, R a complete discrete valuation ring with
residue field kK = R/m where m is the maximal ideal of R, and K the field of fractions
of R which is of mixed characteristic (0, p). Let ord, be the discrete valuation on K
normalized by ord,(p) = 1. Let o be a g-Frobenius on K for a positive power g of p,
that is, a continuous lift of the g-power Frobenius on k. (See Remark 2.1 for the detail
of Frobenius o.)
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Let X be a scheme separated of finite type over Spec k, and M a convergent F-isocrystal
on X/K with respect to Frobenius o (we simply say a convergent F-isocrystal on X/K
if there is no ambiguity of the choice of Frobenius o) which is introduced by Berthelot
[2—4]. For a point x € X with a geometric point X above x, we define a polygon NP(M, x),
called Newton polygon of M at x, by the Newton polygon of the F-space i¥*M over
K (X) in the theory of Dieudonné-Manin. Here k(X) is a function field of X and K (x)
is an extension of K with the residue field k(X) as a discrete valuation field with the
same valuation group, and iy : Speck(x¥) — X is the canonical morphism. We normalize
slopes as ord, (a)/ord,(q) for the Frobenius ¢ = ao (a € K, a # 0) on an F-space of rank
one over K (note that g is the p-power of Frobenius o). We regard the application
x > NP(M, x) as a function on the scheme-theoretic points of X. The smallest slope of
NP(M, x) is called the initial slope of M at x.

Definition 1.1. Let f : X — Speck be a morphism separated of finite type.

(1) A convergent F-isocrystal M on X/K is said to be constant if M = f*A for some
F-isocrystal AN on Speck/K. We denote by F-Isoc(X/K)ST the full subcategory
of constant convergent F-isocrystals in the category F-Isoc(X/K) of convergent
F-isocrystals on X/K.

(2) A convergent F-isocrystal M on X/K is said to have constant Newton polygons
if the application x — NP(M, x) is constant on X. We denote by F-Isoc(X/K)NP
the full subcategory of convergent F-isocrystals with constant Newton polygons in
F-Isoc(X/K).

Our problems are as follows.

Problem 1.2. Let X be a smooth geometrically connected scheme over Speck, and Xi =
X XSpeck SpecE the base change for an algebraic closure k of k.

(1) Ts the condition F-Isoc(X/K) = F-Isoc(X/K)®ST equivalent to the triviality of
geometric etale fundamental group of X, i.e., 7' (Xg) = {1}? Here n}'(—) denotes
the etale fundamental group and we usually omit to indicate a base point because
we do not need the specific base point in this paper.

(2) Classify varieties X such that any convergent F-isocrystal on X/K has constant
Newton polygons, i.e.,

F-Isoc(X/K) = F-Isoc(X/K)NP,

and study properties of such varieties.

By definition there are natural inclusion relations
F-Isoc(X/K)ST ¢ F-Isoc(X/K)NP ¢ F-Isoc(X/K).

When X = ]P’,i is the projective line, any convergent F-isocrystal on X/K is constant.
Indeed, there is a natural isomorphism

M= Hi,(P/K, M) ®k Oppyy
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as F-isocrystals. Note that the isomorphism above holds without assuming the existence
of Frobenius structures. On the other hand there exists a projective smooth curve C
over a finite field which has a convergent F-isocrystal on C/K with nonconstant Newton
polygons (see §4.5 for the detail), and hence the inclusion relations

F-Isoc(C/K)®ST € F-Isoc(C/K)NP C F-Isoc(C/K)

hold. The first inequality holds when nf‘t(CE) is nontrivial by Katz—Crew equivalence
between the category of p-adic continuous representations of nlet(C ) and that of unit-root
convergent F-isocrystals on C/K [11, Theorem 2.1].

Our main interest is the mysterious gap of two categories F-Isoc(X/K
F-Isoc(X/K). In this paper we give a new example of Problem 1.2(2), that is, we prove
that the inclusion relations

)CNP c

F-Isoc(X/K)ST C F-Isoc(X/K)NP = F-Isoc(X/K)

hold for any Abelian variety X over a spectrum Speck of a finite field k (see §1.2).

Concerning Problem 1.2(1), T.Abe-H.Esnault and K.S.Kedlaya gave the affirmative
answer when k is a finite field applying the companion theorem [1, 35, 36]. In the
case of convergent isocrystals (without Frobenius structures) Esnault—Shiho studied the
constancy problem, called de Jong conjecture [19, Conjecture 2.1]. They proved the
de Jong conjecture under certain hypotheses for a general perfect field & [19, 20, 52].
Moreover the constancy of geometric convergent isocrystals (see Definition 2.10) is proved
in [20, Theorem 1.3]. As mathematical statements, the case of convergent isocrystals
is much stronger than that of convergent F-isocrystals. However, our interests in this
paper are the variation of Newton polygons of Frobenius structures and its application
to geometry. Returning to our problems, if X is proper smooth, then the triviality
nft(XE) = {1} is equivalent to the coincidence

F-Isoc(X/K)ST = F-Isoc(X/K)NP

of categories (Corollary 2.17). At this moment the author does not know whether
Problem 1.2(1), i.e., F-Isoc(X/K)®NP = F-Isoc(X/K), is valid or not in general even when
nft(X;) = {1} except the case where k is finite. Moreover, he would like to find a proof
by using only p-adic methods.

The author is ignorant of classifications of projective smooth curves of genus > 2 in this
aspect. He does not know whether the constancy problem of Newton polygons depends
on the base field k or not in general.

Remark 1.3. For the following projective smooth and connected variety X over an
arbitrary field k, any convergent F-isocrystal on X/K is constant:

(1) X admits a projective smooth lift X' over Spec R such that 7{'(Xg) = {1} for the
geometric generic fiber A%.

(2) X is separably rationally connected (see the definition in [37, IV, Definition 3.2]).

Indeed, in the case (1) any convergent isocrystal on X/K is constant, by rigid and complex
GAGA principles of de Rham cohomologies and [25, 40] (see Introduction of [19]), so that

https://doi.org/10.1017/51474748019000276 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000276

590 N. Tyuzuki

it is also constant for convergent F-isocrystals. In the case (2) we may assume that X
is geometrically connected, and then any two points are connected by rational curves
[37, IV, Theorem 3.9]. Hence any convergent F-isocrystal has constant Newton polygons.
Since the works of de Jong—Starr [14] and Kéllar (see [12, Corollary 3.6]) imply the simply
connectedness nft(XE) = {1}, the assertion follows from Corollary 2.17.

1.2. Constancy results

Our main result is the following:

Theorem 1.4 (Theorem 3.7). Let k be a finite field, and X an Abelian variety over Speck.
Then any convergent F-isocrystal on X/K has constant Newton polygons, i.e.,

F-Isoc(X/K)NP = F-Isoc(X/K).

The crucial idea of the proof is as follows. Let C be a projective smooth and
geometrically connected curve of genus > 1 over Speck, M a convergent F-isocrystal
on C/K, and Dpq a reduced divisor of C consisting of points x at which the Newton
polygon NP(M, x) is different from that at the generic point. Estimating the degree of
D in two ways, the congruence of the L-function L(X/k, M;t) of M modulo m and
the Euler—Poincaré formula (Proposition 3.1), we have an inequality

deg(Dpm) < B

for the degree of D by a constant B which depends only on the cardinality of k, the
genus of C and the rank of M (Theorem 3.3 and Remark 3.5).

Now let X be an Abelian variety over Speck. Let M be a convergent F-isocrystal on
X/K, and Dpq a set of X consisting of points at which the Newton polygon of M is
different from that at the generic point of X. When D # @, D4 is a closed subscheme
in X purely of codimension 1 by de Jong—Oort purity theorem [13, Theorem 4.1]. Suppose
Daq # 0. Then there exists a projective smooth and geometrically connected curve C of
genus > 1 in X (after we replace k by a finite extension) such that the degrees of the
reduced divisors (C N Dy A)red are unbounded on n, where [n] means the morphism of
multiplication on X with a positive integer n. Since the rank of [n]* M is stable for n,
this contradicts the existence of bound with respect to the k-curve C.

1.3. Application to the isotriviality of families of curves

We will apply our study on constancy of Newton polygons to the isotriviality problem of
families of curves in characteristic p > 0. At first we recall the definition and review the
case of complex algebraic varieties.

Definition 1.5. Let S be a scheme separated of finite type over Speck. A smooth family
X over S is isotrivial if, for any geometric points s, t € S(k), the geometric fibers X and
X; of X at s and ¢, respectively, are isomorphic to each other as schemes over Speck.
Here k is an algebraic closure of k.

In the case of complex algebraic varieties, the following results are known. Let X be
a proper smooth family of connected curves of genus g > 2 over a complex algebraic
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variety S. If a projective smooth § is either a simply connected variety (more generally
the topological fundamental group JTIOP(S ) is finite), an Abelian variety, a uniruled surface
over a curve of genus < 1, or a surface of Kodaira dimension 0, then the family X is
isotrivial over S (see the detail in [15]). Note that when S =C or C* as a complex
algebraic variety, the isotriviality also holds since the coarse moduli space 9, of curves
of genus g is hyperbolic.

When k is a field of characteristic p > 0, the isotriviality of families of curves over
a projective smooth curve of genus < 1 is known by L.Szpiro [53, Théoréme 4]. More
generally he studied the isotriviality problem for families of semistable curves.

Our result is as follows.

Theorem 1.6 (Theorem 4.5). Let S be a projective smooth and connected scheme over
Speck, and f: X — S a proper smooth family of connected curves. Suppose that any
geometric convergent F-isocrystal M on S/K (see Definition 2.10) has constant Newton
polygons. Then the family X over S is isotrivial.

If there exists at least a fiber which is an ordinary curve (see Definition 4.1) in the
family X over S, then X is a family of ordinary curves over S by the constancy hypothesis
of Theorem 1.6. In this case the Torelli theorem implies the isotriviality of the family
since the ordinary locus of coarse moduli space of Abelian varieties is quasi-affine [44,
XI, Théoreme 5.2]. When there exists no ordinary point in S, we apply A.Tamagawa and
M.Saidi’s works [49, 54] : there exists a finite etale covering f’ : ¥’ — X' after a finite etale
base change S’ of S such that the new part J(Y’, X’) = J(Y')/(f)*J(X') of the relative
Jacobian variety over S’ is ordinary. Then J(Y’, X’) over S’ is isotrivial, and hence Torelli
theorem for new parts implies the isotriviality of X over S [54, Corollary 4.7].

Corollary 1.7. Suppose that S is a projective smooth and geometrically connected scheme
over Speck satisfying one of the following:

(1) 7' (Sp) is finite.
(2) (Corollary 4.6) S is an Abelian variety.

(3) S is either a ruled surface over a curve of genus < 1 or a projective smooth surface
of Kodaira dimension 0.

Then any proper smooth family of connected curves over S is isotrivial.

In order to prove (1) it is sufficient to prove the assertion when § is simply connected,
i.e., the geometric etale fundamental group nlet(SE) is trivial. Then any geometric
convergent isocrystal on S/K is constant by [20, Theorem 1.3], so that it is also constant
as a convergent F-isocrystal. The isotriviality follows from Theorem 4.5. (3) follows from
the classification theorem of surfaces (see [39], for example), the previous (1), (2) and
Propositions 2.8 and 2.9.

The converse of Theorem 1.6 is also an interesting problem.

The content of the paper is as follows. We study basic properties of variation of Newton
polygons in §2, and give a proof of existence of slope filtrations of F-isocrystals with
constant Newton polygons in our context in Appendix A (see §2.3). In §3 we prove the
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constancy of Newton polygons for any convergent F-isocrystals on an Abelian variety
over a finite field. In §4 we apply our results on the constancy of Newton polygons to
the isotriviality of families of curves.

2. Newton polygon

In this section we study several properties of Newton polygons.

2.1. Frobenius o

Let k be a perfect field of characteristic p > 0, R a complete discrete valuation ring with
residue field k = R/m, and K the field of fractions of R which is of mixed characteristic
(0, p). We fix a discrete valuation ord, on K (and its extension as valuation fields) which
is normalized by ord,(p) = 1. Let o be a g-Frobenius on K for a positive power g of p,
that is, a continuous lift of the g-power Frobenius on k.

When we consider Katz—Crew equivalence between continuous p-adic representations
and unit-root F-isocrystals [11, Theorem 2.1], we assume that

(i) Fy C k and

where I, is the finite field of g-elements, K, is the o-invariant subfield of K and W (k) is
the ring of Witt vectors with coefficients in k. In this case we denote the ring of integers of
K, (respectively the maximal ideal, respectively a uniformizer of K,) by R, (respectively
m,, respectively ).

Remark 2.1. The above hypotheses (i) and (ii) on K and o always hold if we replace
K by a finite unramified extension K’ of K. Indeed, for any g-Frobenius o, there is a
uniformizer 7 of the p-adic completion Kw =K Ow k) W () of a maximal unramified
extension K" of K such that 7 is o-fixed, i.e., o (1) = 7. Here o also denotes the unique
extension of Frobenius o on K. Indeed, for a uniformizer =’ of K, one can solve the
equation o (un’) = um’ on u in K. Since K" is a finite extension of W (k)[1/p] generated
by 7 and the o-invariant subring of W (k) is W(F,), (fur)g is a finite extension of Q, and
7 is algebraic over K. If we put a composite K’ = K(I?“r)g of fields, then K’ is unramified
over K by K' C KU and (Ko OwE,) W (k") = K’ for some finite extension k' of k with
F, C k’. The existence of a o-invariant uniformizer after a finite unramified extension
also holds even when k is not perfect (see the beginning of A.2 in the appendix).

2.2. Variation of Newton polygons

Let us recall Dieudonné—Manin classification and Newton polygons of F-spaces over a
local field briefly (see [41, Chapter 2, Theorem 2.1] and [16]).

Let M be an F-space over K with respect to Frobenius o, that is, a K-vector space M
of finite dimension with a o-linear bijection

F:M—> M
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which is called Frobenius. Suppose that the residue field k is algebraically closed. Then
the category of F-spaces is semi-simple with simple objects

Eg/p = K[F1/(F" =) for (r,5) € Zoo xZ with (r,5) =1
where the relation Fa = o(a)F holds for any a € K in K[F], by Dieudonné-Manin’s
classification. The rational number sord,(7)/rord,(q) is called slope of E,; and its rank
over K isr. If M = €p; E:’;}Sl with s1/r1 < s2/rp < --- < 57/r7, then the Newton polygon
of M is the lower convex hull of points

(0,0), (myr1, mysiord, () /ordy(q)), (miry +mara, (mysy +masz)ord, () /ordy(q)), - ..,

(miri+---+mr;, (mys1 + - - - +mysp)ord, () ford, ().
Note that if F = go of rank 1, then it is of slope 1. Our definition of slopes is stable
under any extension of the field K and the change of power of Frobenius o.

Let X be a scheme separated of finite type over Spec k and M a convergent F-isocrystal
on X/K. For a point x € X (not necessary a closed point) and for a geometric point X
with a natural morphism iz : ¥ — X, we define the Newton polygon of M at x by that
of F-space iXM over K(x). Here k(x) is the field of functions of ¥, and K(x) is the
extension of K as complete discrete valuation fields such that the residue field is k(x). It
is independent of the choice of geometric point X above x. We denote Newton polygon
of M at x by NP(M, x). Then

x € X = NP(M, x)

is a function on the set of points of X.
Let « and B be Newton polygons. We say that « is above g, denote it by « < B, if «
and B have same endpoints and all polygons of « are upper than or equal to that of 8.

Proposition 2.2 (Grothendieck’s specialization theorem [29, Theorem 2.3.1] [10, Theorem
2.1]). With the notation as above we have the following.
(1) Letx,y € X. If x is a specialization of y, then NP(M, x) < NP(M, y).
(2) Suppose X is irreducible. Then the set
U— {x cx The initial slopes of M at x and }

that at the generic point coincide.
Proof. (2) Let y € X\ U, and x any specialization of y. Then the initial slope at x is
greater than or equal to the initial slope at y by (1). Hence x € X \ U. Since y is arbitrary,
X\ U is closed. O

Another important property of variation of Newton polygons is the purity theorem by
de Jong and Oort.

1s open in X.

Theorem 2.3 [13, Theorem 4.1]. Let X be a smooth irreducible scheme separated of finite
type and n the generic point of X. For a convergent F-isocrystal M on X/K , any generic
point of the set-theoretical complement of the open subscheme

Um = {x € XINP(M, x) = NP(M, n)}

s of codimension 1 in X.
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2.3. Slope filtrations

Definition 2.4. Let X be a scheme separated of finite type over Spec k, and M a convergent
F-isocrystal on X/K.

(1) M is said to be isoclinic of slope y € Q if, for any geometric point X of X with a
natural morphism iz : X — X, the F-space i¥M over K (¥) is a direct sum of copies
of Eyord,(q)/ord,(r)- M is said to be unit-root if it is isoclinic of slope 0.

(2) An increasing filtration {S; M}yeq of M as convergent F-isocrystals on X/K is
called the slope filtration if it satisfies the following conditions

(i) SsM =0 for A < 0, SuM = M for A > 0 and S, M = S; M for any A;
(ii) SpM/S,—M is either 0 or isoclinic of slope A for any A,
where $,-M =, ., SpM and S M =, SuM.

The existence of slope filtrations of F-crystals on Speck[[¢]] having constant Newton
polygons up to isogenies was proved in [29, Corollary 2.6.3], and the case of unipotent
convergent F-isocrystals was proved in [6, Théoréme 3.2.3]. The existence of generic slope
filtration for convergent F-isocrystals is proved in [51, Proposition 5.8]. In general case
the existence of slope filtration is given in [35, Corollary 4.2] with brief indication of the
proof. The author does not find a detailed proof in any published literature. So we prove
the following in Appendix A.

Theorem 2.5. Let X be a smooth scheme separated of finite type over k, and M a
convergent F-isocrystal on X /K. Suppose that the initial slope (i.e., the smallest slope)
of M of any generic point of X is y and the rank of slope y of F-isocrystal iM (x € X)
is constant on X, say the rank is r. Then there exists a convergent sub F-isocrystal L of
M on X/K which is isoclinic of slope v and of rank r.

Corollary 2.6. Let X be a smooth scheme separated of finite type over Speck, and M a
convergent F-isocrystal on X/K which has constant Newton polygons. Then M admits
a unique slope filtration {SyM}cq-

2.4. Properties of constancy of Newton polygons

Let X be a scheme separated of finite type over Spec k, and M a convergent F-isocrystal
on X/K. We define the convergent cohomology of X by

H (X/K,M)=IH (X[p, M® Qxip k)

Here we take a closed immersion X — P into a smooth formal scheme P over Spf R, | X[p
is the associated rigid analytic tube [3, Section 1.1], and IH'(]X[p, M ® Q| k) 1s the
hypercohomology of the de Rham complex M ® Qx5 /K associated to the convergent
isocrystal M. The convergent cohomology is independent of the choice of the closed
immersion X — P. In [7, 58] the convergent cohomology H! . (X/K, M) is denoted by
Hriig((X, X)/K, M), the rigid cohomology of X overconvergent along @, namely, we do
not consider the overconvergent regularity along boundary. When M = O)x[ (the unit
convergent F-isocrystal), we simply denote the convergent cohomology by Hci (X/K).

onv
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If X is proper over Speck, then the convergent cohomology H! . (X/K, M) is nothing
but the rigid cohomology H: (X/K, M). The convergent cohomology is furnished with
a o-linear homomorphism

r1g

F:H

conv

(X/K, M) — COnV(X/K M)

which is called Frobenius. In general H!  , (X/K, M) may not be of finite dimension over
K and F may not act on it bijectively except i = 0. For a K-vector space with o-linear
homomorphism F : V — V. we define a K-space Vg, by the subspace of V consisting of
elements w such that there exist elements ay, as, ..., a, € K with a, # 0 satisfying F"w +
arF" w4+ +a,w=0.If W C V is a finite dimensional F-stable subspace of V such
that F : W — W is surjective, then W C Vg,. Hence, Vg, is an F-stable K-subspace of V.
In the case of rigid cohomology we have an equality Hriig(X/K, M)fin = Hriig (X/K, M) by
finite dimensionality and the bijectivity of Frobenius F ([57, Theorem 5.1.1] for constant
cases, and [31, Theorem 1.2.1, 1.2.3] for general coefficients). Note that the bijectivity of
Frobenius on rigid cohomology follows from the finiteness and Poincaré duality.

Proposition 2.7. Let 0 — L — M — N — 0 be an exact sequence of F-Isoc(X/K).

(1) M is an object in F-Isoc(X/K)NP if and only if so are both L and N.

(2) If M is an object in F-Isoc(X/K)ST, then so are both L and N. Suppose
furthermore that HL (X/K)fin = 0. Then the converse holds.

In particular, the category F-Isoc(X/K)NP (respectively F—Isoc(X/K)CST) is an Abelian
subcategory of F-Isoc(X/K).

Proof. (1) Suppose that M has constant Newton polygons. The slope filtration of M
in Corollary 2.6 induces the slope filtrations of £ and A since homomorphisms of
F-isocrystals are strict with respect to slopes. Hence, both £ and N have constant Newton
polygons. The converse is trivial.

(2) In the case of a connected X, the inequality dimg Hcoom,(X /K, M) < rank M holds
in general. Moreover, M is constant if and only if dimg H,,,(X/K, M) = rank M. Hence,
the constancy of M implies the constancy of £ and N.

Since £ = HCOOHV(X /K, L)® O [ for a constant convergent F-isocrystal £, we have an
isomorphism H

S (X/K, L) = HO (X/K,L)®k HL . (X/K). Hence the exact sequence

COI’IV

0— H°

conv

(X/K, ‘C) - Conv(X/K M) - c()nv(X/K N) - Conv(X/K E)ﬁn

implies the converse since dimg COm,(X /K, L) =rank £ and the same holds for N. O

We give several properties of constancy of Newton polygons.

Proposition 2.8. Let f : X — Y be a morphism of schemes separated of finite type over
Speck.

(1) Suppose that Y is smooth and the set-theoretical complement of the image f(X)
in Y is of codimension > 2. If any convergent F-isocrystal on X/K has constant
Newton polygons, then the same holds for any convergent F-isocrystal on Y/K.
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(2) Suppose that X is connected and the morphism f is finite etale. If any convergent
F-isocrystal on Y/K has constant Newton polygons, then the same holds for any
convergent F-isocrystal on X/K .

Proof. (1) follows from Theorem 2.3.

(2) Let feonvs @ F-Isoc(X/K) — F-Isoc(Y/K) be the push forward induced by the finite
etale morphism f : X — Y. For a convergent F-isocrystal M on X/K and the point
x € X, the Newton polygon of feonv«M at the point f(x) is a deg(f) time Newton polygon
NP(M, x). O

Proposition 2.9. Let X and Y be projective smooth and connected schemes over Speck.
Suppose that X and Y are binational over Speck. Any convergent F-isocrystal on X/K
is constant (respectively has constant Newton polygons) if and only if the same holds for
any convergent F-isocrystal on Y /K.

Proof. Since the set of fundamental points of binational transformations is closed of
codimension >2 [27, V, Lemma b5.1], the assertion follows from Theorem 2.3 and
Kedlaya’s extension theorem [32, Proposition 5.3.3] (via the extension of overconvergent
F-isocrystals). O

2.5. Geometric F-isocrystals

Definition 2.10. Let S be a smooth scheme separated of finite type over Speck. A
convergent isocrystal (respectively F-isocrystal) M on S/K is geometric if there exists
a proper smooth morphism f : X — § such that M is isomorphic to a subquotient of
the relative rigid cohomology R! Srig=O1x1 of X over § for some integer i as a convergent
isocrystal (respectively F-isocrystal).

We do not care about overconvergence along a boundary of S in the rigid cohomology.
Since f : X — S is proper smooth, the rigid cohomology is nothing but the convergent
cohomology of Ogus in [46] and the finiteness theorem below holds. Hence the above
definition makes sense.

Theorem 2.11 [46, § 3]. Let S be a smooth scheme separated of finite type over Speck, and
f X — § be a proper smooth morphism. Then the relative rigid cohomology R' frigs« O)x[
is a convergent F-isocrystal on S/K.

Remark 2.12. In this paper we use the finiteness theorem only in the case of constant
coefficients. Recently Xu proved that the relative convergent cohomology R’ frige M is
convergent F-isocrystal on §/K for an arbitrary proper smooth morphism f and an
arbitrary convergent F-isocrystal M [59, Theorem 1.9] (see the detail around Berthelot’s
conjecture on the coherence of relative rigid cohomology in [38]).

We will use the following proposition to reduce the problem to the case where k is a

finite field. The similar argument for constant convergent isocrystals is discussed in [20,
§5.4].
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Proposition 2.13. Let k be a perfect field, T a smooth integral scheme separated of finite
type over Speck, and f: X — S a proper smooth morphism of smooth schemes separated
of finite type over T . Let k be a perfect field which includes the function field « (T) of T,
and f: X — S the base change of f: X — S by the natural morphism Speck — T via
the generic point of T. Suppose that, for any closed point t of T over Speck, the relative
rigid cohomology Rift,rig*O]Xt[ on S;/K(t) has constant Newton polygons, where k(t) is
the function field of t and K (1) = Ko ®w,) W (k(t)). Then the relative rigid cohomology
Rifrig*(’)]x[ on S/K has constant Newton polygons.

Proof. We may assume that S is irreducible. Let &/ be an open subscheme of S consisting
of points at which the Newton polygon of the relative rigid cohomology R’ frig« O1x1
coincides with that at the generic point of S, and hence with that at the generic point of
S. The open subscheme U is defined over Spec « by Grothendieck’s specialization theorem.
If g: S — T denotes the structure morphism, then g(f) is an open subscheme of 7 over
Speck and g~!(g()) = U since Newton polygons of Rif,,rig*(’)]xt[ are constant on S; by
our hypothesis. Hence S C U x7 Speck, and R Srig«O)x1 has constant Newton polygons
on S. Note that, if i; : §; = & and js: S — S are the canonical structure morphisms,
the base change homomorphisms

i;*Rifrig*O]X[ g Rift,rig*O]X,[ and j;Rifrig*O]X[ g Rifrig*O]X[

are isomorphisms since the relative cohomologies are coherent [58, Corollary 2.3.3]. O

2.6. Constancy versus constant Newton polygons

Proposition 2.14. Let X be a smooth geometrically connected scheme separated of finite
type over Speck. Then the following conditions (i) and (ii) are equivalent.

(i) F-Isoc(X/K)ST = F-Isoc(X/K)CNP,
(i) 7{'(Xp) = {1} and HL (X/K)fin = 0 (see the definition before Proposition 2.7).

Proof. (i) = (ii): Recall that there exists a natural commutative diagram

1

Repg, (Gal(k/k)) —> F-Isoc(Speck/K)°
¥ . "
Repg, (mf'(X)) —  F-Isoc(X/K)°,

where the horizontal arrows are Katz—Crew equivalences between the category of p-adic
continuous representations of etale fundamental groups and the category of unit-root (i.e.,
isoclinic of slope 0) convergent F-isocrystals [11, Theorem 2.1]. Let p : 7{'(X) — GL,(K,)
be a p-adic continuous representation, and M the unit-root convergent F-isocrystal on
X /K associated to p by the equivalence above. Under the fiber sequence

1 - 7{'(Xp) — 7{'(X) — Gal(k/k) — 1,

we have ,o(nlet(XE)) = {1} since M is constant by our hypothesis. In order to prove that
(i) implies nft(XE) = {1}, it is sufficient to show the existence of a p-adic representation
p of w{{(X) with p (7' (X7)) # {1} under the hypothesis 7{'(Xg) # {1}. Suppose now that
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nle[(XE) # {1}. Then there exists a finite Galois extension k' of k and a nontrivial finite
etale Galois covering f : X' — X Xgpeck Speck’ of degree r for some r such that, if p:
{'(X") - GL,(K /) is the corresponding representation, then p’ (' (Xp) # {1}. Taking
the push forward of p’ (the induced representation and the restriction of scalar), we have
a continuous representation p : nft(X) — GL7(K,) for some positive integer 7 such that
i (Xp) # (1),

Let us prove that (i) implies H),(X/K)gin = 0. Suppose HJ,,(X/K)n # 0. Then there
exists a nontrivial F-subspace L C HL  (X/K)ay over K. Let ey, ..., e, be a basis of L
and e/, ..., e’ be a dual basis of the dual F-space LY of L. Then

w = e| ®e}/ + e +er ®e;/ S Hcl()nv(X/K)ﬁﬂ ®K LV - Hcl()nv(X/Kv O]X[ ®K LV)

is a nontrivial element satisfying F(w) = w. Indeed, if A € GL, (k) is a Frobenius matrix

of L,ie., F(ei,...,e;) = (e1,...,e)A, then the Frobenius matrix of LY is A~!. Hence
w satisfies the relation F(w) = w. The nonzero 1-cocycle w determines a nontrivial
extension

0— O]X[®KLV—>M—>O]X[—>O

of convergent F-isocrystals on X/K by Lemma 2.15. The extension M has constant
Newton polygons by Proposition 2.7(1), but it is not constant. This contradicts our
hypothesis.

(ii) = (i): By Katz—Crew’s equivalence above the triviality 7§'(X;) = {1} implies that
the natural inverse image functor F-Isoc(Speck/K)? — F-Isoc(X/K)? is an equivalence.
Let M be a convergent F-isocrystal on X/K which is isoclinic of slope y, and take a
finite extension K’ of K whose valuation group contains y. Let k¥’ be a residue field
of K', X" = X Xspeck Speck’, and M’ the inverse image of M on X'/K’. Then M’ is
a tensor product of a rank 1 constant object and a unit-root object, and hence M’ is
constant. Since HY (X/K, M) ®x K' = HS (X'/K’, M'), M is constant. The rest is to
prove that the slope filtration (Corollary 2.6) is split for any object of F-Isoc(X/K)NP,
Suppose L is a constant convergent F-isocrystal on X/K. Then £ = Ojx[ ®k L with the
F-space L = HY (X/K, L), and

HL (X/K,L)=H! (X/K)®K L.
Hence the vanishing HclonV (X/K)gin = 0 implies the splitting of the exact sequence
0>L->M—->N-=>0

with constant convergent F-isocrystals £ and N since the extension class of F-isocrystals
belongs to H . (X/K, LY ® N)fn by Lemma 2.15. O

The cohomological interpolation of Hom and Ext for convergent isocrystals in [3,
Proposition 2.2.7] and [5, Proposition 1.2.2] implies the lemma below. The last assertion
in the lemma below follows from the finite dimensionality of Oth convergent cohomology.

Lemma 2.15. Let M, N be convergent F-isocrystals on X/K, and let us denote a
Ks-space of homomorphisms as convergent F-isocrystals (respectively a K, -space of
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extension classes of convergent F-isocrystals) on X/K by Homp_rsoc(M, N) (respectively

EXt}«"-Isoc(M’N))‘ Then there is an exact sequence of Ky -spaces:

0 — Hompye (M, N) — HO (X/K,. MY QN) =5 HO (X/K, MY @N)
> Extl  (MN) = HL(x/K. MY eN) 'SEHL (XK, MY @N).

Here MY is the dual of M. If furthermore the residue field k is algebraically closed, then
the homomorphism HY (X/K, MY ®N) = HS  (X/K, MY ®@N) is surjective.

The author does not know whether nft(XE) = {1} implies HCIOHV(X /K)fin = 0 or not
in general because the convergent cohomology (not the rigid cohomology!) is huge in
general. Esnault and Shiho proved the following theorem by a comparison with £-adic
cohomology theory. Hence H! (X/K)fn = H! (X/K) = 0 at least when X is proper and

conv rig
7' (Xy) = {1} holds.

Theorem 2.16 [20, Theorem 5.1]. Let X be a smooth geometrically connected scheme
over Speck. Suppose that either X is proper over Speck or p > 3. Then the triviality
nlet’ab(XE) = {1} implies the wvanishing Hrlig(X/K) = 0. Here nft’ab(XE) is the mazimal
Abelian quotient of geometric etale fundamental group m{'(Xy).

Corollary 2.17. Let X be a smooth geometrically connected scheme over Speck. Suppose
that X is proper over Speck. Then the equivalence F-Isoc(X/K)®ST = F-Isoc(X/K)NP
of categories holds if and only if TL’f’t(XE) = {1}.

3. Constancy of Newton polygons on Abelian varieties

In this section we prove any F-isocrystal on an Abelian variety over a finite field has
constant Newton polygons.

3.1. An estimate of number of jumping points

Suppose k is a finite field of ¢ elements in this section, and denote an algebraic closure of
k by k. In this case our g-Frobenius o is the identity map on K. When we replace k by a
finite extension ks of g' elements, then we also change the Frobenius o by the identity
map o/ on the unramified extension K r of K with the residue field k.

Let C be a projective smooth and geometrically connected curve of genus g over Spec k
with p-rank e, i.e.,

e = rankg, J (C)[p](k) = dimg Hy,(C/K)°.

Here J(C) is the Jacobian variety of C, J(C)[p] is the subgroup scheme of J(C) which
is the kernel of the multiplication by p, H. (C/K) is the ith rigid cohomology of C/K,

) rig
and Hr’ig(C/K)0 is the unit-root subspace of the F-space H. (C/K). Then 0 < e < g.

rig

Proposition 3.1. With the notation as above, suppose g > 1. Let M be a convergent
F-isocrystal on C/K which satisfies the following conditions:

(i) The initial slope of M at the generic point of C is 0 of rank 1;
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(i1) Let U be the open subscheme {x € C | the initial slope of M at x is 0} of C with the
open immersion jy : U — X, L the rank 1 unit-root convergent sub F-isocrystal of
JpM on U/K by Theorem 2.5, and p : w{"(U) — R* the p-adic representation
corresponding to L by Katz—Crew’s equivalence such that the representation p
satisfies

p = 1 (modmR).

If Z = C\U is a reduced divisor of C over Speck, then we have an inequality
e+degZ < 1+2(g — 1)rank M.

Proof. If U = C, then there is nothing to prove. So we suppose U # C and hence the
rank of M is greater than or equal to 2. Let us calculate the L-function

L(C/k, M; 1) = I1 det(1 — FIoEW dea(0. jx Ay =1 ¢ R[]

x:closed points of C

of M modulo m by two ways. Here deg(x) is the degree of the function field k(x) of x
over k and i, : x — C be the canonical morphism. At a closed point x of U all the p-adic
valuations of Frobenius eigenvalues of i} M except one eigenvalue which is 1 modulo m
are positive. At a closed point x in Z all the p-adic valuations of Frobenius eigenvalues
of if M are positive. Hence we have

L(C/k, M; 1) = I1 (1 — pdeg)y—1

x:closed points of U

Zeta(C/k; t)Zeta(Z/k; 1)~}

det(1 — Ft; H} (C/K))Zeta(Z/k; 1)~

= rig — (mod mR[[¢]))

()

in k[[z]l, where Zeta(C/k;t) (vespectively Zeta(Z/k;t)) is the zeta function of C
(respectively Z) over k. Since

deg(det(1 — Frt; Hr]ig(C/K)) (modmR[[t]]) = e

deg(Zeta(Z/ k; )~ (modmR[[¢])) = deg(2)
in k[t], we have
deg((1 —t)L(C/k, M; t) (mod mR[[t]])) = e + deg(Z).

On the other hand, let us calculate the L-function of M modulo m using Lefschetz
trace formula

(C/K, M) D™

L(C/k. M: 1) = [ [ det(1 — F1; H},
i

for rigid cohomology [21, Théoreme 6.3]. Since the characteristic polynomial of Frobenius
in each degree belongs to 1 +tOk|[¢] by Remark 3.2, it makes sense to take the reduction
modulo m.

Let AV be an irreducible subquotient of M as a convergent F-isocrystal on C/K such
that A includes the generic slope 0 part. Since any slope of Frobenius F, on i\ at any
point x of Z # @ is positive, N is not constant and is of rank > 2. If N denotes the dual
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of NV, then HE (C/K,N)= Hg,(C/K,N) =0 by the irreducibility. Hence, Poincaré
duality [31, Theorem 1.2.3] implies Hrzig(C/K,N) =0 and then dimg Hrli (C/K,N) =
2(g — Drank N by Euler—Poincaré formula of rigid cohomology of curves fQ, Corollaire
5.0-12]. If N7 # N is another subquotient of M, then any slope of Frobenius Fy on i\’
at any point x is positive since the generic slope 0 subpart is of rank 1 a_nd is included
in NV. It implies that any slope of Frobenius F on the rigid cohomology Hr’ig(C/K, Ny is
positive for i =0, 1,2 by Remark 3.2 if it does not vanish. Hence, we have a congruence
L(C/k, M;t) = det(1 — Frt; Hrlig(C/K,N)) (mod mR[[]]).
Since dimg H! (C/K,N)=2(g — Drank N < 2(g — Drank M, we have the desired

rig
inequality. O

Remark 3.2. Let M be an overconvergent F-isocrystal M on a smooth scheme X
separated of finite type over Speck such that all slopes of M at generic points are
nonnegative.

(1) All slopes of Hriig(X/K, M) are nonnegative for i =0, 1. Indeed, when i =0, the

overconvergent F-isocrystal Hr?g(X/K, M) ®k jTO)x| is regarded as a subobject of

M. In the case where i =1 the nontrivial 1-cocycle in Hrlig(X/K, M) of slope u

determines an F-space L over K with purely of slope i and a nontrivial extension
0—>M—>5—>L®KjTO]X[—>0

of overconvergent F-isocrystals on X/K by Lemma 2.15. This extension is nontrivial
on any open dense subscheme U of X as overconvergent F-isocrystals [32, Theorem
5.2.1] and is also nontrivial in the category of convergent F-isocrystals on U/K [30,
Theorem 1.1]. However, if i < 0, then the extension above must be split. Indeed,
there exists an open dense subscheme U of X with the open immersion jy : U — X
such that the Newton polygons of jj; M are constant on U by Proposition 2.2(2).
Then there is a slope filtration {S3} of j;M by Corollary 2.6 and we have an
isomorphism S, = L @k Ojy| as convergent F-isocrystals. This contradicts the
nontriviality of the extension on U. Hence u is nonnegative. The same holds for
Hcionv(X/K, M)y for i =0, 1 by using the full faithfulness in [32, Theorem 5.2.1]
[33, Theorem 4.2.1].

(2) In the case where X is a curve all slopes of Hrzig(X/K, M) are greater than or equal
to 1 by Poincaré duality [31, Theorem 1.2.3].

(3) Suppose X is purely of dimension d. In the case M = jO)x all slopes of Hriig(X/K)
are in the interval [max{0, i — d}, min{i, d}] [6, Theorem 3.1.2].

Let C be a projective smooth and geometrically connected curve over Speck with the
generic point n of C, and M a convergent F-isocrystal on C/K. We study the closed
subscheme

Dpg = {x € C|NP(M, x) # NP(M, n)}

which is regarded as a reduced divisor.
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Theorem 3.3. There exists a constant B depending on a positive power g of p, a
nonnegative integer g, and a positive integer r such that the inequality

deg(Dpm) < B

holds for any projective smooth and geometrically connected curve C of genus g over the
spectrum Speck of the field k of q elements and any convergent F-isocrystal M on C/K
of rank r with respect to q-Frobenius o .

In order to apply Proposition 3.1 we prepare the lemma below.

Lemma 3.4. Let Y be an irreducible scheme separated of finite type over Speck with the
generic point n, and N' a convergent F-isocrystal on Y/K. Let y1 < v < --+ < y be the
generic slopes of N of ranks r1,r2, ..., 1.

(1) Forl=1,...,m, the exterior power AT TN of N has an initial slope of riy1 +
<oo4ry of rank 1.

(2) For apointy € Y, NP(N, y) # NP(N, ) if and only if there is an integer | with 1 <
I < m such that the initial slope of AT TN at y is greater than riyy +---+ry,.

Proof. The assertion immediately follows from the properties of slopes under exterior

powers. O
Proof of Theorem 3.3. Suppose M is a convergent F-isocrystal on C/K of rank r with
the generic slopes y| < y2 < +++ < Y of ranks r1, ra, ..., 1. If we put M; = ATVT M
then

The initial slope of M; at x }

M U I l M {x €C is greater than that at 7.

I
by Lemma 3.4(2). Applying Lemma 3.4(1) to each M;, we may suppose the initial generic
slope of M; is 0 of rank 1 by a suitable twist of Frobenius. By taking a self tensor
product, M}X’(q_l) satisfies the conditions (i) and (ii) of Proposition 3.1. Since Z; =
ZMI®(,,_1) as closed subsets of C, deg(Z;) is bounded by a constant depending only on g

and rank /\/ll@)(q_l). Therefore, the bound B exists since m < r. O

Remark 3.5. (1) More precisely, the upper bound B in Theorem 3.3 depends on the
genus g of curves, a p-power g of g-Frobenius, and the rank r of convergent
F-isocrystals, but not on the cardinality of k. Indeed, if k is a field of ¢f
elements and o is a g-Frobenius satisfying the conditions in §2.1, then the
7§ (U)-representation of rank one arising from the generic slope 0 convergent sub
F-isocrystal M is an R,-representation. Hence, after the (g — 1)-st self tensor
product, the representation modulo m, is equivalent to the trivial representation.
Even if we replace g¢-Frobenius by ¢/-Frobenius on K in order to apply
Proposition 3.1, M®@~D satisfies the hypothesis of Proposition 3.1 and we do
not need any further self tensor product to kill the representation modulo m, .

(2) One can take an upper bound B =r+2!7@=D"(g —1) in Theorem 3.3. Indeed,
at the Ith generic slope the number of jumping points is <14+2(g—1)
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rank (A1 TA)®@—D  Hence, we have an estimate

B < YU (1+2(g — 1)(rank AT1H-H71 A)®@=D)y
S Z;‘:l(l +2(g — D)(rank A/ M)®—D)
<r4+2(g—1) x @241

This upper bound is not sharp.

3.2. The case of elliptic curves

To clarify the idea of proof, we first prove the constancy theorem in the case of elliptic
curves.

Theorem 3.6. Let k be a finite field, and X an elliptic curve over Speck. Then any
convergent F-isocrystal M on X/K has constant Newton polygons.

Proof. Suppose M is an F-isocrystal on X/K with nonconstant Newton polygons. Let
D g # @ be the reduced divisor of X consisting of the points x such that

NP(X, x) # NP(X, )

where 1 is the generic point of X. Let [rn] : X — X be the morphism of multiplication n
for a positive integer n. If n is prime to p, then [n] is a finite etale morphism and we have

deg(Dpprm) = nzdeg(DM).

It is a contradiction to the boundedness of deg(Dy,jxA4) in Theorem 3.3. Therefore, any
F-isocrystal on X/K has constant Newton polygons. O

3.3. The case of Abelian varieties

Let us now prove our main theorem for general Abelian varieties.

Theorem 3.7. Let k be a finite field, and X an Abelian variety over Speck of dimension
g. Any convergent F-isocrystal M on X/K has constant Newton polygons, i.e.,

F-Isoc(X/K)NP = F-Isoc(X/K).

Proof. Suppose M is a convergent F-isocrystal on X/K with nonconstant Newton
polygons. Let Daq # @ be the closed subscheme of X consisting of the points x such
that

NP(X, x) # NP(X, n)

as in the proof of Theorem 3.6. Then D4 is purely of codimension 1 by de Jong—Oort’s
purity theorem (Theorem 2.3). After replacing k by a finite extension, we can find a
projective smooth geometrically connected curve C over Spec k such that

(a) for any closed integral subscheme Z over Speck of codimension 1 in X, the
set-theoretical intersection C N Z is nonempty;

(b) O € C and O & Dy,
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where O is the origin of the Abelian variety X. Indeed, if we fix an embedding X into a
projective space, then by Bertini’s theorem and Moishezon—Nakai’s criterion of ampleness
[27, Appendix A, Theorem 5.1], one can obtain a projective smooth geometrically
connected curve C in X as an intersection of different g — 1 hyperplane sections such
that the condition (a) holds after replacing k by a finite extension. Note that the genus
of C is greater than or equal to g by weak Lefschetz theorem. Since D4 is of codimension
1, one can choose C so that C ¢ Dj4. Taking a translation by a k-rational point after
replacing k by a finite extension if necessary, we may also assume the condition (b).

Lemma 3.8. (1) For any positive integer n, we have C N Dyjspg # 9 and C ¢ Dpypepg-
(2) If we put Q={x e Ck)|xeCn D for some n > 0}, then Q is infinite.

(3) If CNDpyppm denotes the set-theoretical intersection and (C N Dy pq)red denotes
a reduced divisor of C, then

sup deg((C N Dyp+ p)red) = 00.
n

Proof. First we remark Dpaq = [n]~! (D) set-theoretically.

(1) It follows from the condition (a) and O & C N Dy,jxaq for any n.

(2) Suppose that € is finite, namely, Q = {y1, y2, ..., ys}. Let n be a positive integer
such that n is a multiple of orders of all y1, y2, ..., ys. Since [n](y;) = O, yi € CN Dy pm
for any i. This contradicts C N Dy pq # 9.

(3) For a finite extension k¢ of k of degree f, the cardinality of X (ky) is finite. Hence
there is a properly infinitely increasing sequence f; < f < --- such that xy, € QN X (ky,)
and xy, ¢ X (k') for any proper subfield k" of ky, by (2). Since C and Dp,«pq are defined
over Speck, the cardinality of the set-theoretical intersection C N Dy,j+ a4 is greater than
or equal to f; if x, € C N Dy« pq because of Galois conjugation. O

Now we return to the proof of Theorem 3.7. Since rank [n]* M = rank M for any positive
integer n, the degree of (C N Dy p)red in C is bounded by a constant independent of n
by Theorem 3.3. The assertion of Lemma 3.8 (3) contradicts this boundedness. Therefore,
any F-isocrystal on X/K has constant Newton polygons. O

4. Isotriviality of a family of curves
In this section we study the isotriviality of proper smooth families of connected curves

in positive characteristic p. Let k be an algebraically closed field of characteristic p.

4.1. Isotriviality of families of ordinary Abelian varieties

We recall some definitions.

Definition 4.1. Let « be a perfect field of characteristic p and k¥ an algebraic closure of «.

(1) An Abelian variety S of dimension g over Speck is said to be ordinary if
dimp,S[pl(x) = g. Here S[p] is the subgroup scheme defined by the kernel of
multiplication with p.
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(2) A projective smooth geometrically connected curve S over Speck is said to be
ordinary if so is the Jacobian variety J(S) of S.

The quantity dimg,S[pl(x) is called p-rank of Abelian variety S and the equality
dimp, S[p](x) = dim Hrlig(S /K)? holds as well as in the case of curves (see the beginning
of §3.1).

Theorem 4.2. Let S be a projective smooth connected scheme over Speck such that any
geometric convergent F-isocrystal on S/K has constant Newton polygons. Suppose f :
X — S is a polarized Abelian scheme relatively of dimension g and of degree d*. If there
is a point t € S such that the fiber X, of X at t is an ordinary Abelian variety, then any
closed fiber of X is isomorphic to each other as polarized Abelian varieties. In particular,
X s isotrivial over S. Moreover, for any closed point s € S, there is an etale morphism
g:U — S withs € g(U) such that X xs U is a trivial deformation over U, that is, X Xg
U = X Xspeck U as U-schemes.

Proof. Let us consider the relative first rigid cohomology R! Srig«O1xp which is a
convergent F-isocrystal on S/K (see Theorem 2.11). Since there is a point ¢ € S such
that X, is ordinary, X is a family of ordinary Abelian varieties by our hypothesis on
Newton polygons. Let Ag 4.,/ be the moduli space of g-dimensional polarized Abelian
varieties of degree d? and with full level-n structure over Speck (see [45] for the detail).
Because the ordinary locus .Agffl’l Jk of the coarse moduli space Ag 4.1/k is a quasi-affine

scheme by [44, XI, Théoreme 5.2], the canonical morphism § — Agf?“ /k 18 constant.
Fix an integer n > 3 which is relatively prime to p. If [n] : X — X is the morphism
of multiplication n, then X, = Ker([n]) is a finite etale group scheme over S. For each
closed point s € S, one can take an etale morphism g:U — S of irreducible schemes
with s € g(U) such that X, xg U = (Z/nZ)%}g as group schemes on U. Then the polarized

Abelian scheme X xs U over U with the level structure X, xsU = (Z/ nZ)%]g induces a

commutative diagram

v £ s

+ =

Agank = Agd1/k.

Here the bottom arrow is a level forgetful map which is finite. Hence, the canonical
morphism U — Ag 4.4/k is constant. Since Ag 4.n/k is a base change of the fine moduli
scheme with the universal family [45, Chapter 7], X xg U is a trivial deformation of Xj
over U. O

Corollary 4.3. Let S be a projective smooth connected scheme of finite type over Speck
such that any geometric convergent F-isocrystal on S/K has constant Newton polygons.
Suppose X — S is a proper smooth family of connected curves of genus g. If there is a
point s € S such that the fiber Xy of X at s is ordinary, then X is isotrivial over S.

Note that Raynaud and Szpiro studied the isotriviality for a family of ordinary curves
over a curve by using intersection theory [53, Théoreme 5.
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Proof of Corollary 4.3. Consider the relative Jacobian variety J(X) of X over S. Then
J(X) is a principally polarized Abelian scheme over § with an ordinary fiber J(X);. Hence
the canonical morphism § — A, 1,1/ associated to the family is constant by Theorem 4.2.
Now apply the Torelli theorem (see [43, Theorem 12.1], for example), and then the family
X is isotrivial over S. O

Proposition 4.4. Let S be an Abelian variety over Speck. Then any geometric convergent
F-isocrystal on S/K has constant Newton polygons. In particular, if X is a polarized
Abelian scheme over S with an ordinary fiber Xy for a point s € S, then the conclusions
of Theorem 4.2 hold for the family X over S.

Proof. Let Y — S be a proper smooth morphism. Then there exist a smooth integral
scheme T separated of finite type over a spectrum Specx of a finite field x« such that
k(T) C k, an Abelian scheme S over T and a proper smooth morphism g : ) — S such
that the base change by the morphism Speck — 7 is the given morphism ¥ — S. Here
k(T) is the function field of 7. Then, for any closed point t € T, the relative rigid
cohomology M = R! grig« 01y has a constant Newton polygon on S; by Theorem 3.7.
Hence, any geometric convergent F-isocrystal on S/K has constant Newton polygons by
Proposition 2.13. The rest follows from Theorem 4.2. O

4.2. Isotriviality of family of curves

We will prove the isotriviality of a family of curves (Theorem 1.6) in the rest of this
section. When the genus g of fibers is < 1, the isotriviality holds without the hypothesis
of constancy of Newton polygons. Indeed, the coarse moduli space is a point if g = 0.
When g = 1, one may assume the family has a section and the isotriviality follows from
the fact that the coarse moduli space of elliptic curves is an affine line.

Theorem 4.5. Let S be a projective smooth and connected scheme over Speck, and f :
X — S a proper smooth family of connected curves of genus g > 2. Suppose that any
geometric convergent F-isocrystal on S/K has constant Newton polygons. Then the family
X over S is isotrivial.

We give a proof of Theorem 4.5 in §4.4. The next corollary is a consequence of

Proposition 4.4.

Corollary 4.6. Let S be an Abelian variety over Speck. If f : X — § is a proper smooth
family of connected curves, then the family X over S is isotrivial.

4.3. Torelli theorem

In this subsection we recall Tamagawa’s work in [54]. Let X be a projective smooth curve
of genus g > 2 over Speck.

Definition 4.7. The gonality of X is a minimum degree of nonconstant morphisms X —
Pl
k
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By [54, Theorem 2.7, Proposition 2.14] we have the following theorem.

Theorem 4.8. Suppose that the p-rank of X is neither 0 nor g. For any sufficient large
integer n which is prime to p, there exists a finite etale morphism Y — X cyclic of degree
n such that the gonality of Y is greater than or equal to 5.

Remark 4.9. Tamagawa gave a positive lower bound of number of finite etale Galois
coverings Y of X with a certain condition “strictly non-P;,;” under the assumption that
X is non-almost elliptic, i.e., the Jacobian variety J(X) is not isogenous to E& for an
elliptic curve E over Speck in [54, Proposition 2.14]. He also studied lower bounds of
gonalities of coverings of curves and proved the gonality of Y is greater than or equal to
4/n under the condition above in [54, Theorem 2.7]. Theorem 4.8 states what we need
for the proof of Theorem 4.5.

Definition 4.10. Let f :Y — X be a finite etale morphism of projective smooth and
connected curves over Speck, J(X) = Pic®(X) and J(Y) = Pic®(Y) the Jacobian varieties
of X and Y, respectively, and define the new part of Jacobian variety of Y relatively to
X by the Abelian variety

J(Y, X) = J()/f*J(X)

with a polarization. The finite etale covering Y over X is said to be new-ordinary if
J (Y, X) is an ordinary Abelian variety.

Theorem 4.11 [48, Theorem 4.3.1], [54, Corollary 5.3]. Let X be a projective smooth curve
of genus g = 2. For any sufficiently large prime number [ which is prime to p, there exists
a nontrivial wi-torsor Y of X which is new-ordinary. Here ju; is the locally constant etale
sheaf consisting of Lth roots of unity.

Let Cr be a category of Artinian local k-algebras with residue field k. For a proper
smooth connected scheme Ty over Speck, we define a deformation functor

M7, : C — (Sets),

that is, for R € Ci, the set M7,(R) is a set of isomorphism classes of pairs (T, ¢) such that
T is a proper smooth scheme over Spec R and ¢ is an isomorphism 7' Xgpec g Spec k =
To. If Ty is a projective smooth connected curve or an Abelian variety, then My, is
pro-representable by the formal spectrum of a ring of formal power series over k.

Now let [ be a prime number which is prime to p, X¢ a projective smooth connected
curve of genus > 2 over Speck, Yy a w-torsor of Xo which is associated to a nontrivial
element Lo € J(Xo)[{](k) = Helt(Xo, wur), and J(Yp, Xo) the new part of Jacobian variety
of Yy with respect to Xg. Then there is a canonical map

T (R) : Mx,(R) = My, xq)(R)

as follows. For X € Mx,(R), there exists a unique u;-torsor f:Y — X over Spec R
which is a lift of the w;-torsor fp: Yo — Xo over Speck by [26, I, Corollaire 8.4]. Then
Tz, (R)(X) is the new part J(Y, X) = J(Y)/f*J(X) of the relative Jacobian variety J(Y)
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of Y with respect to the relative Jacobian variety J(X) of X with a natural isomorphism
J(Y, X) Xspec g Speck = J (Yo, Xo). Hence one has a Torelli morphism

Tﬁo : Mxo — MJ(Y(),X())'

By the numerical estimates in [54, Corollaries 4.7, 5.3] one has the following theorem.

Theorem 4.12 [49, Theorem 3.3]. With the notation as above, suppose that the gonality of
Xo is greater than or equal to 5. Then, for any sufficiently large prime number | which is
prime to p, there exists a nontrivial element Lo € J(Xo)[L1(k) such that the corresponding
wi-torsor Yo of Xo is new-ordinary and the Torelli morphism Ty, is an immersion.

4.4. Proof of Theorem 4.5.

First we prepare several assertions. Lemmas 4.13 and 4.16 are higher dimensional
generalizations of Lemma/Definition 4.7 and Lemma 2 in [49], respectively.

Lemma 4.13. Let f : X — S be a proper smooth morphism of smooth schemes separated
of finite type over Speck such that S is connected and each fiber of f is a connected curve,
t € X(k(S)*P) a point of degree d over k(S) where k(S)*P is a separable closure of the
function field k(S) of S, and n a positive integer which is prime to p. Let s be a closed
point of S, and Yy a py,-torsor of the fiber X of f ats. If n is prime to d, then there exist
a finite etale morphism S — S with a base change morphism f': X' = X xg8 — S and
a pp-torsor Y' — X' such that, for s' € S" which goes to s in S, the w,-torsor Y, of X,
is naturally isomorphic to the uy,-torsor Yy of X;.

Proof. Since we may identify p, with the constant etale sheaf Z/nZ, R fetn is locally
constant. Moreover, we can take a finite etale cover S’ of S such that R! fuw i, is constant.
Take a point s” € §’ with a closed immersion iy : ' — S’ such that s’ is above s. Then we
have an isomorphism i, R 1 Slotin = Helt(X s/, Mn) by proper base change theorem of etale
cohomology. Since R! Slutn 1s constant, the natural homomorphism

HG(S', R fiuttn) = He(Xyr, n) = Ho(Xs, 1)
is bijective. By composing with the exact sequence
1,/ 1 / 0,¢ 1 g7 2/¢ 2/y/
0 — Hy (S, n) = Ho (X', n) = He (S, R fopetn) — HG (S, n) — He (X, pn)

arising from Leray spectral sequence, we have only to prove that the natural
homomorphism HZ(S', u,) — HZ(X', uy) is injective. Indeed, if this is proved, the
homomorphism

Hey (X', pt) = Ho(Xs, )

is surjective, and hence there exists a u,-torsor ¥’ — X’ whose fiber at s’ is isomorphic
to the given w,-torsor Yy — Xj.

Let T be the normalization of § in the function field k(S)(¢) of . Then the restriction
g = flr : T — S is generically etale and finite of degree d. Since X is proper over S, there
exists a morphism & : T — X over S except a closed subscheme of codimension > 2 in
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T.If weput T/ =T xg S’ with a finite morphism g’ : T’ — §’, then there exists a closed
subscheme E’ of codimension > 2 in §’ such that & induces a commutative diagram

g EY B XN\ fTUE) C X
¢\ LIS
S/ \ El C S/,

where g” is the restriction of g’ to T'\ g~ '(E’). Hence we have a commutative diagram
of etale cohomology groups:

HA(S', ) g HE(X', i)
=l J=
(f//)* _
H2(S'\ E', i) L H2(X\ f'7(E), 1)
&)\ Ly

HZ(T'\ g~ (E"), ).
Indeed, both upper vertical maps are isomorphisms by the cohomological purity since
E’ (respectively f/(E’)) is of codimension > 2 in the smooth scheme S’ (respectively X')
[42, VI, Theorem 5.1]. The injectivity of (f’)* follows from that of (¢”)* which will be
proved in Proposition 4.14. O

Proposition 4.14. Let S be a smooth connected scheme separated of finite type over Speck
of an algebraic closed field k of characteristic p > 0, and g : T — S a generically etale and
finite morphism of degree d such that T is normal. Suppose n is a positive integer which
is prime to dp (respectively d) if p > 0 (respectively p =0). Then the homomorphism

g Hy (S, wn) — Hg(T pn)
18 injective.
Proof. Let U be an open dense subscheme of S such that the inverse image g~'(U) is

regular and the complement E of U in S is of codimension > 2. Such a U exists since T
is normal and g is finite. Then we have a natural commutative diagram

g*
HZ(S, pmp) = HA(T, )
¢ ¢
HZ(U, ) 2 H2(g ' (U), pn).

Since the left vertical homomorphism is injective by the cohomological purity theorem,
we may assume that T is smooth over Speck.

Let us take a largest open dense subscheme V of § such that the inverse image W =
g (V) is etale over S, and E (respectively F) is the complement of V (respectively W)
in S (respectively T). Let us now consider the commutative diagram

HZ p (S, jtn) — HE(S, un) — HI(V, )

g g 1 g
H3 o(T, ) — HE(T, ) — HEW, i)
8x 4 gx 1 | 8«

HZ (S, ) = HE(S, pn) — HEWV, 1),
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where the left items are etale cohomology groups with supports, each sequence
of horizontal homomorphisms is a localization sequence. The homomorphisms g, :
H2(T, jtn) — HZ(S, uy) are defined by Poincaré duality

(g«(a), b)s = (a, " (D)1
for a € H2(T, ta) and b € HZA™S72(S, p@dimS=1) where g* : HZ™S72(S, p®4ims—1)
HeztdimT_z(T, ,uff’dims_l) is a pullback of etale cohomology with compact supports and
u®' is a tensor product of I copies of w,. Note that Poincaré duality is applicable
since g: T — S is a finite morphism of smooth schemes [42, VI, Remark 11.6]. The
same works for the etale cohomology with supports. Then the composite g,g™ in the
left (respectively right) vertical homomorphisms is the map of multiplication with d by
Lemma 4.15 (respectively the finite etaleness of W over V). Hence, the middle g,g*
is surjective. Indeed, for any a € Hezt(S, ), gx&*(a) —da is included in the image of
HeZ[’E(S, in). Hence there exists an element b € Hezt(S,,un) coming from Hez[’E(S, Un)
such that g.g*(a+b) = da. Therefore the finiteness of Hezt(S, Wn) implies that the
homomorphism g* : Hezt(S, Un) —> Hezt(T, Wn) is injective. O

Lemma 4.15. With the notation in Proposition 4.1/, the following hold.

(1) Any generic point of complement of V in S is pure of codimension 1. The same
holds for the complement of W in T.

(2) Let Eq, ..., E, be reduced irreducible components of the complement E of V in S,
and F; 1, ..., Fiy; the reduced irreducible components of the inverse image F; of E;
in T with multiplicity e; j of Fij in T xs E; and the degree f; j of F; j over E;
(here we consider the ramification index and the residual degree for the extension
Or.r,;/Os.E; of discrete valuation rings, respectively). Then Zj e jfi,j=d for
any i.

(3) The homomorphism  g*: Hezt,Ei (S, un) — He2t,F,-(T’ Wn) is  giwven by  the
homomorphism

g Hy(Ei, in) — @, Hy(Fijs thn)
under the isomorphism (and the same for F; ;) induced by the bottom horizontal
Gysin isomorphism [42, VI, Theorem 5.1]:
Z/nZ = HQ(Ei, pn)(=1) —  HZ g (S, in)
=] J=
HR(E™, ) (=1) = HZ pan(S\E]™, i),

where EiS'lng is a singular locus of E; (note that E?ing is of codimension > 2 in S),
E;™ = E; \Eismg, and (—1) means the (—1)-st Tate twist.

(4) The homomorphism gy : Hezt,E(T’ n) — Hezt,E,- (S, un) is given by the
homomorphism

@ HY(Fij i) = HY(Ei, jun) (@) = Y a;
J

under the isomorphisms as in (3).
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(5) The composite g.g* : Hezt’E(S, n) — Hezt’E(S, Un) is the map of multiplication
with d.

Proof. (1) Since V is the largest and T is finite over S, the assertion follows from
Zariski-Nagata purity theorem [24, X, Théoréme 3.4].

(2) is standard. (3) follows from the functoriality of Gysin morphisms.

(4) The homomorphism is induced by the natural homomorphism

imE; imF; ~ 2dimF;
8" Hae ™ (B, ) — Haod™ (Frs ) = @ gl (Fr g i),
(5) Since Hezt,E(S, wn) = @, Hezt’Ei (S, n), the assertion follows from (2), (3), and (4).
O

Lemma 4.16. Let S be a projective smooth and connected scheme over Speck, and X a
proper smooth family of connected curves of genus g > 2. Let §' — § be a finite etale
morphism and Y' — X' = X x5 8 a finite etale morphism. If the family Y' over S’ is
isotrivial, then so is the family X over S.

Proof. When S is a curve, the lemma is just Lemma 2 in [49, p.435]. Let T be a
projective smooth curve in S, and T’, X7, X7, Y} base changes of §', X, X", Y' by T — §,
respectively. Then the family X7 over T is isotrivial. By varying projective smooth
curves in S, there exists an open dense subscheme U of § such that Xy = X xg U over
U is isotrivial by Bertini’s theorem. Hence, the family X over § is isotrivial because
the canonical morphism § — 9M, is constant, where M, is the coarse moduli space of
projective smooth curves of genus g. O

Now let us prove Theorem 4.5. The following arguments are essentially due to the proof
of [49, Theomre 4.6]. Let us fix a closed point s in S. If the fiber X of X at s is ordinary,
then the assertion follows from Corollary 4.3. Hence we may suppose the fiber X is not
ordinary. Then there exist

1° (only in the case where the p-rank of X is 0; if not, then Sy = S and s9 = s) a point
to of X (k(8)%P) of degree dy, a finite etale morphism Sy — S of connected schemes
and a finite etale morphism Yy — Xo = X x¢ Sy such that, for a closed point sg of
So which goes to s in S, Yo — X¢ is a py,-torsor for a prime number /o which is
prime to pdy and that the p-rank of the fiber Yy 4, of Yy at 5o is neither 0 nor g;

2° a point t; of Yy(k(Sp)*P) of degree dj, a finite etale morphism S; — Sy of connected
schemes and a finite etale morphism Y| — X = Y x5, S1 such that, for a closed
point s of §; which goes to so in So, Y1 — X is a uy,-torsor for a prime number /;
which is prime to pd; and that the gonality of the fiber Yi, of Y; at s is greater
than or equal to 5;

3° a point £, of Y1 (k(S1)%P) of degree d5, a finite etale morphism S, — S| of connected
schemes, a prime number /, which is prime to pd>, and a nontrivial p,-torsor
Y, = Xo =Y1 x5, $» such that, if s is a closed point of S» which goes to s in S; and
L € J(X25,)[l2](k) corresponds to the pu;,-torsor Y2 5, — X2 4,, then (i) Yo 5, = Xo 5,
is new-ordinary and (ii) the Torelli morphism Tz : Mx,  — Mym,,, x,,,) is an
immersion.
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by Theorem 4.11 and Lemma 4.13 for 1°, by Theorem 4.8 and Lemma 4.13 for 2°, and
by Theorem 4.12 and Lemma 4.13 for 3°. Note that the existence of 1y, t1, 5 in separable
closures follows from [60, 0CD4, Lemma 50.13.9]. Hence the gonality of X, ,, = Y4, is
greater than or equal to 5 by 2°. In this situation we have only to prove the family X»
over $; is isotrivial under the assumption that any geometric convergent F-isocrystal on
S>/K has constant Newton polygons. Indeed, one can replace X/S by Xo/So, Xo/So by
X1/S1, and X1/S1 by X2/S2 by Proposition 2.8(2) and Lemma 4.16.
Let J(X3) and J(Y>) be relative Jacobian varieties over S and define the new part

J(Y2, X2) = J(Y2)/f5 T (X2)

where f, : Y — X» is the canonical morphism. Then J (Y3, X») is a principally polarized
Abelian scheme over ;. Since J (Y2, X2)s, = J(Ya,5,, X2,5,) is an ordinary Abelian variety,
there exists an etale morphism g: U — S, with 5o € g(U) such that J(Y2, X3) x5, U

is a trivial deformation of J (Y2 s3> X2,5,) over U by Theorem 4.2. Hence the formal
deformation J (Y2, X2) Xs, SpfOS2 s, of J(Ya5,, X2.5,) over Spf (952 5, 1s trivial where 052 5
is the completion of Og, along s,. Since the Torelli morphism 7 is an immersion by 3°,
the formal deformation X, xg, Spf (’9\52, s, of X5 5, over Spf (”)\52,32 is also trivial. It implies
an existence of an etale morphism A : V — S, with so € (V) such that X, is a trivial
deformation of Xa,, over V by [50, Proposition 2.6.10]. Note that the projectivity X»
over S is required in the proposition of [50] and it follows from the fact that J(X») is
projective over Sy (see [22, Proof of Theorem 1.9]). Therefore, X5 is isotrivial over an open
subscheme of S, including s and then the canonical morphism $; — 9, is constant
where g is the genus of the geometric generic fiber of X over S,. This completes a
proof. O

4.5. Existence of convergent F-isocrystals with nonconstant Newton
polygons

In the study of nonconstant geometric etale fundamental groups on a family, M.Saidi
proved the following theorem.

Theorem 4.17 [49, Theorem 4.5]. Let C be a projective smooth and connected curve over
Speck, and f : X — C a proper smooth family of connected curves of genus > 2. If X is
not isotrivial over C, then the p-ranks of fibers X are not constant on C.

Since there always exists a projective smooth and connected curve C with a
nonisotrivial family of curves (see [47, Theorem 3.1], [17]), we have an existence theorem
below. Moreover, such a curve C and a convergent F-isocrystal are possibly defined over
a finite base field in any characteristic p.

Corollary 4.18. There exist a projective smooth and connected curve C over Speck and
a convergent F-isocrystal on C/K with nonconstant Newton polygons.
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A. Proof of Theorem 2.5.

A.1. First reduction

In this appendix we will prove the following theorem.

Theorem A.1. Let X be a smooth scheme separated of finite type over k, and M a
convergent F-isocrystal on X/K. Suppose that

(x) the initial slope of M at the generic point of X is greater than or equal to 0 and
the rank of slope O of F-isocrystal i M is constant on points of X.

Then there exists a unit-root convergent sub F-isocrystal L of M on X/K of rank ro (if
ro =0, then L =0), where ry is the rank of slope 0 at the generic point.

Theorem 2.5 follows from the theorem above. Indeed, by taking a ramified finite
extension K’ of K with an extension of Frobenius such that the valuation corresponding
to the initial slope is contained in the valuation group of K’, we can reduce the assertion
to that in the case where the initial slope is 0 by Lemma A.2.

Lemma A.2. Let K’ be a finite extension of K with a residue field k' such that there exists
a g-Frobenius o’ on K' satisfying o’'|x = o, and put X' = X Xspeck Speck. Let M be a
convergent F-isocrystal on X/K, and M’ the inverse image of M on X'/K'. Suppose
there exists a convergent sub F-isocrystal L of M’ such that all slopes of i¥(M'/L") are
greater than those of i*L' for any point iy : x — X. Then there exists a convergent sub
F-isocrystal L of M on X/K such that the inverse image of L on X'/K’ is isomorphic
to L.

Proof. Let g: X’ — X be a canonical morphism. If we put £ to be the kernel of the
natural homomorphism M — g, M'/g. L', i.e.,

L =Ker(M — g .M’ /g. L)),
then L is the desired convergent sub F-isocrystal of M by the hypothesis of slopes. [

In order to prove Theorem A.1 we may assume that the conditions (i) and (ii) of
Frobenius o in §2.1 and X are geometrically connected by Lemma A.2. Our strategy of
the proof of Theorem A.1 is as follows:

1° To construct a Gal(k(X)%P/k(X))-representation V(M) over K, which corresponds
to the unit-root sub of M at the generic fiber. Here k(X) is the function field of X
and k(X)%P is a separable closure of k(X).

2° To show V(M) is unramified at each point of X of codimension 1. Then V(M) is
a representation of rrft(X ) by Zariski-Nagata purity theorem [24, X, Theorem 3.4].
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3° To take a unit-root convergent F-isocrystal £ on X/K corresponding to V(M) by
Katz—Crew equivalence [11, Theorem 2.1].

4° To show L is a subobject of M.

A.2. Unramified representations at a point of codimension 1

Let E be a complete discrete valuation field of mixed characteristic (0, p), and Rg, kg, mg
the ring of integers, the residue field (allowing a non-perfect field), and the maximal ideal
of R, respectively. Let ¢ be a g-Frobenius on E. Suppose that (i) F, C kg and (ii) the
absolute ramification index of E is equal to that of E,. Here E, is a ¢-invariant subfield of
E and it is a totally ramified finite extension of the field of fractions of W (IF,). Note that,
for arbitrary E and ¢, the hypotheses (i), (ii) hold after a finite unramified extension of
E. Indeed, a g-invariant uniformizer 7 exists in the extension EPf of E which is defined
in the next paragraph and 7 is algebraic over Q, by Remark 2.1.

Let kzlg (respectively kzep) be an algebraic closure of kg (respectively a separable closure

of kg in kaElg), EYr the p-adic completion of a maximal unramified extension of E, and
E"Pf the p-adic completion of the inductive limit of the inductive system

B f B b g b
such that E™ — E"Pf is defined by the inclusion into the first component. EYr
(respectively E“r’pf) is a complete discrete valuation field of mixed characteristic (0, p)
with residue field k" (respectively kzlg). Then the g-Frobenius ¢ on E extends uniquely

on E' and EVPf where the Frobenius on E"Pf is induced by (¢, ¢, ¢, ...) on the inductive
system, and we also denote them by ¢.

Lemma A.3. (1) There exists a canonical isomorphism
~ 1
Eorpf o~ E, ®W(Fq) W(kaEg)

such that the isomorphism commutes with Frobenius and the actions of
Gal(kzep/kg). Here Fr, is the canonical q-Frobenius on W(k%lg), the Frobenius ¢
on E, @wr,) W(kaElg) is defined by idg, ® Frg, Gal(kz-ep/kE) acts on W(kaElg) by each
entry of Witt vectors and on E, ®wF,) W(kaElg) by l®t fort e Gal(kz-ep/kE).
(2) (E'P), = (E"), = E,.
Proof. It follows from the universal property of Witt vector rings. [

Even in the case where kg is an arbitrary field of characteristic p, one can also define
F-spaces over E, slopes of Frobenius, and slope filtrations of F-spaces as in §2.2 and 2.3.
We replace the notation of Frobenius F of F-spaces by @ in this Appendix. An F-space
M over E is unit-root, i.e., all slopes are 0, if and only if there exists a finitely generated
d-stable Rp-submodule L in M such that L ® g, E = M and ®(L) generates L over Rg.
Such an L is called a lattice of M. Indeed, when the residue field kg is infinite, there exists
a cyclic vector v € M, namely {v, ®(v), ..., ®"~!(v)} forms a basis of M (see [55, Lemma
3.1.4)). If " (v) +a;® " '(v)+---+a,v =0 for some ay,...,a, € E (a, #0), then the

https://doi.org/10.1017/51474748019000276 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748019000276

Constancy of Newton polygons and isotriviality of families 615

unit-rootness of M is equivalent to the conditions ay, ..., a, € Rg and ord,(a,) = 0. Hence
a unit-root F-space over E admits a lattice L. When kg is finite, Lz N M is a lattice
of M where Lz is a lattice of M ®g E™. For the converse, we may assume the residue
field kg is algebraically closed and then it follows from Dieudonné-Manin classification
theorem.

For an F-space M over E, we put

VE(M) :=Ker(1 - ®®¢; Mg E') = (v e M@ E™ [ (P ®¢)(v) = v).

Then Vg(M) is an E,-space of dimension < dimgM since the canonical map Vg (M) ®E,
E — M is injective by Lemma A.3(2). The K,-space Vg(M) is furnished with a
Gal(ky;"/kg)-action defined by 1 ® 7 (t € Gal(k,"/kE)).

Proposition A.4. Let M be an F-space over E.

(1) There is a slope filtration {SyM} of M as F-spaces over E.
(2) Suppose S, =0 for » <0. If L is a lattice of SoM, then

VE(M) = VE(SoM) = Ker(1 = @ @ ¢; L @rp Rpu) (rp), Eg

and it is of dimension ro = dimgSoM. Here Rz is the integer ring of Evr.
(3) VE(M) =Ker(1— PR ¢; M QF E'PYY by the natural inclusion.

Proof. (1) See [34, Remark 1.7.8] and [8, Theorems 2.4].
(2) The first equality is trivial by slopes under the hypothesis. Let (eq, ..., es) be a
basis of SoM and put ®(ey, ..., e,) = (e1,...,e,)F for an F € GL, (E). Then

Ve(M) = {y € (") | Fo(y) =y).

If one takes a basis of M in L, then F € GL,,(Rg) and it implies that the second equality
of the assertion. The Frobenius equation has enough solutions by [28, Proposition 4.1.1]
([23, A1.2] or by direct calculations of the equations modulo m%ur step by step and
completeness of Rpu). Hence dime V(M) = ry.

(3) It follows from Lemma A.3(2). O

Let us put E[tlo = Relzl[1/p] (respectively & = E[[ﬁo[\l/t] to be the p-adic
completion of E[t]o[1/t]), and ¢ a g-Frobenius on E[t]p (respectively the unique
extension to £) with respect to the Frobenius ¢ on E, that is, ¢(a) = a? (modmRg[[¢])
for a € Rg[[t]l. We define the Gauss norm on E[[t]lp (respectively &) by

Z ant”

n

= sup |an |p s
Gauss n

where |a|, = p~ (@ ig the p-adic norm. Note that E[t]lo is a principal ideal domain
by Weierstrass preparation theorem such that it is complete in (¢, p)-adic topology, and
£ is a complete discrete valuation field under Gauss norm. The ¢-invariant subfield &,
of £ coincides with E,, and hence the conditions (i), (ii) at the beginning of A.2 hold for
& and ¢.
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For either B = E[[t]lgp or &, a (¢, V)-module (M, V, ®) over B is a free B-module of

finite rank with a E-connection V: M — M ®p Q}B/E, (Q}R/E = Bdt) and a Frobenius

® : 9*M S M such that @ is a horizontal isomorphism with respect to connections. Then
the category of (¢, V)-modules over B is Abelian and it is independent of the choice of
@ up to canonical equivalences [56, Proposition 3.4.9].

A generic slope (respectively a special slope) of a (¢, V)-module M over E[t]ly is a
slope of the (¢, V)-module M Qgy), € over € (respectively the g-module M ®gps, E over
E, where the specialization map E[[t]o — E is defined by ), ant" + ap). We define
generic (respectively special) Newton polygon of M by Newton polygon of M ®gp:, €
(respectively M Qg E). A (¢, V)-module M over E[t]lo is said to be unit-root if all
slopes both at the generic point and at the special point are 0.

Theorem A.5. Let M be a (¢, V)-module M over E[t]o.

(1) (29, Corollary 2.6.2] if kg is perfect, [8, Theorems 6.21] in general) If a (¢, V)-
module M over E[tlo has constant Newton polygons (i.e., both generic and
special Newton polygons are same), then M admits a slope filtration {SyM}, as
(@, V)-modules over E[tlo. If furthermore that M is unit-root and the residue field
kg of E is separably closed, then M is isomorphic to a direct sum of copies of the
trivial (¢, V)-module E[[t]o.

(2) Suppose M admits a slope filtration {SyM}, such that S;M =0 for & < 0. Then
there are natural isomorphisms

Ve(M ®kp, ) < Ker(1 —®®¢; M ®gpy, EV o) > Ve(M ®kp, E)

which are compatible with the actions of Gal(kg(¢))*P/kg(2))). In particular, the
representation Ve (M Qgjs, £) s unramified, that is, the Galois group acts via the
quotient Gal(kg (1)"/ ke (1) = Gal(ky" /kE).

Proof. (2) If we put ro = dimgSoM, then Ve(M QEpg, £) (respectively the middle term,
respectively Vg (M)) is of dimension rg by Proposition A.4(2) (respectively by (1) for the
middle term). Hence the natural maps are isomorphisms. By the construction they are
compatible with the Galois actions, and it implies that the representation Ve (M Qg[:, £)
is unramified. O

A.3. Construction of a functor V

Now we return to the situation of Theorem A.1. We will define a functor
V : F-Isoc(X/K)™ — Repg, (7{'(X))

and show several properties of V, where F-Isoc(X/K)® is the full subcategory of
F-Isoc(X/K) consisting of objects which satisfy the hypothesis (x) in Theorem A.1 and
Repg, (nft(X)) is the category of continuous finite dimensional K,-representations of
mH(X).

Let X be a smooth geometrically connected scheme separated of finite type over
Spec k. We may assume that X is affine by gluing after Lemma A.7. Then there exists
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a smooth affine formal scheme Spf A topologically of finite type over Spf R such that
X =Spec A®grk and A is furnished with a g-Frobenius endomorphism ¢4 compatible
with the g-Frobenius ¢ on K. Indeed, such a lift A (respectively a Frobenius ¢4 on A)
exists by [18, Théoreéme 6] (respectively by formal smoothness).

Let E4 be the field of fractions of the p-adic completion of the localization Ay of A
along mA, and Ejr the p-adic completion of the maximal unramified extension of Eg4,

Aurp

and E as before. Then

K C Eq CEY cEurpf
is a sequence of extensions of discrete valuation fields with residue fields k, k(X), k(X)3¢P
and k(X)¥€ respectively such that they have Frobenius ¢4 which are unique extensions
of that of A. The g-invariant subfields of them coincide with K, by the hypotheses (i),
(ii) in §2.1, the formal smoothness of A over R and Lemma A.3. So the conditions (i),
(ii) at the beginning of A.2 hold. Moreover, the absolute Galois group Gal(k(X)P/k(X))
of the function field k(X) of X acts continuously on the above sequence.

Let Spf B be another formally smooth lift of X over Spf R, and take Ep C E%r C E‘;;’p !
and ¢p as before. Let A®gB be the tensor product of A and B over R in the category
of formal R-algebras, and p4 :SpfAQgrB — SpfA and pp:Spf A®rB — SpfB two
projections.

Lemma A.6. Let 1X[sprapzp be the tubular neighborhood of X in Spf A®RB (see [?] for
rigid analytic spaces and the definition of tubular neighborhoods), and fi, ..., fs € A®RB
lifts of generators of the kernel of the multiplication map A/mA ®; B/mB — I'(X, Ox).

(1) Let w be a generator of the maximal ideal my, of R, (note that it is also a generator
ofm). If U, denotes an affinoid subspace of the quasi-Stein space 1X[spf a@g B which

1s defined by |fiqn| || forn > 1, then
C .= I’(]X[SpfA@RB, Oi1xi [spr AG 5) = hm C,

(A®RB)[I}117~' tn r]A[l/P

Xlspiazgs) = (mnz (0a®pp)" (fi);i=1,...,5)
Coy1t = Cu typri > w7 1e! (¢A®¢B)"(fq)/ﬂ+(¢A®¢B)"“(f)/ﬂ

C, =T(Uy, O

where

and =~ means the p-adic completion. Moreover, the Frobenius ¢oQ¢p on AQgB
induces a Frobenius ¢c : C — C which is given by

Cn — Cn+l tn,i = tn-l—l,i-

(2) Let A[l/p] — K4 ®wE, )W(k(X)alg) be a K-algebra homomorphism which is a

2ur, pf zur,pf ~

composite of A[1/p] — E . and the canonical isomorphism E " = Ko ®@w(,)

W (k(X)%2) in Lemma A.S(I), and the same for B. Then they mduce a K-algebra
homomorphism

1:C— Ky ®wa,) Wk(X)M)

such that pw commutes with Frobenius ¢c and ¢ = idk, ® Fry, respectively.
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(3) If Q is the topological closure of the field of fractions of w(C) under the p-adic
norm, then we have a commutative diagram

All/p] - Ex — EY — Eur!
S \: 1=
K- C = 0 C  Ko®wer)Wko)M
N1 0 1=
B[l/p] — Ep — E¥ — et

of topological K -algebras such that all morphisms commute with Frobenius and the
actions of Gal(k(X)%P/k(X)).

Proof. (1) Since (pa®¢p)(fi) = fl.q (modm(ps®¢p)), the condition Ifiqnl < |m| s
equivalent to [¢"(fi)| < || on 1X[spraggp- Since |¢"(fi)/m| <1 on Uy, the K-algebra
homomorphism C, 1 — C, is well defined.

(2) Put h : (A®rB)[1/p] = K, ®w(E,) W (k(X)%2) to be the induced morphism. Since
fi=0 in I'(X, Ox), the inequality |2(f;)| < |7| holds in K, ®ww,) W k(X)) and
h((@a®¢p)"(f;)/7) exists in Ry ®wE,) W (k(X)*2). Hence the K-algebra homomorphism
u exists. Lemma A.3(1) and the universal property of tensor products induce the
compatibility of Frobenius and %, so that wu is compatible with Frobenius.

(3) It follows from (1), (2) and Lemma A.3(1). O

Now we define the functor V. Let M be a convergent F-isocrystal on X/K which
satisfies the hypothesis () of Theorem A.1. Put M =T (]X[spra, M). Then M is a
projective A[1/p]-module of finite type which is furnished with an integrable connection

Vyu:M—> MQ®u QépfA/Spr and a Frobenius ®j; : ¢*M = M such that &, is horizontal
with respect to integrable connections. We define a K,-space V(M) by

V(M) = Ker(1 — Oy @ pa: M ®ap1/p) E).

Since M ®a[1/p) Ea admits a slope filtration {S3} with S, = 0 for A < 0 by Theorem A.5,
there is an equality V(M) = Ker(l — Py ® ¢a; So ®F, Ejr) by the inclusion Sy C
M ®@a11/p) Ea. Hence V(M) is a K,-space of rank ro(= dimgSp) with a continuous action
of the Galois group Gal(k(X)%P/k(X)) by Proposition A.4. Moreover, there is a canonical
isomorphism

V(M) = Ker(1 — Sy ® pas M @api/p Ey™).

of Ky-representations of Gal(k(X)*P/k(X)) by Lemma A.3(2) and Proposition A.4.

Lemma A.7. The K, -representation V(M) of Gal(k(X)*P/ k(X)) does not depend on the
choices of the lift Spf A of X over Spf R and the Frobenius ¢4 on Spf A up to canonical
isomorphisms.

Proof. Keep the notation in Lemma A.6. Let Spf B be another formally smooth lift of
X over Spf R. We fix the notation as in Lemma A.6. If N is a convergent F-isocrystal
on X/K with respect to the frame (X, Spf B) which corresponds to M, then there is a
canonical isomorphism

€:pyN = piM
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of convergent F-isocrystals on X/K with respect to the frame (X, SpfA®zB) and a
commutative diagram

Vi€
oe(pN) = eE(paM)
1Py | oy ®1
PN > pEM

of Frobenius.

Let ey (respectively ey) be a basis of M ®aq1/p) Ea (respectively N ®pj1/p) Ep for
N =T (X[sprs,N)). Then there exist matrices Fyy € GL,(E4), Fy € GL,(Ep), and H €
GL,(C) such that

Oy(l@ey) =euFy, Pv(lQey)=eyFy, €(lQ@ey)=(ex®1)H.
Then the above commutativity on Frobenius induces the identity
Fu@(u(H)) = p(H)Fy
in GL,(Q) C GL, (K, ®w(F,) W (k(X)™2)). Let us consider a Ky-space

Ker(1 — @y ® : M Qap1/p) (Ko @w,) W(k(X)M2)))
=y € (Ko ®@wr,) WKX)M) | Fud(y) =y)

for M and the same for N. Then we have an equivalence
Fu@(y) =y ¢ Fyg(u(H)™'y) = n(H)™'y.
Since H is fixed by the action of Gal(k(X)*P/k(X)), we have isomorphisms

V(M) = Ker(1 — Dy @ pa; M ®api/p E4 ™)
~ pf
= Ker(1 — @n ® pp; N Qppi/p Ex ™) = VIN).

as K,-representations of Gal(k(X)%P/k(X)). O
Applying Theorem A.5 at each point of X of codimension 1, we have the following
proposition.

Proposition A.8. Let M and N be convergent F-isocrystals on X /K which satisfy the
hypothesis (x) in Theorem A.1.

(1) Gal(k(X)*P/k(X)) acts on V(M) via the etale fundamental group nlet(X) of X.
(2) The functor V : F-Isoc(X/K)™ — Repg, (nft(X)) is exact and satisfies
V(M ®o]x[/\/) = V(M) ®k, VN).

Proof. (1) Let x be a point of X of codimension 1, and p, the inverse image of the
prime ideal associated to x by the natural surjection A — A/mA. Let A, be the p-adic
completion of the localization of A along py, A, the completion of Ay along pyAyx,
pxXx = (m, tx)Xx for t, € pxAy such that ¢, (modmA,) is a local parameter at the point
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x in X, and E, the field of fractions of A,/t,A,. Such t, can be taken since A, is
a regular local domain of dimension 2 with the maximal ideal pyA,. The ring Zx is
an integral domain and we have an isomorphism Zx[l /Pl = E;[[tylo- We put &, to
be the p-adic completion of E\[:]o[1/:] and we regard E4 as a subfield of & by
the natural injection A — &,. If we denote the field of fractions of A\X/mxx by k(X)x,
then the residue extension of E4 — &y is a natural embedding k(X) C k(X),. Let us fix
an embedding k(X)*P C k(X)x?. Then the embedding induces a continuous K-algebra
homomorphism E\jr — é‘:‘c“ which is compatible with Frobenius by the uniqueness of
extension and with the actions of Gal(k(X)y"/k(X)y) via the induced homomorphism
Gal(k(X)y™/k(X)x) — Gal(k(X)*P/k(X)).

Let M be a convergent F-isocrystal on X/K satisfying the condition (x), x € X a point
of codimension 1, and use the notation as before. By comparing the dimensions over K,

the inclusion EY C &' provides an isomorphism

V(M) = Ve, (M ®ai/p) Ex)

by Proposition A.4(2). Since M ®a[1/,) Ex has a (¢, V)-submodule M ® a[1/p) Ex [t 1o over
E [t Jlo, the compatibility implies that V(M) is unramified at x by Theorem A.5(2) and
Lemma A.7. Here we may replace Frobenius ¢4 by what induces Frobenius on E,[[#]lo-
Applying Zariski-Nagata purity theorem [24, X, Theorem 3.4], V(M) is a representation

of mf'(X).
(2) The exactness follows from the additivity of ranks of graduation of slope filtrations.
O

Theorem A.9. Let X be a smooth geometrically connected scheme of finite type over k.
Then the functor V is compatible with the functor VO of Katz—Crew’s equivalence:

F-Tsoc(X/K)® —> Repg. (8(X))
U /
yo
F-Tsoc(X/K)°
where F-Isoc(X/K)? is the full subcategory of F-Isoc(X/K) consisting of unit-root
convergent F-isocrystals.

Proof. We recall a construction of the functor VO which is a quasi-inverse of the
equivalence G : Repg, (rrft(X)) — F-Isoc(X/K)? defined by Crew in [11, Section 2]. Let
M be a unit-root convergent F-isocrystal on X/K of rank rg. By patching technique, we
may assume that X is affine, and hence we follow the notation at the beginning of this
subsection. Let M be a unit-root convergent F-isocrystal on X/K. Since M is unit-root,

there is a locally free Ogpfa-module £ of finite rank with Frobenius ® : ¢} £ 3 L such
that the analytification of L®g K is M. Such an L is called an F-lattice of M and it
always exists by [11, Proposition 2.5]. Then there is a sequence

X=Xg<«< X1 < Xp <« X3« -
of finite etale Galois coverings of X with structure morphisms 7, : X,, — X and a sequence

Spf A = SpfAg <~ SpfA; < SpfAr < ...,
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of lifts of X¢ < X| < X5 < --- over Spf R with a system of embeddings A, — /E\I‘;r and
a system of Frobenius ¢, compatible with Frobenius ¢4 on E} such that m;(£/m"L) is
a trivial ¢,-module over A, /m"A,. Then

[, = Ker(1 — @ ® ¢,; T (Spf Ay, 7, (L/m" L))

is a free R,/mj-module of rank ro with an action of Gal(X,/X) and {I',}, forms a
projective system of rrft(X)—representations by [28, Proposition 4.1.1]. Then V? is defined
by

VM) := Ko @g, lim T,
The fact that VO is a quasi-inverse of Crew’s functor G follows from a projective system
of isomorphisms I'y, ® g, [Gal(x,./ X)] Ospta, = L£/m" L, where Gal(X,,/X) is the Galois group
of the covering X, over X. Hence we have isomorphisms

VOM) = K, @, limKer(1 — & © a5 T(Spf A, £/m"L) @4 /mna Rpu /Ml )

= K; Qg, Ker(1 —®®¢a; T'(Spf A, L) ®4 Rgur)
= V(M)

as Ky-spaces with continuous nft(X)—actions by our construction of V in § A.3. Indeed,
the first isomorphism follows from the fact that the ¢-invariant subring of RE\;{: /m%ur

A
coincides with R,/m}, and the second isomorphism follows from p-adic completeness.
Therefore our construction is compatible with Crew’s one. O

A.4. End of the proof of Theorem A.1

Keep the notation as in the previous section.

Lemma A.10. Let M be a convergent F-isocrystal on X /K which satisfies the hypothesis
(%) of Theorem A.1. Suppose that V(M) contains a trivial representation Vo(= Ks) of
rank 1. Then there exists a convergent sub F-isocrystal of M which is isomorphic to the
unit-root trivial object (O1x1, d, ) of rank 1.

Proof. We may suppose X is affine by the full faithfulness of restriction functors of
F-isocrystals [32, Theorem 5.2.1] [33, Theorem 4.2.1] and assume the same geometric
situation as in the proof of Proposition A.8 holds. Let us put M = I'(1X[spr 4, M). Then
M is a projective A[1/p]-module of finite rank. Our claim is that Vy C M under the
inclusion

Vo C V(M) =Ker(1 — @y @ pa; M @ap1/p) EX) € M @ap1/p) EY.

Indeed, O1x; = Vo ®k, Oqx[ is a unit convergent sub F-isocrystal of M.

Since Vp is Gal(k(X)*P/k(X))-invariant, Vp is included in M ®a[1/p] Ea- Let us take a
point x of X of codimension 1, and keep the notation as in the proof of Proposition A.8.
The identity Ve, (M ®af1/) &) = Ker(1 — @y @ 9a; M @ap1/p) EX 12, 1) (Theorem A.5(2))
implies that Vj is included in M ®ay1/p A +[1/p]. Moreover, since M is a direct summand
of a free A[1/p]-module of finite type, the equality

M @ap1/p Axl1/p] = (M ®aq1/p1 EA) N (M ®aq1/p] Al1/pD)
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holds in M ®a[1/p) € by Lemma A.11(1). Hence Vjy is included in M ®af1/p) Ax[1/p].
Now our claim Vy C M follows from Lemma A.11(2). O

Lemma A.11. With the notation above, we have
(1) Al1/pl = ENAL[1/p] in &
(2) A[l/pl =NA[1/p] in Ea, where x runs through all points of X of codimension 1.
X

Proof. Since E4 C &, is an extension as discrete valuation rings, we have only to prove
Ay = Xmﬂgx and A=), Ax, where A\m is the p-adic completion of Ap. Since the
ideals generated by m are prime in A, Ay, A » and Ay and since all rings are complete
and separated in p-adic topology, respectively, it is sufficient to prove A,/mA, =
(Am/MAp) N (A, /mA,) and A/mA = (), A,/mA,. Note that K (X) = Am/MAp is a field
of fractions of A/mA, A, /mA, is a localization of A/mA at the point x, and its completion
by the ideal of definition of x is A,/mA,. Hence (1) holds. Since A/mA is a Noetherian
normal domain, it is an intersection of all localizations of height one prime ideals. Hence
(2) holds. O

Now let us complete a proof of Theorem A.1. Let M be a convergent F-isocrystal on
X /K which satisfies the hypothesis of Theorem A.1. We have only to prove that there
exist a unit-root convergent F-isocrystal N on X/K with a nontrivial homomorphism
N — M. Indeed, when such an N exists, the quotient M/Im(N — M) satisfies the
hypothesis of Theorem A.1. Repeating this argument, one has the unit-root subobject £
of M whose rank is rg. Hence L is a desired unit-root convergent F-isocrystal on X/K.

Applying Katz-Crew’s quasi-inverse G of V°, we have a nontrivial unit-root convergent
F-isocrystal N'= G(V(M)) on X/K since V(M) is a continuous K,-representation
V(M) of n{'(X) of dimension ro by Proposition A.8(1). Applying Proposition A.8(2)
and Lemma A.10 to NV ®0,y M, we have a unit-root trivial convergent subobject in
NY ®0,4 M. Hence we have a nontrivial homomorphism N — M. O

Remark A.12. If £ is the maximal unit-root subobject of M, then
L=GVL) =GV (L) =GV (M)

by Katz—Crew equivalence and Theorem A.9.
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