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This paper deals with local and global existence for the solutions of the heat equation
in bounded domains with nonlinear boundary damping and source terms. The typical
problem studied is

ut —Au =0 in (0, 00) X £2,
u=0 on [0,00) X Iy,
o
== —Jug)™ 2uy + [uP~2u  on [0,00) x I7,
ov
u(0,x) = uo(z) on {2,

where 2 C R™ (n > 1) is a regular and bounded domain, 02 =Ip U I, m > 1,

2< p<r,wherer =2(n—1)/(n—2) whenn > 3, r = co when n = 1,2 and

uo € H'(£2), uo = 0 on I'y. We prove local existence of the solutions in H'(£2) when
m>r/(r+1—p)orn=1,2 and global existence when p < m or the initial datum is
inside the potential well associated to the stationary problem.

1. Introduction

We consider the problem

uy —Au =10 in (0,00) x {2,
u=0 on [0,00) x I,
1.1
%:fQ(t,x,ut)+f(x,u) on [0,00) x I1, ( )
u(0, ) = up(x) in 2,

where u = u(t,z), t > 0, z € 2, A denotes the Laplacian operator, with respect
to the x variable, {2 is a bounded open subset of R™ (n > 1) of class C! (see [4]),
0 =1I,UTl, IzyNIy =0, Iy and I are measurable over 942, endowed with the
(n — 1)-dimensional surface measure o. These properties of {2, Iy and I} will be
assumed, without further comments, throughout the paper.

The initial datum ug belongs to H'(£2) and ug = 0 on Iy. Moreover, Q) repre-
sents a nonlinear boundary damping term, i.e. Q(¢,2,v)v > 0, and f represents a
nonlinear source term, i.e. f(z,u)u > 0.

Local and global existence for solutions of problems like (1.1) has been widely
studied when @ = 0 (parabolic problems with nonlinear boundary conditions) or
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Q = u; (parabolic problems with dynamical boundary conditions). We respectively
refer to [2,7,16-18] and to [8-10,13-15]. We also would like to emphasize that
problem (1.1), when @ = wuy, naturally models various physical problems involving
diffusion (see [9,10] and the references therein; see also Appendix C).

The quoted papers contain, roughly, three different kinds of results: local exis-
tence (with various regularity assumptions on ug and f); global existence when f
is sublinear in w for |u| large or when o(Iy) > 0 and ug is small in a suitable sense,
via the so-called potential well theory; and, finally, blow-up when ug is large enough
and f is superlinear in u for |u| large.

In this paper we study the case Q(t, z,us) =~ |us|™ 2us when |u¢| > 1, m > 1 and
f(z,u) =~ [u[P~2u, p > 2, when |u| > 1. The interest in considering nonlinear terms
in w; is mainly mathematical. However, a physical model involving Q(t,x,u;) =
ug + |ug|™2uy is given in Appendix C. For the sake of simplicity, we shall consider
in the sequel the model problem

uy —Au =10 in (0,00) x £2,
u=20 on [0,00) x I,
0 1.2
au_ —|ug|™ 2wy + [ulP2u on [0,00) x I7, (12
ov
u(0,x) = up(x) in 2.

When the term |u;|™ 2u; is not present in (1.2) and o(Ip) > 0, this type of
problem was considered in [18]. In particular, global existence was proven when
the datum wg belongs to a suitable stable set W (see (1.13)) using potential well
arguments.

When m = 2, problem (1.2) can be considered as a particular case in the general
theory developed in [9] and [10], where semigroup theory arguments were applied.
In particular, local existence and uniqueness of a maximal solution

u € C([0, Tmax); H(£2)) N C2([0, Tonax); HY(£2))

loc

(where § = 2(1 —s), s € [0,1) and C’loo’f denotes locally §-Holder continuous func-
tions) were proven when ug € H'(£2), Iy, = 0 and 2 < p < 2(n — 1)/(n — 2) or
n = 1,2. Moreover, a blow-up result was given when 2 < p < 2(n — 1)/(n — 2) or
n = 1,2 and ug is large enough.

Some related problems concerning wave equations with nonlinear damping and
source terms have been considered in [12,24,27]. In particular, [12] deals with the

Cauchy—Dirichlet problem

ey — A+ |ue|™ %up = |ufP"%u in (0,00) x £,
u=0 on [0,00) x 942, (1.3)
U(O,.I) = UO(I)v ut(oa :l?) = ul(x) in {2,
whenm > 2and 2 <p <1+ %2* (here, 2* denotes the critical exponent of the
embedding H'(£2) — LP({2)), while [24] deals with the Cauchy problem associated
to (1.3) when (2 is replaced by the entire space R™. In [24], the more general case

m>1,2<p<2*m>2"/(2*+1—p) was considered for the first time. In [27]
the author studied a modified version of (1.1), where the heat operator 9/9t — A is
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replaced by the d’Alambertian operator (] = 92/0t?*—~A and 2 < p < 2(n—1)/(n—2)
orn=1,2.

The first aim of the present paper is to show that, when 2 < p < m and p <
2(n—1)/(n —2) or n = 1,2, the solutions of (1.2) are global in time, for arbitrary
(even large) initial datum, so that the blow-up phenomenon shown when @ = 0
(see [7,16]), and when Q = wu; (see [10, 15], dealing with a small perturbation
of (1.2)) cannot occur.

This type of result was proved by the author in [27] in connection with wave-type
equations. In general, methods employed to study hyperbolic problems cannot be
employed to study parabolic problems, and vice versa. Nevertheless, the arguments
of [27] can be conveniently adapted to problem (1.2). However, there are several
important differences in the proofs, which make the adaptation non-trivial and that
will be outlined at the end of this section. Moreover, the extension of these results
to (1.2) highlights the fact that the superlinear boundary damping term is the main
factor that determines the lifespan of the solutions, regardless of the parabolic or
hyperbolic structure of the differential operator acting on {2. A natural conjecture
arising from this result is that the wave operator can be replaced by the Laplacian
operator too.

In order to state our results, we set

2(n—1)
— ifn >3,

T = n—2 " (1.4)
o9 ifn=1,2,

as the critical value of the trace-Sobolev theorem (see [1, theorem 7.58]), H({2) —
LP(012). Moreover, we introduce the notations

- llg=1"llzacey, I llgr =11 llzacry), 1< g< oo,
and
Hp,(2) ={u € H' () : ulp, =0}, ||U||§{}O(Q) = [Jull3 + [|Vul3.

For the sake of simplicity, we state our main results only in the case n > 3.
The first step in our study is the following local existence result.

THEOREM 1.1. Let m > 1,

r
2<p< d > — 1.5
p<r and m P — (1.5)

Then, given ug € Hp,(52), there is T > 0 and a weak solution u' of problem (1.2)
on (0,T) x £2 such that

u e C([0,T); Hr, (£2)), (1.6)
ug € L2((0,T) x 2) N L™((0,T) x I') (1.7)
and the energy identity

t t
L Vul3lt + / el + el ) = / /F P2y (18)
S S 1

IThe precise definition of weak solution will be given in §3.
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Figure 1. This picture describes the three regions in the (p,m)-plane related to the result
we obtained for problem (1.2). In region I, global existence for arbitrary initial data is
proved (theorem 1.2). In region II, local existence for arbitrary initial data (theorem 1.1)
and global existence for initial data in the potential well (theorem 1.3) when o(Ip) > 0 is
obtained. On segment III, blow-up for a large datum was proven in [10].

holds for 0 < s <t <T. Moreover,
T = T(”“O”?—[}Q(Q)v m,p, Qa Fl)
1s decreasing in the first variable.

The assumption m > r/(r+1—p) in theorem 1.1 cuts a part of the full subcritical
range p < r and m > 1 (see figure 1). This type of condition also appears in [12,
24,27], as recalled above, and depends on the presence of the nonlinear damping
term |ug|™ 2u; together with the low regularity required for ug. When m = 2 and
I'y = (), this restriction is not necessary, as shown in [10]. On the other hand,
problem (1.2) possesses in this case a very particular structure, which allows us to
apply semigroup arguments, since it can be written as an abstract Cauchy problem
of the form

Z(t) + A(2(1)z(t) = F(2(2),  2(0) =2

by setting z = (u,u|r,). An approach of this type seems very problematic when
m # 2. Let us explain briefly where the assumption m > r/(r + 1 — p) comes from.
In order to handle with |u;|™2u;, we use the classical monotonicity method (see [20,
21]), in which the energy identity (1.8) plays an essential role. Since ug € H'($2),
the best regularity of the solution w that one can expect (at lest when m # 2)
is that given by (1.6). Furthermore, a priori boundary estimates on wu; only give
u; € L™((0,T) x I'). Then, in view of the trace-Sobolev theorem H!(§2) — LP(912)
and of Holder’s inequality, the integral in the right-hand side of (1.8) makes sense
only if m > r/(r+1—p).

To explain why the inequality m > r/(r + 1 — p) is assumed in its stronger
form, we have to give some detail from the proof. A standard contraction argument
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is not available and a compactness argument (Schauder fixed-point theorem) is
used instead. This immediately explains why the case p = r cannot be considered,
since, in this case, the trace mapping H'(§2) — LP(942) is not compact. Moreover,
since the estimate of the nonlinear damping term plays an essential role, we cannot
apply a compactness arguments when m = r/(r + 1 — p). A further consequence of
the method applied is that we cannot assert uniqueness of the solutions of (1.2),
as in [24] and [27]. We cannot use a contraction argument, even with some further
(non-trivial) restrictions on the parameters p and m, as in [12], since here we cannot
estimate the boundary damping term using the L? norm.
Our global existence result is as follows.

THEOREM 1.2. Let
2<p<m and p<r. (1.9)

Then any weak solution given by theorem 1.1 can be extended to the whole of
(0,00) x £2.

Theorem 1.2 is the first result, to the author’s knowledge, which shows that a
superlinear boundary damping term forces global existence for the solutions of the
heat equations with source terms, with arbitrary initial data.

Since, in [12], the condition p < m was proved to be optimal to ensure the global
existence of the solutions of (1.3), we conjecture here that the same phenomenon
happens for (1.2), i.e. that when p > m solutions blow-up in finite time. The
arguments of [10] show that this conjecture is correct when m = 22.

The second aim of the paper is to extend the potential well theory result of [18]
to (1.2). The stable set we consider is the same introduced in [18,19]. To recall it,
we set

1
J(u) = 5[[Vull3 — EHUII”,H (1.10)

and
K (u) = |Vull3 = lull? -, (1.11)

defined on H, (12).
When o(Ip) > 0, the Poincaré inequality holds (see [28]), so that ||Vul2 is an
equivalent norm on Hp, (2) and the number

d= inf sup J(Au 1.12
uGH}O(Q),u\r1$0A>% (Aw) ( )

is positive (see [19] or lemma 3.3 below, where a different characterization of d is
given). The stable set W of the initial data, for which global existence is proven
in [18], is defined by

W = {ug € Hp,(2) : K(up) >0 and J(up) < d}. (1.13)

We can now state the following result.

2This blow-up result is stated in [10] for a vectorial version of (1.2) when Iy = @, but the
arguments there can be applied without essential changes to the scalar case and when Iy # .
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THEOREM 1.3. Suppose that m > 1,
r
r+1—p

and o(Iy) > 0. If ug € W, then there is a global solution u of (1.2) on (0,00) x 2
such that u(t) € W for all t >0,

2<p<m, m >

u € C([0,00); Hp, (£2)), (1.14)
uy € L™((0,00) x I) N L*((0,00) x £2) (1.15)

and the energy identity

t t
SVl + [l + 3= [ [ e a0)
s s 1

holds for 0 < s <t < oo.

REMARK 1.4. It is easy to see that the set W is bounded in H}, (£2), so that the
solution u also belongs to L>(0, 00; HF, (£2)).

As a byproduct of the proof of theorem 1.1, we also obtain the following global
existence—uniqueness result for the problem,

ug —Au=0 in (0,7) x £2,
uw=0 on [0,T) x I,
0 1.17
(971: - _‘ut|m72ut +g(t,$) on [O7T) X Fla ( )
u(0,2) = up(x) in 02,

where m > 1, T' > 0 is arbitrary and g is a given forcing term acting on I7.

THEOREM 1.5. Suppose that g € L™ ((0,T) x I), where 1/m + 1/m/ = 1. If
ug € Hp, (2), then there is a unique weak solution u® of (1.17) on (0,T) x £2.
Moreover,

u e C([0,T); Hp, (12)), (1.18)
ug € L™((0,T) x I') N L*((0,T) x £2) (1.19)

and the energy identity

t t
IVl + [l + el = [ [ o (1.20)
S S 1

holds for 0 < s <t <T.

Theorems 1.1-1.3 are extended in §4 to problem (1.1), under suitable assump-
tions on the nonlinearities f and @. For the sake of simplicity, we first present the
proofs for the model problem (1.2) and then we give in §4 the necessary general-
izations needed to handle with (1.1). This section is naturally addressed to a more

3The precise definition of weak solution will be given in § 2.

https://doi.org/10.1017/50308210500003838 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500003838

Global existence for the heat equation 181

specialized audience and then a higher lever of mathematical expertise of the reader
is supposed. In particular, the proofs are only sketched.

In order to explain the main difficulties that arise in the proofs of theorems 1.1—
1.5, we now make some comparison with the arguments used in [27]. Theorem 1.5,
which is the parabolic version of [27, theorem 4], is proved via the Faedo—Galerkin
procedure, so that finite-dimensional approximations of (1.17) are considered. The
first essential difference, with respect to [27], emerges here, since the boundary
damping appearing in (1.17) is now a time derivative of the same (highest) order of
uy acting on (2. Moreover, different a priori estimates are used in the proof of the-
orem 1.5. Theorem 1.1 is proven by using theorem 1.5 together with a fixed-point
argument. The main estimates of [27] are here conveniently modified to handle (1.2).
It is worth mentioning that the energy identity (1.20) used in the proof of theo-
rem 1.1 differs from the usual energy identity used for the heat equation (see, for
example, [11]), since it is obtained by formally multiplying the equation by wu; as
for wave-type equations while in parabolic equations one usually multiplies by wu.
This explains why the transposition of techniques motivated by hyperbolic problems
gives original outcomes when it can be applied to parabolic problems. The proofs of
theorems 1.2 and 1.3 do not essentially differ from the analogous ones given in [27],
but they are explicitly given because of their simplicity and for the sake of com-
pleteness. Finally, we would like to mention that the techniques used in the paper
also allow us to consider modified versions of problem (1.1), where the Laplacian
operator A is replaced by more general second-order uniformly elliptic operators
in divergence form, such as Au = div(Ao(z)Vu), where Ag(x) = (ai;(x))ij=1,...n,
ai; € L>®(2), 4,5 = 1,...,n, where v'A(z)v > ap|v|?® for all v € R and some
positive constant ag. Theorems 1.1-1.3 could also be extended to the vectorial case
of systems of the form (1.1), using the same arguments. These generalizations are
left to the interested reader.

1.1. Notation and preliminaries

We collect some notation and preliminaries that we will use during the paper,

q Hélder conjugate of ¢ > 1, i.e. 1/¢+1/¢' =1,

() scalar product in L?(12),

C(0) space of compactly supported C*° function on O,
C([a,b]; X) space of all norm continuous functions from [a, b] to X,

Ce((a,b); X) space of compactly supported strongly continuous
functions from (a,bd) to X,

Cy([a,b]; X) space of weakly continuous functions from [a, b] to X,
X' the dual space of X,

(,)x the duality product between X and X',

H () the dual space of Hj(£2),

L(X, X" the space of linear bounded operators from X to X',

where X is a Banach space and O any open subset of R¥. Moreover, we call the
trace theorem the existence of the continuous trace mapping Hp, (£2) — L*(I7). We
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also call the trace-Sobolev theorem the existence of the continuous mapping (see [1])

H}O(Q) — LP(Iy) for2<p<r.

2. Global existence and uniqueness for a boundary forced heat equation

This section is devoted to the proof of theorem 1.5. We first give the following
definition.

DEFINITION 2.1. Let ug € Hp, (£2). A weak solution of (1.17) is a function u such
that the following hold.

(a) uwe L*(0,T; H}, (12), ug € L*((0,T) x £2).

(b) The spatial trace of u on (0,T) x 92 (which exists by the trace theorem) has
a distributional time derivative on (0,T) x 9f2 belonging to L™ ((0,T) x 012).

(c) For all
¢ € X :={ueH}(2): ulp € L)}, (2.1)

and for almost all ¢ € [0, 7], we have

/Q w®é+Vu)Vo+ | @™ 2ute= [ gt)s.  (2.2)

In I
(d) u(0) = ug.
Note that, in (d), u(0) makes sense since, by (a),
u e WH(0,T; L*(£2)) = C([0,T); L*(12)).
In the proof of theorem 1.5, we shall use the following result.

LEMMA 2.2. Let
¢e L™ ((0,T) x I) (2.3)

and suppose that u is a weak solution of

u—Au=0 in (0,T) x £2,
u=0 on|0,T) x Iy,

(2.4)
%: on (0,T) x I+,
i.e. a function
ue L>*(0,T; Hp, (£2)) (2.5)
such that
ug € L2((0,T) x 2) N L™((0,T) x I1) (2.6)
and
[ wms s vumvo= [ e (2.7)
2 I
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for all ¢ € X and almost all 7 € [0,T]. Then

w e C(0,T]; Hp, (12)) (2.8)

t t
Sl + [l = [ [ cu (29)

holds for0 < s <t<T.

and the energy identity

Lemma 2.2 is an extension of [25, theorems 3.1 and 3.2], which cannot be directly
applied to (2.4). Nevertheless, the technique of [25] continues to work in the present
situation. Since the proof of this result is rather technical, we give it in Appendix A.

Proof of theorem 1.5. We apply the Faedo—Galerkin procedure. Let (wy)r be a
sequence of linearly independent vectors in X whose finite linear combinations are
dense in X. By (eventually) using the Grahm—Schmidt orthogonalization process,
we can take (wy)r to be orthonormal in L?(£2). Since X is dense in HFJ, (£2) (see,
for example, [27, Appendix A]), there are ugy, = Z?zl yow;, k € N, for some real
numbers ), , j =1,...,k, k € N, such that

uop — ug  in Hp, (£2). (2.10)

For any fixed k € N, we look for approximate solutions of (1.17), that is, for solutions
uF(t) = Z?:l Y7, (t)wj, of the finite-dimensional problem

(uf,wy) + (VuP, Vw;) + [ul |2 ulw; = / gw;, j=1,...k,
I n (2.11)

uk (O) = UQk-

In order to recognize that (2.11) has a local solution, we set

Yok = Yok - > Yor)
Y = (yli, ce 7y}I§)T7
A = ((Vws, Vwy))ij=1,... .k
Bk(x) = (wl(gj)a 7wk(‘r)) )
Grly) =y+ [ |Br(x) y|" *Bi(z) yBi(x)dz, yeR",
I
and
Hy(t) = / g(t, z) By (x) dz. (2.12)
Iy

Problem (2.11) can be rewritten in the vectorial form

Gy () + Apyr(t) = Hk(t)’} (2.13)

yk(0) = yor.-
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Since w; € L™(Iy) for j = 1,...,k, we have |Bgy| € L™(I7) and Gj, € C(R").
Moreover, G, = VGy, where

1
Guly) = Lyl? + — / |Bi(z) - y|™ da.
m n

The first addendum in the previous formula is strictly convex, while the second one
is convex since

1
— [ |Bi(z) - loyr + (1 — agp)]|™ da
m n
1
= — [ laBr(z) - y1 + (1 — a)Bi(z) - yo]|™ dz
m Il
1
< — | alBr(z) - yl|" + (1 = a)|Br(x) - yo|™ da
m n

for any o € (0,1), where the convexity of the function |y|™ was used. Then Gy is
strictly convex in R*. Moreover, for any y # 0,

Gr(\y)

1 _—

A—+oo

Then, using [22, theorems 2.5 and 2.6], we recognize that G}, is an homeomorphism
from R¥ onto itself, with inverse G,:l. Then (2.13) can be written in the form

Va(t) = G (H(t) — Akyk(t)%} (2.14)

yk(0) = Yok-

Now we note that, since Gy (y)y > |y|? for all y € R¥, by the Schwartz inequality,
it follows that |y| < |Gx(y)|. Then |G} (y)| < |y| for all y € R¥, so that

|G (Hy (1) — Aryi)| < [Hi(8)] + 1| Akl (2.15)

Since | By| € L™ (I') and g € L™ ((0,T) x I1), it follows that Hy € L'(0,T). We can
then apply Carathéodory’s theorem (see [5, theorem 1.1]) to conclude that (2.14),
and then (2.13) and (2.11), have a local solution on (0, ;) for some t; > 0.

Multiplying (2.11) by (y])" and summing for j = 1,...,k, we obtain the energy
identity (here and in the sequel, explicit dependence on ¢t will be omitted, when
clear)

d
a(%IIVukllﬁ) +lug 3 + luf i, = / gu. (2.16)
I
Integrating over (0,t), 0 < t < g, and using Young’s inequality, we obtain
k ! k k
2 2
31Vt +/ (13 + lutlhm, )
’ 1 2 1 m’ 1 ! k|m
< §Hvu0k||2 + ﬁ”g”Lm’((O,T)xFl) + E o ”ut ”m,Fl'

Then, using (2.10), there exists

K1 = K1 ([[Vuoll2, ||g||Lm’((o,T)xF1)am) >0

https://doi.org/10.1017/50308210500003838 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500003838

Global existence for the heat equation 185

such that
V¥ e (0,00:22(2))

Ui

g |22 (0,00 x2)

Ui

: (2.17)
gl Zm ((0,60)x 1)

|m—2

/NN NN
N xR OR

=

k k
(| [y Uy ”Lm/((O,tk)xF])

for k € N. By (2.10), (2.17) and Hélder’s inequality in time, it follows that

t th 1/2
I8 < ool + [ bl < Juosle = 72 [ 1) < s a9
0 0

for some
Ky = Kl(HUOHH}O(Q)a HgHLm'((O,T)xFl)vTv m) > 0.

Since (wy)y is orthonormal in L2(§2), we have |yx(t)| = |[u*(t)||2, so (2.18) yields
that |y (t)| < Ka/2. Then, by (2.15),

G (Hy () — Apye)| < [H(t)] + || Ak K3"> € LN0,T).

We can then apply [5, theorem 1.3] to conclude that ¢, =T for k =1,...,n. Next,
by (2.17) and (2.18), it follows (see [20,21]) that, up to a subsequence,

up — u  weakly”® in LOO(O,T§H11“0(Q))’
uf = uy weakly in L2((0,T) x £2),
uf —1p  weakly in L™((0,T) x I1),

[uf|™=2uk — x  weakly in L™ ((0,T) x I1).

(2.19)

A consequence of the convergence (2.19) is that u* — u weakly in H*(0,T; L?(2))
and then, up to a subsequence, u¥ — wu strongly in C([0,T]; L?(£2)), so that
u(0) = ug. It follows in a standard way (see, for example, [27, p. 272]) that ¢
is the distribution time derivative of u on (0,T") x 02, i.e. ¢ = ;.

Next, multiplying (2.11) by ¢ € C°(0,T), integrating on (0,7), passing to the
limit as & — oo (using (2.19)) and finally using the density of the finite linear
combinations of (wg) in X, we obtain

/OT {(ut,w)ﬂﬁ + (Vu, Vw)d + /F1 Xwe — gwqg] —0 (2.20)

Iy

forall w € X, ¢ € C°(0,T'), and then

(ut,w)+(Vu,Vw)+/ Xw:/ gw
I I

almost everywhere in (0,7"). Then, to prove that u is a weak solution of (1.17), we
have only to show that

X = |ug|™ 2u; a.e. on (0,T) x I7. (2.21)
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By lemma 2.2, we obtain (1.18) and the energy identity (2.9), with ( = g — ¥,
which, for s =0 and t = T, reads as

T T T
Va2 + / Jue]2 + / / s = / / gur. (2.22)
0 0 F1 0 Fl

The classical monotonicity method (see [20,21]) then allows us to prove (2.21),
together with the uniqueness of the solution. We briefly outline here the proof of
these facts, for the reader’s convenience. Integrating (2.16) over (0,T"), extracting a
subsequence such that Vu*(T) — Vu(T) weakly in L?(§2), passing to the limit as
k — oo and using (2.19) and the weakly lower semi-continuity of norms in Hilbert
spaces, we get

T
LVu(T)|3 + / Juel} + lm / lublm < LIV uol2 + / / gur. (2.23)
1
By combining (2.22) with (2.23), we have

T
lim / lub I, < / / .
0 I

The last formula, together with system (2.19) and the monotonicity of the map
y = |y|™ 2y, gives

<lim / /F (b =2 — |6 2g) (u /0 /F —16P"26) (us — 0)

for all ¢ € L™((0,T) x I1). Setting ¢ = u; — A1, A > 0, letting A — 01 and
dividing by A, we get

T
/ / (x = [ue|™2u)dr > 0 for all 61 € L™((0,T) x I1),
0 Iy

and then (2.21) follows. The uniqueness of the solutions follows by applying equa-
tion (2.9) to the difference w = @ — @ of any two solutions (which solves (2.4)
with ¢ = —|a@|™ 2% + |4:|™ 24, and w(0) = 0) and using the monotonicity of
ly|™2y. O

3. Proof of main results

In this section we prove theorems 1.1-1.3. We first give the precise definition of a
weak solution of (1.2).

DEFINITION 3.1. A weak solution of (1.2) is a function u such that (a)—(d) of defi-
nition 2.1 hold, with (2.2) replaced by

/Q o+ VuOVo+ [ @ uwe= [ uor-tune. 6

Iy

To prove theorem 1.1, we use the following compactness result. The proof can be
found in [27].
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LEMMA 3.2. Letm > 1 and 1 < pg < r. Set

Zr = {u€ L®(0,T; H}, (2)) : ug € L™((0,T) x I)}

endowed with the natural norm

ullZ, = HuHiOO(O,T;H}O(Q)) + [Jue] 2Lm((O,T)xFl)~
Then the operator Zp — C([0,T]; LP°(IY)) is compact.
We can now give the following proof.
Proof of theorem 1.1. We set, for any T" > 0, the Banach space
Yr = {ue C(0,T]; Hf, (2)), ur € L™((0,T) x I1)},
endowed with the norm ||u|ly; = ||u||zy, and the closed convex set
Xr = Xp(ug) = {u e Ypr:u(0) =up}.

Take u € Xp. Assumption (1.5) yields that (p — 1)m’ < r and then, since I7 is
bounded, using Hélder’s inequality, we have |u|P~2u € L™ ((0,T) x I'). Then, by
theorem 1.5, there is a unique solution v of the problem

v —Av=0 in (0,7) x £2,
v=20 on [0,T) x I,
0 3.2
a—z = —|ve|™ vy + [ulP"2u on [0,T) x I7, (3.2)
v(0,z) = up(x) in 2.

We denote by v = @(u) the solution v of (3.2) that corresponds to u, so that
® : Xp — Xp by (1.18) and (1.19). We apply Schauder’s fixed-point theorem
(see [6, corollary 3.6.2]) to & : Bg — Bg, where Bg = {u € Xr : |ully, < R},
provided that R is suitably large and T is suitably small. Note that Bg is closed
and convex, and it is non-empty for R > Ry := ||u0HH}D(Q).

STEP 1. We show that ¢ maps Bpg into itself for R sufficiently large and T' small
enough. Let u € Bg. Writing the energy identity (1.20) for v, with g = |u|P~2u and
s = 0 and using Holder’s inequality, we obtain, for 0 < ¢t < T,

t t
Vo3 + / lerll2 + / ol 1,
T
< L Vol + / / P~ o
0 I

T /1/m'
< $Ivuol + [ (/ |u|<p1>m) lorlmrs.  (33)
0 I

Since (p — 1)m’ < r by (1.5), applying Holder’s inequality in the space variable
again, and then the trace-Sobolev embedding and Hoélder’s inequality in the time
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variable, we obtain, for 0 < ¢t < T (here and in the rest of the proof k; will denote
positive constants depending only on p, m, I'y and (2),

t t
%WMUN?+AIWM%+AIWN%H

T
-1
<aw%@+waé|wmnmmmn
< 3| Vuoll3 + b RPITY/™ 3.4
< 5l Vuollz + ko llvell Lm0,y % 1y ) - (3.4)

Writing (3.4) with ¢ = T, disregarding the first and the second addendum in the
left-hand side and using Young’s inequality, we get

el Fon 0.7y x 1y < 31V 0113 + k2 RP T ™ [[og || o 0,79 x v
1, o
< %Hvu()”g + EH'Ut”Lm((O,T)XFl) —+ ]{;3TR(Z7 1) A

Using the inequality

(A4 B)” <max{1,2"'}(A" + B") for A,B >0, 7 >0, (3.5)
we have
||Ut| L ((0.T) % I') < k4(R(2)/(m_l) +R(P—1)/(m—1)T1/m). (36)

Using (3.6) in (3.4) we obtain, for 0 < ¢ < T,
t
awwm@+lnm@<a%+mm*rﬁw%““”+mwww*wwﬂ
(3.7)
and then, for t =T,

el o1yx ) < BRE + ks RPTMTH/™ (RG/ MY 4 Rlpm D/ Gmmpt/my,
(3.8)

Using (3.5) with 7 = 2 and Holder’s inequality in time, we have

t 2
mwﬁ<@wm+lmm)<mm@wmw;@mm>
< 2R3+ 2T ||vel1 20,1y x )
and consequently, using (3.8),
()13 < (2 + T)RE + 2ks RPL 7Y/ (R0 4 RE=D/(m=bypt/m) - (3.9)
Combining (3.7) and (3.9), we have

2
”“”Lw(o,T;H}O(Q))

< (3+ T)R2 + 2ks RPITYV™ (1 4 T)(RY/ "™ 4 Rp=1/(m=1)1/m) = (3 10)
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Thanks to (3.6) and (3.10), in order to prove that v € Bpg, it is enough to show
that

k4(R§/(m71) + R(p—l)/(m—l)Tl/M) < %R (3.11)
and
(3 + T)Rg + 2k5Rp—1T1/m’(1 +T)(R§/(m71) + R(p—l)/(m—l)Tl/m) < iR2 (3.12)

We first fix
R :=max{1,4k, RV 6R,}, (3.13)

so that
kyRY ™Y < iR and 3R} < iR (3.14)

We then take T' < 1 small enough so that

kyRP—D/(m=1)p1/m

NN
S

TR

—_ ON

NN
w

, (3.15)
AR RP-ATY™ Ry

4k5Rp—lTl/M'R(P—l)/(m—1)T1/m

- gl s

5"

Solving (3.15) with respect to T and using equation (3.13), one immediately see
that T = T(R3, m,p, 2, I1) is decreasing in Ry. Moreover, since by (3.13) one has
R > 1, formulae (3.14) and (3.15) immediately yield (3.11) and (3.12), proving that
with such a choice of R and T one has v € Bg.

STEP 2. We now prove that, with this choice of R and T, the map @ is continuous
on Bg and that @(Bpg) is relatively compact in Yr. Let u, @ € Bg, and denote
v=2>®(u), v =P(u), w=v— 7. Clearly, w is a solution of the problem

wy —Aw =0 in [0,T) x £,
w=0 on (0,T) x Iy,
0
v _ —|Ut‘m_211t + ‘@t|m—21—]t (3.16)
ov
+ [ulP~2u — a2 on [0,T) x I,
w(0,z) =0 in 2.

Since vy, vy € L™((0,T) x I1), we also know that |v;|™~2v; and |0;|™ 2%, belong to
L™ ((0,T) x I'). Moreover, by (1.5), the functions |u|P~2u and |@|[P~2% belong to
L™ ((0,T) x I'). Then we can apply lemma 2.2, so that the energy identity (2.9)
becomes

t t
Va2 + / e 2 + / / [oel™ 20 — |52
0 0 Iy
t
- / / ulPu — la2alw,  (3.17)
0 I

https://doi.org/10.1017/50308210500003838 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500003838

190 E. Vitillaro

for 0 < t < T. Estimating from above the right-hand side and from below the third
term in the left-hand side of (3.17) exactly as in [27, starting from formula (72)
onward], we obtain the estimates

lve = 0ellZ2 0,y x2) < Kllw = all o 0,720 (1)), (3.18)
IV = Vol F s 0,712 (2)) < Kl =l poe 073270 (1y)) (3.19)
and
||’Ut — 77t||rl?:b"”((0,T)><F1) < KHU - a”Loo(O’T;L‘V'O (In))» (320)
when m > 2, while
o™ 20 = B 250 o oy < Kt = Fllzm ooy (32)

when 1 < m < 2, where K = K(p,m,I1,2,T,R) > 0. From v(0) = 9(0) = uo, we
get that, for 0 <t < T,

T
[o(t) —o()]2 < / lve = wella < T |Jor = vil| L2 0.1y 02)-
0
Hence, by (3.18), we get

[o(t) = 0|00 (0,7 22(02)) < KT |w = @l Lo 0.75270 (1)) (3.22)

Estimates (3.18)—(3.22) show that & is continuous on Bg. To prove that &(Bg) is
relatively compact in Y7, let (u*)x be a sequence in Br. By lemma 3.2, the sequence
u® is relatively compact and then, up to a subsequence, it is a Cauchy sequence, in
C([0,T]; L™ (I1)). Hence, applying (3.18)—(3.20) and (3.22) with u = u’, u = u/,
i,j € N, it follows that, when m > 2, v* = &(u*) is a Cauchy sequence in Yr.

When 1 < m < 2, by (3.21), [vF|™~20F is a Cauchy sequence in the space
L™ ((0,T) x I). Then, by [4, théoréme IV.9], there is xo € L™ ((0,T) x I') such
that (up to a subsequence) |vF|™~1 < xo on (0,7) x I'; and v} is a.e. convergent in
(0,T) x I'. Then, by the Lebesgue dominated convergence theorem, v¥ is convergent
in L™((0,T) x I'). Then, using (3.18), (3.19) and (3.22), v* is also a Cauchy
sequence in Y7 when 1 < m < 2. Since Y7 is complete, this concludes the proof. [

Now we can give the following proof.
Proof of Theorem 1.2. Since

T = T(”“O”?—[}Q(Q)vm,pv Qarl)

is decreasing in the first variable, we can apply the standard continuation procedure
of ordinary differential equations (see also [23]) to conclude that either the solution
u is global or there is Ti,.x < oo such that

lim Hu(t)”?{}o(m = o0. (3.23)

t—Tmax

We prove that (3.23) cannot happen.
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We note that u € WLP(0,T; LP(I1)), since p < m. Moreover, the potential
operator u — |[ul|? -, is Fréchet differentiable in LP(I"). Then

Sl r, =p /|u P2 u(t)un(t), (3.24)

for almost all ¢t € (0,T), and the energy identity (1.8) can be written in the equiv-
alent form

t
b1 ls +/ (luell3 + lluell ) =0 (3.25)
S

for 0 < s <t < Thax- We now introduce the auxiliary functional

1 2
3[IVullz = Ellu

H(E) = 3Vl + 2l (3.20
By (3.24) and (3.25),
W) = Nl ~ el +2 [ ful e < furlp, +2 [ a2,
Iy I
(3.27)

Repeating verbatim the arguments of [27, proof of theorem 2, eqn (88) onward], we
then prove the estimate

H(t) <CO+H()) (3.28)

with a suitable C'(m,p, 1) > 0. By Gronwall’s lemma, we have H € L>°(0, Tynax)-
Then, by (3.24),
||u||P,F1’ ||V’IL||2 € LOO(OaTmaX)- (329)

Moreover, by (3.25) and (3.29),

1
/ luel3 < 31Vuol3 + Hun”n\%nwon%+I;||u||fzw<0,TW;m>>v

so that

t
2
Jul3 < 2o +2 / Jull3 < 2o+ 1903+ o 1ty (330

which, together with (3.29), contradicts (3.23), concluding the proof. O

We can now turn to the proof of Theorem 1.3. We first give an alternative and
more explicit characterization of the set W given in (1.13) and of the number d
defined in (1.12). Since o(Ip) > 0, as recalled, Poincaré’s inequality holds (see [28])
and we can take ||[Vul2 as an equivalent norm in HJ, (£2). Then, using the trace-
Sobolev theorem, since p < r,

[[eellp, ry

By = sup = < 00, (3.31)
u€H} (2),u0 V|2
We set
Ao = BP0 and B = (2-1)x
o0 2 p [ooR)
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and
Wi = {uo € H}, (12) : [|[Vugll2 < Ao, J(u0) < Exc}-

We can then give the following result.

LEMMA 3.3. Suppose o(Ip) > 0 and let d be the number and W the set defined
in (1.12) and (1.13), respectively. Then Ex = d and W = Wj.

The proof of lemma 3.3 is a straightforward modification of that of [27, lemma 3].
It is given, for the reader’s convenience, in Appendix B.

REMARK 3.4. The number d = E,, above is equal (see [26]) to the Mountain-Pass
level associated to the elliptic problem

Au=20 in £2,
u=0 on Iy,
ou

= |[u|P"%u on I,

ov

that is, to the number (see, for example, [3])

inf sup J(v(t)),
Iuf, sup (v(¥))

where
A= {y€C([0,1]; Hr,(£2)) : 7(0) = 0, J(y(1)) < 0}.
Proof of theorem 1.3. By (3.25), the function ¢ — J(u(t)) is decreasing. Then
J(u(t)) < J(ug) for t < Thax. (3.32)

As in the proof of theorem 1.2, using theorem 1.1, it is enough to prove that (3.23)
leads to a contradiction.
By lemma 3.3, we have

[[Vugllz2 < Aoo and  J(up) < d = Ew. (3.33)
By (3.31),
J(u(t)) = 3[Vull3 — %B&HVHHQ' = h([[Vull2). (3.34)
Starting from (3.33) and (3.34) and repeating verbatim the arguments of [27, proof
of theorem 3, eqn (98) onward| (with E(t) = J(u(t))), we get
[Vu(t)|l2 < Aoo  for all t € [0, Thnax)- (3.35)
Still using Poincaré’s inequality, this contradicts (3.23), concluding the proof. [

REMARK 3.5. To prove theorem 1.3, we used, in an essential way, the statement of
theorem 1.1, that is, local existence for solutions of (1.2). It is also possible to give
a more direct proof of theorem 1.3, without using this argument. This alternative
proof is simpler than the combination of the proofs of theorems 1.1 and 1.3, so
should be considered preferable from an ‘abstract’ point of view. We refer the
interested reader to the proof of theorem 4.10 in §4, where, handling with more
general equations, we follow this different approach. We gave this proof for the sake
of brevity.
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4. More general equations

This section is devoted to giving the extension of our results to problem (1.1), where
@ and f satisfy some specific assumptions that generalize the specific behaviour of
|ug|™ 2u; and |ulP~2u. As for the term @, we suppose that there is a © > 0 such
that the following assumptions hold.

Q1)

Q is a Carathéodory real function defined on (0,0) x It x R such that
Q(t,z,0) = 0 for almost all (¢,2) € (0,0) x I'1, and there exists and exponent
m > 1 and positive constants c1, ca, ¢ and ¢y, possibly dependent on @, such
that

cilv™ 1 <Q(t, z,v)| < colv|™ ! when |v] > 1
and

csv|™ 7 < |Q(t, x,v)| < ey when |v| <1
for almost all (¢,z) € (0,0) x I and all v € R.

The function Q(¢,x,-) is increasing for almost all (¢,x) € (0,0) x I4.

In most (but not all) of our results, we also use a stronger version of (Q2), as
follows.

There is ¢5 > 0 such that, when m > 2,

(Q(t z,v) = Qt, 2, w)) (v — w) = cslv — w|™, (4.1)
while, when 1 < m < 2,

(Q(t,2,0) = Q(t, z,w)) (v — w) > es][o]™ v = fw|™2w|™ (4.2)

for almost all (¢,z) € (0,0) x I'1 and all v,w € R.

REMARK 4.1. Assumptions (Q1)—(Q3) are satisfied for all ©® > 0 by any Q = Q(v)

such that
QeWlI(R), Q(0)=0, liminf QI (4.3)
oc —0 ‘/Ulm—l
lim sup |Q(U>J < 00, lim inf |Q(U>J >0 (4.4)
o] =00 V™ o] =00 0]
and
Q'(v) = qolv|™ 2 for almost all v € R (4.5)

for some positive constant gg. This assertion can be easily checked using the ele-
mentary inequality

(Jv1]“"201 — |va]* 2w (v1 — v2) > const.|v; — vs|* (4.6)
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for all £ > 2, v1,v9 € R, with £ = m when m > 2 and with £ = m/ when 1 < m < 2.
Of course, the damping model term |u;|™~ 2ut considered in previous sections satis-
fies (4.3)—(4.5). Two explicit non-power-like examples satisfying these requirements
are given by

lv|™=2v  for |u| > 1,
v) = 1< p<m, 4.7
Qo(v) {v|“ 2y for |v| < 1, K (4.7)
and by
Q1(v) = [v|* v + [v]™ 2w, l<p<m. (4.8)

A time-dependent example satisfying (Q1)—(Q3) for all © > 0 is given by
Q2(t,v) = B)|v|" v, m>1, BeC(0,00);RT). (4.9)

REMARK 4.2. Let us note that (Q1), (Q2) yield that there are positive constants
¢g and ¢y (possibly dependent on @) such that

1Qt,,0)] < eo(1 + o™ ) (4.10)
and

Q(t,z,v)v = cr|v|™ (4.11)
for almost all (¢,x) € (0,0) x It and all v € R.

Concerning the term f, for the time being, we assume only that f is a Carathéo-
dory real function defined on I'; x R. We shall give case by case the assumptions
we need.

4.1. Forced heat equation

Our first result generalizes theorem 1.5 of §2 to the problem

—Au=0 in (0,T) x £2,
u=0 on [0,T) x Iy,
o 4.12
8—5 =—Q(t,x,us) + g(t,z) on[0,T) x I, (4.12)
u(0, z) = ugp(z) on 2,

where g is a given forcing term acting on I3 and T > 0 is fixed.
THEOREM 4.3. Suppose that (Q1), (Q2) hold with © =T and that
ge L™ ((0,T) x I).

Then, given any initial datum ug € H}U(Q), there is a unique weak solution u
of (4.12) on (0,T) x £2. Moreover, (1.18) and (1.19) hold, and u satisfies the energy

identity
t t t
$ull+ [l [ ] @Cun= [ [ o @y
s s I s I
for0<s<t<<T.
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REMARK 4.4. According to definition 2.1, a solution of (4.12) is a function
we L(0,T; HY ()

such that u, € L*((0,T) x 2) N L™((0,T) x I1), (2.2) is verified with |us[™ ?u
replaced by Q(-, -, u:) and u(0) = uo.

Sketch of the proof of theorem 4.3. Repeat the proof of theorem 1.5, using (4.10),
(4.11) and (Q2), starting from the problem

(uf,w])Jr(Vuk,Vw])Jr Q(avuf)w_j:/ gwy, ]:177k7
Fl Fl

(4.14)
u®(0) = o,
instead of from (2.11), and correspondingly redefining
Gr(y) =y+ | Q(,- Bi(x) y)Bi(x)dz, yeR", (4.15)
I
and
Gu(w) = 3y + | Q. Bula) -9)do. (416)
1
where ’
Qo) = [ Qtas)ds, yek (4.17)
0
O

4.2. Local existence
To generalize theorem 1.1, we assume that the following assumption holds.

(F1) f(x,0) =0 and there are exponents 1 < ¢ < 2 < p and ¢g > 0 such that, for
almost all z € I'; and all uy,us € R,

[ (2, ur) = f (2, u2)| < esllur —ua| (14 |ua P72 + [uzP72) + Jur — uz| 771,
Assumption (F1) is clearly satisfied by
fo(z,u) = y(2)|u|9%u + §(x)[ulP2u, 1<q<np, (4.18)
provided that -, € L>°(I7). This can be seen using the elementary inequality
|1 P~ 2uy — ualP~2us| < const.|uy — ug|(Jug [P72 + |ug|P~?) (4.19)

for up,us € R, p > 2.
Moreover, (F1) is satisfied by any f = f(u), derivable for large |u|, such that

)
FeC™®).  JO)=0, [F|=0(uw"?) aslul oo, (420)

where 0 < a < 1, p > 2 and o (R) denotes the space of a-Holder continuous real
functions on R. An explicit non-algebraic example of such a function is given by

Jul "2, Jul >
fl(u) = { |l/2—2 7

21,
v > 1, 421
lu u, |ul<1 e (4.21)

with o = min{1, v1, 5} and p = max{2, v, 1»}.
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REMARK 4.5. We remark that an immediate consequence of (F1) is that
[f (2, w)] < co(1+ |ufP™) (4.22)
for almost all x € I'} and all u € R, for some constant cg > 0.
We can now state the following result.

THEOREM 4.6. Suppose that (Q1), (Q3) and (F1) hold, together with (1.5) when
n > 3. Then, given any initial datum uy € H}O(Q), there is T > 0 and a weak
solution w of (1.1) on (0,T) x £2. Moreover, equations (1.18) and (1.19) hold,
together with the energy identity

t t t
YIVul3] + / Juell2 + / /P Qe )y = / [ rum (4.23)
S S 1 S 1

for 0 < s <t <T. Moreover,
T = T(HUOHH}O(Q)a m,p, 'Qv F17 @7 C7, C9)
1s decreasing in the first variable and increasing in c7.

Sketch of the proof. We repeat the proof of theorem 1.1, where v = ¢(u) is now the
unique solution of

v —Av=0 in (0,7) x £2,
v=20 on [0,T) x I,
4.24
B Q(trv)+ fe) on (0.7 x I .
v(0,2) = up(x) in 2

given by theorem 4.3. We proceed exactly as in the proof of theorem 1.1, with the
estimate (3.3) in step 1 being replaced by

t t
Vo)l + / lael2 + er / el 7,
T
< %||VU0||§+C9/ / (1 -+ ) o]
0 I
T 1/m’
<A1Vl +27 e [ ([ 1w ) ol 429
0 I

and the estimate (3.4) by

t t
V()3 + / luell2 + ez / el 1,

< 3Vl + ki (1 + RP=HTY™ ||,

Lm((0,T)xIy)s  (4.26)

where
ki = kl(p,m,Fl, 9,05,07,09) > 0.
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Taking R > 1, we can estimate 1+RP~! < 2RP~! and then complete the first step as
in the proof of theorem 1.1, where now T' = T(R3, m, p, 2, I'1,0, c7,c9) < ©. In this
procedure, in particular, equation (3.6) is still obtained, where k4 also depends on
¢s, ¢r and cg. The form of (4.11) immediately yields that T can be taken increasing
in c7.

Repeating step 2, the energy identity (3.17) becomes

sl + [l [ [ Q) - Qo = | g 1)~ Sl

for 0 < t < T. Estimating from above the right-hand side and from below the third
term in the left-hand side of the last formula, exactly as in [27, proof of theorem 6],
we get

_ -1
[[vs —Ut||2L2((o,T)xQ) (||U—U||L°° 0,T;L70(Iy)) + l|u— U||qLoo(o,T;Lv-o(p1)))

_ _ _g—1
Vo — VUH%DC(O,T;LZ(Q)) < K(flu— UHL‘X’(O,T;LTO(IH)) + flu — U||qLoo(o,T;Lv-o(p1)))

and

_ _ —11qg—1
[0 = Vel Do 0,1y w1y < B (lw = 8ll oo 0,75070 () + 1w = @l T (0,720 (1))

when m > 2, while

oo™ e — oo™ tnm oty

(Hu - UHL‘X’(O,T;LFO(H)) + ||u - a”%;ol(o,:r;[,ro(rl))) (4'27)

when 1 < m < 2, where K = K(p,m, I, 82, T, R, cs5,c7,c9) > 0. Starting from these
estimates, which generalize (3.18)—(3.21), the proof can be completed exactly as for
theorem 1.1. O

4.3. Global existence for arbitrary initial data

Theorem 1.2 is generalized as follows.

THEOREM 4.7. Suppose that (Q1) and (Q3) hold for all © > 0 and that [ satis-
fies (F1). Furthermore, suppose that the following assumption holds.

(F2) There exist c1p > 0 and k > 0 such that
F(x,u) = Clo‘u|p -

for almost all x € I't and all u € R, where
Pl = [ femn (4.28)
0

Finally, suppose that
2<p<m and p<r.

Then any solution given by theorem 4.6 can be extended to the whole of (0,00) X 2.
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REMARK 4.8. It is worth noting that fy defined in (4.18) satisfies (F1) and (F2),
provided that «,6 € L°°(I) and infr, 6 > 0. The same assumption are verified by
any f = f(u), derivable for large u, such that

FECI®),  fO)=0,  f'(u)~eul™? as|ul = o0, (4.29)

loc

with ¢ > 0, as, for example, the function f; defined in (4.21).

Sketch of the proof of theorem 4.7. At first, we apply the standard continuation
procedure of ordinary differential equations to conclude that either the solution
w is global or there is Tiax < oo such that (3.23) holds. Let T,.x be the right
endpoint of the maximal interval of existence. Suppose, by contradiction, that

Tmax <oo and  lim [lu(t)|| gy, (o) < oco.
t—=Tmax ’

Then there is a sequence T, — T\, with |[u(T},)| g1, (o) bounded. For all n € N,
the time-translated damping term Q(t — Ty, -, ) satisfies (Q1) and (Q3), with ¢,
cs (and then ¢7) independent on n (it is enough to take ¢; = ¢;(Timax)). Hence
theorem 4.6 can be applied to the Cauchy problem with initial time 7T;,, and the
length T, of the maximal interval of existence [T, T, + T}) is independent on n.
This leads to a contradiction, since, in this way, we can continue the solution to the
right of Tinax-

To prove that (3.23) cannot occur, we generalize the arguments given in the proof
of theorem 1.2. The energy identity can now be written as

t t
$valg— [ Fewl+ [ul+ [ [ Qteuu=0 @30

for 0 < s <t < Thax- We now introduce the modified auxiliary functional
H(t) = 1|Vull} + / F(u) + ro(I1). (4.31)
I
Clearly,

Hl(t) = _”ut”% - r Q(a 'aut)ut +2 r f(',u)Ut

< - Q(a '7ut)ut +2 f('vu)ut-
Fl Fl

Then, arguing as in the proof of [27, theorem 7], we prove that H € L% (0, Tiax)-
The proof can be completed as for theorem 1.2. O

4.4. Global existence in the potential well

It would be possible to generalize theorem 1.3 to problem (1.1) using theorem 4.6
together with a straightforward generalization of the arguments used in the proof
of theorem 1.3. This approach would have the disadvantage that the nonlinearities
f and @ have to verify assumptions (Q1), (Q3) and (F1) (together with assump-
tion (F3) given later). The proof of this fact is left to the interested reader, since
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we are giving in the sequel a more general result, using a more direct approach
inspired by [18] (see also remark 3.5).

In order to generalize the potential well arguments, we need @ to verify (Q1),
(Q2) and f to verify (4.22), together with the following assumption on its primitive
F (see (4.28)).

(F3) There exists ¢33 > 0 such that

Fw,u) < 2L [uf?
p

for almost all z € I} and all u € R.

All examples of damping terms @ given in remark 4.1 clearly satisfy (Q1), (Q2)
for all ©® > 0. Moreover, a further example is given by any @ = Q(v) such that

Q)]

Q € C[R), Q(0) =0, h{)li}l(l)lf o[ >0, (4.32)
lim sup |Q(v7)1 < 00, lim inf |Q(U7)J >0 (4.33)
|v]—o0 |rU‘m lv|—o00 |U‘m
and
@ is increasing. (4.34)

Examples of functions @ satisfying (4.32)—(4.34) but not (4.3)—(4.5) are given by

Q3(v) = v+ sinv|™ (v + sinwv), m>1
and
[v|#=2v for |v| <1,
Q4(v) = < sgnw for 1 < Ju <1, l<p<m.

(Jv] = D)*=2(Jv| — 1)sgnv for |v| > 2,

Examples of nonlinearities f satisfying (F3) and (4.22) are given by fo defined
in (4.18), provided that v, € L>°(I}) and v < 0 almost everywhere on I'j. In par-
ticular, when v = —1 and § = 1, we can consider fo(u) = |u[P~2—|u|?"%u, 1 < ¢ < p.
A further example is given by any f = f(u), f € C(R), |f(u)] = O(|u[P71) as
|u| — 0o and f(u)u < const.|u[P for small u. In particular, f3(u) = sin(el*)|u|P~2u,
p > 2, satisfies (F3) and (4.22), but not (F1), as can be easily seen. Examples Qs3,
Q4 and f3 motivate the different approaches we are using to handle with (1.1).

To extend theorem 1.3, we first need to suitably modify the definition of the
stable set W given in (1.13). We shall use the characterization of W given in §3.
With this aim, we note that, by (3.31) and (F3), when o(Ip) > 0,

F(-,u
Ky = sup fﬁiw < Cl—lBgo. (4.35)
weH} (2),u#0 [Vull3 p

We set
Aoo = (pKoo>_1/(p_2)a Eo = <1 - 1))‘20
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if K1 >0and Ao = E = +00 if K1 < 0. We define

W ={uop € Hf (2) : |[Vugll2 < Ao and J(ug) < Exc}.

REMARK 4.9. Clearly, when f(x,u) = |u[P~2u, the above definitions of Ay, Es and
W are in agreement with those given in § 3. Moreover, when f(x,u) = &(z)|u[P~%u,
&€ L*>®(I1), & >0, it can be shown as in [26] that E is the Mountain-Pass level
associated to the elliptic problem

Au=0 in 2,
u =0 on [y,
ou

— =6&|uP"?u on I7.

ov

This would not be true if we had kept the definition of F, given in §3, which is
not optimal in this more general case. The last example is f = 0, so that A\, =
E = +ocoand W = H}O(Q), as expected, since, in this case, there are no source
terms in the equation.

We can now state the following result.

THEOREM 4.10. Let (Q1) and (Q2) hold for any © > 0 and let (F3), (4.22) hold.
Suppose that m > 1,

2<p< d > —
<p<r and m T 1=

and that o(Iy) > 0. Then, given any initial datum ug € W, there is a global weak
solution of (1.1) on (0,00) x £2. Moreover, u(t) € W for allt > 0,

u € C([O,oo);H}O(Q)), up € Lz((O,oo) x §2), ug € L. ([0,00) x I7)

and the energy identity (4.23) holds. Finally, if ¢1 and c3 can be taken independent
on O, then uy € L™((0,00) x I'), and if ca and ¢4 can also be taken independent
on O, then Q(-,-,us) € L™ ((0,00) x I7).

REMARK 4.11. Of course, the constants ¢;, i = 1,...,4, are independent on ©
when @ is time independent. Concerning the only time-dependent example we
gave in this section, i.e. Q2 (see (4.9)), clearly ¢; and c3 are independent on ©
if and only if lim, , _ 3(t) > 0, while ¢z and ¢, are independent on © if and only if

Sketch of the proof of theorem 4.10. Let X and (wy)x and wugr be as in the proof
of theorem 1.5. We apply the Faedo—Galerkin procedure, so, with fixed k € N, we
consider the problem

(ufﬁwj) + (Vuk’ij) + - Q('7'>u?)wj = . f('vuk)wﬁ
' ' j=1,...,k, (4.36)

uF (0) = uop,.
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To conclude that (4.36) has a local solution

k
ur(t) =Y yi(Hw,
j=1
for some yf € Whi(0,ty), j = 1,...,k, and t;, > 0, we use the arguments of

theorem 1.5. In this process, equations (2.13), (2.14) and (2.15) are replaced by

Culylh(t)) + Agye(t) = fk(yk(t))a} (4.37)
Yk(0) = Yo,
U (t) = G (F(ye(t) — Akyk(t))’} (4.38)
yr(0) = yor
and
|G (Frlyr) — Aky) | < 1 Fe(yn)| + 1 Awlllyl, (4.39)

respectively, where G, is defined in (4.15) and
Fily) = | f( Bi(z)-y)B(z)dz, yeR",
Iy

is continuous in R¥ (use (4.22) and the fact that w; € LP(I1), j =1,...,k).
The corresponding energy function and the energy identity associated to (4.36)
are

BX(t) = L[ Vub )2 /F F(ub (1)) (4.40)
and
EX(t) — B*(s) = - / k|3 / /F QU )l <0, (4.41)

respectively, for 0 < s < t < t,. We note that, by integrating (4.22), we easily see
that
|F(z,u)] < c12(1 4+ |ulP) (4.42)

for almost all x € I}, all u € R and ¢13 = ¢12(p, ¢g) > 0.
Arguing exactly as in [27, proof of theorem 8], we then prove the following esti-
mates,

IVu*]2 < Co,

k
1t |2 (0,60) x 2) (4.43)

£

g | L ((0,80)x 1)

INOINCIN N
&

S

1QC  ut)l Lot (0,00 x 1)

for some Cy = Co(ug, m,p, I'1,c6(T),c7(T),c12) > 0 and for k > k, with k suffi-
ciently large (here, cg and c; are the constant appearing in (4.10) and (4.11) for
e=T).
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Starting from estimates (4.43),7and using lemma 3.2 with pyg = p, a standard
argument yields that ¢, = T, k > k and that, up to a subsequence,

u, —u  weakly* in L°(0,T; H}, (£2)) and strongly in C([0,T7; LP(I1)),
uf — u;  weakly in L2((0,T) x £2) and in L™((0,T) x I7),
Q- uf) = x  weakly in L™ ((0,T) x I).

Arguing as in the proof of theorem 1.5, we use lemma 2.2 to obtain the energy
identity (which is possible since (1.5) and (4.22) yield f(-,u) € L™ ((0,T) x I1))
and (Q2) to prove that x = Q(-,-,u;). This yields the existence of a solution
on (0,7) x £ for all T > 0. Since the same argument can be applied for the
Cauchy problem with any initial time, the solution can be extended to the whole
of (0,00) x £2.

Finally, by the energy identity and (F3), we obtain, for all ¢ > 0, that

t t
/ e 2 + / / Qs ur)ur < [ Vo2 + / F(u)— / F(.,uo)
0 0 I I I

1
C11
< L Vuol - /F F(uo) + L lull? .
1

r
and then, arguing as in the proof of theorem 1.3, we prove that ||u||, r, € L>(0, o),
so that we have u; € L2((0,00) x £2) and Q(-, -, u¢)us € L*((0,00) x I't). When ¢y, c3
(and then ¢7) can be taken independent on ©, we then have u; € L™((0,00) x I'),

and if ¢z, ¢4 (and then c¢g) can also be taken independent on ©, we also obtain that
Q- ut) € L™ ((0,00) x I7), completing the proof. O
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Appendix A. Proof of lemma 2.2

Denote
H = L*(92), V = HJ (02), W = L™(I), X={ueV ulp e W}
Since V' is dense in H, using [25, theorem 2.1] and (2.5), (2.6), we obtain that
ue Cy([0,T]; V). (A1)

The key point is to show that (2.9) holds. With this aim and fixed 0 < s <t < T,
we set 0 to be the characteristic function of the interval [s,¢]. For small § > 0,
let 6(1) = 05(7) be 1 for 7 € [s + §,t — §], zero for 7 & (s,t) and linear in the
intervals [s, s + 0] and [t — s, t]. Next let 1. be a standard mollifying sequence, that
is, n = n. € C*°(R), suppn: C (—¢,¢), fjoc:ns =1, 7. even and non-negative, and
ne = e 'n1(7/¢). Let * denote time convolution.
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We approximate u, extended as zero outside [0, T], with v = nx(6u) € CZ(R; V).
Then
o0 d ) o0
0:/ aHVUHQZ/ (Vv,Vvt). (A2)
Using standard convolution properties and the Leibnitz rule, we see that
vg =n* (0'u) +n* (Ou;) in H,
so that n* (fu,) € CX(R; V). Then, by (A 2),
+oo —+oo
0= [ Vo @V + [ 0e @90,V 0w (43)

Using (2.6) we can take ¢ = nxnx(6u;) in (2.7). Then, multiplying by 6, integrating
from —oo to oo and using standard properties of convolution, we can evaluate the
second term in (A 3) in the following way:

+o0 +oo +o0
/_ (n(8Vu), ¥ (1# (Bur))) = / /F (00 7 (Buug) — / I (Bu) 3. (A4)

Combining (A 3) and (A 4), and recalling that 6 = s, we obtain the first approxi-
mate energy identity,

400
0= / (0 (05V), m * (03V)

— 00

+o0 +oo
= [ e @iz [ [ w050 05

— 00

= Il+.[2+[3. (A5)

Now we examine each term in (A 5) separately as 6 — 0 and ¢ (i.e. n) is fixed. Since
05 — 6y a.e., we have

llm * (96<)||m’,1“1 < ‘CHm’,Fu
<

|
7% (Oswe) lm,ry < [wellm,ry
and
l[m % (Osue)ll2 < [[uellz-

Using (2.3), (2.6) and Lebesgue’s dominated converge theorem together with the
last estimates, we have

400
B [ s Goun) (A6)

and

+oo
JAn / ) /P 7 (B0C)n ¢ (o) (A7)
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Next we decompose the term I as
+oo

+oo
I = / (0 * (B0Vu). 7 = (05Vu)) + / (0% (65 — 00)Vul, 7« (B,Vu))  (AS)

— 00 — 00

=1+ I5.

Since 05 — 6y in L'(R), by (2.5), we have that n x [(05 — 0p)Vu] — 0 strongly in
L>(0,T; H). Moreover, by (2.5),

[|7 % (QSVU)HLI(O,T;H) < ||0:S||L1(]R)||77||L°C(R)Hvu||L°C(O,T;H)
< 20l zoe @) VUl Lo 0,7;5),

so that
Is -0 asd—0. (A9)

Next we note that, by the properties of convolution and the specific form of 6y,

+oo
L= / 0 (0 m * (oY), V)
t

1 s+0 1
=5 @V, — 5 [ e 0070, V)
s t—
By (A1), the function (1 * n * (6yVu), Vu) is continuous, so
Ly = (nxnx (0o Vu)(s), Vu(s)) — (n 1 * (0o Vu)(t), Vu(t)) (A 10)

as d — 0.
Combining the convergences (A 7)-(A10), recalling that n = 7. and letting
Pe = Ne * 1Nz, we obtain the second approximate energy identity

—+o0

+oo
(pe * (B Vu), Vu) = /_ /F Ne * (0oC)ne * (Bous) — / 7 * (9ou75)||§- (A11)

— 00

Now we consider the convergence of the two sides of (A 11) as ¢ — 0. By standard
arguments, using (2.6), p. * (fpus) — 6puy strongly in L™((0,T) x I) and in
L2((0,T) x £2), so that, using (2.3), the right-hand side of (A 11) tends to

+o0 +o0 t +00
/ 02 Cuy / o |2 = / / Cuy — / e 2
—c0 JIy —00 s JI4 —oo

For the left-hand side of (A 11), we note that supp p. C (—2¢,2¢), 0 < p. = O(e™1)

and
—+oo 0 +oo
_ _ 1 1
/ Pe = / Pe = 5/ Pe = 3.
0 —00 —00

Therefore, for sufficiently small ¢,

“+oo
(P * (00Vu) (1), Vu(t)) — 5[ Vu(t)|3 = A p=(1)(Vu(t = 7) = Vu(t), Vu(t)) dr.
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Since, by (A1), 7 — (Vu(t —7) — Vu(t), Vu(t)) is continuous and is zero for 7 = 0,
we conclude that, as ¢ — 0,

(pe * (B Vu)(t), Vu(t)) = 5[ Vu(t)]3-

The same result, of course, continues to hold when ¢ is replaced by s. Then we can
pass to the limit in (A 11) and conclude the proof of (2.9).

To show that (2.8) holds, we note that, by (2.9), it follows that ¢ — [|[Vu(t)|3 is
continuous. Then, by (2.5) and (2.6), t — |Ju(t)||? is also continuous. Now fix ¢ in
[0,7] and let t;, — t. Using (A 1), we have

lu(te) = w1 = llu@)IV + lu@)F — 2(ulte), u(t)v — 0

as k — oo, concluding the proof.

Appendix B. Proof of lemma 3.3
An easy calculation shows that, for any u € H}, (£2) such that u|p, # 0, we have

sup J(\u) = J(\(w)u) = <1 - 1) ( [Vl >2p/(p2),

A>0 2 p) \llullp.r,

where
|[Vuly/ P

p/(p—2) ~
p,I1

Au)

[l

Then, by (3.31), it is easy to see that

1 1
d= (= _ 2 \p-20/(0-2)
(2 p) > ’
so that d = F.

To show that W = Wy, we first prove that W C Wj. Let ug € W. Hence
K(ug) = 0, and so [uolly 5, < [[Vuoll5 by (1.10). Moreover, J(ug) < d = Eo. Then

1 1
Ew > (2 - p) [ Vuol[3.

Now, if ||Vugll2 = Aco, it follows that

11
Ey > <2p>/\ZO_EOO,

a contradiction. In conclusion, W C Wj.
To prove that W7, C W, let uy € W7 and suppose, by contradiction, that
K (ug) < 0. Then, using (3.31),
IVuoll < lluolly, r, < BE|Vuoll3,

and hence ||Vuglls > Bo?/#72 = A, a contradiction.
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Appendix C. A physical model

This section is devoted to giving a physical model for problem (1.1). Let {2 represent
a solid body placed in a fluid denoted by 2°. We suppose that a classical heat
diffusion process occurs inside (2, so if u = u(t, ) represents the temperature at
point x and time ¢, the process can be modelled by the classical heat equation

uge — pAu =0 1in (0,T) x {2, (C1)

where the thermal conductivity p > 0 is taken to be 1 for simplicity. The surround-
ing fluid is supposed to be a perfect conductor of heat, so the temperature in §2¢ is
spatially homogeneous and can be described by a number v = v(t) for any ¢ > 0.
In particular, there is no diffusion in the fluid. Such an assumption is realistic if
the fluid is well stirred. Moreover, we suppose that a reaction process occurs in the
fluid such that the quantity of heat produced by the reaction is proportional to a
superlinear power of the temperature, i.e. to v?~1 with p > 2. Let j = j(t,x) be the
heat flux from 2 to £2°. Then the rate of change of the temperature v’(t) is given
by

V' (t) = [v|P72(t)v(t) +/ J(t,x)ds. (C2)

a0
On the other hand, the heat flux j(¢, ) is given by the classical conductivity rule

by
Ju
(o) = _OU
jltz) =—2", (C3)
since p = 1. Finally, the thermal contact of the fluid at 9f2 yields the continuity
condition
u(t,z) =ov(t), €08, t=0. (C4)

Combining (C1)—(C4), we obtain (1.1) with Iy = 0, f = |u[P"?u and Q = u;. Now,
since it is well known that solutions of this problem with sufficiently large initial
datum blow-up in finite time, it is reasonable to try to introduce some control on
the combustion process in order to slow down the reaction. This can be done by
refrigerating the fluid (2°. If the refrigerating system is controlled in such a way that
the heat absorbed from the fluid is proportional to a power of the rate of change
of the temperature, as [v/(¢)|™2v'(t), then the balance equation (C2) has to be
modified to

o'(t) = [o]P 2 (R)o(t) — ' ()" (1) +/ Jj(t,x)ds. (C5)
o0
Combining (C 1), (C3), (C4) and (C5), we obtain (1.1) with Iy =0, f = |u[P~2u
and Q = u; + |ut\m_2ut. These nonlinear terms are included in the theory devel-
oped in §4. In particular, theorem 1.2 shows that this type of refrigeration avoids
explosions.
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