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Abstract

In this we exploit the arithmeticity criterion of Oh and Benoist-Miquel to exhibit an
origami in the principal stratum of the moduli space of translation surfaces of genus three
whose Kontsevich—Zorich monodromy is not thin in the sense of Sarnak.
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1. Introduction

The dynamics of the action of SL (2, R) on moduli spaces of translation surfaces is driven
by the Kontsevich—Zorich monodromy consisting of the matrices encoding changes of basis
in absolute homology of translation surfaces along SL(2, R)-orbits.

The nature of the Kontsevich—Zorich monodromy depends heavily on the support of the
ergodic SL(2, R)-invariant probability measure, and Sarnak asked how often a Kontsevich—
Zorich monodromy is arithmetic or thin' in his sense (compare with [Sa, section 3-2]).

In the case of Masur—Veech measures (of connected components of the strata of moduli
spaces of translation surfaces), the corresponding Kontsevich—Zorich monodromies contain
the Rauzy—Veech groups?, and, as it turns out, the arithmeticity of Rauzy—Veech groups was
recently established in [AMY] and [Gu]. In particular, the Kontsevich—Zorich monodromies
associated to Masur—Veech measures are always arithmetic.

In this paper, we focus on the Kontsevich—Zorich monodromies of the natural measures
supported on Teichmiiller curves®. Any Teichmiiller curve is known to be defined over a

IRecall that a subgroup I' C G L, (Z) with Zariski closure G is called arithmetic, resp. thin, when the index
of I in the subgroup G(Z) (of integral points of G) is finite, resp. infinite.

2Coming from a combinatorial process called Rauzy—Veech algorithm.

3Closed SL(2, R)-orbits in moduli spaces of translation surfaces.
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totally real number field, and we say that a Teichmiiller curve is arithmetic if and only if it
is defined over Q. Equivalently, a Teichmiiller curve is arithmetic if and only if it contains
an origami / square-tiled surface®.

In the moduli space of translation surfaces of genus 2, it can be shown that the
Kontsevich—Zorich monodromy of non-arithmetic, resp. arithmetic, Teichmiiller curves are
thin, resp. arithmetic (cf. [Sa, section 3-2]).

In the moduli space of translation surfaces of genus 3, the main theorem of this note
ensures the existence of arithmetic Kontsevich—Zorich monodromies associated to an
arithmetic Teichmiiller curves.

THEOREM 1-1. The non-tautological part® of the Kontsevich—Zorich monodromy asso-
ciated to a certain Teichmiiller curve C generated by a certain origami Oy of genus 3 is
arithmetic.

Remark 1-2. Tt would be interesting to know whether the “majority” of non-tautological
parts of Kontsevich—Zorich monodromies of origamis of genus 3 is arithmetic: for instance,
is it true that the Kontsevich—Zorich monodromies of all but finitely many origamis in the
minimal stratum H(4) of the moduli space of translation surfaces of genus 3 are arithmetic?

Closing this short introduction, let us describe the organisation of this paper. In Section 2,
we describe the origami O, and its Teichmiiller curve C. In Section 3, we compute the
Kontsevich—Zorich monodromy of C: in particular, we describe two 4 x 4 matrices (called
p(a) and p(b) below) generating the non-tautological part of the Kontsevich—Zorich mon-
odromy of C. Finally, we rephrase Theorem 1-1 as Theorem 4-3 below (for the sake of
convenience), and we show that the desired arithmeticity statement can be deduced from a
recent theorem of Benoist—-Miquel [BM] after some computations with certain powers of
the two 4 x 4 matrices introduced above.

Remark 1-3. In this paper, we assume some familiarity with the basic features of origamis.
In particular, the reader is invited to consult [FM, section 8 and Appendix C] for more
details about the representation of origamis via permutations, the Veech and affine groups
of origamis, etc.

“*ILe., a translation surface obtained from a finite collection of squares of fixed sizes by gluing by translations
pairs of parallel sides.

50n the other hand, to the best of our knowledge, it seems that there are no available results concerning the
arithmeticity or thinness of the Kontsevich—Zorich monodromy of Teichmiiller curves in moduli spaces of
translation surfaces of genus g > 3.

%Here, the non-tautological part of the Kontsevich—Zorich monodromy of an origami X means the follow-
ing. The absolute homology of an origami X admits a decomposition defined over Z into the direct sum

of a tautological plane Hi” (X) and its symplectic orthogonal HI(O) (X) (with respect to the intersection
form). The Kontsevich—Zorich monodromy respects this decomposition and the non-tautological part of

the Kontsevich—Zorich monodromy is its restriction to Hl(o) . In particular, the non-tautological part of the
Kontsevich—Zorich monodromy is a subgroup of Sp(Hl(O) (X)) ~Sp(2g — 2, Z), where g is the genus of X.
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1

Fig. 1. Flat geometry of O;.

2. An arithmetic Teichmiiller curve C with a single cusp
2-1. The origami O,

Consider the square-tiled surface O; associated to the pair of permutations
ho, =(1)(2,3,4,5)(6,7,8,9), vo,=(1,2,3,6)4,7,9, 8)(5).
The commutator [hp,, vo,] :=vo,ho, vahgI is
[ho,, vo,]1 = (1,9)(2, 3)(4, 6)(5, 8)(7),

so that O; € H(1, 1, 1, 1) is a genus 3 square-tiled surface. See Fig. 1 above.
The SL(2, Z)-orbit of O; consists of four elements. Indeed, this fact can be checked as
follows. We recall that:

11

01
(h, v) by the rules T'(h, v) = (h, vh~') and S(h, v) = (hv™', v);

(ii) the pairs of permutations (k, v) and (phd ", pvp~!) give rise to the same square-
tiled surface.

(i) the generators T = < > and § = <i (1)) of SL(2, Z) act on pairs of permutations

Therefore, the T-orbit of O, is {O;, O,, O3, O,} where Oy := T*(O)) is given by the pair
of permutations (ho,, vp,) With

vo,=(1,2,5,7)(3)(4,6,8,9), vo,=(1,2,7,8)3,5,6,4)9),
vo, =(1,2,6,9)(3,7,4,5)(8).
As it turns out, the T-orbit of O, accounts for its entire SL(2, Z)-orbit because

S(O)) = (¢, 'ho,pas d3 'vo,02) = O, SHO)) = (93 ' ho, b3, ¢5 'vo,3) = Os,

S (O1) = (5 'ho, b2, 7 'vo,d2) = O,
where
¢s=(1,6,2,9,4,3)(5,8)(7), ¢3=(1,5,9,8)(2,6,3,4)(7)
and

$=(1,9)(2,4,5,3,6,8)(7).
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T

Fig. 2. SL(2, Z)-orbit of O;.

Remark 2-1. For later use, observe that the matrix —Id acts on pairs of permutations by
—Id(h, v) = (h~', v™!). In particular, the action of —Id on SL(2,Z) - O, is completely
described by the formulas

—1d(O)) = (Y3 'ho, Y3, ¥y 'vo,¥3) = O3, —1d(O2) = (Y ' ho, Y, Yy 'vo,¥a) ~ Os
where V3 := (1)(2, 8,4, 6)(3,7,5,9) and ¥4 :=(1)(2,9,4,7)(3, 8, 5, 6).
In summary, the SL (2, Z)-orbit of O; can be depicted as in Figure 2 below.

It follows from this discussion that SL(2, R) - O, has a single cusp (i.e., single T-orbit in
SL2,Z)-O).

Remark 2-2. The homological dimension of SL(2, R) - O in the sense of Forni [Fo] is
three. Thus, by the results in [Fo], the Lyapunov spectrum of the Kontsevich—Zorich cocycle
over SL(2, R) - O; with respect to the Haar measure has the form

1=)\.1>)\.2>)\.3>O>—)\.3>—)\2>—)\.1=—1

Moreover, the Eskin—Kontsevich—Zorich formula [EKZ] for the sum of non-negative
Lyapunov exponents of the Kontsevich—Zorich cocycle implies that 1 + A, + A3 =2, i.e.,

M+ Ar3=1.
Finally, some numerical experiments indicate that 1, >~ 0.57... and A; >~ 0.43...

2-2. The stabiliser of C

The group Aff(O;) of affine homeomorphisms of O is the stabilizer of C := SL(2, R)-
O, in the moduli space of translation surfaces.

It is not hard to see that the subgroup Aut(O;) C Aff(O;) of automorphisms of O is triv-
ial. Tt follows that the elements of Aff(Q;) are determined by their linear parts in SL(2, R),
that is, the natural map

Aff(O)) — SL(2, R)

is injective. Hence, Aff(QO,) is isomorphic to its image SL(O)) under this map.
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The group SL(QO)) is the finite-index subgroup of SL(2, Z) consisting of all elements of
SL(2, R) stabilising O in the literature, SL(O)) is called the Veech group of O;.

From Figure 2 above, we see that SL(O;) is an index four subgroup of SL(2,Z).
Furthermore, SL(O;) is a congruence subgroup of level 4, and the Teichmiiller curve
C=SLQ2,R)/SL(O,) has genus zero. Thus, SL(O)) is generated by elliptic and parabolic
elements: indeed, one can check that SL(O) is generated by the following two elliptic

matrices
0-1 1-3
a._(l _1), b._<1 _2)
of orders 3.
The group structure of SL(O)) is provided by the following lemma:

LEMMA 2-3. SL(O,) is the free product
SL(Oy) = (a) * (b) ~7Z/37Z % 73 7.

Proof. Consider the twelve cones C, C R? — {(0, 0)} defined by the following properties:

(i) C¢yy=—C,foreachl=1,...,6;

(i) each C;,I=1,...,6, consists of the convex combinations of positive multiples of
the vectors v; and v;y;, where v, :=(1,0), v2,:=(2, 1), v3:=(1, 1), v4:=(1,2),
vs:=(0, 1), vg:=(—1, 1) and v; := (-1, 0).

A simple calculation shows that

(i) a(v) =v4foreachk=1,...,6;
(11) b(vl) = V3, b(UZ) =7, b(v3) = —1V>, b(U4) = (—5, _3) c Cg, b(Us) — (_3, _2) c
CS’ b(v6) = (_41 —3) S Cg and b(l}7) = —U3.

It follows that {a, a*} = (a) \ {Id} and {b, b*} = (b) \ {Id} play ping-pong with the tables
X:=(CUCy)U(C7UCy)
and
Y =C3UC,UCsUCcUCUCpUCHUCH

in the sense that X and Y are disjoint subsets of R? such that

(i) a(X)=(CsUCs)U(C11UCp) CY,a*(X)=(CoUCip)U(C3UCy) CY;
(i) b(Y)CC,UCsC X,b*(Y)CC,UC;CX.

By the ping-pong lemma’, we conclude that SL(O;) = (a) * (b).

Remark 2-4. The construction of these cones was inspired by Brav—Thomas paper [BT].

"Here, we are using the version of the ping-pong lemma stated as [BT, Theorem 2-1].
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3. The Kontsevich—Zorich monodromy of C

The representation o : Aff(O) — Sp(H; (O, Z)) is called Kontsevich-Zorich cocycle
over C. In the sequel, we will compute the image under « of the generators a and b of

SL(O)) >~ Aff(O)).

3.1. The relative homology groups of O, k=1, ..., 4

Given O, € SL(2,7Z)- Oy, k=1, ...,4, let us denote by a;k), resp., {é") the relative
cycles on O, consisting of the bottommost horizontal and leftmost vertical sides of the
square numbered g € {1, ..., 9}.

i i (k) ) (k) (k) :
Note that each square g of Oy gives a relation o, + (ho @ =% + O, (2)? that is.

. 1 1 1 1 1 1 1 1 1
GQ) Gl(l _sz), U(l)+{(1) g(l)—i_ai)’ (1)+§(l) g(l)_}_a(l)’ 4(1)+§' 1) §(1)+
((1)) é-((l)) {(l()), (l())_}_%())_ (i))—i_a()’ ()_{_{() {7()_‘_0_()’ ()+§()
§g +04 ,09 +8 =8 +o0
.. 2 2 2 2 2 2 2 2 2 2
(ii) a()_au <)+§ _§(>+ 5(>’ (P=¢2, 6@ 4+12 =12 +5?, 0@+
2 2 2 2 2 2 2 2 2 2 2 2 2
é'() C()—{—O’(), ()+§()—§() () ()+§() §()+U(), ()—l-{()
§(2)+ (2) (2)+§(2) §(2)+ (2)
0y
(iii) 0(3) _0(3) O_(3) _}_{ {G) _‘_0(3) (3) +§(3) 4(3) —I—U(%) (3) + ;(3) 4.(3) +
1= 2 - > - i —
3 3 3 3 3 3 3 3 3 3 3 3
U;;’ ((3)) + é.(g) §E3; _|_(03_)( )’ (3)( ) + C( ) §( ) ( ) ( ) + C( ) f( ) ( )’
4 +§ 4 é‘4 to 4 C 4 ( 4 4 4 4 4 4 4 4
(iv) 0'1(4)202(4) 2(4)+§(4) ;(i+ (: 3(14_;‘{: {'()44-0'()4, ()4_|_§.()4 é'()4+
U%;)), (;)) +(§)() (g)()_i_(g()’ (g()+§7()=§6()+0()’ ()+§()_§.()+ (4)
gg - +§ _é‘ +0] :

3.2. The action of SL(2, Z) on the relative homology groups

01
homology groups by the matrix 7} ;4 such that

. 11 . . .
The matrix T =( > takes Oy to O,1, and it acts on the corresponding relative

k k41 k k41 (k+1)
Tk,k+1(f7g( ) =0g( b, Tk,k+1(§g( ) =0g( i +§hol(g)-

10
11
homology groups by the matrix Sy x such that

Similarly, the matrix S = ( takes O to O,_1, and it acts on the corresponding relative

K+l R K+l ®)
Ser1k (@) = 8h 0 F 0o e St (G ) = 8y

Finally, —Id exchange O, and Oj, resp. O, and Oy, and it acts on the corresponding relative
homology groups by the matrices (—1d); 5 = (—Id)5 | and (—Id), 4 = (—Id); } such that

My _ G) My _ 3)
(1d)13(0, ) = =0y, aen>  (FID1L3ET) = =8 e

and
Oy _ @ @y _ _ @
(—1d)24(0,") = =0ug, uens  (F1D247) = =845 (i
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3-3. The absolute homology groups of O, k =1, ,4

The absolute homology group H;(O;, Q) has a basis B; := {E(()k), Z(()k), EEk), Zék),
ARNYAS } where
142

E(k) Z U(k), Z(k) Z {(k)’

4 4
k) ._ (k) _ (k) (k) . __ (k) _ (k)
X = Ghjbl(z) 40,7, X, 1= Zahb,(ﬁ) 40,
j=1 Jj=1
and
4
. _ (1 _ 4 (1) (1) (1)
Z = Z fvg o) s 4 Z %, b @
=t
4
2 ._ 2) _A4r@ (2) (1) _ (1)
Z7 = Z gvglm S SIRIRZ) Z{ G 443
j=1
4

3 ._ @ g QU @ (1)
Z '—Z%lm RO Zé—f @ 4%

“4) 1) (1) @ @ (1)
Z _251(1) 2 ngm)

Note that this basis is adapted to the decomposition H;(O, Q)= H" (O, Q) &
H (O, Q) in the sense that this decomposition corresponds to the partition B, = B;' U B
where B}’ = {E(()k), Z(k)} and B(O) B\ B, ie.,

H{'(On, Q) = Q%" © QZ
and

H? O, =0z 0 Qz® ® 0z ® @z,

Moreover, it is worth pointing out that the matrix of the restriction to H 1(0)((91, Z) of the
intersection form €2 in the basis B§O> is

00 —6-3
00 -3 3
=163 0 0
330 0

3.4. The action of Aff(O,) on the absolute homology group

The formulae from the previous two subsections say that the matrices of Ty y+1, Sk+1.4 and
—(Id); k42 with respect to the bases B3, are
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110000 1100 0 O
010000 0100 0 O
T, — 001010 Ty = 0010—-1-1
’ 000101 |’ . 0ooo1r o0 1 |’
000010 00001 O
000001 0000—-1-1
110000 1100 0 O
010000 01000 O
Tyue 001001 T, = 0010 0 1
’ 000110 |’ ’ 0001 —-1-1}
000010 00001 O
000001 0000 -1 -1
100000 100 000
110000 110 000
Sia= 000100 Sia= 00-1-100
: 001000 |’ ' 000 1 00}
001010 001 001
000101 00-1-110
100000 100 000
110000 110 000
Siy= 000100 S, = 001 000
- 001000 |’ ' 00—-1—-100 Y|
000110 000 101
001001 00-1-110
-10 0 0 0 O
0-10 0 0 O
o=l 0 0 o o o =i
0 0 0 0-10
00 0 0 0 -1

This allows us to compute the images «(a) and «(b) of the generators a and b of
SL(O,) ~ Aff(O,) under the KZ cocycle « : Aff(O,) — Sp(H; (O, Z)). Indeed,

(0= o (13 s
a—(1_1>—( 1)7S™, b_<1_2>_ST :

a(@)=(-1d)3 153851, ab)=S,T,,T5, T,

so that

For later use, we observe that these formulae give that the non-tautological subrepresen-
tation p : Aff(O;) — Sp(Hl(O)(Ol, 7)) of « takes values

00—1 0 10 3 3
00 1 1 —1-1-2-1
PF@O=Lo10 1| PO= 0o 1 —121
101 1 —1—1-1-1
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(with respect to the basis B§°> of Hl(o)(Ol, 7)) at the two generators a and b of SL(O).
Moreover, if we denote by p; = ST 4S~!T*, p, =ST*ST°® € SL(O,), then the character-
istic polynomials x,, (x) and x,, (x) of the matrices p(p;) and p(p,) are

A () =x* — 117 +29x% — 11x + 1
and
App () =x* —2x7 — 16x — 2x + 1.

4. Arithmeticity of the Kontsevich—Zorich group associated to C

This section is devoted to the study of the image of the representation p : Aff(O;) —
Sp(H 1(0) (O, Z)) describing the non-tautological part of the Kontsevich—Zorich cocycle.

4-1. Zariski density of p(Aff(O,)) in Sp(H\” (O}, R))

The matrices p(p;) and p(p,) are Galois-pinching® in the sense of the paper [MMY] and
the splitting fields of their characteristic polynomials are disjoint.
Indeed, these facts follow from the analysis of the discriminants

A(p)=(=11D* =4 x (29-2)=13, A(xp)=(=2)>—4x (=16—-2)=2>x 19
and
Ar(xp) = (29+2)" —4 x (=11)* =3* x 53, As(xp,) =(—16+2)* =4 x (=2)* =6 x5

(cf. [MMY, section 6-7]).
By the Zariski density criterion of Prasad—Rapinchuk [PR, theorem 9-10] (see also [Ri,
Theorem 1-5]), we have that p (Aff(O;)) is Zariski-dense in Sp(Hl(O)(Ol, R)).

Remark 4-1. The Zariski-denseness of p (Aff(O,)) allows to apply the main result of [EM]
in order to deduce that the Lyapunov spectrum of C is simple, i.e.,

]=)\,1>)\,2>)\,3>—)L3>—)\,2>—)\,1=—]

4-2. Arithmeticity of p(SL(Oy)) in Sp(H\” (Oy, R))

Denote by
1 1 1 -1
-1 0 0 1
0= -1-10 —1
0 1 —11

After using © to change the basis B © | we obtain the matrices

1000 —10 0 —1

0100 00-10
et _ -1 _
A=0"p@o=| " | B=0"pme=[ " |

00-10 100 0

8Recall that a matrix A € Sp(2d, Z) is Galois-pinching whenever its eigenvalues are real and its char-
a?jteristic polynomial is an irreducible polynomial over Q with largest possible Galois group (of order
24d).
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Remark 4-2. Since the matrices p(a) and p(b) preserve the symplectic form induced by 2
in Subsection 3-3 above, we have that ®~!p(a)® and ®~!p(h)® are symplectic matrices
with respect to

0-9 00
o 90 00
ORO=150 09

00 -90

At this point, the proof of Theorem 1-1 is reduced to:

THEOREM 4-3. p(Aff(O))) has finite index in Sp(H\" (O,), Z).
Proof. Let us consider the permutation matrix

1000
0001
0010
0100

P =

exchanging the second and fourth basis vectors and let us show that the conjugate
P-(A,B)-P

of p(Aff(O;)) = (A, B) is arithmetic, i.e., it has finite-index in Sp(4, Z).
We found® that the matrices x = P(A’B)*(AB*)?P, y=PABA’BA(AB*?P and 7 =
PA?BA?(B?A)*B P are interesting because

10018 1018 0
0100 010 18
_ —-1_-1__ 6 _
oxl=yoy " =1g010 |0 *¥=l001 0|
000 1 000 1
1180 0 10 0 0
010 0 01—180
6 -1 _ 6 6 -1 __
Y0y, x]7 = 001-18 Xy, xD) = 00 1 0
000 1 00 0 1

generate the positive root groups of Sp(4, R) and, thus, P - (A, B) - P intersects the sub-
group U (Z) of unipotent upper triangular matrices of Sp(4, Z) in a finite-index subgroup!”.

Since we know that (A, B) is Zariski-dense, we can apply the arithmeticity criterion of Oh
[Oh] and Benoist-Miquel [BM] saying that Zariski dense subgroups of Sp(4, Z) containing
a finite-index subgroup of U (Z) are arithmetic to get the desired conclusion.

9For this sake, we asked Sage to look words on A, B, A2 and B2 of size < 10 fixing the first basis vector.

10This argument was inspired by [SV, Section 2]. Note that if we want to generate a finite-index subgrou f
of the unipotent radical of the parabolic subgroup assomated to the flag Qe; C Qe; @ Qer @ Qez C Q7
then it suffices to use the matrices [y, x], x [y x]and y [y, x17 L
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Remark 4-4. S. Kohl pointed out'! to us that p is not faithful: indeed,
(ABAT'BAT'BAB™ ')’ =1d,

—24587 42408 ) lies in ker(p)
15048 —25955 ’

This is coherent with the arithmeticity statement in Theorem 4-3: if p were faithful, then
Sp(Hl(O)(Ol), 7Z) would contain a finite-index subgroup isomorphic to a free group'? on
five generators, namely p(I'(4)) C p(Aff(O;)). This is a contradiction because it is well
known that Sp(4, Z) does not contain lattices isomorphic to free groups (thanks to Kazhdan

property (T)).

so that (aba='ba="'bab=")? = (

4.3. Final comments

This paper grew from the following attempt to produce examples of origamis generating
thin Kontsevich—Zorich monodromies.

By an argument in the spirit of Remark 4-4, if O is an origami of genus g > 3 such that
the representation p : Aff(O) — Sp(H,” (O, 7)) is faithful and p (Aff(O)) is Zariski-dense
in Sp(Hl(O) (O, R)), then O has thin Kontsevich—Zorich monodromy. On the other hand, if O
has some direction with homological dimension one (i.e., whose cylinders have waist curves
spanning a one-dimensional subspace of H;(O, R)), then it is not hard to check that a Dehn
multitwist along this direction would belong to the kernel of p. Hence, it is natural to try
to detect origamis with thin Kontsevich—Zorich monodromies among the origamis without
directions of homological dimension one.

Remark 4-5. A related strategy towards the same goal would be to show that p(Aff(O))
fits the assumptions of the ping-pong lemma (compare with the proof of Lemma 2.3).
Nevertheless, it is not easy to implement this idea in general because the construction of
“ping-pong subsets” might be somewhat tricky (see [FR, page 5387 and Subsections 3-2
and 3-3]).

As it turns out, the origami (0 is one of the smallest examples of origamis of genus 3
having no direction with homological dimension one (compare with Remark 2-2) and this
explains our interest on its Kontsevich—Zorich monodromy.

Anyhow, once we detect a good candidate origami O, the first step is the computation
of its Kontsevich-Zorich monodromy, i.e., the Zariski closure of p (Aff(O)) (compare with
Subsection 4-1). Here, the criterion of Prasad—Rapinchuk [PR, theorem 9-10] (see also [Ri,
theorem 1-5]) informally says that the Zariski closure is “often” a symplectic group Sp or a
product of SL;’s. Moreover, the techniques in [MMY] indicate that the Zariski closure tends
to be a symplectic group in many situations including 7 (4), but this must be taken with a
grain of salt because the case of products of SL, happens in nature: for instance, Eskin—
Kontsevich—Zorich [EKZ2] noted that the so-called “stairs” origamis in H(2g —2) and
H(g — 1, g — 1) are covered by special “square-tiled cyclic covers” and this information can

T Actually he computed with GAP the words on A, B, A~', B=! of sizes 1,2, ..., and he noticed that
the set of words of length 12 has size < 2'2*!. This led him to the nontrivial relation of length 2 - 12 = 24
above.

12Alternatively, Lemma 2-3 could be directly used to show that p(Aff((O;)) would contain a finite-index
subgroup isomorphic to a free group if p were faithful.
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be used to show that the Kontsevich—Zorich monodromy of a “stairs” origami is contained'
in a product of SL;’s.

Finally, even if p (Aff(0)) is Zariski-dense in Sp(H,” (O, R)), it is certainly a challenging
problem to obtain the faithfulness of p. Here, the case of arithmetic Teichmiiller curves of
genus zero might be a good starting point of investigation (because the corresponding Veech
groups are generated by elliptic and parabolic elements of SL(2, Z)), but our discussion of
O, in the previous subsection shows that this situation is not always favourable towards the
construction of thin Kontsevich—Zorich monodromies.

Acknowledgements. We are thankful to Alex Eskin and Vincent Delecroix for some
discussions related to this paper.
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