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Abstract  In the study of the spectra of algebras of holomorphic functions on a Banach space E, the
bidual E” has a central role, and the spectrum is often shown to be locally homeomorphic to E”. In
this paper we consider the problem of spectra of subalgebras invariant under the action of a group
(functions f such that fog= f). It is natural to attempt a characterization in terms of the space of
orbits E”'/~. obtained from E’ through the action of the group, so we pursue this approach here and
introduce an analytic structure on the spectrum in some situations. In other situations we encounter
some obstacles: in some cases, the lack of structure of E’'/~ itself; in others, problems of weak continuity
and non-approximability of functions in the algebra. We also define a convolution operation related to
the spectrum.
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1. Introduction

In 1973, Nemirovskii and Semenov [13] initiated the study of functions on ¢, which are
invariant under the permutation of variables, and the problem of their approximation by
symmetric polynomials. Their results were generalized to the setting of rearrangement-
invariant function spaces by Gonzdlez et al. [12]. Alencar et al. [1] studied the spectrum
of the subalgebra of the ball algebra on ¢, of functions which are invariant under permuta-
tion of variables. Chernega et al. [7] studied permutation-invariant functions of bounded
type, and particularly the spectrum of this algebra and convolution operations on the
spectrum. Aron et al. [6] considered the general situation, where given a group G of
linear automorphisms of a Banach space E and an algebra H of holomorphic functions
on F, the algebra of group-symmetric functions

Ho={f€eH:fog=fforall ge G}
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is studied. In several examples, symmetric functions were shown to arise as compositions
of finite-variable functions with a small set of symmetric functions. Little was said regard-
ing the relationship between the spectrum M of H and the spectrum Mg of Hg, but it
was proved that the restriction mapping p : M — M is surjective.

Algebras of general holomorphic functions (which can be viewed as the case G = {I})
and their spectra, on the other hand, have been extensively studied, by Aron et al. [5]
and by Aron et al, among others [3]. A central element in the theory is the Aron-Berner
extension [2]: every holomorphic function f over an open subset of E can be extended
to f, holomorphic on an open subset of the bidual E” of E, giving rise to evaluation
characters outside the space E, and bringing into play the bidual and its properties.
Thus E” has an important role in all descriptions of M.

As we shall see below, if f € Hg, fog’ = f for all g € G, so f(z) = f(w) whenever
w = ¢"(z). Thus we expect the role of E” to be replaced by the orbit space E” /.. obtained
from E” through the action of G. Our intention is to describe the spectrum Mg locally
in terms of E”/.. We explore this possibility and find some positive results as well as
some obstructions.

The paper is organized as follows. In the second section, we describe some aspects of
the orbit space; in particular, we identify areas of this space which are homeomorphic
to open subsets of E”. The third section is the core of the paper. Here we introduce
a mapping g : Mg — E”/. and—in some situations—are able to introduce an ana-
lytic structure on M. We find that lack of weak continuity and non-approximability of
holomorphic functions, together with the absence of algebraic structure—and sometimes
even of analytic structure—in E” /., are important obstacles. For some restricted areas of
M we can dispense with approximability conditions. As in [5, 7], we use a convolution
operation on M. We end this section with the study of another convolution operation
involving affine operators over E”. In the last section, we mention a few examples and
connections with prior work in [4].

2. The orbit space E” /..

In what follows, F will be a Banach space, U C E an open subset and H an alge-
bra of holomorphic functions defined on U (i.e. H could be Hy(FE), H(E), A(Bg),
H*>(Bg), etc.). Also, G will denote a group of linear automorphisms of E which leave
U fixed.

For each g € G we consider the bitranspose operator ¢” : E” — E”. G thus acts on

G x E" — E" given by (9,2) — ¢"(z) =204

We denote by E”/. the orbit space of this action, i.e. the quotient of E” by the
equivalence relation z ~ w < w = ¢"”(z) for some g € G, and call ¢ the quotient map
q: E"— E"/.. We will also write [z] = ¢(z). We consider in E”/. the quotient
topology.

A few cautionary remarks are in order. The first is that «”(z) = v"(z) does not imply
that w =wv. In fact, since all g are linear, we have ¢”(0) =0 for any g € G. We will
therefore pay special attention to points z € E” for which ¢”(z) = z implies g = I. The
second remark is that E” /.. has no algebraic structure, as the equivalence relation ~ does
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not respect sums. An alternative to E”/. (with algebraic structure) would be the dual
space (Ey,)', where E[, = {y € E' : yog =~ for all ¢ € G} = E' N H¢. This is a Banach
space, but in many cases it is far too small for our purposes: E(, does not separate points
of E"/..

We will say that a point z € E” is regular if there exists a neighbourhood U of z such
that ¢”(U) NU = () for all g # I. Clearly, the set of regular points is open in E”. Also, if z
is regular, its isotropy group G, = {g € G : ¢"'(z) = z} is trivial. We are interested in the
set of regular points because on that set ¢ is locally one-to-one. We have the following.

Remark 2.1. If 2 € E” is regular, ¢ is a local homeomorphism at z.

Proof. The map ¢ : B’ — E" /., is continuous by definition of the quotient topology.
It is also open, as if V C E” is open, ¢(V) is open if and only if ¢~*(¢(V)) is open, but

g ' (q(V)) ={g"(w): g€ Gandw e V}
=J gV,

gelG

and all ¢” are surjective and thus open by the open mapping theorem. Now we need
only see that g is one-to-one near z. Since z is regular, it has a neighbourhood U with
g"(U)NU = for all g # I. Thus, if w; and wy are in U and ¢q(w;) = g(wz), we = ¢"(w1)
for some g € G, and wy € ¢”"(U)NU. Thus, g = I and w; = ws. O

We note that in some cases (for example, if G is finite), z is regular whenever its
isotropy group G, = {g € G : g(z) = z} is trivial. This is not true in general, however,
and may be false even for a compact group. For instance, take G = S, the unit sphere in
C, E = C and the action (A, z) — Az. Then the isotropy groups are trivial for all non-zero
z; however, E" /. ~ [0,00) is not locally homeomorphic to C. This example also shows
that on subsets not homeomorphic to open subsets of E”, the orbit space E”/ ~ may or
may not have analytic structure. In fact, E”/ ~ may not be Hausdorfl, as is shown by
the following example.

Example 2.2. We take G (as in [6]) to be the group of operators on E = ¢y generated
by Y = co — co,

() = wme; ifj=m
e €; otherwise,

where w,,, = e?™/™_ Now consider the following elements of E" = ¢>°:

(wl_l,wgl,w?)_l,... wt )

a= SWy e
I=(1,1,1,...,1,...).
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Their orbits Ga and GI are disjoint, for I ¢ Ga. However, I € Ga. Indeed, for any € > 0,
let m be large enough that |1 —w; !| < e for all k > m. Then if we let

gm(x) = (w1$17w2$2,w31’3, sy WOnTmy 1y - - ~)7

1T = gm(a)]| = [(0,0,0,....1 —w, b1 1 —wils, .

=sup [l —w; | <e
k>m

Taking into account the proof of Remark 2.3, this shows that E”/ ~ is not Hausdorff.

In the following remark, we consider the strong operator topology (SOT) on G, i.e.
gi — ¢ if and only if g;(x) — g(x) for each z € E.

Remark 2.3. If G is SOT-compact, E” /.. is Hausdorff.

Proof. Let A; and As be open subsets of E”/., and note that A; N A = @ if and only
if ¢71(A1) N g 1 (Az) = 0. Thus, to separate two distinct [z] and [w] in E”/., we must
separate the orbits of z and w in E”. Since G is endowed with the SOT topology, for
every ¢ € E”, the mapping

G — E" such that g — ¢" ()
is continuous. Thus, when G is compact, the orbits
Gz={¢"(z): g€ G} and Guw={¢"(w):g€ G}

are disjoint compact sets and may be separated by disjoint open subsets of E”. O

We define, as in [6], the action of G over M
GXM-—M (g:9) = @y where p4(h) =p(hoyg),

and let V, = {¢4 : ¢ € V'}. In the next section, we will recall from [5] the topology defined
on M and the (continuous) map 7 : M — E” such that 7(¢)(y) = ¢(7) for all v in E'.
Define ¢ € M to be regular if it has a neighbourhood V such that V, NV =0 for all

g#1.

Remark 2.4. If w(yp) is regular, then ¢ is regular.

Proof. Suppose that 7(p) is regular, and take U a neighbourhood as in the definition.
Let V = a~1(U). Then V is a neighbourhood of ¢. Note now that m(V,) = ¢"(m(V));
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indeed, for all v € E’

T(Yg)(v) = ¥(vo9)
=(og)(v)
=g"(7(¥) (7).
Thus, if V,NV #0,

and g = 1. [

Note that where 7 is a local homeomorphism, for example, if F is symmetrically regular
(see [5]), the converse also holds.

3. The structure of Mg

In this section, we consider the problem of analytic structure on the spectrum of Hg. We
will compare the spectrum with the orbit space E”/ ~ via a mapping

1 Mg — E"]~.

We will introduce a topology on M and under some conditions prove local injectivity of
7. This will provide analytic structure to parts of Mg over areas of E”/ ~ which have
such structure. As mentioned above, some subsets of E”/ ~ may lack analytic structure.

We begin by addressing the relationship between G-symmetry and the Aron—Berner
extension [2]. Let G” = {¢” : g € G} and denote the Aron-Berner extension of f by f.
Recall [2] that any function holomorphic on an open set U C E may be extended to f
holomorphic on an open subset of E” containing U. This open subset in general depends
on f.If f € Hy(E), f is defined on all of E”, producing an extension morphism Hy(E) —
Hy(E"), and an analogous situation occurs for H*°(B). However, in general, there may
not be an open subset of E” to which all f € H extend. Thus, the following proposition
is to be understood for individual functions h.

Proposition 3.1. For all h € H and g € G, the Aron—Berner extension of h o g is

hog=hog".
Also, f is G-symmetric if and only if f is G"-symmetric.

Proof. We first see that hog=hog": let F =hog”. In order to use the criteria in
[14], we compare F' with ho g.

(i) F=hogover E: for any « € E,
F(z) = h(g"(z)) = h(g(x)) = h(g()).
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(ii) For any z € E, DF(x) = D(ho g")(x) = Dh(g"(x)) o g" = Dh(g(x)) o g”, but since
g(x) € E, Dh(g(x)) is w*-continuous, and ¢’ is w* — w*-continuous, so DF(x) is
w*-continuous.

(iii) Let z € E" and suppose that z, w*-converges to z. Note that g”(z,) w*-converges
to g”(z). Now, since h is the Aron—Berner extension of h,

DF(2)(za) = Dh(g"(2)) (9" (za)) — Dh(g"(2))(9"(2)) = D(h o g")(2)(2)

= DF(z)(z).
Thus, by [14], hog = hog".
Now, if f is G-symmetric, for all g € G we have
fog'=Ffog=1F,
and if f is G”-symmetric,
fog=fog" =T
and restriction to F gives fog = f. O

This implies that for all f € H¢, one may define (at least on some open subset of E/.),

fE")w—C by [([2]) = (2),

where f is the Aron-Berner extension of f. This is well defined, as if [w] = [2] and

w=g"(2), flw) = f(g"(2)) = (fog")(2) = fog(z) = f(2). For this reason, we will try
to model M¢ over E” /..
Consider the action of G on the spectrum of H:

GXM—M (9:¢) = g

where ¢4(h) = p(hog). We denote by O, = {¢, : g € G} the orbit of ¢ and by p the
restriction map p : M — M, which is known to be surjective [6].

In general, the orbit O, is contained in the fibre p~! (p(¢)) and may be strictly smaller.
We will suppose that the equality O, = p~'(p(¢)) holds; this is equivalent to asking that
He ‘separates orbits’, i.e. if ¢ & O, then ¥(f) # (f) for some f € He.

Also, set (as in [5]) m: M — E”, given by 7(¢)(y) = ¢(7), and recall from the proof
of Remark 2.4 that ¢”(7(¢)) = 7(py)-

We now define

1o : Mg — E"/~ by ma(a) = [r(p)], if @ = p(p).

This is well defined, as if p(¢) = p(p), since H¢ separates orbits, 1 = ¢, for some g € G,
and thus 7(¢) = m(pg) = g" (7 (), so [x(¥)] = [7(¢)].
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In [5] the convolution operation between ¢ € M and z € E” was defined by
(pxz)(h) =¢(hot,), wheret,(z)=uz+z,
and it was proved that the sets V,, y given by

Vou ={pxz:2€U},

with ¢ € M and U neighbourhoods of zero in E”, form a basis for a topology in M
whenever the space F is symmetrically regular, i.e. when every continuous symmetric
operator from E to E’ is weakly compact. All reflexive Banach spaces are symmetrically
regular, as well as ¢g. The space ¢; is not.

For the same purpose, we will consider the subsets of Mg: p(V, ). We note that if
p(¢) = p(p), then ¥ = ¢, for some g € G, and

(¥ * 2)(f) = (pg * 2)(f) = @g(f ot:) = @(f o t: 0 g);

however, for f € Hg,
(fotzog)(x) = flg(z)+2) = (fog")w+g" " (2) = (fotgr(x)(z),

thus (¢ * 2)(f) = ¢(f fotg- 1(2)) (0% g"~1(2))(f). Therefore, p( * z) = p(¢ * g"1(2)).
Thus, if () = pls),

ploxz:zeUN) = p({vsz:z€ g (U)).

We can now prove the following.

Theorem 3.2. If E is symmetrically regular, the family

p(Vour)

with o € M and U neighbourhoods of zero in E” forms a basis for a topology on M.

Proof. The sets p(V, ) cover Mg by the surjectivity of p. We must verify that if
B € p(Vy,u) N p(Vy,v) then, for some 1)y € M and a neighbourhood W of zero in E”, we
have

B e p(Vpow) € p(Vo,u) N p(Vy,v).

Since § € p(V,,u) N p(Vy,v), there are ¢y € V,, v and ¢y € Vi v such that p(yy) =8 =
p(¢o). Since ¥y and g are in the same orbit, 19 = ¢, for some g € G. Now consider

Veulg ={(p*2)g:2€ U}
We note that for any h € H, (¢ * z)4(h) = (¢ * z)(hog) =@(hogot,), but

(hogot:)(z) = (hog"ot.)(x) =h(g"(x+2)) = h(g(z) + 4" () = (hoty () o g)(x);

thus, (¢ * 2)g(h) = @(hoty () 0g) = @g(hoty () = (g *g"(2))(h). Therefore,

Veulg={(e*2)g:2€U} ={pg%g"(2): 2€ U} ={pgxw:we g"(U)} =V, gnv)-
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So o = o, € Vi, g7y N Vy,v- Since E is symmetrically regular, we have, by [5], that
there is a neighbourhood W of zero in E” with
Vipo,w C Vi, gy N Vip,v-
Then
PViro.w) C p(Vop, gm0y N Vpv) € p(Vip, gr)) 0 p(Vipv )
But note that p(V,, 471n) = p([Vi,ulg) = p(Ve,u), so

B = p(to) € p(Vipow) C p(Vo,u) N p(Vyp,v). 0

Theorem 3.3. If E is symmetrically regular and H¢ is contained in the closed
subalgebra of H generated by E’, then m¢ is one-to-one on the sets p(V, 17).

Proof. If mg(p(e * 2)) = ma(p(e * w)), then [n(¢* z)] = [7(p * w)]; thus, there is a
g € G for which

m(prw) = g"(n(p*2)) = 7((p*2),).
Thus, for any v € F’,
(p*w)(vy) = (p*2)g(7) = (p*2)(70g).

If f is in the closed subalgebra generated by E’, (¢ x w)(f) = (¢ * 2)(f o g). If, further,
f € HGa

(pxw)(f) = (px2)(fog) = (p*2)(f)-
Thus, p(¢ *w) = p(p * z), and 7 is one-to-one. O

Our result is of course related to the weak continuity of holomorphic functions, so we
have an analogous result in those terms for evaluation maps.

Proposition 3.4. If all f € Hg are weakly continuous and ¢ = e, is the evaluation
at x, then mq : p(Vy,,v) — E"/ ~ is one-to-one.

Proof. By weak continuity of f € Hg, given € and a, there are v1,...,7 € E’ such
that

|vi(b) —7i(a)| < 1 for i =1,...,k implies |f(b) — f(a)| < e.
If, as above, we have (¢ * w)(y) = (p * 2)4(7) for all y € E’, and if ¢ = e,
V(@ +w) =7(g" (@ + 2))-

Thus, for any v, |[7(x + w) —J(¢"(x + 2))| < 1, and for any € > 0

|f(x+w) = f(g"(z+2))| <e.

Hence, f(z +w) = f(¢"(z +2)) = fog(a +2) = f(x +2), 50 p(p xw) = p(p*2). O
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The following example shows the non-injectivity of w4 in the absence of weak continuity
and lack of density of the algebra generated by linear forms.

Example 3.5. We take E = lo, H = H,({2), and consider the group G generated by
g(z) = iz. G has four elements: © — iz,  — —x, x — —iz and x — x.
Consider the 2-homogeneous polynomial P : fo — C

P(z)=> xl.

Note that P? is G-symmetric, because

oo

2
(P20 g)(a) = [Z(mﬁ] [ P@)? = PX(x).

n=1

By [10], there is a character ¢ € M which is zero on all odd-degree homogeneous poly-
nomials, and ¢(P) = 1. Now, let U be a neighbourhood of zero, z € U, with P(z) #0
and w = g(z) = iz. We have (¢ x w) = (¢ * 2), over E', i.e. ma(p(p *w)) = na(p(e * 2)),
because since (y o ty,)(x) = y(z + w) = y(z) + y(w),

(p*xw)(y) = @y +v(w)) = o(7) +v(w) = y(w) = iv(z)
(p*2)g(7) = (px2)(vog) =p(yog)+ (vog)(z) =v(g(2)) =iv(2).

However, p(p * w) # p(p x z) as, when applied to P? € Heg, (¢ * w)(P?) = ¢(P?oty),
but

(P? o tu)(x) = P2 + w) = [g‘luw)ir

e o) 00 2

= [in—kQZmnwn—f— Zwi} ,
n=1 n=1 n=1

so (¢ *xw)(P?) = [p(P) 4+ 0+ P(w)]* = (1+ P(w))* = (1 — P(z))?. Analogously, though,

(px2)(P?) =[p(P) + 0+ P(2)]> = (1+ P(2))?, which is different, having chosen

P(z) #0.

Over certain parts of the spectrum, however, mo may be one-to-one without imposing
conditions regarding approximability or weak continuity. To see this, we will use the
following barycentre operator

biE— B, givenby ba) = [ glx)duls),
G
where g is the Haar measure if G is compact in the SOT topology (if G is an ascending
union of compact subgroups, b can also be defined [6]). b(x) is the barycentre of the orbit
of  under the group action. Note that owing to the invariance of the Haar measure, one
has gob=b=0bog for any g € G, and thus also bo b = b. The barycentre operator is
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continuous and linear. We use b’ : E” — E" to denote its bitranspose, but will reserve
the notation b’ for the composition operator

b :H—H givenby b(h)="hob.

We note that o’ is multiplicative, and its image is contained in Hg. However its image is
not He, but a smaller subalgebra. We have the following.

Proposition 3.6. If a« € Mg is equal to a o b, then 7 is one-to-one on a neighbour-
hood of a.

Proof. Suppose o = p(¢). Then
a=aob =p(p)ot/ = p(pob)
so, for a neighbourhood U of zero in E”, p(Vop,rr) is a neighbourhood of a in M¢. The
map 7 is one-to-one on this neighbourhood: suppose ma(p((pod’) *xw)) = wa(p((¢ o
V') * 2)), e [1((@obd)*w)] = [m((¢ob)x z)]. There is then an element g € G such that
(pob)rw=g"(pol)s2) over E. 1)

Now, for all v € F’,

[(pob) xw](7) = (pob)(Fotw) =¢(Fotyob) and
g"[(pob)x2](y) = (pob')(Fogot.) =p(Fog ot.ob),
but for all x € F,

(7 o tw 0 b)(x) = 7(b(z) + w) = v(b(x)) + w(7) and
(Yog' otz ob)(x) =7(g"(b(x) + 2)) = F(9(b(x)) + ¢"(2))
gl

Applying ¢,

[(pod)xw|(y) = @(yob)+w(y) and
g"l(pob) x2](7) = p(yob) + ¢"(2) (7).

Thus, (1) implies that w(y) = ¢’ (2)(y) for all v € E’, so w = ¢”(2). Now, if f € Hg,

[(pob) xg"(2)I(f)
= (pot)(fotyn(s)
:Qp(fotg”(z)ob)v

(o) xwl(f) =
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but for any x € E,

(fotgnizob)(z) =

so [(pob)xw](f) =p(fot.ob)=(pot)(fot:)=[(pob)xz](f). Thus, p((pob) =
w) = p((pod)*z), and m¢ is one-to-one. O

We note that ¢ o b’ is not a regular point of M, as ¢’ (w(p o b)) = w(p o d’) for any g € G.
The convolution (g, (V/,2)) — (pod’)* 2z suggests a wider family of convolution
products related to affine operators on E”—such as ¢, o b—which we now explore.

Definition 3.7. We say an affine operator ¢t : E” — E" is G-related if tG C Gt, i.e.
for every u € G there is a v € G such that tou” = 0" ot.

Examples of such operators include:
(i) all ¢ : E” — E”, with g € G;
(i) b
(iii) for any z € E”, t* : E” — E" given by t*(w) = b"(w) + 2.

We denote the set of all G-related operators by N(G) and note that N(G) is a semigroup
containing G. Also, any t € N(G) produces a well-defined

t:E") ~——E"/ ~

by setting ¢([z]) = [t(z)]. The equivalence relation s ~ t < s = ¢g”’ ot for some g € G is a
semigroup congruence; thus, N(G)/G has semigroup structure.

Proposition 3.8.

(i) If o € M and t € N(G),
(pxt)(h) = @(hot)
defines a character in M, and ¢ %I = .

(ii) If f € Hg, tbenjo t € Hg; f ot depends only on the class t € N(G)/G of t. Thus,
ifa € Mg andt € N(G)/G,

(axt)(f) = a(fot)

defines a character in Mg.

(iii) If & = p(p), then axt = p(p xt).
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Proof. All are easy. We check only (ii): for any u € G, since t € N(G), thereisav € G
with t ou” = v"” ot; thus

(fot)ou" = fov " ot=fot.

Also, if §=tand s = ¢" ot,

703=7ogl'ot:fogot:?ot. O

Proposition 3.9. If Hq is contained in the closed subalgebra of H generated by E’,
then 7g is one-to-one over the set

W, ={axt:tc N(G)/G}.

Proof. If mg(a+3) = ma(a*t), then mg(p(e*s)) =ng(p(ext)) and [r(p*s)] =
[m(p*t)], where a = p(¢). Thus, for some g € G, (@ *s) = g"(w(p*t)) =7n(p*t)og.
Therefore, for all v € E’ we have (¢ x s)(y) = (g *t)(y0g),

which, by definition of % is p(Fos) =@(Fogot) =p(Fog” ot),
which may be written: (pos")(y) = (ot og') (7).

Thus ¢ o 8" and p ot’ o ¢’ are continuous algebra morphisms which coincide on E’. Since
the closed algebra generated by linear forms contains H¢, for all f € Hg we have

(pos)(f) = (pot' og)(f)
which is p(fos) = p(fog’ ot) = ¢(fot)
and, by definition of x, (¢ % s)(f) = (¢ *t)(f).

Then p(pxs) = p(pxt) and a5 = a x t. Thus, g is one-to-one. O

4. Examples

In the finite-dimensional setting, F¥ = C" is symmetrically regular and any space of holo-
morphic functions is the closed algebra spanned by the coordinate functionals. Thus, our
results in Theorems 3.2 and 3.3 apply. In [4], the algebra H(U) and its spectrum are
studied, particularly for finite unitary reflection groups and certain subgroups of permuta-
tions. The approach is different, however, and makes use of proper holomorphic functions
g:QCC" — Q C C* in the definition of H,(U):

Hy(U) ={f e H(U) : if z,w € U with g(z) = g(w) then f(z) = f(w)}.

It is proved in [4] that if G C GL(n,C) is a finite unitary reflection subgroup, then
Ha(U) = Hy(U) for some proper map g.

This point of view allows the description of Hg(U) as 'H(ﬁ ) for another open subset
U of C". For example, in the case of the symmetric group Ss of order 2 consisting of all
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permutations of the set {1,2}, U is the symmetrized bidisc
Gz = {(s,p) € C*: |s — sp| + [p|* < 1}.

It is natural to ask whether given a proper holomorphic mapping g, the algebra H,(U)

coincides with Hq(U) for some group G. This question was answered in the negative in

[4, Example 5.4] taking the proper holomorphic mapping g(z) = ((21 + 22)?, (2122)?).
Let us study now an example with E = ¢g, the Banach space of null sequences.

Example 4.1. We take G (as in Example 2.2) to be the group of operators on E = ¢
generated by v, : cg — ¢o,

 Jwme; ifj=m
Tm(ej) = :
€; otherwise,

where w,, = e*™/™ If G,, is the group generated by {7 : & < n} then

G=JGn

neN

is the union of an ascending chain of compact groups. Also, each 7, preserves the norm,
so G(B) is bounded for every bounded subset B of ¢y. Thus, by [6, Theorem 2.5], there
exists a continuous projection operator o : Hy(co) — Hpg (co)-

Also, note that Hy,, (co) ‘separates orbits’. Indeed, if ¢ & O, then by [6, Lemma 4.1]
there is an f € Hp,, (co) such that ¥(f) # ¢(f).

Since approximable polynomials are dense in Hj(cp) (see [11, Propositions 1.59
and 2.8]) and ¢q is symmetrically regular, by Theorem 3.3 we have that ng : Mg —
ls/ ~ is locally one-to-one.

Finally, in this case it is clear that for fixed n € N, every point z = (21,...,2,,0,...) is
regular since there exists a neighbourhood U of z such that ¢”(U)NU =0 for all g # I.
On the other hand, the point

a= (wl_l,wgl,wg_l,...,w;l,...)
in Example 2.2 is not regular: ||a — v, (a)|| = |1 — wym| can be as small as required, for
large m.

A natural question is whether every closed subalgebra A of an algebra of group-
symmetric functions Hq is also an algebra of group-symmetric functions. The answer
is in general negative, as we show in the next example.

Example 4.2. Consider in the Fréchet algebra H(C?) the subalgebra A that is
the closure in H(C?) of the algebra generated by {z1 + 20,27, 23}. It is very intuitive
that neither z; nor zy belong to A, but let us present a proof of this fact. Con-
sider P a polynomial generated by {z1 + 22, 2%, 22}. Clearly, it is a linear combination
of polynomials of the form Q(z1,22) = (21 + 22)™2]25 with m,n,p € NU{0}. Thus,
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Q(z1, 22) = ¢(1,0)(Q) 21 + ¢(0,1)(Q) 22 + E(Oéﬁ)EA»OerﬁZ? C(aﬁ)(Q)zfzg with A a suitable
finite set and

1 A0 1 ifm=1,n=0,p=0

C2mi Jye A2 0 otherwise.

Analogously,

1 Q(0, p) 1 ifm=1,n=0p=0
= — d =
con(@) =5 /; 12 0 otherwise.

Hence P(z1,22) = d(P)(21 + 22) + 3 (4 g)er,atgzor C(ap)(P)28 2y with T another suit-
able finite set. Now, if f € A, there exists a sequence (Pj) uniformly convergent
to f on compact subsets of C? and we have that c(1,0)(f) = limp o0 c(1,0)(Pr) =
limg oo €0,1)(Pr) = c(0,1)(f). As a consequence, z; ¢ A for j =1,2. Let us assume now
that there exists a group G of automorphisms of C? such that A = Hg(C?). If g € G then

g(21,22) = (i §> <2> = (az1 + B2, y21 +022) .

Applying this to the function f(z1, 22) = 21 + 22 we will get that « +v=1land + § = 1.
On the other hand, applying it to the function f(z1,22) = 27 we get o> =1 and 3 = 0.
Finally, for the function f(z1,22) = 23 we get 62 =1 and = 0. All of these combined

imply that
a B (1 0
6 9= 1)

In consequence, G = {I}; however, A ¢ H(C?), a contradiction.
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