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Abstract  We introduce C*-pseudo-multiplicative unitaries and concrete Hopf C*-bimodules for the
study of quantum groupoids in the setting of C*-algebras. These unitaries and Hopf C*-bimodules
generalize multiplicative unitaries and Hopf C*-algebras and are analogues of the pseudo-multiplicative
unitaries and Hopf-von Neumann-bimodules studied by Enock, Lesieur and Vallin. To each C*-pseudo-
multiplicative unitary, we associate two Fourier algebras with a duality pairing and in the regular case two
Hopf C*-bimodules. The theory is illustrated by examples related to locally compact Hausdorff groupoids.
In particular, we obtain a continuous Fourier algebra for a locally compact Hausdorff groupoid.
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1. Introduction

Multiplicative unitaries, which were first systematically studied by Baaj and Skan-
dalis [3], are fundamental to the theory of quantum groups in the setting of operator
algebras and to generalizations of Pontrjagin duality [28]. First, one can associate to
every locally compact quantum group a multiplicative unitary [13,14,17]. Out of this
unitary, one can construct two Hopf C*-algebras, where one coincides with the initial
quantum group, while the other is the generalized Pontrjagin dual of the quantum group.
The duality manifests itself by a pairing on dense Fourier subalgebras of the two Hopf
C*-algebras. These Hopf C*-algebras can be completed to Hopf-von Neumann algebras
and are reduced in the sense that they correspond to the regular representations of the
quantum group and of its dual, respectively.

Much of the theory of quantum groups has been generalized for quantum groupoids in
a variety of settings, for example, for finite quantum groupoids in the setting of finite-
dimensional C*-algebras by Boéhm, Szlachdnyi, Nikshych and others [5-7,18] and for
measurable quantum groupoids in the setting of von Neumann algebras by Enock, Lesieur
and Vallin [9-11,16]. Fundamental for the second theory are the Hopf-von Neumann
bimodules and pseudo-multiplicative unitaries introduced by Vallin [32,33].

In this article, we introduce generalizations of multiplicative unitaries and Hopf
C*-algebras that are suited for the study of locally compact quantum groupoids in the
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setting of C'*-algebras, and extend some of the results on multiplicative unitaries that
were obtained by Baaj and Skandalis in [3]. In particular, we associate to every regular
C*-pseudo-multiplicative unitary two Hopf C*-bimodules and two Fourier algebras with
a duality pairing.

Our concepts are related to their von Neumann-algebraic counterparts as follows. In
the theory of quantum groups, one can use the multiplicative unitary to pass between
the setting of von Neumann algebras and the setting of C*-algebras and thus obtains
a bijective correspondence between measurable and locally compact quantum groups.
This correspondence breaks down for quantum groupoids—already for ordinary spaces,
considered as groupoids consisting entirely of units, a measure does not determine a
topology. In particular, one cannot expect to pass from a measurable quantum groupoid
in the setting of von Neumann algebras to a locally compact quantum groupoid in the
setting of C*-algebras in a canonical way. The reverse passage, however, is possible, at
least on the level of the unitaries and the Hopf bimodules.

Fundamental to our approach is the framework of modules, relative tensor products
and fibre products in the setting of C*-algebras introduced in [25]. That article also
explains in detail how the theory developed here can be reformulated in the setting
of von Neumann algebras, where we recover Vallin’s notions of a pseudo-multiplicative
unitary and a Hopf-von Neumann bimodule, and how to pass from the level of C*-
algebras to the setting of von Neumann algebras by means of various functors.

The theory presented here overcomes several restrictions of our former generaliza-
tions of multiplicative unitaries and Hopf C*-algebras [27] (see also [26]). It was applied
already in [31] to the definition and study of compact C*-quantum groupoids, and
in [30] to the study of reduced crossed products for coactions of Hopf C*-bimodules
on C*-algebras and to an extension of the Baaj—Skandalis duality theorem. In [29], we
furthermore associate to every C*-pseudo-multiplicative unitary a C*-tensor category of
(co)representations and two universal Hopf C*-bimodules that are related to the reduced
Hopf C*-bimodules studied here similarly like the universal to the reduced C*-algebra
of a group or groupoid.

Organization

This article is organized as follows. We start with preliminaries, summarizing notation,
terminology and some background on Hilbert C*-modules.

In § 2, we recall the notion of a multiplicative unitary and define C*-pseudo-multiplica-
tive unitaries. This definition involves C*-modules over C'*-bases and their relative tensor
product, which were introduced in [25] and which we briefly recall. As an example, we
construct the C*-pseudo-multiplicative unitary of a locally compact Hausdorff groupoid.
We shall come back to this example frequently.

In §3, we associate to every well behaved C*-pseudo-multiplicative unitary two Hopf
C*-bimodules. These Hopf C*-bimodules are generalized Hopf C*-algebras, where the
target of the comultiplication is no longer a tensor product but a fibre product that is
taken relative to an underlying C*-base. Inside these Hopf C*-bimodules, we identify
dense convolution subalgebras which can be considered as generalized Fourier algebras,
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and construct a dual pairing on these subalgebras. To illustrate the theory, we apply all
constructions to the unitary associated to a groupoid G, where one recovers the reduced
groupoid C*-algebra of G on one side and the function algebra of G on the other side.

In §4, we show that every C*-pseudo-multiplicative unitary satisfying a certain regu-
larity condition is well behaved. This condition is satisfied, for example, by the unitaries
associated to groupoids and by the unitaries associated to compact quantum groupoids.
Furthermore, we collect some results on proper and étale C*-pseudo-multiplicative uni-
taries.

Terminology and notation

Given a subset Y of a normed space X, we denote by [Y] C X the closed linear span
of Y. We call a linear map ¢ between normed spaces contractive or a linear contraction
if [|o]] < 1.

All sesquilinear maps like inner products of Hilbert spaces are assumed to be conjugate-
linear in the first component and linear in the second one. Let H, K be Hilbert spaces. We
denote by X’ the commutant of a subset X C L(H). Given a C*-subalgebra A C L(H)
and a #-homomorphism 7: A — L(K), we put

LT(H,K):={T e L(H,K)|Ta=mn(a)T for all a € A}. (1.1)

We shall use some theory of groupoids; for background, see [22] or [20]. Given a
groupoid G, we denote its unit space by G, its range map by r, its source map by s, and
let Gr X, G={(z,y) e GxG|r(x)=ry)}, Gs X, G={(z,y) € G x G| s(x)=r(y)}
and G = r~Y(u), G, = s7(u) for each u € G°.

We shall make extensive use of (right) Hilbert C*-modules and the internal tensor
product; a standard reference is [15]. Let A and B be C*-algebras. Given Hilbert C*-
modules E and F over B, we denote by L5(E, F) the space of all adjointable operators
from F to F. Let E and F' be C*-modules over A and B, respectively, and let m: A —
Lp(F) be a x-homomorphism. Recall that the internal tensor product F ®, F is the
Hilbert C*-module over B which is the closed linear span of elements n®, &, wheren € E
and € € F are arbitrary and (1 @r £l @ €) = (€|r((nln'))€) and (n @x E)b = 1 & €b
for all n,n' € E, &¢ € F, b € B [15, §4]. We denote the internal tensor product
by ‘©’ and drop the index 7 if the representation is understood; thus, for example,
EQF=ES,F=F®,F.

We also define a flipped internal temsor product F &Q E as follows. We equip the
algebraic tensor product F' @ F with the structure maps (€O |’ ©n') = E|x({(n|n')E),
(€ ®n)b := &b ©n, form the separated completion, and obtain a Hilbert C*-module
F @ E over B which is the closed linear span of elements £ ,& 1, where n € E and
§ € F are arbitrary and (£-Qnl¢' »© 1) = ({[m((n[n'))¢) and (£-Qn)b = &b~ n
for all ,n’ € E, £, € F, b € B. As above, we drop the index 7 and simply write ‘&’
instead of ;& if the representation 7 is understood. Evidently, the usual and the flipped
internal tensor product are related by a unitary map

Y:FSE S EQF,
ne{—E{Qn.
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For each ¢ € E, the maps FF - EQF and FF — FQFE given by n — £Sn and
n — n& &, respectively, are adjointable, and the adjoints are given by & @ n — w((£|¢))n
and nQ & — w((£|¢'))n, respectively.

Finally, let Fy, Fo be Hilbert C*-modules over A, let Fy, Fy be Hilbert C*-modules
over B with representations m;: A — Lp(F;) (i = 1,2), and let S € LA(E1, E2), T €
Lp(F1, Fy) such that T'm1 (a) = m2(a)T for all @ € A. Then there exists a unique operator
SOT € Lp(E1Q F1,E2 O Fs) such that (SOT)(nS¢&) = SnOTE for all n € Ey,
e F,and (SOT)* =S*©T* [8, Proposition 1.34].

2. C*-pseudo-multiplicative unitaries

Recall that a multiplicative unitary on a Hilbert space H is a unitary V: HH — H®H
that satisfies the pentagon equation Vi2Vi3Vag = Vas3Vig (see [3]). Here, Via, Vi3, Va3 are
operators on HQH®H defined by Vi = V®id, Vo3 = ideV, Vi3 = (X®id)Ves(X®id) =
(id® X)Vi2(id® X'), where X € L(H ® H) denotes the flip n®@¢& — {@n. If G is a locally
compact group with left Haar measure A, then the formula

(Vf)(x,y) = f(:v,x_ly) (21)

defines a linear bijection of C..(G x G) which extends to a unitary on L*(G x G,A® \) =2
L?(G,\) @ L?(G, \). This unitary is multiplicative, and the pentagon equation amounts
to associativity of the multiplication in G.

We shall generalize the notion of a multiplicative unitary so that it covers the example
above if we replace the group G by a locally compact Hausdorff groupoid G. In that
case, formula (2.1) defines a linear bijection from C.(Gs %, G) to C.(G, %, G). If G
is finite, that bijection is a unitary from ?(Gs X, G) to I*(G, x, G), and these two
Hilbert spaces can be identified with tensor products of I?(G) with [2(G) relative to the
algebra C(G°). For a general groupoid, the algebraic tensor product of modules has to
be replaced by a refined version. In the measurable setting, the appropriate substitute is
the tensor product of Hilbert modules relative to a von Neumann algebra also known as
Connes fusion (see [33]). To take the topology of G into account, we shall work in the
setting of C*-algebras and use the relative tensor product of C*-modules over C*-bases
introduced in [25].

2.1. The relative tensor product of C*-modules over C*-bases

Fundamental to the definition of a C*-pseudo-multiplicative unitary is the relative
tensor product of C*-modules over C*-bases introduced in [25]. We briefly recall this
construction; for further details, see [25]. An example will appear in §2.3.

C*-modules over C*-bases

A C*-base is a triple (8,8, B) consisting of a Hilbert space £ and two commuting non-
degenerate C*-algebras B, BT C £(8). A C*-base should be thought of as a C*-algebraic
counterpart to pairs consisting of a von Neumann algebra and its commutant. As an
example, one can associate to every faithful KMS-state p on a C*-algebra B the C'*-base

https://doi.org/10.1017/51474748010000290 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748010000290

C* -pseudo-multiplicative unitaries 193

(H,, B,B°P), where H,, is the GNS-space for ;1 and B and B°P act on H,, = H o via
the GNS-representations [25, Example 2.2]. The opposite of a C*-base b = (&, B, B1) is
the C*-base bf := (&, BT, B).

Let b = (8, B,8%") be a C*-base. A C*-b-module is a pair H, = (H,«a), where H is a
Hilbert space and o C L(&, H) is a closed subspace satisfying [af] = H, [@B] = a, and
[a*a] =B C L(R). If H, is a C*—b-module, then « is a Hilbert C*-module over B with
inner product (£,£) — £*¢’ and there exist isomorphisms

aQR—-H, £OC(— &, RQa—H, (&~ (2.2)

and a non-degenerate representation
pa: BN = LIH), pa(b)(EC) =€bT¢ for all bT € BT, e ca, € A

A morphism between C*—b-modules H,, and Kz is an operator T € L(H, K) satisfying
Ta C f and T8 C «. We denote the set of all morphisms by L(H., Kp). If T' €
L(H,, Kg), then Tp,(b") = pg(b")T for all bf € BT, and left multiplication by 7" defines
an operator in Laq(«, 8) which we again denote by T

Let by,...,b, be C*-bases, where b; = (ﬁi,%i,%j) for each i. A C*—(by,...,b,)-
module is a tuple (H,a1,...,a,), where H is a Hilbert space and (H,«;) is a C*—b;-
module for each i such that [pa,(B!)a,] = a; whenever i # j. In the case n = 2,
we abbreviate (Hs := (H,«,3). We note that if (H,aq,...,ay) is a C*—(by,...,by,)-
module, then [pq, (%1)7/)%(%;)] = 0 whenever ¢ # j. The set of morphisms between
C*—(by,...,b,)-modules H = (H,a1,...,a4), K= (K,v1,...,7) is the set

LOH,K) =) L(Ha,, K,,) € L(H, K).

i=1

The relative tensor product

Let b = (&,B,%87) be a C*-base, let Hg be a C*~b-module, and let K., be a C*—b-
module. The relative tensor product of Hg and K, is the Hilbert space

Hp®y K :=FO RO
It is spanned by elements & S ¢ @7, where £ € 3, ¢ € &, 1 € 7, and
ocang oden) =l mm'c) = {n"n'se'd)
for all £,¢' € B, ¢,¢' € &, 1,1 € 7. The formula £ S (@1 — 1S ¢ & obviously defines

a unitary flip
Y:Hpg, K+ K ., ®gH.
b bt

Using the unitaries in (2.2) on Hg and K., respectively, we shall make the following
identifications without further notice:

Hpg@VgHﬁ§7Kgﬁ®pr7 EON=£0CQN=£01C.
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For all S € pg(B1)" and T € p,(B)’, we have operators

SO ELIH ,,07) = LH 58, K),  dOT € L3 &y, K) = LH 3&, K).

It S € L(Hp) or T € L(K), then (SQid)((Sn¢) = SESnC or ([dOT)(ECON) =
£CQ T, respectively, for all £ € 8, ( € R, n € 7, so that we can define

SOT = (SQIMOT) = (MO T)(SQid) € L(H 1@, K)

for all (S,T) in L(Hg) x p4(B) or ps(BT) x L(K.,).
For each € € § and 7 € 7, there exist bounded linear operators

\§>1:K%H5(?7K,wr—>§®w, |77>2:H%H5<§>7K,wr—>w@n,

whose adjoints (¢|1 = |£)] and (n]2 := |n)5 are given by & Quw — p,({"¢)w and
wn — pa(n*n’)w, respectively. We put

1B)1:={1§)11§ €} C E(KaH/B%HK)

and similarly define (8|1, |v)2, (7|2

Let H = (H,a1,...,am,5) be a C*(ay,...,any, b)-module and let £ = (K,~,d1,...,
§,) be a C*~(bf,¢q,...,¢,)-module, where a; = (5’),»,91,»,91;[) and ¢; = (£,,¢;, Ql;r) for all
i, 7. We put

ai 0y = )] € £, H oK), Body = [|9h6)] € £(5,H &, K)
for all 4, j. Then
(Hﬁ(?yK,al<1'y,...,ozm<1’y,ﬁl>61,...,ﬁ>5n)

isaC*—(ay,...,0n,1,...,,)-module, called the relative tensor product of H and K and
denoted by H ® K. For all i, j and af € Qlj, ct e Qﬁ;,
b

Prave(@') = pas(@)) @id, g, (el) = id @ ps, ().

The relative tensor product is functorial, unital and associative in the following sense.
Let H = (ﬁ,dl,...,dm,ﬁ) be a C*—(ay,...,ay,, b)-module, K = (f{,’y,gl,...,gn) a
C*—(bf,¢1,...,c,)-module, and S € L(H,H), T € L(K,K). Then there exists a unique
operator

S%Teﬁ%%&ﬂ%ﬁ)

satisfying
(SOT)ESCQN =SE6COTy
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for all £ € 3, ¢ € &, € 7. Next, the triple U := (&, BT, B) is a C*—(b', b)-module and
the maps

b H @t & = H, £ESCQL = &T¢, it R @, K = K, bSCQn = b
(2.3)

are isomorphisms of C*—(ay,. .., a,,, b)-modules and C*—(b',¢1,...,¢,)-modules

HoU—-H and UR K — K,
b b

respectively, natural in ‘H and K. Finally, let 0, ¢1,...,¢; be C*-bases, K= (K,v,01,- ..,
Sn,€) a C*—(b,¢q,...,cp,0)-module and £ = (L,¢,91,...,1) a C*~(F er,...,¢)-
module. Then there exists a canonical isomorphism

Ay et (Hp@yK)ppe®o L= 5 Cp, Kp© ¢ = Hp®yap (K Qo L),
which is an isomorphism of C*—(ay,...,0m,C1,...,Cp,e1,...,¢)-modules
HoK)®L—He K CL).
b 0 b )
We identify the Hilbert spaces above and denote them by
Hﬁ%7 K 6(?(75 L.
2.2. The definition of C*-pseudo-multiplicative unitaries
Let b = (&,%B,87) be a C*-base, (H,ﬁ,a,ﬁ) a C*—(b', b, bT)-module, and
ViH ;o H— H,®gH
B bt b
a unitary satisfying

Viega)=ava, V(@sB) =B, V(@EsB) =arpf, V(Baa)=p<p

(2.4)
in L(R, H ,®p H). Then all operators in the following diagram are well defined:
b
Hé([)XT)QHé(bXT)aH Vi2 S Ha(%gHB(bXT)aH Vas s HQ%@HQ%ﬁH
\LVZ:} V12T
H 5% (ava) (Ho®p H) (Hgg?a H) (asc)@s H (2.5)
1223 EésT
H ®,HgR,H Viz H,®gH) ; o H
38 Hs® (Ha®p H) (545
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where we adopted the leg notation [3] and wrote

Vig for V Q? id, V ® id, Voz for V@id, V (}2 id, oz for id®X,
b b b b bt
and where X%, denotes the isomorphism
(Hoz(?ﬁ H) (B<B) (bgT)oz H= (H pa@ ﬁ) p(éqg)@ a— (H p@@ 05) p(aqa)@ 154
= (H[;E%)QH) (aqa)%ﬂH

given by ((Q &) Qn+— ((Qn) & We furthermore write Vi3 for

T35V @ id) D,

b
Definition 2.1. A C*-pseudo-multiplicative unitary is a tuple (b, H, B, a, 3, V) consist-
ing of a C*-base b, a C*—(b', b, bT)-module (H, 3, a, 3), and a unitary
V: Hﬁ@aH%HQ(&@H
bt b

such that (2.4) holds and diagram (2.5) commutes. We frequently call just V' a C*-pseudo-
multiplicative unitary.

Remarks and examples 2.2.

If b is the trivial C*-base (C,C, C), then

H: o H=2H®H>H,25H,
ﬂbt b

and V is a multiplicative unitary.

e If we consider p; and pg as representations pg,ps: B — L(H,) & Lg(a), then
the map apé@a 2 ada = aba = a @y, a given by w — Vw is a pseudo-
multiplicative unitary on C*-modules in the sense of [27].

e Assume that b = bf; then B = BT is commutative. If B = a, then the pseudo-
multiplicative unitary in (ii) is a pseudo-multiplicative unitary in the sense of O’uchi
[19]. If additionally 3 = o = (3, then the unitary in (i) is a continuous field of
multiplicative unitaries in the sense of Blanchard [4].

e Assume that b is the C*-base associated to a faithful proper KMS-weight 1 on a
C*-algebra B (see [25, Example 2.9]). Then p extends to a normal, semifinite and
faithful weight & on [9B], and with respect to the canonical isomorphisms

H@a H=Hp,6p H

and
Ha(%ﬂH = H &, H
I

(see [25, Corollary 2.21]), V is a pseudo-multiplicative unitary on Hilbert spaces
in the sense of Vallin [33].
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e In [31], a C*-pseudo-multiplicative unitary is associated to every compact C*-quan-
tum groupoid.

e The opposite of a C*-pseudo-multiplicative unitary (b, H, B,Q,B,V) is the tuple
(b, H, B, , 3,V°P), where V°P denotes the composition

SV*S: H @ H 5 Ho®gH Y5 H ;00 H 5 Ho® 5 H.
bt b bf b

A tedious but straightforward calculation shows that this is a C*-pseudo-multi-
plicative unitary.

2.3. The C*-pseudo-multiplicative unitary of a groupoid

Let G be a locally compact, Hausdorff, second countable groupoid with left Haar
system A\ and associated right Haar system A~!, and let p be a measure on G° with
full support. We associate to this data a C*-pseudo-multiplicative unitary such that the
underlying pseudo-multiplicative unitary and the associated unitary on C*-modules are
the ones introduced by Vallin [33] and O’uchi [19, 27], respectively. We focus on the
aspects that are new in the present setting.

Define measures v, v~ on G by

Lrar=[ [ s@av@an,  [rat= [ p@ase

for all f € C.(Q). Thus, v~ ! = i,v, where i: G — G is given by z — x~!. We assume
that p is quasi-invariant in the sense that v and v~! are equivalent, and denote by
D :=dv/dv~! the Radon-Nikodym derivative.

We identify functions in Cy,(G?) and Cy,(G) with multiplication operators on the Hilbert
spaces L2(G°, u) and L%(G,v), respectively, and let

R:=L%(G%p), B=9B":=C(G° C LK), b:=(KR BB, H:=L*G,v).
Pulling functions on G° back to G along r or s, we obtain representations
r*: Co(G°) — Cy(G) — L(H), 5% Co(G%) — Cy(G) — L(H).

We define Hilbert C*-modules L?(G, \) and L*(G,A™1) over Cy(G®) as the respective
completions of the pre-C*-module C.(G), the structure maps being given by

(€l (w) = Gu%&(@dw), £f =" ()¢ in the case of I*(G, M),

(€1€) (u / F@)E@) A (e), £f =s*(F)E in the case of L2(G,A™Y),

respectively, for all £,¢&' € C.(G), u € G°, f € Cy(GY).
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Lemma 2.3. There exist embeddings j: L*(G,\) — L(®,H) and j: L*(G,A\7!) —
L(8, H) such that for all £ € C.(G), ¢ € C.(G°),

(GE)O(2) = E@)¢(r(x),  (GE)(@) = &) D2 (2)(s(2)).
Proof. Let E := L2(G,\), E:= L2(G,A™1), and &, ¢ € C.(G), ¢, ¢’ € C.(G°). Then

(§(€)¢3 ()¢ = / @) (r(2))E@)¢ (r(z)) AN (2) dulu) = (CI(E'1E) £C),

GENCI3E) /5' JOG@)E@)C(s(2)) D~ (x) dv(x)

=dv—1(z)

-1
/co/ (@)¢(u) dA, (z) dp(u)
= ('I{€'1€) £C)-
(I
Let a = (3 := j(L2(G,\)) and B := j(L2(G,A\"!)). Easy calculations lead us to the

following lemma.

Lemma 2.4. (H, B, a, B) is a C*—(bT, b, b")-module, p, = ps = r* and pp=s", and j
and j are unitary maps of Hilbert C*-modules over Co(G°) = B.

We define measures V - on Gg X, G and 1/ - on G, X, G by

/Gserf s, = /G /G /Gsm Fla,y) AN (y) A (z) dps(w),
/GTXTngVﬁT = /co /(; /G g(z,y) d\“(y) AN (z) dp(u)

for all f € C.(Gs x, G), g € C.(G, X, G). Routine calculations show that there exist
isomorphisms

P

rT s,

B’Q:Hé%aH%LQ(G x, G V2))

and

»err

Bop: Ho®pH — LA(Gy %, G 12,)
b
such that for all n,¢ € C.(G) and ¢ € C.(GY),

3,000 © ¢ J(©))(w,y) = n(2) D™ (2)¢(s(x))E(y),
@ 8 ©CQ (&), y) = n(x)C(r(x))S(y)-

We shall use these isomorphisms to identify the spaces above without further notice.

Theorem 2.5. There exists a C*-pseudo-multiplicative unitary (b,H,B,a,ﬁ, V) such
that (Vw)(z,y) = w(z, 27 y) for all w € C.(Gs X, G) and (z,y) € G, x, G.
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Proof. Straightforward calculations show that (H,,@,a,ﬁ) is a C*—(b', b, bT)-module.
Using left-invariance of A, one finds that the bijection Vjy: C.(Gs X, G) = Co(G, X, G)
given by (Vow)(z,y) = w(z, 27 1y) for all w € C.(Gs %, G) and (z,y) € G, x, G extends
to a unitary

V: HBE?QH =~ LGy %, G) — L*(G, x, Q) = HQ%BH.

We claim that V(3> 3) = an . For each €,&" € Co(G), ¢ € Co(G0), and (z,y) € G %, G,
(V13NN (@, y) = (13(£)13(6 )C)(%x_ly)
= &(@)¢ (@ y)D 2 (@) DA (2 )G (s(y)),
(172N (@, y) = E@)€ (y) D2 ()¢ (s(y))-

Using standard approximation arguments and the fact that D(z)D(z~'y) = D(
vy -almost all (z,y) € G x, G (see [12] or [20, p. 89]), we find that V(3>
[T(C.(G, X, G))] = a> 3, where for each w € C.(G, X, G),

for

y)
p) =

(T(@)O)(x,y) = wlz,y) D2 (y)¢(s(y)) for all ¢ € Co(G?), (x,y) € Gr %, G.

Similar calculations show that the remaining relations in (2.4) hold. Tedious but straight-
forward calculations show that diagram (2.5) commutes (see also [33]). Therefore, V is
a C"*-pseudo-multiplicative unitary. O

3. The legs of a C*-pseudo multiplicative unitary

To every regular multiplicative unitary V on a Hilbert space H, Baaj and Skandalis
associate two Hopf C*-algebras (Ay, Ay) and (Ay, Ay ) as follows [3]. The C*-algebras
Ay and Ay are the norm closures of the subspaces Ay, and AY, of L(H) given by

AY = {(d@w)(V) |we L(H).}, AY = {(v®id)(V) |v € L(H).}, (3.1)

and the *-homomorphisms Ay : Ay — M(AV ® AV) C L(H® H) and Ay: Ay —
M(Ay ® Ay) C L(H ® H) are given by

Av:a—V*A®a)V, Ay:a—V(eol)V*, (3.2)

respectively. Applied to the multiplicative unitary of a locally compact group G, this
construction yields the C*-algebras Co(G) and CJ(G), and A: Co(G) — M(Co(GQ) ®
Co(@)) 2 Cp(G x Q) and A: CF(G) - M(Cr(G) ® Cr(G)) are given by

A(f)(z,y) = f(zy) for all f € Co(G), AU,)=U,®U, forallzeG, (3.3)

where U: G — M(C*(G)), © — U, is the canonical embedding.
To adapt these constructions to C*-pseudo-multiplicative unitaries, we have to gener-
alize the notion of a Hopf C*-algebra and identify the targets of the comultiplications
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Ay and Ay. For the C*-pseudo-multiplicative unitary of a groupoid G, we expect to
obtain the C*-algebras Ay = Co(@) and Ay = C*(G) with s-homomorphisms A and A
given by the same formulae as in (3.3). Then the target of A would be M (Cy(Gy %, G)),
and Cy(Gs %X, G) can be identified with the relative tensor product

CO(G) §* X P CO(G)

Co(GY)

of Co(GY)-algebras [4]. But the target of A cannot be described in a similar way, and in
general, we need to replace the balanced tensor product by a fibre product relative to
some base. In the setting of von Neumann algebras, the targets of the comultiplications
can be described using Sauvageot’s fibre product [24,32]. The appropriate construction
in the setting of C*-algebras is given below.

3.1. The fibre product and Hopf C*-bimodules

Fundamental to the notion of a Hopf C*-bimodule is the fibre product of C*-algebras
over C*-bases introduced in [25]. We briefly recall this construction and subsequently
introduce Hopf C*-bimodules; for additional motivation and details, see [25]. Two exam-
ples can be found in §3.4.

Let by,...,b, be C*-bases, where b; = (ﬁi,%i,%j) for each i. A (non-degenerate)
C*—(by,...,by)-algebra consists of a C*—(by,...,by)-module (H, a1, ...,a,) and a (non-
degenerate) C*-algebra A C L(H) such that pai(%Z)A is contained in A for each i. We
are interested in the cases n = 1,2 and abbreviate A% := (Hy, A), AOP‘I’B = (o Hs, A).

Let A= (H,A) and C = (K,C) be C*—(by,...,b,)-algebras, where

H=(Ha,..,a) and K= (K, 7y1,...,7)

A morphism from A to C is a *-homomorphism 7: A — C satisfying [L™(H, K)a;] = i
for each 4, where L™(H,K) = L™(H, K)NL(H, K). One easily verifies that every morphism
7 between C*—b-algebras A% and C}; satisfies 7(pa(b1)) = p.,(bT) for all bf € BT,

Let b be a C*-base, Ag a C*-b-algebra, and B}, a C*—bt-algebra. The fibre product
of A% and B, is the C*-algebra

Aﬂ;’;vB ={ze ﬁ(Hg(%,Y K) | z|8)1,2"|6)1 C [|8)1B] as subsets of E(K,Hg(%y K),
x|Y)2, x*|7)2 C [|7)24] as subsets of E(H,Hg(%),y K)}.

If A and B are unital, so is Agt.y B, but otherwise, A %y B may be degenerate. Clearly,
conjugation by the flip
Y Hge, K -+ K ®gH
b bt

yields an isomorphism
Adz: AB?:’YB%BV*TﬁA'
b

If a, ¢ are C*-bases, A}fl’ﬁ is a C*—(a, b)-algebra and B}gé a C*—(b', ¢)-algebra, then
A?fﬁ . B?fé = (oHp % vKévAB’[';v B)

is a C*—(a, ¢)-algebra, called the fibre product of Aolfl’ﬁ and B}(’é.
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Let a, b, ¢ be C*-bases, ¢ a morphism of C*—(a, b)-algebras A = A%’ﬁ and C = C’Z’A,
and 1) a morphism of C*(bf, ¢)-algebras B = B;(’é and D = D%;”. Then there exists a
unique morphism of C*—(a, ¢)-algebras

¢1<1/1:A>EB—>C>ED
such that

(d)tz/))(x)R =Rz forallxz e Ag?:,yB and R € InsJy + Jp Ik,
where
Ix = L?(H,L) @idx,  Jy =idy %ﬁ’(K, M)

for X e {K,M},Y € {H,L}.
The fibre product need not be associative, but whenever it appears as the target of a
comultiplication, coassociativity will compensate the non-associativity.

Definition 3.1. A comultiplication on a C*—(b', b)-algebra Ag’a is a morphism A from
A?{’a to
Al x Al
that is coassociative in the sense that
(A:id)oA = (ith) oA
as maps from A to

,C(Ha%gHa(%)g H).

b)-algebra with a comultiplication. A morphism

A Hopf C*-bimodule over b is a C*—(bT,
of Hopf C*-bimodules (A%a, Ayn), (Bf{y, Ap) over b is a morphism 7 from A%a to Bf("y

satisfying
Agorm = (7T>(£7T)OAA.

3.2. The Hopf C*-bimodules of a C*-pseudo-multiplicative unitary
Let b = (&,%,87) be a C*-base, (H,B,mﬁ) a C*—(b', b, bT)-module and

V: HB%QH%H(X(%ﬁH

a C"-pseudo-multiplicative unitary. We associate to V two algebras and, if V is well
behaved, two Hopf C*-bimodules as follows. Let

Ay = [(B2V]a)2] C L(H), Ay = [(a|sV|B)1] C L(H), (3.4)

where R
|a>27|ﬁ>1g£(HvHG§T)O¢H) and </8|27<O‘|1g£(H04%[3H3H)

are defined as in §2.1.
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Proposition 3.2.

(i) Ayer = Ap, [AvAy] = Ay, [AvH] = H

[Aypy(B)] = [p5(B)Av] = Ay = [Ay pa(B1)] = [pa(B1)Ay].

(i) Ayer = A%, [AvAy] = Ay, [AvH] = H

Ay p3(B)] — [p3(B)Av] = Ay = [Ay pa(B1)] = [pa(BT) Ay,

We shall prove some of the equations above using commutative diagrams, where the
vertices are labelled by Hilbert spaces, the arrows are labelled by single operators or
closed spaces of operators, and the composition is given by the closed linear span of all

possible compositions of operators.
Proof. (i) First,
Aver = [(B2ZV* Z]a)s] = [(BLV*[a)] = A}

Next,
[Ay Ay] = [(Bl2{]3Viz|e)s]a)s]

because the diagram below commutes:

vH], [Avf] = 8 = [A}4], and

Ay H|, [Avf] = B = [A}Lf), and

H - H — H
Ay Ay
[a)2 J/|D¢>2 <5|2/ \002 <5|2T (Bl2
H”®aH HA®(1H \4 Ha H H”®0¢HV Ha H Ha
et Pot® " — ©s (© Pei™ —> B ®s

\Llah

\Oé)?\ ﬂﬁl?:

HA®aa Ha®H
Bb‘r<>)( b'B )

(HB[(%QH) (aqa)(?gH

L Ha

e
Vis Via
|o)3 J/V23 (F) stT (als
5 Hﬂ*gaHBgaH Viz Ha(%ﬁHBgaHi
Indeed, cell (C) commutes because for all £ € o, n,n' € 5, ( € H,
)27 [2(COM) = pa(n"NCOE = praca) (™ M(CQ E) = (0[3|5)2(C M),

cell (P) is diagram (2.5), and the other cells commute by definition of Ay and because

</3|3T

®RpH®g H
b b

of (2.4). Now, [(8|2(a|sViz]a)s|a)s] = Ay because the following diagram commutes:

H

)2 \Lla)z
H ;0. H P o (B) H ;04 H
bt bt

(ala}

Ay
\%4

|a)s
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Finally, we prove some of the remaining equations; the other ones follow similarly:
[Av 8] = [(8l2V]a)26] = [(Bl2]8)20] = [pa (B8] = 5,
[Avps(B)] = [(BlaV]a)2p5(B)] = [(82V]aB)s] = Av,
[05(B)Av] = [p5(B)(Bl2V|a)2] = [(Bl2(p5(B) ® id)V|a).]
= [(Bl2V (1d @ps(B))lar)2] = [(Bl2V]ps(B)o)o] = Av.
(i) This follows from (i) after replacing V by V°P. O
Define
Av: ps(B) — E(HBS?Q H) and Ay:py(B) — c(Hc@ﬁ H)
by

Av:y— V*(idoy)V and AV:ZHV(zé?id)V*.
b b

Evidently,
AVOp = Adz‘ OAV and Avop = Adz‘ OA\/.

Moreover, if n € § and £ € a, then a := (n|2V|£)2 lies in L(Hg) C pg(B)’ by Proposi-
tion 3.2 and

Av((n2V1€)2) = Av(a) = V*(1 ‘%’ a)V = (nlsVi5Va3Vi2|€)s = (nlsVisVasl€)s.  (3.6)
Similarly, if n € o and € € 3, then a := (5|, V|€); lies in p3(B)" and
Av(hVigh) = Av(a) = V(e ® DV" = (i VasVi2aVaslO1 = (1 Vi2Vas[Er. - (37)
Lemma 3.3. The map Ay is a morphism of the C*—(b,b")-algebras
(pa(BY)5"  and <<pﬂ<%>[;gap;a(os))')ﬁ?;gt(f}”),
and Ay is a morphism of the C*—(b', b)-algebras
(p(BY V3™ and ((95(%B) 25 05(B)) )0y 7™
Proof. We only prove the assertions concerning Ay. First,
Av(ps(B)') € (ps(B) ?Pﬁ(%))'

because
Vips(B) © ps(B))V" = ps(B) © ps(B) Cide ps(B)

bt
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by (2.4). Next,
V*a) C LA (H, H y©, H)
bt
because
Aly)V*[eh = V*(id@y)[€h = V' |ohy
for all y € p5(B)', € € o, and a 9 = [V*|a)1a] and BB =[V*a) 8] by (2.4). O

Theorem 3.4. If Ay = A%, then ((Av)%”, Av) is a Hopf C*-bimodule. Similarly, if
Ay = A%, then ((Ay)%, Ay) is a Hopf C*-bimodule.

Proof. We only prove the first assertion; the second one follows by replacmg V by V°P.
Write A = Ay, A = AV, and assume that A = A*. By Proposition 3.2, A := Ao"ﬁ
C*—(b, b')-algebra and A C L(Hjp) C ps(B)’. We claim that

AA) CAgxad

y (3.6), A(A) = [(8]3VisVas|a)s], and the following commutative diagram shows that

[A(A)|a2] = [(Bl3VisVasla)slaa] C [la)2(Bl2V |a)a] = [la)2AJ:
H la)2 HQ%QH 14 Hoﬂ%[—}H (Bl2 I

l|a> Jlats [ l|a>2

Hﬁ® HVzgla)B Hﬁ(g)(aba)( Q%BH)A)(HBE%H) (ada)%ﬁHﬂ)H@%aH

Similarly, one proves that [A(A)|8)1] = [|3)14], and the claim follows. By Lemma 3.3,
A is a morphism of the C*~ (b bT)-algebras Aand A * A. It only remains to show that
A is coassociative. Let @ € A. Then

(A * id)(A(a)) = V1*2(1d§ A(a))Vig = V1*2V2*3(id(§ ide @) VasVia.

Here, we can replace Va3Via by Vi5VasVia = VigVas. Therefore, (A * id) (A(d)) equals

(@)).

D)

‘/zsvf},(idg?id(%&)vwvm = Va3 Xa3(A(a) ® id) X3 Va3 = (id *A)(

3.3. The Fourier algebras of a C*-pseudo-multiplicative unitary

We first introduce certain spaces of maps on C*-algebras and slice maps on fibre
products, and then associate to every Hopf C*-bimodule several convolution algebras
and to every C*-pseudo-multiplicative unitary two Fourier algebras.

Let a = (9,2,27) and b = (& %B,B") be C*-bases, H a Hilbert space, H, a
C*—a-module, Hz a C*-b-module, and A C L(H) a closed subspace. We denote by
a® the space of all sequences 7 = (1x)ren in o for which the sum ), n/n; converges in
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norm, and put ||| := || 3, minkl|*/? for each n € a*°. Similarly, we define 3. Standard
arguments show that for all n € 3°°, n’ € a®, there exists a bounded linear map

Wyt A= L($9,R), T > niThy,
keN

where the sum converges in norm and ||wy .|| < ||7|[[|7'||. We put
‘9570(‘4) = {wﬂ,ﬂ/ | n € 600, 77/ S aoo} g L(AMC’('?LR))a

where L(A, L($,R)) denotes the space of bounded linear maps from A to L£(9, R). If
B = a, we abbreviate £23(A) := 25 ,(A). It is easy to see that (23 ,(A) is a subspace of
L(A, L($,R)) and that the following formula defines a norm on {23 ,(A):

lw|l == inf{Inll 7'l | n € B>, 0 € ™, w=wyy} forallwe 25 4(A).

Standard arguments show that (23 ,(A) is a Banach space. Moreover, if A = A*,
then there exists an anti-linear isometry {23 ,(4) — 2,3(4), w — w*, such that
w*(a) =w(a*)* for all a € A and (wy)* = wy , for all n € 5, 7' € a™.

Proposition 3.5.

(i) Let m be a morphism of C*~b-algebras A%, and Bj;. Then there exists a linear
contraction ©*: 2,(B) — 2,(A) given by w — wo .

ii) Let m be a morphism of C*—(a, b)-algebras A%P and B)?°. Then there exists a linear
H K

contraction ©*: (25 (B) — 23 o(A) given by w — wo .

Proof. We only prove (ii). Let I := L7(oHp,K5) and n € §*°, " € ¥°°. Then there
exists a closed separable subspace Iy C I such that 7, € [Ip8] and 7!, € [Ipa] for all
n € N. We may assume that InIiIy C Iy, and then [IpI]] is a o-unital C*-algebra and
has a bounded sequential approximate unit (ug)g of the form u, = Zle T;T, where
(T}); is a sequence in Iy [15, Proposition 6.7]. We choose a bijection i: N x N — N and
let &) == T;'nn € B and é_;(l,n) =Ty, € a for all I,n € N. Then the sum

Z ff(l,n)fi(l,n) = Z LT
l l

converges to niny, for each n € N in norm because 7, € [Ip(]. Therefore, £ € 3 and
ll€]l = |In]|, and a similar argument shows that £’ € a® and ||| = ||’||. Finally,

weer(a) =D mpTaTrn, =Y mim(@) DT n, =Y mhw(a), = wyy (7(a))
ln n

ln

for each a € A, where the sum converges in norm, and hence wy ,» o ™ = we ¢ € 23 4 (A)
and [|wy., o @l < [IEIIET = Nl lI7"]l- O
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For each map of the form considered above, we can form a slice map as follows [25,
Proposition 3.30]. Let Hz be a C*—b-module, let K. be a C*~bf-module, let A C L(H)
and B C L(K) be closed subspaces, and let

AﬁfwB ={z € L(Hﬁ%"y K) | (Bl1x|B)1 € B, (v|az|7)2 € A}

Proposition 3.6.
e There exists a linear contraction
25(A) = 215), (A5 %y B),
¢ = ¢ xid, such that wee *id = wg g for all £,& € 3, where &, = |€n)1 and
= |¢/ )1 for all n € N.

e There exists a linear contraction
Q,Y(B) — Q\’Y (A/g * B)

¥ — id * 9, such that id * wy,, = wy g for all n,n" € ¥*°, where 7, = |n,)2 and
= |nl,)2 for alln € N.
e We have Yo (¢ xid) = ¢po (id x¢) for all ¢ € 23(A) and ¢ € 2,(B).

Assume that ,Hp is a C*—(a, b)-module and that - K; is a C*—(b', ¢)-module. Denote by
‘@’ the projective tensor product of Banach spaces. Clearly, there exist linear contractions

2, (A)R82y(B) = 20y (Ap %,Y B), wRw = wke =wo (id x W),
23(A)28025(B) = Lprsy(Ap %y B), wRW = wRW =w o (wx*id).
Proposition 3.7. There exist linear contractions
QQVB(A)(%Q%(;(B) — Q(ad’y),(ﬂbé) (Ag i,y B), w®wr wkX w’,

Qg’a(A)(gQgﬁ(B) — 9(595)7(0147) (Ag i,y B), wR W wiW,

such that for all £ € a™, &' € 3°°,n € v, n' € §°° and each bijection i: Nx N — N, we
have we ¢ W wy = we o and wer ¢ K wyy = wer g, where

Oi(m,n) = [Mn)2ém € a a7, ; (mn) = =&, € B8 for all m,n € N.

Proof. We only prove the existence of the first contraction. Let &, £, n, 7', 4, 0, 6’ be
as above. Then 6 € (o <) and ||6] < |||l ||n]] because

Zekek = Zs (1217 ) 26m = ngpg Man)em < 0l Gl < IMIPIEN,
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and similarly 6’ € (81> 9)> and |6’ < ||€'||]|7']]. Next, we show that wg e does not
depend on ¢ and &' but only on we ¢ € 24 8(A). Let (' € Rand z € Ag i” B. Then

woo (2)C' = Y & (mnlazl€ )1 ¢
m,neN

where the sum converges in norm. Fix any n € N. Then we find a sequence (k;), in N

[ .
and nq, e €9 Glasee5 ()l € R such that the sum )" n7,¢7; converges in

norm to n,¢’ as r tends to infinity. But then

ki
* ! ! oA . * / " "
me<77n|2x|£m>177nc - TIE&ZZEmmnbemhnr,l r,l

m =1

kr
= Tlggo Z Z Em ‘2x|77;,,l>2£1/n<7ﬂ,l
=1 m
kr
= lim Y wee (22l )2)G)-
1=1
Note here that (n,|z(|n;;)2 € A. Therefore, the sum on the left-hand side only depends
on we e € 24,3(A) but not on &, ¢, and since n € N was arbitrary, the same is true for

wg,or(x)¢’. A similar argument shows that wy ¢ (2)*¢ depends on wy ., € £2y 5(B) but not
on 7, ' for each ¢ € R. O

Proposition 3.8. Let (Ai;a7 A) be a Hopf C*-bimodule over b. Then each of the spaces
2 = 02,(A), 2(A), 24,5(A), 25 o(A) is a Banach algebra with respect to the multipli-
cation £2 x 2 — §2 given by (w,w’) —» wxw = (WK W) o A.

Proof. The multiplication is well defined by Propositions 3.5 and 3.7, and associative
because A is coassociative. O

Now, let (H, 3, 8) be a C*~(b', b, b )-module, let
ViH;0,H — H,®3H
5[;1 b A
be a C*-pseudo-multiplicative unitary, and let

Q8.0 = 23a(p3(B)), 2, 5:= 2, 5(05(B)").

Using Lemma 3.3, the inclusions
(P5(B)a® 595(B))" € p5(B) a¥sp5(B)
(pPs(B) 3 o p(B))" S ps(B) s%aps(B),
and Proposition 3.7, we define maps

5.0 % 2.0 = 250, (w, ) wrw = (WKW) oAy,

2,5 X Qaﬁ — Qa,é’ (w, ) wsrw = (wWKW)oAy.
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Theorem 3.9.
(i) The maps above turn 23, and 2 5 into Banach algebras.

(ii) There exist contractive homomorphisms 7y : Qg a = AV and wy : 2 wf Ay, such

that 7ty (we,n) = 25, (Enl2VImn)2 and v (wyc) = 32, (M1V [ for all ¢ € 5,
nea>, (ep>.

Proof. We only prove the assertions concerning Q@ya.

(i) One only needs to show that the multiplication on 25 ,, is associative. Let w,w’,w" €
28,0, where w = wy ¢, W' = wy g, W' = wyr e and n,1', 0" € , £,&,¢" € a™. Then
a short calculation shows that for all z € p5(B)’,

((wre) ) @) = D minil2(nlsVieVis(@ & (1© 1)V Vialeu)alei) &,
k,l,m

(w (W xw)(@) = Y mi(nila(nlsVesVis(x @ 1@ 1)V VaslEk) €001
k,l,m

and by (2.5), the right-hand sides coincide.

(ii) The map 7y is well-defined because n*7y (w)§ = w({n|1V]€)1) and (n)1V1]€)1 € Ay C
pﬁ(%) foralln € a, £ € ﬁ, w E _Qg «, contractive because V' is unitary, and a homomor-
phism because for all w,w’ € Qg aNEale ﬂ,

n v (w)rv () = (w B W) ((nhVi2Vislé)1)

= (w B W) ((n]1V23V12V551€)1)

= (wRW)V((nhVIE 35? o id)V7)
(w W) ((nhV]€)1)

0wy (w* w)E.

O

Definition 3.10. We call the algebras A = #y(25.,4) € Ay and AY = v (2, 3 C

Ay, equipped with the quotient norms coming from the surjections 7y and 7y, the
Fourier algebra and the dual Fourier algebra of V', respectively.

The pairs ((AV) ,Ay) and ((A ) '“, Ay) stand in a generalized Pontrjagin duality
which is captured by the following pairing.

Proposition 3.11.
(i) There exists a bilinear map (-]-): AQ, x AY, — L(R) such that w(my(v)) =

(v (w)|my (v) = v(Fy (W) for all w € 5.4, v € 2 .- This map is non-degenerate
in the sense that for each a € A and a € AY, there exist @' € A and o’ € A},

such that (ala’) # 0 and (@']a) 75 0.

(ii) (Fv(w)rv(w)]a) = (w Ww')(Av(a)) and (alﬁv( )y () = (v R ') (Ay(a)) for
all w,w' € 234, a € A}, v,V € 2,4 0€ AY,
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Proof. (i) If w = we ¢ and v = w,,y, where { € §°, &', nea>®, n € 3>, then
w(my Zf M1 VI 160 =Y 0 (Eml2VIER)2m), = v(Fy (w)).

m,n
(ii) For all w, o', a as above,

(7v W)ty (@)|a) = (Fv(w * w')]a) = (wxw)(a) = (w Bw)(Ay(a)).

The second equation follows similarly. O

Part (i) of the preceding result implies the following relation between the Fourier
algebras AY, and A}, and the convolution algebras constructed in Proposition 3.8.

Corollary 3.12. If ((Av)%% Ay) or ((Av)%?,Av) is a Hopf C*-bimodule, then
there exists an isometric isomorphism of Banach algebras @: {23 .(Av) — A(‘)/ or
w2, (AV) — AV, respectwely, whose composition with the quotient map an —
{2g, a(AV) or 2 wp 2, ﬂ(AV) is equal to 7ty or my, respectively.

3.4. The legs of the unitary of a groupoid

Let G be a locally compact, Hausdorff, second countable groupoid G as in §2.3. We
keep the notation introduced there and determine the legs of the C*-pseudo-multiplicative
unitary V' associated to G. Denote by m: Co(G) — L(H) the representation given by
multiplication operators, and by L'(G,\) the completion of C.(G) with respect to the
norm given by ||| := sup,cqo [ |f(u)|dX“(z) for all f € C.(G). Then LY(G,\) is a
Banach algebra with respect to the convolution product

(f 9)(y) = / g(@) F(@~1y) AN W (z) for all f,g € LG, N), y € G,
Gr(y)
and there exists a contractive algebra homomorphism L: L'(G,\) — L(H) such that

LW = [ F@D P a)ela ) AV I(@) forall £, € CG), y €.
Gr()
Routine arguments show that there exists a unique continuous map
LQ(G /\) X LZ(G7 A) - OO(G)v (575,) = g* 5/*7
such that (€ &) (x) = [ EW)E (7 y) AA@) (y) for all £, € Cu(G), z € G.

Lemma 3.13. Let a¢, ¢ = (J(©12V]5(€))2 and ayy = (G V]I ) € AY,, where
£,& € L*(G,\) and n,1 € Co(G). Then ager = m(€ * ) and a,,y = L(7n').

Proof. By continuity, we may assume &,& € C.(G). Then for all (,¢{" € C.(G),
(Clage¢’) =(CQI(E |V(C @J(f )
= [ T @ ) ) ) du),

<C|a'n,n/< )= ()OS <|V(j(77 ) S ¢’ )
- /G /m @)Xy (@)D (@)¢ (57 ) AN W) (@) du(y).
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The algebra A[‘), can be considered as a continuous Fourier algebra of the locally com-
pact groupoid G. A Fourier algebra for measured groupoids was defined and studied by
Renault [23], and for measured quantum groupoids by Vallin [32].

Remark 3.14. A Fourier algebra A(G) for locally compact groupoids was defined by
Paterson in [21] as follows. He constructs a Fourier-Stieltjes algebra B(G) C C(G)
and defines A(G) to be the norm-closed subalgebra of B(G) generated by the set
A (G) :={age | & & € L*(G, \)}. The definition of B(G) in immediately implies that
|7y (we.e)lBay < [IE][IE']] for all £ € o, & € B with finitely many non-zero compo-
nents. Therefore, the identity on A.f(G) extends to a contractive homomorphism from
AY to A(G).

Remark 3.15. Another Fourier space fl(G) considered in the note following Propo-
sition 13 in [21] is defined as follows. For each n € L*(G,\) and u € G°, write
€0 (w)| == (£n]€n) ()2, Denote by M the set of all pairs (£,¢) of sequences in L?(G, \)
such that the supremum [(&,£)|ar 1= sup, yego 2o 1€n (W) [[€7, (V)] is finite, and denote
by A(G) the completion of the linear span of A.¢(G) with respect to the norm defined
by

Jall 1) = inf {|<575'>M

Q= ag, e }
n
The identity on A.f(G) extends to a linear contraction from A9 to A(G) because

€] = sup Y (€nlén)(w) = sup > [|&a(w)]?, €17 = sup Y [1€a ()],
ueGo n ueGo n veEGO n

for all §,¢" € L*(G, A)> and hence |(£, &)1 = sup,, yeqo 2o, [16n (W) 1€, () < NEINTIE -

Recall that the reduced groupoid C*-algebra C;(G) is the closed linear span of all
operators of the L(g), where g € L'(G, \) [22].

Theorem 3.16. Let V' be the C*-pseudo-multiplicative unitary of a locally compact
groupoid G. Then ((Ay)%*, Ay) and ((Av)%”, Ay) are Hopf C*-bimodules and

AV =m(Co(G)),
(Av (m(f))w)(z,y) = f(zy)w(z,y)
for all f € Cy(G), w € HB%Q H, (z,y) € Gs x, G, and

Ay = CH(G),
(Av(L(9)w")(",y") = /Gu/ g(z2)D~ V2 (2)! (271, 27y ) A (2)

for all g € Co(GQ), w' € H,®3 H, (2',y') € G, X, G, where v/ = r(z’) = r(y’).
b

Proof. The first assertion will follow from Example 4.3 and Theorem 4.5 in §4.1. The
equations concerning Ay, Ay and Ay, Ay follow from Lemma 3.13 and straightforward
calculations. Il
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4. Regular, proper and étale C*-pseudo-multiplicative unitaries

Let
V:H®,H—H Qg H
Byt 6"

be a C*-pseudo-multiplicative unitary as before.

4.1. Regularity

In [3], Baaj and Skandalis showed that the pairs (AV,AV) and (Ay, Ay ) associated
to a multiplicative unitary V on a Hilbert space H form Hopf C*-algebras if the unitary
satisfies the regularity condition [(H|2V|H)1] = K(H). This condition was generalized
by Baaj in [1,2] and extended to pseudo-multiplicative unitaries by Enock [9]. To adapt
it to C*-pseudo-multiplicative unitaries, we consider the space

Cy:

[(ahV]a)s] € L(H).

Proposition 4.1.
[ps(B)Cv]

[CvCv] = Cv, Cyve = Cy, [Cva] = a, and [Cypp(B)]
=Cy = [Cvps(B)] = [ps(B)Cv].

Proof. The proof is completely analogous to the proof of Proposition 3.2; for example,
the first equation follows from the commutativity of the following two diagrams:

H " H Co H
la)o J/Q‘>2 (0‘\1/ \\Mz (ahq\ (al1
H@%QH @; HHQ%BH H 4 ®a V4>Ha§)gH Ha(%)gH
¢a>3 s N\ /(ah (i}
HB oH R0 H Ho®sH;;®qH o Ho®3H ®pH
Via b [ Vag b b
la)2 \LV23 V12¢ (al2
s H 5@ (avoy (H o @ H) Yis (H @0 H)(ac) @a H
H Co H
la)o o (B) i/\a)z <0<|17\
HBMO‘H (B>5) HBE(%QH v Ha%)gH
la)2 (alzq\ <C¥|27\
—>Hﬁg(al>a)(Ha®ﬁH)*>(H Do H) (0o s H
O

Definition 4.2. A C*-pseudo-multiplicative unitary (b, H, B,

Cy 2 [aa*], and regular if Cy =

[aa”].

a’ﬁ)‘/
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Examples 4.3.

(i) V is (semi-)regular if and only if VP is (semi-)regular.

(ii) The C*-pseudo-multiplicative unitary of a locally compact Hausdorff groupoid G

(see Theorem 2.5) is regular. To prove this assertion, we use the notation introduced
in §2.3 and calculate that for each &,¢ € C.(G), ¢ € C.(G) C L*(G,v), y € G,

(GENVIIEN0)W) = / F@)C (1) 1y) AN O (),

Gr(y)

GO W =€) [ Ewee) (o)

Using standard arguments, we find [(a|1V|a)2] = [S(C(G %, G))] = [aa*], where
for each w € C.(G X, G), the operator S(w) is given by

(SW)O)(y) = /Gr(y) w(z,y)¢(x) d\®) (x) forall ¢ € C.(G), y €G.

(iii) In [31], we introduce compact C*-quantum groupoids and construct for each such

quantum groupoid a C*-pseudo-multiplicative unitary that turns out to be regular.

We now deduce several properties of semi-regular and regular C*-pseudo-multiplicative

unitaries, using commutative diagrams as in §3.2.

Proposition 4.4. If V' is semi-regular, then Cy is a C*-algebra.

Proof. Assume that V is regular. Then the following two diagrams commute, whence
[CvCy] = [{ali{aliVas|a)i]a)s] = Cv:

Hﬁ@aH
[o)a bi o) i
1 Moo g Moo et
)1 «)3
C{‘,\L ¢V* ¢/V1*2
A 29 5 3
L el L
a2
H (R) VVas Vs
L H@aH o Hj;®apa) (Ho®sH)
(a2 bt b

ov| v | vis
H(;Ha@)gH(;(HB%QH) (aqa)%gHHH(x%@ﬁH&%ﬁH

(a1 b (a2

(ely H.®3H (e
b
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H o H o
Via)s (o ! -
H o H 14 Ho®p H Pepam) (B) Ho®s H

Wa)l \L(ocll
Ho Q3H 0, H V23 _H_ ®5H ®z5H "1
SNSRI K T

Now, assume that V is semi-regular. Then cell (R) in the first diagram need not commute,
but still [|a)s(als] € [(a|2Vas|a)s] and hence [CyvC5] C [(ali{aliVas|a)i]a)s] = Cy.

A similar argument shows that also [C},Cy] C Cy, and from Proposition 3.2 and [1,
Lemme 3.3], it follows that Cy is a C*-algebra. (]

Theorem 4.5. If Cy = C},, then ((flv)?}’ﬁ,ﬁv) and ((Ay)%*, Ay) are Hopf C*-bi-
modules. In particular, this is the case if V' is semi-regular.

The key step in the proof is the following lemma.
Lemma 4.6. [V(1 ® Cv)V*|B)2] = [|18)24%].

Proof. The diagram

H Ha(%ﬁH

18)
bisy 2 T

Ha(%,BH lo)s HQ§5HE§>QH Vas H@ﬁHa%ﬁH

e YViz v
HégaHLHﬁgaI{B%aH ®) Ve,
1%0‘/ ¢,V23
HgggaHTnggg (wve)(H @ H) Y18 (H @0 H) (ase) @ HD2_H 500 H
v % (2
S E} a

commutes and shows that
146! S? Cv)V*(B)2] = [|B)2(cl2V*|B)2] = [|B)247].

Indeed, cell (P) commutes by (2.5), and the remaining cells by (2.4) or by inspection. O

Proof of Theorem 4.5. By Theorem 3.4, it suffices to show that Ay = fl*v But by
Proposition 3.2 and Lemma 4.6,

17 = [pa(BHAY] = [(Bl2]8)247] = [(B2V (1 ® Cy)V7|B)2].

Replacing V' by VP we obtain the assertion concerning Ay . O
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Remark 4.7. If V is regular, then [V]a)sAy] = [|8)2A4y] and [V[B8)1Av] = [|a)1Av].
Indeed, using Lemma 4.6 and the relation Ay = A, (Theorem 4.5), we find that

[Via)2Av] = [VIa)a(al2V*|8)2] = V(1 @ Cv)V718)2] = [18)2Av],
and replacing V' by V°P_ we obtain the second equation.

4.2. Proper and étale C*-pseudo-multiplicative unitaries

In [3], Baaj and Skandalis characterized multiplicative unitaries that correspond to
compact or discrete quantum groups by the existence of fixed or cofixed vectors, respec-
tively, and showed that from such vectors, one can construct a Haar state and a counit
on the associated legs. We adapt some of their constructions to C*-pseudo-multiplicative
unitaries as follows. Given a C*~b()-module K., let M(y) = {T € L(R, K) | B C
v, T*y € B}

Definition 4.8. A fized element for V is an n € M () N M(a) C L(R, H) satisfying
Vimi = |n)1. A cofized element for V is a £ € M(a) N M(8) C L(R, H) satisfying
V]€)2 = |€)2. We denote the set of all fixed/cofixed elements for V' by Fix(V')/Cofix(V').

Example 4.9. Let V be the C*-pseudo-multiplicative unitary of a groupoid G (see §2.3).
Identify M(L?(G,\)) in the natural way with the completion of the space

r: supp f — GV is proper, sup / |f(z)|? dA“(x) is ﬁnite}
ueGO u

{f ele)

with respect to the norm

re s ([ @pave)

u€eGO
As in [27, Lemma 7.11], one finds that

(i) no € M(L*(G,\)) is a fixed element if and only if for each u € G°, no|gu\fu} = 0
almost everywhere with respect to \“;

(i) & € M(L?(G,\)) is a cofixed element if and only if &y (x) = &y(s(x)) for all z € G.
Remarks 4.10.

(i) Fix(V) = Cofix(V°P) and Cofix(V') = Fix(V°P).

(ii) Fix(V)* Fix(V) and Cofix(V)* Cofix(V') are contained in M (8) N M (BT).

(i) pa (B Fix(V) = Fix(V)BT C 3 and p3(B) Fix(V) = Fix(V)B C «a because
Fix(V) € M(8)N M (a), and similarly pg(B) Cofix(V) C a and p,(BT) Cofix(V) C
3.
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Lemma 4.11.
(i) (€l2VI€)2 = pal£7E) = ps(£7¢') for all §,&" € Cofix(V).
(i) mhVin = ps(™n') = pa(n™n') for all n,n" € Fix(V).

Proof. Let ¢ € H and &, ¢ € Cofix(V). Then (£|2V|€)2C = (€]2]€")2¢ = pa(£*€')¢ and
((€|2V]E)2)* ¢ = (&')2]€)2¢ = pB((f’)*f)C. The proof of (ii) is similar. O

Proposition 4.12.
(i) ps(M(B)) Cofix(V) C Cofix(V)) and pg(B) Fix(V) C Fix(V).
(ii) [Cofix(V) Cofix(V)* Cofix(V)] = Cofix(V') and [Fix(V) Fix(V)* Fix(V)] = Fix(V).
(iii) [Cofix(V)* Cofix(V)] and [Fix(V)* Fix(V)] are C*-subalgebras of M (58) N M (B1);

in particular, they are commutative.

Proof. We only prove the assertions concerning Cofix(V).

(i) Let T € M(B) and £ € Cofix(V). Then ps(T)§ € M(B8) N M (a) because ps(B)3 € 8
and pB(%)a C a. The relation V(5> ) = > furthermore implies

Pa(T)E)2 = Vs (TE)2 = P(ansy (T)VIE)2 = Panpy (T)I€)2 = |pz(T)E)2-

(ii) Using (i) and the relation Cofix(V)* Cofix(V) C M (B1), we find that

Vv

[Cofix(V) Cofix(V)* Cofix(V)] C [Cofix(V)M(B")] = [p5(M(B)) Cofix(V)] C Cofix(V).

Therefore, [Cofix(V)* Cofix(V)] is a C*-algebra and Cofix(V') is a Hilbert C*-module
over [Cofix(V)* Cofix(V)]. Now, [15, p. 5] implies that the inclusion above is an equality.

(iii) This follows from (ii) and Remark 4.10 (ii). O

Definition 4.13. The C*-pseudo-multiplicative unitary V' is étale if n*n = idg for some
n € Fix(V), proper if £*¢ = idg for some ¢ € Cofix(V), and compact if it is proper and
B, BT are unital.

Example 4.14. The C*-pseudo-multiplicative unitary of a groupoid G (§2.3) is étale/
proper/compact if and only if G is étale/proper/compact. This follows from arguments
similar to those in [27, Theorem 7.12].

Remarks 4.15.
(i) By Remark 4.10, V is étale/proper if and only if V°P is proper/étale.
(ii) If V is proper and & € Cofix(V), £*¢ = idg, then

[05(B)pa(BN] = [pa(B)(El2V[€)205(B)] = [(EBT2V[€B)2] C [(BlaV]a)o] = Av.

Similarly, if V is étale, then [pg(%B)p.(B1)] € Ay.
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Fixed and cofixed vectors give rise to invariant operator-valued weights and counits
on the legs of V' as follows.

Definition 4.16. Let (4%%, A) be a Hopf C*-bimodule over b.

A bounded left Haar weight for (A’Z’O‘, A) is a completely positive contraction ¢: A — B
satisfying ¢(app(b)) = ¢(a)b and ¢(({[1A(a)[E")1) = € ps(¢(a))¢’ for all a € A, b € B,
§,& € a. We call ¢ normal if ¢ € 2)7(5)(A).

Similarly, a bounded right Haar weight for (A%a, A) is a completely positive contraction
U A — BT satisfying 1 (apa (07)) = ¥(a)b" and ¥ ((n|2A(a)ln’)2) = n*pa(1b(a))n’ for all
a€ A, bt e Bl nn € B We call ¢ normal if 1 € 2y1(4)(A).

A bounded (left/right) counit for (A%a, A) is a morphism of C*-(bf, b)-algebras
€: A%O‘ — £(ﬁ)§1 *® that makes the (left/right one of the) following two diagrams com-

mute:
A A
Aaxp A A A Aaxp A
e?idi l i iid:e
LR wrp A~ LRSS H) = £(H) L(H) < LH @31 8) < Aarmi L(R)

where the isomorphisms

E(R«B(%ﬁ H) = [:(H) = C(Ha(%)%f .ﬁ)

are induced by the isomorphisms (2.3).

Remark 4.17. Let (A’Z’“,A) be a Hopf C*-bimodule over b. Evidently, a completely
positive contraction ¢: A — B is a normal bounded left Haar weight for (A%O‘7 A) if and
only if ¢ € 2)7(5)(A) and (id * ) o A = pg o ¢. A similar remark applies to right Haar
weights.

Theorem 4.18. Let V' be an étale C*-pseudo-multiplicative unitary.

(i) There exists a contractive homomorphism é: Ay — L(R) such that é((n]aV|[€)2) =
n*€ for alln € 3, € € a.

(ii) Assume that V is regular and let D := [3*a]. Then D?’(‘Bf is a C*—(b,b)-
algebra and € is a morphism from (AV)?I”B to D?’% and a bounded counit for
((AV>11;:I”B?AV)'

Proof. Choose an 7 € Fix(V) with 5n = idg and define é: Ay — L(K) by @ — n5an.
Then € is contractive. For all £ € o, 5 € 3, { € &,

(n2V1€)2m0¢ = (n2V (1o S £C) = (nl2(n0 S £¢) = no(n*€)C¢,

and hence ang = noé(a) and é(ba) = nibany = nibnoé(a) = é(b)é(a) for all a,b e Ay
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Assume that V' is regular. Then D is a C*-algebra and € is a morphism because by
construction, € is a *-homomorphism, D = é(Ay), 05 € L(a Hpj, s Rypt), and [nga] 2
[nEneB] = B and [0 3] 2 [ninoBT) = BF. Let a € Ay. Then

(€ b*T id)(Av(d)) = <770|1Av(d)|770>1
= (ol V*(1 % a)Vino)1
= (o1 (1 ® a)lno)

= pa(nomo)a = a,

and if @ = (n]2V|€)2 for some n € 3, € € a, then (id * é)(AV(&)) (770|2AV( Mno)2 = a
because the following diagram commutes:

I 1€)2 Hﬁ®aH 4 HQ%ﬁH id HQ%,@H (nl2 I

[10)2 l|770>2 (*) [m0)2 (Mo]2 (nol2
H5®O<H 1€)s H5®aH@(§aH VizVas (H@%O‘ (cma)(%ﬁH (nls HﬁgaH

Ay (a)

Indeed, the lower cell commutes by equation (3.6), cell (x) commutes because Vas|ng)e =
|70)2, and the other cells commute as well. O

Theorem 4.19. Let V' be a proper regular C*-pseudo-multiplicative unitary. Then there
exists a normal bounded left Haar weight ¢ for ((Av)%’ﬁ, Ay).

Proof. Choose & € Cofix(V') with £}¢y = idg. By Proposition 3.2 and Remark 4.10 (i),
(€5 AvEo] = (€ pa(BN) Ay pa(BT)&) C (87 Ay 5] C BT

Hence, we can define a completely positive map ¢: Ay — Bt by a — &;a&o, and ¢ €
QM(Q)(AV) For all a € AV7

(id * ¢)(Av (@) = (&o|2V* (ld® a)V|éo)2 = <§o|2(1d® a)|€0)2 = pa(§5ako)-

As an example, consider the C*-pseudo-multiplicative unitary
ViH;®.H — H ®3H
b b

associated to a locally compact, Hausdorff, second countable groupoid G as in §2.3.
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Proposition 4.20.

(i) Let G be étale. Then V is étale, Ay = Cy(G), é(Ay) = Co(G), and ¢ is given by
the restriction of functions on G to functions on GP°.

(ii) Let G be proper. Then VP is étale, Ay = Ayor = C*(G), and for each f € Co(G),
the operator é(L(f)) € L(L*(G°, u)) is given by

@LNOW = [ F@)D Y (@)¢(s(x) dN"(a) for all ¢ € L*(C°, ), « € G.

G'u.
Proof. For all £,¢' € C.(G), ¢ € L*(G°, 1) and u € G°, we have by Lemma 3.13
(E(m(& + £))¢) () = (E(ag,e)¢)(u) = (5(€)"3(€)¢) (w)
~ [ G @) ax (o) = (€€ )t

(E(L(£€)O) (1) = (é(ag.e)O)(w) = (5(6)"2(€")¢) ()

Proposition 4.21.

(i) Let G be proper Tben V is proper Ay = Co(@), and the map ¢: Ay — Co(GO)
given by (o( = Jou f(z)d\*(z) is a normal bounded left Haar weight for
(Av)g” 7Av)

(ii) Let G be étale. Then V°P is proper and there exists a normal bounded left and
right Haar weight ¢ for ((A ) ,Avy) given by L(f) — flgo for all f € C.(G).

Proof. This follows from Theorem 4.19 and calculations similar to those in Proposi-
tion 4.20. 0
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