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THE X! COUNTERPARTS TO STATEMENTS THAT ARE EQUIVALENT
TO THE CONTINUUM HYPOTHESIS

ASGER TORNQUIST AND WILLIAM WEISS

Abstract. 'We consider natural Zé definable analogues of many of the classical statements that have
been shown to be equivalent to CH. It is shown that these Zé analogues are equivalent to that all reals are
constructible. We also prove two partition relations for Zé colourings which hold precisely when there is a
non-constructible real.

§1. Introduction. In the mathematical literature, one finds a great number of
statements that have been proved to be equivalent to the Continuum Hypothesis
(CH). One such well-known equivalence is due to Sierpinski, and states that CH
is equivalent to the statement that the plane R2 is the union of two sets 4, B C R2
such that each horizontal section of A is countable, and each vertical section of B is
countable. Another example is Davies’ theorem, which states that CH is equivalent
to that every function f : R*> — R admits a representation

oo

Fx )= gn(x)h(p).

n=0

where g,.h, : R — R are functions, and the sum above has only finitely many
non-zero terms for every (x, y) € R2.

In these types of theorems, usually the direct implication from CH is proved by a
straight-forward inductive construction by well-ordering the reals in order type w,
and exploiting that each initial segment is countable. The result of the construction
will usually be definable from the well-ordering. Perhaps it is no surprise then that
if we work in Gddel’s constructible universe L where there is a canonical choice of
a well-ordering of R, which moreover is Z;, then with some care it can be shown in
many cases that there are X} definable witnesses to the direct implication.

On the other hand, the reverse implication often requires considerable ingenu-
ity and does not at first seem to conform to a set pattern. In light of the above
discussion about the situation in L, it is natural to ask what happens if we take a
statement which implies CH, and replace it with a corresponding £} version. In [17]
we considered the X! counterpart of Davies’ theorem, and showed the following
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“%} Davies” Theorem”: All reals are constructible (R C L) if and only if every
%} function f : R* — R admits a representation

fGey) =" gle.nh(x.n),
n=0

where g.1 : R x w — R are Z; functions, and the sum above has finitely many
non-zero terms at each (x, y) € R2.

It is natural to ask if this type of definable converse, which was found in the
case of Davies’ theorem, could hold for some of the many other statements that are
equivalent to CH. However, the proof in [17] did not give a clear indication in this
direction. In this paper we will prove that a number of the classical CH equivalents
admit natural £} counterparts which turn out to be equivalent to that all reals are
constructible. Specifically:

THEOREM 1.1. The following statements are equivalent:

(1) RCL.

(2) There are Z% sets A,B C R? such that AU B = RZ2, and all the sections

Ay ={y€eR:(x,y) € A} and B’ = {x € R: (x,y) € B} are countable.
(3) There are X} sets Ay, As. A3 € R3 such that Ay U A, U A3 = R3, and every line
[ in the direction of the x;-axis meets A; in finitely many points.

(4) There are uncountable Z; sets Ay and Ay such that Ay U A1 = R and for all
a € R the set (a + Ag) N Ay is countable.

(5) The plane can be covered by three =} clouds' with centres in L.

(6) There is a £} surjection f : R — R? : x w (f1(x), f2(x)) such that either
S1(x) or f4(x) exists for all x € R.

Here (2) and (3) correspond to CH equivalences proven by Sierpifiski [14]; (4)
to an equivalence due to Banach and Trzeciakiewicz, [1.18]; (5) to an equivalence
due to Komjath [6]: and (6) to an equivalence proven by Morayne [11].

The proofs of the above equivalences also offer an explanation for why and
when a classical CH equivalence admits a =} counterpart. The reason that the
above X} translations work can be found in the structure of the proofs of the
corresponding classical CH equivalences. Though it is not always immediately clear
from the literature, there is a common underlying structure of the proofs of CH from
the given statement, and in fact of the statements themselves. Roughly speaking, the
structure is as follows: The statements are of the form that there exists certain sets (or
n-ary relations) Ry.R,. ... and functions f. f5.... which satisfy some finiteness
or countability requirement, and that a// reals must satisfy some relations that are
expressed in terms of the given sets and functions. The proof that such a statement
implies CH then can be cast in the following general form: One fixes a set of reals
of size Ny, and forms a “hull” of reals that satisfies the relevant relations with this
fixed set of reals. The countability condition on the sets and functions Ry, R3. ...,
f1, f2, ... then implies that this “hull” must have size X;. The statement is then seen
to imply that in fact a// reals are in this hull, hence 2% = ;.

In practice, one more often argues indirectly by assuming ~CH, and then use this
to produce a real which is “transcendental” in the sense that it fails to satisfy the

ISee §3.3 for the definition of clouds.
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prescribed relations. In the X} translations we consider, this corresponds to assum-
ing that there is a non-constructible real. In our proofs the finiteness/countability
conditions are then used, in conjunction with the Mansfield-Solovay perfect set
theorem (see Theorem 2.3), to prove that the constructible reals are indeed a suit-
able “hull”. Another important tool is the Shoenfield absoluteness theorem (see [13]
or [2, 25.20]). which allows us to work in a model of the form L[x], x € R, which
for the purpose of counting arguments can then be assumed to satisfy NIL[X] = NE,
see Lemma 2.2.

Using the same ideas we also prove the following two partition relations which
hold for X! colourings precisely when there are non-constructible reals.

THEOREM 1.2. The following are equivalent:

(1) RZ L.

(2) For every X} function f : R x R —  there are sets C,D C R such that
|C| =|D| =Rpand f | C x D is monochromatic.

(3) For every Zé colouring g : R — w there are four distinct xoo. Xo1. X109, X11 € R
of the same colour such that

X00 + X11 = Xo1 + X10.

This theorem, as well as Theorem 1.1, naturally relativizes to L[a] and Z}(a),
where ¢ € R is a parameter.

§2. Definitions and preliminaries. In this section, we collect various general defi-
nitions and preliminary observations that are needed in our proofs. For this purpose,
it is immensely practical to follow the (effective) descriptive set-theoretic convention
and use R to stand for any recursively presented uncountable Polish space (which
is warranted since all such spaces are isomorphic by a Al bijection, see [12]). This
convention will, however, cause problems later, where R will need to stand for the
actual (linearly ordered field of ) real numbers. Henceforth, we will use % to denote
the descriptive set-theoretic reals and R for the actual real line.

We shall assume that the reader is familiar with the basic elements of (effective)
descriptive set theory. as found in e.g., [2,3.9] or [12], though we briefly review the
most important notions below. Our notation is, for the most part, in line with that
of [12], and in particular, recursively presented Polish spaces are denoted with script
letters 27, %, %, . ...

2.1. X! sets and functions. In this paper, a £} set is a set that can be defined by a
¥} predicate, a I1} set is a set that is the complement of a £} set. and a Al set is a set
that is both X} and IT}. We denote by X}(a), T1i(a), and Al(a) the corresponding
relativized pointclasses, where a is some real (i.e., a € Z).

In this paper, we will say that a (total) function f : 2~ — % is X} (or, more
generally, £} (a)) if the graph of f is a £} (£}(a)) subset of 2~ x #. If a function
has a X} graph then in fact it is a A} graph since if w(x, y) is a £} predicate defining
(the graph of) f then

fx)=y <= (Vz)(-w(x.z) vz =y).

which shows that f has a IT} definition as well. We will say that a £} predicate
w(x,y) defines a function if there is a total function f : 2 — % such that
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f(x) =y <= wi(x.y). The reader should be warned that this notion is sensitive
to the model of set theory in which we work, since a predicate which defines a total
function in one model may only define a partial function in another (for example,
take w(x, y) to be a £} predicate which says that x = y and x € L). Note, however,
that

(Vx) (V. N w () Ap(x.y') = y =) (2.1)
is H% and therefore absolute, and so if (2.1) is satisfied in one model, it is satisfied
in all. In other words, a X} predicate which defines a partial function will do so in

any model, but it may fail to define a total function in all models even if it does so
in one.

2.2. Coding the L,. Our notation follows that of [3, p. 167ff.], with very few dif-
ferences. For convenience we recall the definitions and facts that are most important
for the present paper.

The canonical well-ordering of L will be denoted <. The language of set theory
(LOST) is denoted L.. If x € 2¢ then we define a binary relation on by

mexn < x((m,n)) =1,

where (-, -) refers to some (fixed) standard Godel pairing function coding a pair of
integers by a single integer. We let

MX = (wv 5x)

be the L. structure coded by x. If M, is well-founded and extensional then we
denote by tr(M,) the transitive collapse of M,, and by n, : M, — tr(M,) the
corresponding isomorphism.

The following proposition encapsulates the basic descriptive set-theoretic corre-
spondences between x, M., and the satisfaction relation. We refer to [3, 13.8] and
the remarks immediately thereafter for a proof.

ProposiTioN 2.1. () If (v, . ... vi_1) is a LOST formula with all free variables
shown then

{(x.ng....n_1) €2 X w x -+ X w: My = @[ng.....nx_1]}.

is arithmetical.
(b) For x € 2% such that M is well-founded and extensional, the relation

{(m.y) e o x Z :n.(m) = y}

is arithmetical in x.

(c) There is a LOST sentence o such that if M, |= oo and M is well-founded and
extensional, then M ~ L for some limit ordinal 6 < w.

(d) Thereis a LOST formula po(vo. v1) which defines the restriction of the canonical
well-ordering <r, of L to Ls for any limit 6 > w.

Define as in [3, p. 170] the restriction M, [k, for x € 2¥ and k € w, to be the
L. structure

M k={n:neck} ey).
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For 2 a recursively presented Polish space, let R C 2 x 2° be defined
by

R% (y.x) <= M, is well-founded. extensional, and M, = gy A (3n)y = 7, (n)A
(Vz <r x)(M., is well-founded, extensional, and M. = gy) = (Vk)r.(k) # y

In other words, R% (y.x) holds iff x is the least code for an L. « a limit, such that
y € L,. The relation R# is Al.

2.3. Coding initial segments. Let < denote <[ #, the canonical well-ordering
of %Z in L. This is a A} well-ordering which has a good coding of initial segments.
More precisely, < is a strongly A} well-ordering, which means that < has length w,
and IS C # x #=“ defined by

IS(x.v) < (Vn)v(n) < x A (Vz < x)(3n)v(n) =z A Vi, j)i = jVoli) # v())

is A}. The point is that quantifications over an initial segment of < can be replaced
by a quantifier over w in hierarchy calculations, see [12, SA.1] for details. We also
define a function IS* : Z — %= and a partial function IS* : Z x % — w by

IS*(x) =v <= IS(x.v) A (Vw < v)=1S(x. w).
IS*(x.y) =n <= IS*(x)(n) = y.

These are X..

2.4. The size of L N R. There are several counting arguments below that rely on
having some information about the cardinality of sets of reals in L. The following
simple observations are extremely useful for this purpose:

LemMA 2.2. (1) If there is a non-constructible real in V', then there is a non-
constructible real x € V such that Xy™ = RE.

(2) Suppose y is a £ (a) predicate defining the set A, where a € L. Then if A is

uncountable, then A N L is uncountable in L.

Proor. (1) If X" = Nf. then any non-constructible x € V' will do. If R is
countable in V', then there must be a real x € V' which is Cohen over L. For any
such x it holds that R = RE.

(2) If A N L is countable in L then there is some v : N — % in L such that

(Vx)(w (x) — @n)v(n) = x)

holds. Since this is T1} (@, v) it is absolute, and so 4 is countable. -

The typical application of (1) above will be that if we know that some state-
ment which is downwards absolute holds in V', and R Q L, then the statement
holds in some L[x] where x ¢ L, and the constructible reals have cardinality N;
in L[x].

Finally, we recall the perfect set theorem for X} sets by Mansfield and Solovay
which will be used often:

THEOREM 2.3 (Mansfield [8], Solovay [15]). Let A be a £}(a) set. Then either
A C Lla), or else A contains a perfect set. In particular, if a Zé set contains a
non-constructible real then it is uncountable.
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83. Results.

3.1. Sierpinski’s equivalences. In this section we consider the X! counterparts
of two of Sierpinski’s classical CH equivalences (see e.g., [14]). The first is the
counterpart to: CH is equivalent to the existence of two sets 4, B C R? with
AU B = R? such that all vertical sections of 4 are countable and all horizontal
sections of B are countable.

We include a version of this that is stated in terms of covering the plane by graphs
of countably many functions, since this is needed later in Section 3.4 below.

THEOREM 3.1. The following are equivalent:

(1) RCL.

(2) There is a X} linear order < of R such that for all x € R the initial segment
{y e R: y < x} is countable.

(3) There are Zé sets A,B C R? such that AU B = RZ2, and all the sections
Ay, ={yeR:(x,y) € A} and B” = {x € R: (x,y) € B} are countable.

(4) There are X} functions F4 : R x @ — R and Fp : R x o — R such that
A={(x,F4(x.,n)) :xeR.ne€w}land B ={(Fg(y.n).y):y e R,n € w}
satisfy (3).

Proor. (1) == (4). Let z be the <-least element with an infinite initial segment.

Let

Fy(x.n) =IS*(max<(x, z))(n)

and

r X ifn=0,
p(xn) = IS*(max~(x.z))(n —1) ifn>0
where max  (x, z) is the larger of x and z in <.

(4) = (3)is clear. For (3) = (1), suppose that there is xo € R\ L but
that (3) holds. By Lemma 2.2 we may assume that X1%) = R and that ¥ = L[xo].
since if (3) holds it holds in L[x(]. Since the section 4, is countable we can find
y € RNL)\ 4y, and so (xg,y) € B since 4 U B = R%. But this means that
BY, which is a £1(y) set, contains a non-constructible real (namely x¢). and so
since y € L it follows by the perfect set theorem (Theorem 2.3) that it must be
uncountable, a contradiction.

Finally, (1) == (2) is clear, since the canonical well-ordering of R in L satisfies
(2), and (2) == (3) follows since defining 4 = {(x.y) € R* : y < x} and
B = {(x,y) : x < y} clearly works. —|

Next we consider the X} counterpart to the following CH equivalence due to
Sierpinski (see [14]): CH holds iff there are sets A1, A5, A3 C R? such that 4, U A, U
A3 = R?, and every line / in the direction of the x;-axis meets 4; in finitely many
points.

THEOREM 3.2. Allreals are constructible if and only if there are Z; sets A1, A». Az C
R3 such that A} U Ay U A3 = R3, and every line [ in the direction of the x;-axis meets
A; in finitely many points.
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ProoF. Suppose all reals are constructible. Define, for i = 1,2, 3, the set /f,- by
(x1.Xx2.x3) € A; —if x; = max<{xy, x2, x3} then x; # x;.
and if k # i, j then IS*(x;, x;) < IS"(x;. xy)
< (Vj)(x; = max<{x. x2.x3} = (x; #Z xiA
(Vk <3)(k #£ink #j) = IS*(x;,x;) < IS (x;. xx)).

Clearly A; is Ab. Let 4; = A; U {(x.y.2) : x =y = z}. Then R® = 4; U 4, U 4;.
If / is a line parallel to an axis, say [ = {(x b,c¢) : x € R}, then by definition there
are only finitely many x such that (x, b, ¢) € 4.

For the converse, suppose there is xo € R\ L. As before, we may assume that
V = L[xo] and that N{‘[x“] = REIf (u,v) € R? N L, then the line {(1,v.x) : x €
R} N A5 is a finite £} (u, v) set, and so by Theorem 2.3 it does not contain a non-
constructible real. Thus (u, v, xo) ¢ A3 for all u,v € RN L. For any u € Q the
set {(u, x,x0) : x € R} N 4, is finite, and so since NlL = N; there must be some
x1 € RN L such that (u, x1, x9) ¢ A4, forallu € Q. Since 4; N {(u, x1, x0) : u € R}
is finite, it follows that there is x, € Q such that (x, x1, x0) ¢ 41 U A U 43. =

3.2. Banach-Trzeciakiewicz’s equivalence. [1] and [18] contain the following
equivalence: CH holds if and only if there are uncountable sets 4y, A; C R such
that 4o U 4; = R and for each a € R the set (a + A4y) N A, is countable. We have
the following X} counterpart:

THEOREM 3.3. Al reals are constructible if and only if there are uncountable 2} sets
Ao and Ay such that AyU A1 = Rand for all a € R the set (a + Ay) N Ay is countable.

ProOF. If R C L, it is easy to see that there is a A} Hamel basis H C R for R. (In
fact, by [10] there even is a I1} Hamel basis for R.) Define a function f : R — R<®
by

f(x): (xle---axn)

n
= X[.....x, € H A X <---%x,,/\(ﬂql,...,q,,EQ\{O})X:Zqix[.
i—1

Clearly f is Aé. Write H = Hy U H). where Hy and H; are disjoint uncountable
Al sets, and define

x€A; = (Ax1.....xy) ER?)f(x) = (x1.....X,) A X, € H,.

Then 4; is £} (in fact, 4; is A}) and 49 U 4; = R. Fix @ € R, and note that if
max f(a) < max f(x)and x € 4pthena+x € Ay. Thus (a + A4¢) N A, is countable
since {x € R : max f(x) < max f (a)} is.

For the converse, suppose that there is a non-constructible real xo € R\ L. By
Lemma 2.2.(1) we may assume that NIL[X"] = RE. From this and Lemma 2.2.(2) it
follows that AgN L and 4, N L are uncountable, and so AgNL[xo]and 4N L[x¢] are
uncountable in L[x¢]. By assumption, for each a € 4y we either have a + xy € 4y or
a+xo € Ay. If the latter held for uncountably many a € Ay N L then (xo + Ag) N A;
would be uncountable, contrary to our assumption. Thus we can find ¢ € L N Ay
such that @ + x¢g € 4. Similarly, there is b € 4, N L such that » + xo € A;. But
since b 4+ xo = a + xo + (b — a) we now have thatb + xo € ((b — a) + 4g) N A;.
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and so this set, which is Z;(b — a), contains the non-constructible real b + x¢. and
so is uncountable. -

3.3. Komjath’s clouds. A cloud in R? is a set A C R? such that for some point
X € R? (called a centre of A) it holds that each infinite ray from X meets 4 in at
most finitely many points. In [6] the following was shown:

THEOREM 3.4 (Komjath). CH is equivalent to that the plane can be covered by
three clouds.

THEOREM 3.5. R C L is equivalent to that the plane can be covered by three
2! clouds with centres in L.

PROOF. Assume that R C L. We will give X} definitions of clouds 4y, 4;, and
Aj centered at ap = (0.1), a; = (1,0) and a» = (0.0), respectively. such that
R = Ay U Ay U A>. For y € R?\ {ay. ay. ay} let @;y denote the infinite ray starting
at a; extending through y. Let & be the set of all infinite rays from ag, a; or as.
The set of & can be identified with the union of the three disjoint circles centered at
ap, a1 and a,, and so & is a recursively presented Polish space in a natural way. Let
Eq =& N Ly.

We define the set A, C R? x 2% as follows: (y.x) € A} if and only if

(1) R (a@;y.x).1ie. x is <-least such that M, ~ L, for the smallest limit a > w

such thata;y € L,.
(2) If (j;);ee is a strictly increasing sequence enumerating the set

{j €w:me(j) € 6\ {8 :6 < a.dalimit}}

and the ray @;y is 7, (j;). then y is a point of intersection of 7, (j;) and one
of the rays 7. (jo)..... nix(ji—1) orajay, j # k and j.k #i.

Then A4/ is X} since (2) can (given that (1) holds) be expressed by saying (where
Jok #1i)
(Hl)[nx(l) = W/\((y € Wﬂavioavil)v((aj < k>Rg(7Tx(j)=x)/\y € nx(])ﬂm))]

Let 4; = {y € R?> : (3x)4!(y.x)}. which clearly is a X} set, and note that if
y € R?N L then there must be some i € {0,1.2} such that y € A4;, and so
Ay U A U Ay =R?>N L, as required.

For the converse, assume that there are 25 clouds 4y, A, and A4, with centres
in L covering the plane. After possibly applying an affine transformation (defined
in L), we may assume that 4, 41, and 4, are centered at (0.1). (1.0), and (0.,0),
respectively.

By the usual arguments, we can assume that V' = L[r] for some r € R\ L and
that X; = R{. Define an equivalence relation in (0, Z) by

, 1 — tan(a’)

ar~a [ tan(a) © &

Then ~ has countable classes and « € L iff [a] C L.
For o, f € (0. %). let I, denote the straight line in the plane given by the equation
tan(a)x + y = 1. and 75 be the line given by x + tan(f)y = 1. Note that the

1—tan(a)

intersection point (x. y) of I, and 1 satisfies £ = tan(7) -
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Consider a € (0, %) N L. Since [, N Ay is a finite 2! (a) set, it cannot contain any
non-constructible points (by Theorem 2.3. for example). Thus if f € (0.5) \ L.
then the intersection of /, and 7z cannot be in A4o. So fix fy € (0.%) \ L. Since
Ay N {tg : B € [Po]~} is countable there must be some ag € (0. %) N L such that
tg Nty & Ay forall f € [fo]. and a € [ag]~. whence 13 N 1, C A, for such o and
f.Forn € N, choose o, € [ap]~ and f, € [fo]~ such that

1 —tan(ag) 1 —tan(fo)
1 —tan(oy,) 1o tan(f,)

Then for all n € w the intersection point (x,. y,) € Iy, N tp, satisfies

o 1= tan(a,,) 1 —tan(ay)

xp  1—tan(B,) 1—tan(f)’

and so they are all on the same line through (0.0), and since (x,. y,) € A4, for all
n € N this contradicts that each ray from (0, 0) meets 45 in finitely many points.

REMARK 3.6. It is interesting to note that in the previous proof, the assumption
that A; and A4, are Zé were never used. Thus we have:

COROLLARY 3.7. R C L is equivalent to that the plane can be covered by three
clouds with centres in L, one of which is Z%.

3.4. Differentiable functions after Morayne. A Peano function is a surjection
f R — R x R. In [11], Morayne proved that CH is equivalent to the exis-
tence of a Peano function f(x) = (f1(x). f2(x)) such that at every x € R at least
one of the derivatives /] (x) or f}(x) exists. We obtain the following corresponding
x} version:

THEOREM 3.8. The following are equivalent:

(1) All reals are constructible
(2) There is a =} surjection f: R — R* : x — (f1(x), f2(x)) such that either
S1(x) or f4(x) exists for all x € R.

ProOF OF (1) = (2). We will show that the construction from CH due to
Morayne translates to the £} setting.

For this, first define f1(¢) = ¢sin(¢) ont € (—o00.1) = I} and f5(¢) = tsin(¢) on
t € (—=1,00) = I,. The sets

C'={(rnt)eRx1I:fi(t)=r}.

i = 1,2, are A} and for each r € R the section C/ = {r € I; : (r.1) € C'} is count-
ably infinite. It follows from (the effective version of) the Lusin-Novikov Theorem
[5. 18.10] that there are A} functions g; : R — I such that g;(r) enumerates C;
injectively. Now let F4 and Fp be the functions from Theorem 3.1.(4), and define
fort e R\ [,

filt)=y <= (FreR)EBncw)f2(t)=rAng(r)(n) =t AFp(r.n)=y
andforz e R\ b,
f2it) =y <= FreR)Enecw)f1(t)=rng(r)(n)=1tAFlr.n) =y.
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Note that whenever ¢ ¢ I} and f(¢) assumes the value r for the nth time as
enumerated by g>(r), then (f1(¢). f2(¢)) = (Fg(r.n).r). and so the graph of ¢
(f1(2), f2(2)) covers B = {(Fg(r.,n).r) :r € R,n € w} as t ranges in /,. Similarly,
the graph of 7 — (f1(2), f2(2)) covers A = {(r, F4(r,n)) : r € R,n € w} as ¢ ranges
over Ib. Thus t — (f1(¢), f2(¢)) is a £} Peano function with f differentiable on
I, and f’, differentiable on 1. =

The proof of (2) == (1) in Theorem 3.8 requires several lemmata. We start
with a general observation about open I1} sets. Recall that the class of T} sets is
w-parametrized, meaning that for any recursively presented Polish 2", there is a
I} set P1%) C w x 2 such that

P*) ={xe 2 :(nx)eP}

enumerates the Hé sets in 2. In particular, there is such a set P Cwxw
parametrizing the I1} subsets of . We let

a={(n.m):(n.m) e P},

where (-, -) is some standard Godel pairing function. Note thata € L.

LEMMA 3.9. Suppose A C 2 is an open I} set. Then there is a £0(a) predicate
w(x) such that x € A <= w(x).

PrOOF. Let d be a compatible metric on 2" and let (x,),c., be a dense sequence in
2 such that (d. (x,),ee) is a recursive presentation of 2. Let (¢,,)mew €enumerate
(effectively) the positive rationals, and define

a={(n.m)e€w:(Vx)d(x,x,) < gn = x € A}.
Then the set @ C w is T1}, and

XxX€A = (Bn.m)(n.m) €and(x.x,) < qm

which gives a £{(«) definition of 4, whence 4 is X} (a). =
LemMma 3.10. Let w(x. y) be a A} predicate which defines a function f : R — R.
Then:

(1) There is a TI(a) predicate ¢(x) such that in any model in which v defines a
function we have: ¢(x) holds if and only if x is a point of continuity of f.

(2) There is aT13(b) predicate y (x. y) with parameter b € L such that in any model
where v defines a function we have: y(x. y) if and only if w(x, y) A ¢(x).

Proor. (1) Recall that for x € R, the oscillation of f at x is defined as
oscy(x) = inf{diam(f(U)): x € U AU C Ris open},

and that x is a point of continuity precisely when osc,(x) = 0. Let ¢(x. ) be the
following predicate:

(3g.7.0 € Q4)|x — g <r AL(Vx0. x1)(Vyo. y1)(f (x0) = yo A £ (x1) = p1 A
|xo —q| <rAlxi—q| <r) —|yo— 31| <e -9l

This is I1} and ¢(x.e) holds precisely when osc/(x) < e. On the other hand. it
is easy to see that {(x.e) € R x Q, : oscs(x) < €} is open (when Q. has the
discrete topology), and so {(x.€) € R x Q4 : y(x.e} is an open I1} set. It follows
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from Lemma 3.9 that there is a 2! (a) predicate ¢ (x, &) such that y(x. ) iff ¢(x. ).
Thus if we let ¢ (x) be (Ve € Q)¢ (x. e) then ¢(x) is a [1)(a) predicate which holds
precisely when x is a point of continuity of f, and ¢ does so in any model where
w(x, y) defines a function.
(2) Fix a sequence (x,),ce in R N L such that

L E “(xp)new isdensein {x € R: ¢(x)}”.
To say that (x,) is dense in {x € R : ¢(x)} can be expressed as

(Ve € Q) (Vx)(p(x) — (Bn)lx, — x[ < e).
which is IT}(a, (x,)see). and so this statement is absolute. Let (y,),c be the
sequence in R N L defined by y, = f(x,). and let y(x. y) be the predicate

¢(x) A (Ve € Q)(3Fn)|xy — x| <e Alyn =yl <e.

Then y(x,y) is T9(a. (xu)new: (Jn)new) and since f is continuous on the set
{x € R: ¢(x)} it holds that

p(x.p) <= ¢(x)Ap(x.y)
in any model where y defines a function, as required. -
Lemma 3.11. Let f : R — R be a function. Then:
(1) There is a1} set H C R such that
{x eR: f'(x)exists} C H

and {y € R: f~(y) N H is uncountable} is Lebesgue null.

(2) If f is defined by the A} predicate w(x, y) then there is a 1} (b) predicate y(x)
with a parameter b € L such if we let H = {x € R : y(x)} then (1) holds for this H
and | defined by w in any model where w(x. y) defines a_function.

Proor. (1) Let C be the set of points of continuity of f. It is well-known that
this is a G set. Define

XxX€EH < xeCA@y)(Ve>0)(36>0)(Vz € C\ {x})
(x) = f(z)

|x—z|<5:>|f -yl <el. (3.1)
X—z

It is clear that if f’(x) exists then x € H. Permitting a slight abus de langage here
and below, we extend the definition of //(x) to all of H be letting f/(x) = y where
y is such that (3.1) is satisfied.

Cram 3.12. H isI1}.
PrOOF. Let f : R — R be a Borel function such that f | C = f | C. We claim
that x € H if and only if
x € CAVe>0)(3g €Q)(F>0)(Vz # x)
NRIOEEN

(zeCAlx—z| <6
X—z

q

< 5] i (3.2)

If x is isolated in C then clearly (3.1) holds for x if and only if (3.2) holds. So
assume that x is not isolated. If (3.2) holds for x. let g, witness (3.2) withe = 5.

Then |gn+1 — ¢u] < 217 s0 ¢, is Cauchy, and if we let y = lim,,_, o ¢, then y is easily

https://doi.org/10.1017/js1.2014.20 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2014.20

1086 ASGER TORNQUIST AND WILLIAM WEISS

seen to be a witness to (3.1). Conversely, if (3.1) holds for x. and y is a witness to
this, then let ¢, € Q be a sequence of rationals such that ¢, — y. Then it is clear
that for all e > 0 we can find some 7 such that ¢, is a witness to that (3.2) holds.
Since (3.2) is I}, the claim is proved. —

Cram 3.13. {y € R: f~!(y) N H is uncountable} is Lebesgue null.

Proor. The proof uses the idea from [7, Ch. 5.15]. It clearly suffices to show for
all m € N that the sets

Y, ={y € [-m.m]: f~'(y) N H is uncountable}

are null; we will prove this for Y7, from which the other cases follow by rescaling
the codomain of f (or by an identical proof). For y € Y;, pick ¢, € f~'(y) N H
such that f7(z,) = 0. Such a 7, exists since when y € Y; the set f~1(y) N H is
uncountable and so it contains an accumulation point, and as /" is constant on this
set we must have f’(¢) = 0 at any accumulation point. Let 7 = {¢, : y € ¥, }, and
note that f(T) = Y.

Let € > 0, and foreach r € T let 1 > J, > 0 be such that for all z € C with
|t — z| <o, we have

‘f ()| _ -
t—z

and let I, = (¢t —6,.t + ;). Note that for any z € I, N C we have f(z) € (f(¢) —
€d,. f(t) + &d,). and so we have u(f (I, N C)) < 2&J,. Since the intervals I, cover
T.wecanfind t; € T,i € N, such that U = Uzerlt = UieN I;,. We claim that
u(f(UNC)) < 4e. To see this it is enough to prove that u(f (K N C)) < 4de
for all compdct K C U.If K C U is compact, then we can find N € N such
that K C Ul 1 Ir,. Moreover, after possibly going to a subcover, we can assume
that each x € K 1s contained in at most two different intervals /., and so we have

SV 20, =N u(l,,) < 4. Thus

=

N
u(f(CNK)) UI,IDC Z (I,NC)) <Y 26, = 4e.
i=1 i=1
as required. It follows that ,u(f(U N C)) = 0, and so since T C U N C we have
u(Y) = u(f(T)) =0. =
(2) Let ¢(x) and ¥ (x. y) be the predicates defined in Lemma 3.10, and let y(x)
be the predicate

¢(x) A (Ve > 0)(3g € Q)(30 > 0)(Vz)(Vyo. y1)

(B(2) Az # x A fx = 2] <6 A (x30) Az ) — |22

—q|<e.
Then y(x) is T1}(h) (where b € L is the parameter in ), and if z//(x y) defines a
function then the set {x € R : y(x)} is equal to the set H defined in (3.1). 4
PROOF OF THEOREM 3.8. We may assume that RF = R Fix f : R — R? : x —
(f1(x). f2(x)) as in the statement of the theorem. Applying Lemma 3.11 to /| and
f2. there are T1}(b) (b € L) sets H, and H, defined by I1}(b) formulas y;(x) and

y2(x) such that
Yi={y eR:|f; () N Hi| >N}
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is Lebesgue null, and such that the points of differentiability of f; are contained in
H,’. Let

Yi={yeRNL:Li=[f7(y) N Hi[ >No}.
We claim that ¥; N L = Y/ Since 8; = RE it is clear that if y € Y/ then y € Y.
On the other hand, note that the set T';, = /7 '(y) N H; is AY(b, y). and soif y € L
then by Lemma 2.2 the set I';,, is countable if I';, N L is. Soif y € L\ Y/ then
vy ¢ Y;. as required.

Let R* = R\ (Y] U Y>), which has full measure, and let 41 = f(H,) and
A> = f(H)). Then A; and A5 are £(b) sets, and since either /() or f}(¢) exists
for all # € R we must have that R = 4, U 4,. For any r € R* the set fi_l(r) N H;
is countable by the definition of R*, and so there are at most countably many
t € H; such that f;(r) = r. Since Y{* U Y is null in L there are uncountably
many constructible reals (x, : @ < Nj) not belonging to Y U YZ, and therefore
not to Y; U Y;. On the other hand, since R* has full measure there is r € R* \ L.
The horizontal section 4}* contains only constructible reals since 47 is 3 (a. xq).
and so if it contained a non-constructible real then it would be uncountable by
Theorem 2.3. Since A; U A, cover R? it must then be the case that the vertical
section (A4;), contains all the points of the form (r, x,). But this contradicts that
(45), is countable. 4

3.5. Polarized partitions. Another type of statement that can be proved by
counting arguments analogous to the above are polarized partition relations for
Z% colourings of Z x % (where, as in Section 2. Z refers to an uncountable recur-
sively presented Polish space). These may be viewed as regularity properties that
2} colourings have in the presence of a non-constructible real.

We have the following definable analogue of [7, 24.27]:

THEOREM 3.14. The following are equivalent:

(1) 2 ¢ L.

(2) For every XX -definable function f : # x # — w there are sets C,D C % such

that |C| = |D| =2and f | C x D is monochromatic.

(3) For every X}-definable function [ : # x # — w there are sets C. D C % such

that |C| = |D| =Yg and f | C x D is monochromatic.

(4) For every Zi-definable function [ : # x % — w there are countably infinite

Zé sets C,D C % such that f | C x D is monochromatic.

PrOOF. (4) = (3) = (2) is clear.

(1) = (3): We may assume that V' = L[z] for some z ¢ L and that it holds that
NE = Ny, Assume (3) fails, and fix / witnessing this. For s € [%Z]“, let

T(s.i)={yeZ:(Vxes)f(x,y) =i}

Since s is a countable sequence this quantification over s may be replaced by a
number quantifier over the domain of s. Thus T'(s,7) is Z}(s). By assumption we
have that |T'(s,i)| < Roand so T'(s,i) C L by Theorem 2.3. Let U; = {x e ZNL:
f(x.z) =i}. Then |U;| < R since otherwise we could find s5; C U; of size R, from
which z € T(s;. i) would follow, contradicting that z ¢ L. But now we have

%ﬂL:UU,-

icw
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so that |# N L| is countable, a contradiction.
(3) = (4): Fix a X!-definable function f and i € w such that there exists
C.D € [#]” with f(C x D) = {i}. Since f is X} the set

{(C.D) € [#]” x [#)” : (V(x.y) € C x D) f(x.y) = i}

is X!, and it is non-empty by the above. Thus by X}-uniformization (e.g.. [12, 4E.4])
it contains a Eé definable pair (C. D).

(2) = (1): Suppose Z C L and let < denote the usual X} well-ordering of
LN Z. Recall 1S*(x, y) from 2.3, and define

IS*(y.x)+1 ifx <y
Sxy)=<KI8*(x. »)+1 ify <x
0 if x = y.

Let {x,x'}.{y,y} C % where x # x’ and y # y’. and assume that x, x", y < y’.
Then f(x,y") # f(x',y"),and so f [ {x.x'} x {y, '} is not monochromatic.

3.6. A Schur type partition result. As an application of Theorem 3.14 we prove
the following definable analogue of [7, 24.37].

THEOREM 3.15.  There is a non-constructible real if and only if for any £} colouring
g : R — w there are four distinct xo, Xo1. X10. X11 € R of the same colour such that

X00 + X11 = Xo1 + X10.

PrOOF. AssumeR ¢ Landletg : R — w bea colouring. By [3. 19.2] we can find
a continuous 4 : 2° — R such that 4(2) is linearly independent over Q. It may
be shown using [4] that this / can be taken to be Al. Now let f : 2 x 2® — w :
(x.y) > g(h(x) + h(y)). Then by Theorem 3.14 we can find xo # x; and yo # y
such that f [ {xo.x1} x {0. 1} is monochromatic. If we let x;; = h(x;) +h(y;) for
0 <1i,j <1 then clearly xgo + x1; = xo; + X1, and these are distinct since 4(2%) is
linearly independent over Q.

Conversely, assume that R C L. We define a function g : R — w by

g(x)=m < (e)R®(x.€) An(m) = x,

where R¥ is defined as in Section 2.2. Then g is £i. Let x¢o. xo1, X10. X11 € R be
distinct, and let o < w be least such that x; ; € L, forall 0 <, j < 1. It cannot be
the case that three of the x;; are already in some Ly where f < «, since the L, are
closed under addition. Thus two of the x; ; are in L, and not in any Ly for f < a.
But then these two x; ; are coloured differently by g. -

REMARK 3.16. It is clear from the above that what is really needed to make
all of the above theorems work for X! (or more generally, X! (a) versions) is an
inner model relative to which we have a X} absoluteness principle and a perfect set
theorem for X! . If we have this, then we will be able to prove that the ! versions of
the statements in Theorem 1.1 and Theorem 3.14 are equivalent to all reals being in
that inner model.

For example, it is well-known (see [3. Section 15]) that if there is a measurable
cardinal x, and U is an ultrafilter witnessing this, then the inner model L[U] has
this relationship to the class of X} sets, provided that 0* does not exist. Thus in this
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context we obtain Z% versions of Theorem 1.1 and Theorem 3.14, with L replaced
by L[U].

Philip Welch has further pointed out to us that you can more generally do this
using the core model K below one Woodin cardinal. Assume (i) there exists a
measurable cardinal and (ii) sharps for reals. Then this model is E% correct, and so
the above theorems work over this model.

REMARK 3.17. The referee has made the following remark, which expands on
Philip Welch’s observation above. Assuming the existence of appropriate large car-
dinals, the required correctness of the core model can be lifted throughout the
projective hierarchy, replacing K with M, (see [16, 7.2] for the definition of M,,).
but this does not quite suffice to fully capture all reals in the analogues of the
theorems of the paper. Thus the question of level by level equivalences throughout
the full projective hierarchy appear interesting.
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