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Abstract

The density distribution of inhomogeneous dense deuterium-tritium plasmas in laser fusion is revealed by the energy loss
of fast protons going through the plasma. In our simulation of a plasma density diagnostics, the fast protons used for the
diagnostics may be generated in the laser-plasma interaction. Dividing a two-dimensional area into grids and knowing the
initial and final energies of the protons, we can obtain a large linear and ill-posed equation set for the densities of all grids,
which is solved with the Tikhonov regularization method. We find that the accuracy of the set plan with four proton sources
is better than those of the set plans with less than four proton sources. Also we have done the density reconstruction
especially for four proton sources with and without assuming circularly symmetrical density distribution, and find that
the accuracy is better for the reconstruction assuming circular symmetry. The error is about 9% when no noise is added
to the final energy for the reconstruction of four proton sources assuming circular symmetry. The accuracies for
different random noises to final proton energies with four proton sources are also calculated.
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1. INTRODUCTION

For relatively low plasma densities, several methods of
plasma diagnostics, such as laser interferometry (Belyaev
et al., 1996), Thomson scattering (Snyder et al., 2000), and
spectroscopic measurements (Morgan et al., 1994), have
been successfully applied. With the increase of the plasma
density, the optical depth of the plasma volume becomes
excessively high when the plasma areal density is beyond
1021/cm2 (Golubev et al., 1998; Wetzler et al., 1997). So
the techniques above no longer work well. At the same
time, fast protons generated during the interaction of ultrain-
tense (I . 1019 W/cm2) short laser pulses with thin solid
targets become effective for the diagnostics of dense
plasmas because of their large stopping range in plasmas,
small source size, short duration, and large number density.

The generation of fast protons (Dong et al., 2003; Mora,
2003; Silva et al., 2004; Hegelich et al., 2006; Yin et al.,
2006; Flippo et al., 2007; Willi et al., 2007) has
been studied in many papers and the generation of

quasi-monoenergetic protons is dominated (Hegelich et al.,
2006; Flippo et al., 2007; Willi et al., 2007). There are
also many proton imaging techniques which allow the distri-
bution of electromagnetic fields in plasmas and around laser-
irradiated targets to be explored (Ruhl et al., 2006; Borghesi
et al., 2001, 2002, 2003, 2005, 2007) and the density gradi-
ent of the laser-driven implosion target to be obtained using
the angle deflection from the density impact on the protons
(Mackinnon et al., 2006). The researches above have been
done with the thickness of the probed targets much smaller
than the collisional stopping distance for the protons
employed, so the energy loss of the protons (Borghesi
et al., 2001, 2002, 2003, 2005, 2007) is mainly due to the
electromagnetic fields they have passed through. In the fol-
lowing, we will focus on the impact of background electrons’
collision on the protons, ignoring that of the electromagnetic
fields, which is right for much denser and thicker plasmas.
Therefore, we can use fast protons for the density diagnostics
for extremely dense plasmas, such as in the case of laser
fusion.

Neglecting the self-generated electromagnetic fields by the
proton beams, which is appropriate when the proton number
is low or protons move together with electrons of equal
number (Califano et al., 2003), we can consider only the
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energy loss induced by collisions between particles. The
interaction physics for the protons is simpler than that for
the electrons when they are going through the deuterium-
tritium (DT) plasmas, because the deflection angle for
protons is much smaller than that for electrons and the
mean transverse dispersion distance for the protons is much
smaller than the corresponding propagating distance in DT
plasmas. Therefore, fast protons can be supposed to go
through the probed plasma straightly (Bloembergen &
Heerden, 1951; Smith, 1947; Nardi et al., 2007; Li et al.,
2006), which makes it easier to use the Coulomb energy
loss as a method of plasma density diagnostics.

The density of the order of 1019/cm3 in homogeneous
plasma has been obtained through the above method with one
single proton beam (Golubev et al., 1998). We will demonstrate
the way of revealing the density distribution of inhomogeneous
plasmas after knowing the coulomb energy loss of fast proton
beams. The method of obtaining the density distribution of
the two-dimensional (2D) slice plasma will be demonstrated
in Sections 3, 4, and 5. A brief discussion of the plasma
density diagnostics will be presented at the end. When more
proton sources are used, the experiment will be more difficult,
although the accuracy of revealing will be improved. So the
number of the proton sources will be as few as possible. In
this paper, no more than four proton sources will be used.

2. THEORY AND FORMULAS

The studied 2D slice area is divided into many grids, for
example, N ¼ 14 � 14 as shown in Figure 1, N is the
picture element of the area. The set plan of four proton
sources is displayed in Figure 1.

Because protons propagate in a DT plasma almost without
any angle deflection (Bloembergen & Heerden, 1951; Smith,
1947; Nardi et al., 2007; Li et al., 2006), the stopping power

for fast protons in the plasma is (Atzeni & Meyer-ter-vehn,
2004; Hoffmann et al., 1990; Meyer-ter-Vehn et al., 1990;
Deutsch et al., 1989)

dEp

dx
¼ �

4p (e2=4p10)2

mev2
p

nfeLfe Lfe ¼ ln
2 mev2

p

h� vp
: (1)

Here vp and Ep are the velocity and the kinetic energy of fast
protons in the probing beam, respectively, nfe is the density of
free electrons in the plasma, Lfe is the coulomb logarithm, 10

is the permittivity of free space, vp ¼ (4pnfee
2/me)

1/2 is the
plasma frequency, and me and 2e are the electron mass and
charge, respectively (international system of unit is used in
our calculation).

The conditions under what the first equation is feasible are:
(1) the incident proton velocity vp is much higher than the
thermal velocity of plasma electrons ve ¼ (2Te/me)

1/2

(Smith, 1947), (2) the energy of the protons is more than
0.1 MeV, so that the capture and loss of the electron can be
neglected, and the effective charge of the protons is always
one (Livingston & Beth, 1937), (3) the protons are nonrelati-
vistic, so the relativistic effect can be neglected. The three con-
ditions are completely satisfied in this paper as described
below, where proton energy Ep is several MeVs and plasma
temperature Te is much smaller than 10 keV before the ignition
laser is used in fast ignition. Because the DT plasma is fully
ionized, only free electrons play an important role.

Assuming that the plasma density is uniform inside each
grid and the propagating length in a grid for a probing
proton is l, and using Ep ¼ mpvp

2/2 in the nonrelativistic
limit, Eq. (1) can be integrated to:

nfel ¼ (E2
p0 � E2

p0)� a, (2)

with

a ¼
1

4p (e2=4p10)2Lfe

me

mp
, (3)

where Ep0 and Ep1 are the initial and final energies of the
protons, respectively. A remarkable feature of the above
expression is that, provided that Ep0 and Ep1 are given, the
expression contains only one unknown quantity, that is, the
density of free electrons nfe.

When the probing proton beam propagates in the inhomo-
geneous plasmas in a specific direction, the equation for the
densities of all grids is

a� (E2
p0�E2

pN ) ¼ a� (E2
p0�E2

p1)þ a� (E2
p1�E2

p2)þa

� (E2
p2�E2

p3)þ���� ��þa� (E2
p(N�2)�E2

p(N�1))

þa� (E2
p(N�1)�E2

pN );

¼n1l1þn2l2þn3l3þ����� �þn(N�1)l(N�1)þnNlN

(4)

Fig. 1. The zone studied is the square of 210 mm � 210 mm extending from
390 mm to 600 mm on both the x axis and the y axis and divided into 196
grids. The coordinates of the proton sources represented by four quadrangles
are (0, 195), (0, 495), (0, 990), and (390, 0). The distance between the proton
energy detectors and the studied zone is about 1 mm. (This figure is only the
sketch map, not represents the actual size.)
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n1, n2, n3. . .. . . n(N21), nN are the densities of each grid respect-
ively, l1, l2, l3. . . l(N21), lN are the distances of this proton beam
propagating in each grid.

3. TIKHONOV’ REGULARIZATION METHODS
SOLVING THE ILL-POSED EQUATION SET

In order to reveal the density distribution, we should have
M (M � N ) linear equations of the densities of all grids. So
M sets of initial and final protons energies should be
known. Then we will obtain the following large linear
equation set,

Ax ¼ b, (5)

with

A ¼

l11 l12 l13 � � � l1N

l21 l22 l23 � � � l2N

l31 l32 l33 � � � l3N

� � � � � � � � � � � � � � �
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0
BBBBBB@

1
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b ¼ a� DE2 ¼ a�
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1 N

E2
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E2
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..

.

E2
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0
BBBBBBB@

1
CCCCCCCA
:

The matrix A can be calculated as long as the probed area,
the initial position, and the propagating direction of proton
beams are known. Unfortunately, the condition number of
this matrix is usually very large and consequentially
Eq. (5) is quite ill-posed. So it is not easy to reveal the accu-
rate plasma density distribution by solving this equation set,
even quite accurate final proton energies are measured (Xiao
et al., 2003). In order to reveal accurately the density distri-
bution with the use of Eq. (5), the Tikhonov regularization
method which is very popular in other similar inverse pro-
blems (Xiao et al., 2003) can be used. Here we have to
solve l for the minimized question,

min jjAx� bjj22 þ l2I2
� �

, (6)

where I is the unit matrix, l is regularization factor, AT is the
transpose of the matrix A. So, x can be obtained from the
equation set

(ATAþ lI2)x ¼ ATb: (7)

So Eq. (5) can be solved with the right l and the correspond-
ing x. The ways finding the right l include the Newton algor-
ithm and the fast algorithm based on the deviation principle
of L-curve (Xiao et al., 2003). The error of revealing can be

described as (Xiao et al., 2003)

Er ¼ norm(D0 � D)=norm(D), (8)

where D is the simulated density matrix and D0 is the revealed
density matrix.

4. NUMERICAL SIMULATIONS

4.1. The Set Plan for the Numerical Simulation

The 2D dense plasma slice considered has the density of the
order 1025/cm3. The studied zone extends from 390 mm to
600 mm both on x direction and y direction in our coordinate
system. The density distribution we will study has the
expression

n ¼
1025=cm3 � exp (� k=36) k , 60
0 k � 60

� �
, (9)

where k is the distance between the position and the center of
the area (495, 495). So the plasma densities of all grids are
assumed as the densities of the center of each grid. With this
way, a simulated density matrix D of 196 elements is obtained.

Four identical proton sources are placed at (0, 195), (0, 495),
(0, 990), and (390, 0), respectively, with the mono-energy of
17 MeV. If the proton energy is too low, the proton beams
have already exhausted before leaving the plasmas which
makes the measurements of final proton energies incorrect; if
the energy is too high, the differences of final energies of differ-
ent proton beams are too small after propagating through the
plasmas which makes the measurements of final energies too
difficult to be obtained. The energy detectors facing the four
proton sources are around 1 mm away from probed area and
the number (M ) of the detectors is always not smaller than N.
The matrix A obtained this way has a condition number of
1.7 � 103, so Eq. (5) is quite ill-posed.

4.2. The Calculation for the Density Distribution

4.2.1. The Calculation for the Density Reconstruction Without
Assuming Circularly Symmetrical Density Distribution

The final energies of each proton beam in specific direc-
tions are calculated analytically using Eqs. (1) and (9) for
the simulated plasma density, so that an energy matrix of
M ¼ 218 elements is given. With this vector and using the
Tikhonov regularization method based on deviation principle
of L-curve, the revealed density matrix D0 of 196 elements is
obtained and the simulated plasma density profile can be
repeated to some degree. The contour lines of the simulated
density D are shown in Figure 2, also the contour lines of the
revealed density D0 are shown in Figure 3. Comparing the
two figures, we find that Figure 3 can reflect the correct
density distribution. In the zone where the simulated
plasmas appear, the revealed density is a little smaller than
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the simulated one, and on the same order of 1025/cm3. The
error can be described as Er ¼ 21% (Xiao et al., 2003).
The accuracy is found to be improved slightly after we
have done the density reconstruction for 1600 grids and
same four proton sources. And only with more proton

sources, the accuracy can be improved with more grids. So
we will do the reconstruction with 196 grids in the following
for the simplicity of the experiment with less proton energy
detectors and the rapidity of the calculation.

Radio-Chromic Film (RCF) is one kind of energy detec-
tors and has been used for high-flux proton detection in
several laser–plasma experiments (Borghesi et al., 2001,
2002, 2003, 2005, 2007). The uncertainty of the measure-
ment is no more than 5% (McLaughlin et al., 1991), even
can decrease to 2% in some measurement (Nichiporov
et al., 1995; Christopher, 2007). So we add two kinds of
random noises to the final proton energies:

E0final ¼ E final � (1� 0:02� rand(size(E final))),

E0final ¼ E final � (1� 0:05� rand(size(E final))): (10)

The corresponding revealing errors are 26% and 37%, also
the contour lines of calculated densities are shown in
Figures 4 and 5, respectively.

We also calculate the errors for two (M ¼ 200) and three
(M ¼ 200) proton sources without noises to final proton
energies, which are 47% and 39%. So more proton sources
are used, more improved accuracy will be reached.

4.2.2. The Calculation for the Density Reconstruction
Assuming Circularly Symmetrical Density Distribution

When we assume the circularly symmetrical density distri-
bution for the density reconstruction, unknown variables for
the densities of all grids will decrease a lot, that is, from 196

Fig. 2. The contour lines of the simulated density distribution. (The density
values are the product of the value of each contour line and 1025/cm3, and
this will apply to the figures in the following).

Fig. 4. The contour lines of the revealed density distribution for four proton
sources with noises level of 2% added to the final proton energies. The error
of revealing is described as Er ¼ 26%.

Fig. 3. The contour lines of the revealed density distribution without noise
when the numbers of the grids and the protons sources are 196 and 4 respect-
ively, the error of revealing is described as Er ¼ 21%.
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to 25. Errors of revealing are described as Er ¼ 9%, 12%,
and 22% for four proton sources without and with two
kinds of noises (2% and 5%) to the final proton energies,
respectively, and also the contour lines of calculated densities

are shown in Figures 6, 7, and 8, respectively. Compared
with the ones (21%, 26%, and 37%) without the circular
symmetry, all of the three kinds of revealing errors
(without and with two kinds of noises to the final proton

Fig. 5. The contour lines of the revealed density distribution for four proton
sources with noises level of 5% added to the final proton energies. The error
of revealing is described as Er ¼ 37%.

Fig. 6. The contour lines of the revealed density distribution for the four
proton sources assuming circular symmetry without noise to the final
proton energies. The error of revealing is described as Er ¼ 9%.

Fig. 7. The contour lines of the revealed density distribution for four proton
sources with noises level of 2% added to the final proton energies and assum-
ing circular symmetry. The error of revealing is described as Er ¼ 12%.

Fig. 8. The contour lines of the revealed density distribution for four proton
sources with noises level of 5% added to the final proton energies and assum-
ing circular symmetry. The error of revealing is described as Er ¼ 22%.
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energies) have decreased more than ten percents. So assum-
ing circularly symmetrical density distribution is better for
the density reconstruction.

With the assumption of circularly symmetrical density dis-
tribution, we also do the density reconstruction for one
proton source (M ¼ 200) without and with two kinds of
noises (2% and 5%) to the final proton energies, the errors
are 11%, 19%, and 36%. From the comparison of the reveal-
ing errors of one and those of four proton sources, we can
find that the errors are almost the same when no noises are
added to final energies, and that the accuracy of four
proton sources is better than that of one proton source
when noises are added to final proton energies. When the
level of the noises increases, the difference between the accu-
racies of one and four proton sources also increases. Because
the set plan with one proton source is easier for the perform-
ance of the experiment, one proton source can also be suit-
able for low level noise while doing the density
reconstruction assuming circular symmetry.

5. DISCUSSION

In order to describe the accuracy better, the errors at the
radius of k ¼ 15 mm and k ¼ 30 mm are calculated for the
set plan in Figure 6, which are both described as Er ¼ 8%.
So the accuracies are on the same level as the average accu-
racy with error described as Er ¼ 9%. For the density recon-
structions of four proton sources without assuming circular
symmetry, the revealed density distributions give incorrect
results for some area at large radius where the simulated
plasma doesn’t exit, but the values of revealed density
there are very small, as shown in Figures 3, 4, and 5.

When the density reconstruction assuming circularly sym-
metrical density distribution is done, we should be careful of
the locations where the four proton sources are put. If they are
put at circularly symmetrical locations, the efficient number
of proton sources will be smaller than four and the accuracy
will not reach the normal level as obtained in this paper.

6. CONCLUSION

Particular properties of the protons generated in the
laser-plasma interaction have made protons suitable for the
diagnostics of dense plasmas. Our diagnostics of the density
distribution of the inhomogeneous plasma is suitable for the
dense and thick plasmas, especially in the case of laser
fusion. From the Coulomb energy loss of protons propagating
in the inhomogenous plasmas, we obtain the large linear and
ill-posed equation set for each grid density, solved with the
Tikhonov regularization method, which is very popular in
other inverse problems. The accuracy will increase with the
number of proton sources. Because of the difficulty in the
experiment, no more than four proton sources are used in
this paper. We mainly do the density reconstruction for four
proton sources without and with two kinds of noises (2%
and 5%) to final proton energies. The revealing errors are

21%, 26%, and 37%, respectively. Furthermore, the accuracy
of the density reconstruction assuming circularly symmetrical
density distribution is better than that of the reconstruction
without assuming the circular symmetry and the revealing
errors are 9%, 12%, and 22% for four proton sources
without and with two kinds of noises (2% and 5%) to the
final proton energies.
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