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The parabolic equation
Up + Uy + Uy = _(|ux‘x)xx’ o> 1,

is studied under the boundary conditions u,|sg = t|oe = 0 in a bounded real interval Q.
Solutions from two different regularity classes are considered: It is shown that unique mild
solutions exist locally in time for any o > 1 and initial data uy € W'“(Q) (¢ > «), and that
they are global if o < % Furthermore, from a semidiscrete approximation scheme global
weak solutions are constructed for o < 1—30, and for suitable transforms of such solutions the
existence of a bounded absorbing set in L!(Q) is proved for « € [2, 1_—30). The article closes
with some numerical examples which do not only document the roughening and coarsening
phenomena expected for thin film growth, but also illustrate our results about absorbing
sets.

1 Introduction and main results

We consider the nonlinear parabolic problem

U + Uyxxx + Uxx = _(‘u,\"a)xx in Q x (09 T)a
ux‘@Q = uxxx|6§2 = 03

uli=o = uo, (1.1)
where Q = (0,L) = R is a bounded real interval, « > 1 is a parameter, and uy € L*(Q).

Since the PDE and the lateral boundary conditions in (1.1) are invariant under addition
of constants, we may and will assume throughout that

/u0=0.
Q

Note that the PDE in (1.1) is equivalent to the more general equation

v+ Avxxxx + BUxx = _C(|vx‘a)xx in (0, L' x (O: T/)a (12)
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which can be seen upon the substitution v(x,t) = au(bx, ct) with

2— 1
a = AZ(Z—I)BZM—“}]C—ﬁ’ b = and C = —.

B
A A
In this case, L= /2L and T = 372 ’,

The fourth-order equation in (1.2) arises in the modelling of the epitaxial growth of
thin films of certain metallic glasses (for instance, ZrgsAly5Cuy7s), where usually o = 2.
In fact, in molecular beam epitaxy the particles are deposited through a directed beam
rather than through vapour deposition (for such a model see Ortiz et al. [16] and King
et al. [10]), so that evaporation can be assumed to be negligible, and the growing film
relaxes entirely by surface diffusion. Surface diffusion is modelled by the fourth order term
Avyexx 10 (1.2) [7, 12], whereas the Edwards—Wilkinson term Boy, should actually be absent,
since it usually models diffusion by evaporation-condensation [5]. As claimed in Siegert &
Plischke [18], however, the same term takes account of so-called Schwoebel barriers which
model an uphill current of particles at step edges of the film profile. Finally, for o = 2 the
so-called conserved KPZ term —C(|vy|*)«x [8] models driven Arrhenius dynamics, i.e. the
activation of a particle needed to cross an energy barrier before diffusion. Note that in
amorphous molecular beam epitaxy no layers form in the substrate. For more details on
physical background and relevance we refer to Blomker & Gugg [2] and the references
therein [18, 11, 17].

As to the mathematical treatment, only little seems to be known about (1.1). In Blomker
& Gugg [2, 3], the authors study the PDE in (1.1) for « = 2 with an additional space-time
white noise and prove existence of global (rather weak) ‘martingale solutions’ of the
resulting stochastic equation under periodic boundary conditions.

As a first step towards a satisfactory understanding of the properties of (1.1) with noise,
we find it adequate to investigate (1.1) without any sources. Especially the numerical part
(see §5) will show that indeed the dynamics of the deterministic problem is quite rich and
rather comparable to that of the stochastic model [3]. In the slightly different setting of
epitaxial growth by vapour deposition, the same effect was observed in Ortiz et al. [16]
and King et al. [10].

Also note that in this article we focus our attention to an equation in one space
dimension. For possible analogues in two dimensions describing the actual physical
process, in the presence of the nonlinear term no appropriate a priori estimates seem to be
available. It is then not clear how to obtain solutions being global in time. This problem
was observed for other thin film equations, too, for example, in Blomker & Gugg [3].

The nonlinearity in (1.1), formally being expanded according to

(Jux)xx = O(|“x“xizuxuxx/‘c + o — 1)|“x|“72”ix > (1.3)
is by no means trivial to handle: albeit it is of third (and therefore of ‘lower’) order,
at the same time it exhibits some type of superlinear growth with respect to u. In such
a situation one usually cannot expect global solutions to exist for arbitrary initial data,
unless the structure of the nonlinear term is ‘nice’ in some sense. Although this is partly
true for (1.3) — see (3.22), (4.13) — for large o we will only be able to construct solutions
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which are local in time. Also, note that we cannot expect classical solutions to exist in the
case o < 2, because then the right hand side in (1.3) may become singular at the points
where u, vanishes, even when u is smooth.

We first consider mild solutions (see Definition 3.1) and prove in § 3 the following:

e For any o > 1, (1.1) has a unique local-in-time mild solution, provided that uy € W4(Q)
for some g > o (Theorem 3.2).

o If w € (1,3] and ug € W'?(Q) then the mild solution is global in time (Theorem 3.7).

We next investigate weak solutions and shall obtain in §4 that global weak solutions
exist for a larger class of « (covering the case « = 2 that is important in the applications).
Apart from that, we will see that for o > 2 such solutions are uniformly attracted by some
set which is bounded in a certain sense:

o If o € (1,12) then for any uy € L*(Q), problem (1.1) has at least one global weak
solution (Theorem 4.3).

e Given « € [2,12), there exists a diffeomorphism @ : R — (0,c0) such that the trans-
formed function v(x,t) := ®(u(x,t)) satisfies

/ v(t) < Co + </ v(0)> e " for ae. t>0 (1.4)
Q Q

with certain positive constants Cy and v. Here, u is the weak solution constructed above
(Theorem 4.5).

In the case o > 2, we may choose ®(s) = e for sufficiently small § > 0, so that (1.4)
more conveniently reads

/ PO < Cy 4+ (/ eﬁ“o) ce V! for ae. t > 0;
Q Q

if & = 2 we may choose @(s) ~ s” for large s > 0 and &(s) ~ e/ as s » —o0, where p > 0
is arbitrarily large and f € (0, %) (see Lemma 4.4).

From a mathematical point of view, this absorption property (1.4) is a little surprising
since in case of the linear equation

U F Uyxxx + Uxx = Oa (15)

for instance, one has the explicit solutions u(x,t) = ei“cos(knfx), k € N, where the
eigenvalue A, = (kf")z((’%)2 — 1) is positive for k = 1 if Q is large enough such that
L > m. Thus, the existence of an absorbing set is strongly due to the presence of the
nonlinearity in (1.1), and therefore it is not surprising that this can be proved only for
o not too small (such that the damping term will be strong enough). Absorption effects
of a similar flavour are known to be true for several other types of nonlinearities N(u)
added on the right hand side of (1.5), for example in the Kuramoto—Sivashinsky equation
(where N(u) = —u? — see Nicolaenko et al. [13, 14]), the Cahn-Hilliard equation (where
N(u) = (%) — cf. Novick-Cohen [15] and Nicolaenko et al. [14]), or also in an equation
proposed by Ortiz et al. [16] to describe epitaxial growth of thin YBa,Cu3;O7_s films
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(with N(u) = (1), — see [16] [16] and King et al. [10]). The latter two equations have the
favourable advantage that they give rise to certain Lyapunov functionals, which however
seem to be absent (or at least hard to find) for both the Kuramoto—Sivashinsky equation
and (1.1). We point out that also the second order Sivashinsky equation, as discussed in
Karlin & Makhviladze [9], exhibits a similar absorption effect.

In § 5 we illustrate our results by some numerical simulations, based on the approxima-
tion scheme from § 4. It turns out that for a wide range of « typical phenomena in thin film
growth like roughening and coarsening are also present in the computed solutions of (1.1).
Moreover, as the above absorption estimates suggest, the computed solution functions
are least regular at their smallest values. Long term simulations for several values of «
illustrate the existence of an absorbing set for o > 2, whereas no absorption is observed
for 1 < o < 2. Moreover, all computed steady states look qualitatively very similar which
indicates that absorbing sets might be rather small. § 6 gives some final remarks about the
resemblance of our numerical solutions to those of the second order Sivashinsky equation
from Karlin & Makhviladze [9].

2 Preliminaries

Given g € (1,00), the operator Lu := uy+uy, in C3°(£2) extends to the two closed operat-
ors AM) and AP) in L4(Q) with their respective domains D(AY) := {u € W(Q) | u,laq =
Uxecloo = 0} and D(AP)) := {u € W*(Q) | ulog = uloe = 0}. Let us collect some useful
properties valid for both A and A4!P). Here and in the sequel we suppress the index ¢
when there is no danger of confusion. In the next lines we also drop the superscripts ‘(N)’
and ‘(D).

First, it is well-known (see Theorem 8.2 in Denk et al. [4], for instance) that there exists
u > 0 such that A := A + pid is a sectorial operator in L9(Q), where, clearly, u can be
chosen large enough so as to work for both AN and AP). Consequently, both 4 and
A generate analytic semigroups (e~);»o and (e"fi)go, respectively, which are linked via
the relation e~'4 = e~#e~t4 ([6]). Moreover, A possesses densely defined, closed fractional
powers AP for any f € [0,1], with A° = id and A' = A. Since zero is contained in the
resolvent set of 4, we have

|ull waaie) < ¢l Aull o) Yu e D(A4y), (2.1)

where — as throughout this work — ¢ is a generic constant that may vary from line to line.
Furthermore, we have the smoothing estimate [6]

AP e )| ooy < et Plullpoey  YueLi(®Q), Yi>0, VBe[0,1]. (22

An important role will be played by the Gagliardo—Nirenberg interpolation inequality
(Theorem 1.10.1 in Friedman [6])

ID/ul ey < cllulllypmoylulllntyy V€ W™ (Q), (2.3)
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valid for 1 < p,q,r < oo, integers m > 1 and j € {0,...,m — 1} with j > % — é, and
e

=——7= €10,1).
0= ayT=T el

< =[S =

(Here, D%u := u and D/*'y := (D/u), for j > 0.)
As an application of (2.1)—(2.3), we immediately obtain the following ‘LP-L?-estimate’.

Lemma 2.1 Suppose € [0,1] and 1 < p < q < oo. Then we have

AP e AUl gy < et P4 full ey VueLP(Q), Vi>0. (2.4)

Proof We successively apply (2.2), (2.3), (2.1) and then (2.2) to the left-hand side of (2.4)
to see that with a = i(% — &) we have

nd —tA ~3 _L _t
1A% e~ u) o) = | AP e 2 e 24U (o)

t —B 7

<c(3) leHullia
— _tq LA 1=

<ct ﬁHe 2 u”L[I/V“.p(Q)He 2 uHLP(L;))
— gy LA 1=

<ct P e M ulf g lle ul )

t\—a
™ (3) "l

which yields the claim. O

A

Our interest in fractional powers is motivated by the following
Lemma 2.2 Suppose 1 < q < oo and k € {1,2,3}. Then for all sufficiently small ¢ > O there
exists a constant ¢, > 0 such that

|l weage) < ol AT oull gy Vue D(AM)  (resp. D(AP)).

Proof In view of (2.1) and the Gagliardo—Nirenberg inequality (2.3), we have

[ull wrage) < CH“H%&«;(Q)H”H};&))

< ¢l Aulfug)lull i)

with a = %, Therefore Lemma I1.17.1 in Friedman [6] yields
Il wea) < €l A ul| Lao)

for ¢ > 0 small enough. |

An important connection between A™) and AP) is provided by the identities

_tAD)

(e 4" u) = e Uy and

(e ) =y, Yue wh(Q), (2.5)
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which can easily be seen by differentiating the Neumann problem v, +A™Nv = 0, v|,—¢ = u,
with respect to x.

We also need the following auxiliary lemma, whose elementary proof is left to the
reader.

Lemma 2.3 (i) Let f >0 and 6 € (0,1). Then
sP—t P <sP o —s) VO<s<t<oo.
(ii) For all y,6 € (0,1) there exists a constant ¢ > 0 such that
t < <
/ o (t—o)%do <t 70 Vit>0.
0
(iii) Given o > 1 there exists ¢ > 0 such that
lzl* =yl < eyl + 12 2=yl ¥y,zeR
holds.

Apart from that, we will frequently employ the Poincaré inequality in its following, easily
proved, version:

Lemma 2.4 Suppose q € [1,00) and u € W'4(Q) has a zero in Q. Then

1
[ullLa@) < g 19| - [luxlLo(@)- (2.6)

3 Mild solutions

For simplicity of notation, throughout this section A stands for the Neumann operator
AN with some g > 1 being clear from the context.

Definition 3.1 Let « > 1, 0 < T < oo and q > o. We say that a function u €
Co([0, T); W4(Q)) is a mild solution of (1.1) if the identity

t
u(t) = e My — / D?e =My *(s)ds  Yte(0,T) (3.1)
0
holds.

Remark. (i) The condition u € C°([0, T); W'4(Q)) ensures that the integral in (3.1) exists
and that u(0) = ug . In particular, it is implicitly required that uy € W4(Q).

(i1) It can easily be checked that smooth mild solutions are classical if « > 2. In view of
(1.3), we believe that the same is in general false for o < 2.
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3.1 Local existence and uniqueness of mild solutions

Theorem 3.2 Let 1 < o < gq. Then for all M > O there exists some T > 0 depending on M
only such that for any uy € W(Q) with lluollwra) < M, (1.1) has a unique mild solution
u € CO([0, T); W'(Q)).

Proof With T € (0,1) and R > 0 to be fixed later, we let X := C°([0, T]; W'4(Q)) and
consider the closed ball B := {u € X | [lu|x < R}. We define the nonlinear mapping
F:B— X by

t
(Fu)(t) ;:e’muo—x/‘D2é*“”AWXWB)d& te[0,T].
0

Then for u € B and small ¢ > 0 we have, using Lemmas 2.1 and 2.2,

2,~(t=s)4),, | < H —(t=9)A|,, | H
|2 )| < e @

Wia(Q)
< Cey(tfs) ef(tfs)ff|ux|x(s)H
’ W3a(Q)
< ce"H/f%“e_('_s)ﬂuxl“(s)
LI(Q)
3 1oa 1
< et —s)"FTm 2G| iy %(s ‘
<cli—s) )4 )

3 a—1
<t —s) T ul%.

Since ¢ > o — 1, it is possible to choose ¢ > 0 sufficiently small so that % + e+ % <1,
whence an integration and the inclusion u € X imply

<eTi %R VYtel0,T]
Wia(Q)

t
| [ e
0

holds with some ¢; > 0. Since, by (2.6), (2.5) and (2.4),

—tA —tA
lle ‘ u0HW1~‘I(Q) =em\|€ ‘ u0HW1~‘I(Q)

< cet|[ (e up)x || L)

tAl

_ D)
=clle quHL‘l(Q)

< ealluoxll Lac@)s
we infer that

Lo al
[Fullx < calluoxllpoe) +ciT#° % R
<R Yué€ B,

provided that R = ¢;||ugx||rs(@) + 1 and T is sufficiently small. It thus follows that F maps
B into B for such choices of R and T.
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Now if u and v are in B, then similarly

<c(t— s)f(%J”:)J“;q1

D291 (1l (9) = o))

el (5) = [l ()|

le-q(m L (@)

(3 o=l _ _
< ot =)™ Juy — vl () + ol )
3 o—
< RNt — ) T u— o,
where we have used that

4" = lonl?| < o) iy = o]~ (e~ + o)

holds at almost every point in Q x (0, T')—cf. Lemma 2.3(iii) above.
Consequently, after possibly diminishing T once more, we obtain

1 —1
|Fu—Folx < T+ % [lu—olx

< sllu—vllx Yu,v € B,

N =

whereby F is seen to be a contraction on B. Now existence and uniqueness of a mild
solution on (0, T') result from Banach’s fixed point theorem. O

We now obtain some further regularity properties of mild solutions.

Lemma 3.3 Let 1 < oo < q. Then for all p € [q,0), M > 0, T > 0 and any small
& > 0, there is a constant ¢ = c(p, M, T,¢) such that if u is a mild solution on (0, T) with
lullcoqo.Ty:wra(e)y < M then

()| ooy < et #GTIHH v e (0, T) (3.2)

holds for k =1,2,3 if o« € (1,2) and for k = 1,2,3,4 if a = 2. In the case k = 1 we may set
e=0in (3.2).

Proof We represent u in the form
t
u(t) = e Muy — / D*e =941 (s5) ds, te(0,T), (3.3)
0

with f(t) := |u.|*(¢).
Starting with the case k = 1, we observe that the hypothesis implies that

If Ol 8 <M*  Vee[0,T]. (3.4)

Using this, (2.5), Lemma 2.2 and (2.4), we obtain

t
lu(t) o) < le” ol wing) + H/ D*e 41 (s) ds
0

Win(Q)

~ t - "
< c ('e—[A(D)uOX HLP(Q) + / HA%‘FSe—(I—S)Af(S) dS)
0 Lr(Q)
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_1(l_1 ' (34 _l(z_1
Sc(t (5 ”)HUOxHLq(Q)‘i‘/(t—S) (3+e)—3(% p”f(S)'i%(Q)dS)
0
1 1

1 1 lea_ 1
< (T o gy + G M)

for sufficiently small ¢ > 0, where, as in the rest of the proof, ¢ only depends on the

quantities listed in the formulation of the lemma. Since ¢ > o — 1 implies %(% — %) >
—i +e+ %(% — %) for small &, this proves (3.2) for k = 1.

We next consider k = 2. Using the result for k = 1, we can now generalise (3.4) to obtain

1 ()]l o) < et 4G, (3.5)

To prove (3.2) for k = 2 we proceed in three steps.

Step 1. We first claim that for all p > g we have
1

lu(t) — ()| @) S es H Gt —9)%  VO<s<t<T. (3.6)

To this end, we differentiate (3.3) with respect to x to obtain

() = ) < (€ = o)

xllLr(@)

t S
/ D3¢ =f(g)do — / D3e 5= f(g) do
0 0 Lr(Q)
=1, + 1 (3.7)

|

Here, by (2.5), (2.4) and Lemma 2.3(i),

—tAD) _oAD)
(e tA —e SA' )uOX

td
= /—e“’A(muo_xdG
s do @)

t
= —/ AP g Ay da
N

I

Lr(Q)

Lr(Q)

l -~

N
t

< 4G40 4 g iGDY dg -
¢ a 10+ poHa ) ) do - uox| L)
N

<c

Lr(Q)

t
1,1 1
<c / o461 do - ol Ly
N

Ses 3G — g (3.8)

for any 6; > 0. As to I, we find

t
/ D3 = ¢ (5) do

N

IZS‘

s
/ D3 [e—(t—a)A _ e—(s—a)A]f(G) do
Lr(Q) 0 Lr(Q)

=:Iy + I, (3.9)

"
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where
t 3 -
Iy < [ AT () ey do

N
t 3 loa_ 1

< c/ (t—o) iHg=3i70) dg
N

<es 1G0T (1 —g)i (3.10)

for any small ¢ > 0, due to Lemma 2.2, (2.2) and (3.5). Moreover, Lemma 2.2, (3.5) and
Lemma 2.3(i) and (ii) yield

In<e /0 SHfI%“[e—“—WI — e Mf)|  do
do

Lr(Q)
s
= C/
0 Lr(Q)
§ =0 7 Lo 1
< C/ </ (ato d‘c) o1 dg
0 s—a

S
= c/ ((s - a)*(%“) —(t— 0)7(%“’) ¢~ do
0

1

N
< C/ (s — O-)—(%-ke-&-&z)o-—%(%—;) do - (t — S)«Sz
0

t—o -
—/I%“/ Ae ™ dif(o)

S—0

< est TG — 5 (3.11)
for small ¢ and arbitrary d, > 0. Upon fixing any ¢ < ; — %t and choosing d; = %

and 9, = % — ¢, we now immediately derive (3.6) from (3.7)—(3.11).

Step 2. We next deduce the Holder estimate
(1) — )@ <es 7T Dt—s)F  VO<s<t<T. (3.12)
Indeed, from Lemma 2.3(iii), we have
. x P pla—1) pla—1) 4
e 0) = il 9)| < ([P0 0) 4 PO (3,9)) -l 0) = 0y, 5)

for a.e. x € Q and hence Holder’s inequality (applied to any pair of numbers r,r" € (1, 0)
with 1 4+ 1 = 1) implies

1
P

w0 = )|, < ( [ (0 = P 9) ) = ux<s>|")

Lr(Q)

<c l( / |ux|P<“”’(r)> "4 ( / uxv"““"’(s)) ]
Q Q

1

_ pr ”
x ( /Q x(6) — s (s)| )

— —1
= c(“”\(t)l ip(i—l)r’(g) + HMX(S)‘ ip(x—l)r’(g)) : Hux([) - ux(s)”Lp"(Q)
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from which (3.12) follows.

Step 3. We now assert that
ltee0)| @) < et~ Ve (0,T) (3.13)

holds for all p = g and any small ¢ > 0. In combination with (3.2) for k = 1 this will
complete the proof of (3.2) in the case k = 2. By (3.3),

t
() 222 < Nl(e™ o) x|l Loy + H/ D*e 9 (s) ds
0

Lr(Q)
=:J1+ Jo, (3.14)
where due to
__+ J(D)
Ji<cle* qu)xHL”(Q
< cl[(AP)ysteeAY tox || Lr(@)
< et F G Jugy | g (3.15)

and

t ~ to -
Jh<ec / Ae A (1) — f(s)) ds + ‘ / Ae 94 £ (1) ds
0 (@) 0 L(@)
=:Jy + Jn. (316)
Now the estimate gained in Step 2, (2.2) and Lemma 2.3(ii) yield
Jor < / (t—s) "5 s30T ) g
=i =D
= ct—% i), (3.17)
while (3.5) gives
I = (1= e Nf (O @)
< cf(Olee
<t 4G, (3.18)

Since ¢ > o — 1, the terms on the right hand sides of (3.17) and (3.18) are dominated by
the term on the right of (3.15) — if uy is not trivial, of course — and thereby (3.13) has
been established.
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In the cases k = 3 and k = 4 the proof is very similar, each of these parts making use
of the part concerning k — 1. For example, when k = 3 the first step consists of proving

() — e (8) | L@y S es 1G9 — )T VO<s<t<T (3.19)

for small ¢ > 0. In doing this, we use that in the expression parallelling (3.7), we may
write

t N
/D4e*(t*“)Af(0')d0—/ D* =M f(g)do
0 0
t N
= / D =4 £ (5)do — / D3 =4 ¢ () da, (3.20)
0 0

for instance. To estimate this (and thereby prove (3.19) analogously as (3.6) — cf. (3.7)-
(3.11)), using the result for k = 2 we derive from Holder’s inequality the following
counterpart of (3.5),

fo([)HL"(Q) =cC </Q ”x'p(a_l)(t)|uxx|p([)> '
c < / ux|P‘“>"’(t))”' : ( /Q |uxxl”(r>>""

= c|lux(t )HLm Q) ””xV(I)HLP’(Q
<o) i
_ Ct*%(%*%-&-l-&-s)

where ,l + % = 1. (The appearance of the (arbitrarily small) ¢ > 0 in the latter inequality
explains why, contrary to (3.6), an ¢ shows up in (3.19).)
Using (3.19), one proceeds to show

1160 = fe) ey S es™ 3T —9) T vo<s<i< T,  (321)
which is obtained in the same way as (3.12). This enables us to prove, in the third step,
Jee )l ey < et 070 Ve (0, T),

which yields (3.2) for k = 3.
Since the details of the proof for k = 3 (and also for k = 4) are almost identical to
those presented in case of k = 2, we confine ourselves with a concluding remark on the

question why we require o > 2 when k = 4: Then, namely, one has a formula similar to
(3.20), with f replaced by fy. But (cf. (1.3))

Frx = oo — Dl 2ud, + ™ Ut

which may become singular at zeroes of u, if « < 2, even if u is smooth. Therefore, to
control fy we assume that o > 2. O

The above lemma and its proof also provide some regularity with respect to time.

https://doi.org/10.1017/50956792505006315 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792505006315

Amorphous molecular beam epitaxy: global solutions and absorbing sets 779

Corollary 3.4 Under the assumptions of Lemma 3.3,
u7 ”m uXX> |ux|“> and (|ux|“)x

all are Holder continuous on (0, T] as LP(Q)-valued functions. Moreover, uyx is continuous
on (0, TT with respect to the weak topology in LP(L).

Proof The part concerning Holder continuity follows from (3.6), (3.12), (3.19), (3.21) and
the Poincaré inequality (2.6).

To see weak continuity of uyy, fix to € (0, T] and (0, T] > t; — to. Then [Ju(t;)|l wirq) <
c(tp) for all j and hence u(t;,) — v in W3#(Q) for a subsequence tj, — to. But u(t;) — u(to)
in W2P(Q) by the above result, and hence v = u(ty). From a standard argument it now
follows that u(t;) — u(to) for the whole sequence and thus u(r) — u(ty) in W37(Q). O

3.2 Global mild solutions for a < g

Let us first prove an a priori estimate for |lu«(o,1):L2() and [[ullr2o,1):w22(e) that is
quite the same as the one achievable for the linear equation (1.5).

Lemma 3.5 Let « > 1, T € (0,0] and u be a mild solution of (1.1) on Q x (0, T). Then

/ // \(/ >'et vie(0,7). (322)

Proof Our goal is to show that ¢ — fQ ) is differentiable on (0, T') with

2dt / / Hxx / Ul — / NS (3.23)

Since the last term vanishes due to the boundary condition u,|so = 0, and since

—/uu <1/u2+1/u2
Q XX\ZQXX 2 Ja

by Young’s inequality, an integration of

d / u? + / ul, < / u? (3.24)
dt Jo Q Q
then will yield the assertion.

For the proof of (3.23), in view of Corollary 3.4 we may assume without loss of generality
that u,uy, ty and |uy|* are L?(Q)-valued Holder continuous on [0, T) — if necessary we
shift the time axis so as to replace t = 0 with ¢t = t for arbitrarily small = > 0.

Then for ¢t € (0, T) and small h = 0 we have, using integration by parts,

]11( /Q W3t + h) — /Q u2(t)) - /Q 7“(””2_““) (ult + h) + u(t))

—(t+h)A __ ,—tA
— /Q (eheuo) < (u(t 4+ h) + u(?))
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1 t+h
_/Qh(/o e_(t+h_S)A|ux‘a(S)dS

— /t e U4y |%(s) ds) “(Uxx(t 4+ h) + uxx(2))
0

=:11(h) + I1(h). (3.25)

Since M%uo — —Ae Mug in L2(Q) and u(t + h) + u(t) — 2u(t) in L*(Q), we get
Ii(h) — —2 /9 AeMug - u(t)  as h— 0. (3.26)
As to I»(h), in Chapter 7 in Friedman [6] it is shown that o(t) == [y e =Mp(s)ds is

differentiable on (0, T) with ¢'(t) = —A4 f —=94(s) ds + p(t), provided that p is Holder
continuous on [0, T') with values in L*(Q). Consequently, SINCe Uy (t 4 h) 4 tixx () = 2y (2)

in L*(Q),
N ' —(t—s)A o cy.
I,(h) 2/Q (A/o e [t |*(5) ds) Uy (1)
-2 CH(E) - (7). 32
/Q|u|<t) ) (3.27)

Collecting (3.25)—(3.27), we obtain that t — fQ (t) indeed is differentiable with

1d
i = [ [
_/(uxx'l'u)'uxx_/ |ux‘auxxa
Q Q

as claimed. O

Unfortunately, so as to extend a given local mild solution for all times, the above a
priori estimate appears to be not yet sufficient. Namely, if we wish to apply Theorem 3.2,
we should exclude finite-time blow-up of u(t) in W4(Q) for some q > «. This, however,
is not directly accomplished by Lemma 3.5. Nevertheless we can use it to obtain global
solutions for o not too large: In the proof of Theorem 3.7 we shall first establish a
differential inequality similar to (3.24) for fQ u2, but containing an expression involving
the nonlinearity (see (3.30). This term, however, can be estimated using (3.22) and some
interpolation arguments, provided o is small.

We need the following simple lemma.

Lemma 3.6 Suppose 1 <p <o, T >0 and y € CY([0, T))NLP((0, T)) is nonnegative with
Y <CyP)  Yie(0,T) (3.28)

for some constant C. Then y € L*((0, T)).
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Proof If the claim were false, there would exist a sequence f;, .~ T such that y(t;) —
400 as k — oo. Integrating (3.28), we obtain %f”” < C(ty—t) for 0 <t < ty,
that is, y(t) = c(tx — t)fﬁ for such t. Letting k — oo and then t ~ T, we obtain a
contradiction. OJ

This enables us to prove the following theorem.

Theorem 3.7 Suppose o € (1, g] and uy € Wh4(Q) for some q > o. Then the unique mild
solution of (1.1) is global in time; that is, it can be continued for all times.

Proof Suppose that there exists some T € (0,00) such that u exists for t € (0,T) but
cannot be extended beyond T. Again by Corollary 3.4, we may assume that u, u,, tiy, |ty]*
and (|uy|*)y are Holder continuous and u.y, is weakly continuous on [0, T) with values
in L?(Q). Then, in particular, Theorem 3.2 says that u(t)|lw12(@) must blow up at t = T,

that is,
t—
To derive a contradiction from this, we first prove that t — [, u2(r) is differentiable on
(0, T) with
it = e [
—— [ ui=— [ ul— | Usthox — [ (Jux])xtxx- (3.30)
2dt Jo Q Q Q

The proof of (3.30) is quite the same as that of (3.23), using the identity

T ) Iy e S

oA _ pmid
- / e (alt + ) + (1)
, h

1 t+h 14D t t—5)AD)
+ /Q h( /0 &= (4 ) (5) ds — /0 e (ux|“)x(s>ds)
X (“xxx(t + h) + Uxxx(t))

and L*(Q)-valued Holder continuity of uy, and (Juy|*)c as well as weak continuity of ti,y

this time in taking h — 0.

To digest the superlinear nonlinearity in (3.30), we first use Young’s and Holder’s

inequalities (with exponents 2 and “lj, respectively) in estimating

I ::‘/(Wx“)x'“xxx
Q
o—2
x / (7N [ TN VAN TN
Q
1 2 20—2,2
g/guxxx—i_c/QW,\“ * Uyy
1 o—1 R 2—o
Q u.zx‘xx +c u)zc ’ [t |7 .
8 Q Q Q

N

N
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By the Gagliardo—Nirenberg and the Poincaré inequality,

. 2—a
(fmd™) =l

< cflux *lug

= 0
” WZ,Z(Q) HLZ(Q)
ol =
< CH”XXXHL%(Q) : HMXHLE(QV

because u|so = 0 implies that for all ¢, both u,(t) and u.(t) have at least one zero in Q.

Hence
8 / ‘CXX + c </ ‘C‘(\)
3a—1
<7/ xxx+c(/u§')3_7ﬂ
4 Q Q

where we have once more used Young’s inequality with exponent _=. Altogether, (3.30)

yields
30—1
;/u§<c</u§+</ui>J>,
tJa Q Q

which in view of Lemma 3.6 implies that in contrast to our assumption fQ u2(t) remains
bounded as t — T, provided that fo (fou2)P < oo holds for p := =1 —1 = 2= Applying

o1 3u—1
7

(L

’;
the Gagliardo—Nirenberg and the Poincaré inequality and using ( 3), however, we infer

from p < 2 (which is equivalent to o < ) that

[ () = [ o

T
<e /0 a1y 1) 2

2
<cT 7™ 7 HMHL’(OT L2(Q </ / xx)

e pT
<cTzel,

which yields the desired contradiction. OJ

4 Weak solutions

In this section we weaken our solution concept to exploit the a priori estimate (3.22)
(resp. (4.12) and (4.13) below) more effectively and thereby obtain global ‘solutions’ for
a larger class of «.

Another object of our interest is to present and, of course, to prove convergence of, a
semi-discrete nonlinear approximation scheme which will be used in § 5.
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To be more precise, let us abbreviate

W(Q) = {u € W(Q) | uglog =0 A /Qu = 0}
for 1 < p < oo and introduce the following definition.
Definition 4.1 Let 0 < T < o0. By a weak solution of (1.1) we mean a function
u € Lipe(@ x [0, T)) N Lj, (0. T): Wy (Q))

such that

T T T T
—/uoq)(O)—/ /u<pt+/ /uquoxer/ /uqoxx=—/ /qu\“qoxx (4.1)
Q 0 Q 0 Q 0 Q 0 Q

holds for all ¢ € C*(Q x [0, T)) with compact support in Q x [0, T) and ¢y|oq = 0.
In the case T = oo we call u a global weak solution.

For the convergence proof (but also later on in Theorem 4.5) we shall need a discrete
Gronwall lemma in its following version.

Lemma 4.2 Suppose that A and B are real numbers with A £ 0, that N € N and that
(ax)k=o0...N is a finite sequence of real numbers satisfying

%@MHB Vk=1,.. N (42)
with some positive t subject to
A< 1. (4.3)
Then
B ., B
< Z —zAy k-2 -
a < (a0+ A) (=) * == Vk=0...N. (4.4)

We are now ready to prove global existence of weak solutions for o < ?.

Theorem 4.3 Suppose o € (1, 1—30) and uy € L*(Q) fulfils Jouo = 0. Then (1.1) has at least
one global weak solution.

Proof We shall employ Rothe’s method: Let us fix a small time step size t € (0, %) and
consider the sequence of solutions ugf) € Wf,’z(Q),k =1,2,3,..., of the nonlinear elliptic
problems

() (1)
u — U, 22
/ < / U g+ / U o= — / W Pow Vo WRQ), (45)
Q T Q Q Q

where we set ug) = ug. To see that u(f),u(;),... indeed exist, we proceed as follows: For
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t < 1, the operator L : Wﬁ,’z(Q) - (Wﬁl’z(Q))* defined by

1
(Lu)(p) = / e s + / U+ / up, @ WHQ),
Q Q T Jo

is a linear isomorphism due to the Lax-Milgram lemma, because

O N R
(/uw/“/ )eifaeifon () L

where we have used Young’s inequality. Furthermore, for fixed v € L*(Q),
I 1 o 2,2
(Nou)(@) === [ vo— [ [ul*pxe, @ € W (Q),
TJe Q

defines a continuous (nonlinear) mapping from W]%,’Z(Q) to (WJ%,’Z(Q))* since we have
WI%,’Z(Q) — W%(Q) by the Sobolev embedding theorem.

Now solving (4.5) for k > 1 is equivalent to finding a fixed point u}f) € W,%,’z(Q) of
L7'N, with v = u{”,. To accomplish this, we first claim that for any v € L*(Q), L7'N,
is a compact operator from W (Q) into itself. In fact, suppose HuHsz(Q) < R for some
R>0and letw :=L'Nyu e W“(Q) Clearly, [wlyy22, < co(|[v]l @) + R*) holds with
some ¢o. Writing h(x) = [ ° ’) W gy y e Q, we then have hlag = 0. Thus,

v—Ww ”
Wxx@Pxx = — Wxx @ + — ) — ‘ux| Dxx
Q Q o T Q
:/Wx(Px+/ hxq)—oc/ [TNERETNTNNON
Q Q Q

= /(Wx —h— O‘|”x‘“_2uxuxx)§0x
Q

holds for all ¢ € W3*(Q) and hence also for any ¢ € W2(Q) satisfying (px\ag = 0. Due
to the embedding W2*(Q) — WL*(Q), the function H := w, — h — a|u,|* 2usliy is in
L*(Q) with

[H | 120) < ci(lwlwi2) + vl 2@) + R”)
< a[vl ) + RY) (4.6)

for some positive ¢; and c¢;. Therefore w := w, fulfils

/ e = / Hoy Vo€ W?(Q) with pyleq = 0 (@.7)
Q Q
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and thus
[ww= [y voewi@ (438)
Q

because any such y is the derivative of ¢(x fo p(y)dy which is admissible in (4.7).
Since evidently w belongs to W0 (Q), it follows from (4.6), (4.8) and elliptic regularity
theory (Theorem 17.2 in Friedman [6]) that w € W?>?(Q) and hence w € W3*(Q) with

[wlws2e) < ea(llvllg) + RY). (4.9)

Together with the compactness of the embedding W32(Q) < W22(Q) this shows that for
fixed v, the operator L~' N, maps bounded sets of W,f,’z(Q) into compact sets in W,f,’z(Q),
as claimed.

In view of the Leray—Schauder fixed point theorem, in order to prove the existence
of a fixed point of L~'N, it is sufficient to show that there is R > 0 such that if some
ue Wﬁ,’z(!)) satisfies u = AL~'N,u for some 2 € (0, 1) then H“HW[@Z(Q) < R. But Lu = AN,u

implies
2 1 2 7 1 o
W+ [ U+ = [ ut=— [ ww—71 [ |ug|Tux
Q Q T Ja TJa Q
E Qu + 27‘5/90 5

since [, [ux| g = % Jo(lux"uy)y = 0. Therefore, we indeed find a A-independent a priori
estimate [ully220) < R = R(z, ||[v[l12q)), and thereby the proof of solvability of (4.5) is
complete.

We next define the Rothe functions

A

1) = ’“T— L o+ T DT 00 and

19 (x, 1) = ul(x) (4.10)

for x e Q and t € [(k — 1)t,kt), k = 1,2,3,.... To establish t-independent estimates, we
let ¢ == u(f) in (4.5) and see that

T T T 1 T
/| o ‘2 /' kxx / gc)ugcx)x—'— /uk luk /‘u uﬁcx)x
/\“|+/\um|+ /\u|+ /|u ,

(/ ul)? — /\u |2> /|um\2 /|u<f>\2 for k =1,2,3,. (4.11)

An application of the discrete Gronwall inequality (4.4) shows that

/lui”lzé (/u%) (11—
Q Q
< (/%) ce* fork=1,23,...,
Q

whence
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because 1 < % Summing up (4.11) over k = 1,..., N, N € N, we infer from this that

N
/|uN |2+Z /\u,m /Qu(z)—i—Zr/Qlu}f)F

As to #'?, this means that

H“( )Hm (0.1);.2(Q)) T H” ”L2 (©.1):w22@) < ¢lluollr: Q)e VT >0, (4.12)
where we have used the Poincaré inequality (2.6); evidently, this also implies

1 oy + 187 | 2o.mywe2e) < cluoll@e” VT >0. (4.13)

Moreover, from (4.5) and a completion argument we have

T T T
/ / o+ / / 1) + / / 1 = — / / e (414)
0 Q 0 Q 0 Q

for all ¢ € LP((0, T); Wx*(Q)), p := max{2 }, whence (4.12) gives

’10 31

’ / | u qo’ < (110 rimanl ossliaxory + 18y guo | 0sslaxor)
< ATl Lo,y w2 (4.15)

where p’ is defined via 1 + i = 1. In deriving the last line in (4.15) we make use of the
Gagliardo—Nirenberg and the Poincaré inequality in estimating

! () )op’ )
/0 /Q\u; & =/0 T, g,

(1) ap/+2 T 3ap'—2
< clu ”L;‘((O,T);LZ(Q)) /0 H ( )HLZ(Q

< ¢(T), (4.16)
observing that p > 03 implies =} 3 < 3'%72 = 2. Consequently,
Hu?)‘|u’((0j);( ZF(Q) C(T) (4-17)

and thus the Aubin-Lions lemma (see Theorem III1.2.1 in Temam [19], for instance) ensures
that

(“(T))re(o,%) is strongly precompact in L((0, T); W *(Q)). (4.18)
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Now from (4.12), (4.13), (4.16), (4.17), (4.18) and functional analytical standard arguments,
we infer the existence of a sequence of numbers 7, N\ 0 with the property that for any
T > 0, we have

u(fn) :\ u and ﬁ(r”) :‘ 7 in LOC((O, T),Lz(Q))a
u(‘fn) —u and ﬁ(r") — 7 in L2((0, T), W]%[’Z(‘Q)L
W™ =y, in L7 ((0, T); (W2 (Q))"),
‘ag:n)‘“ — in LP,((Q X (05 T))»
u®™ -y in L2((0, T); Wh(Q))  as well as

u®™ -y and u(f”) —u, a.e in Q x(0,T).
Since (4.18) and the definition of u® and #® imply (see Lemma 2.3 in King et al. [10])
[u® — 7| o1y wrm0y = 0 as T — 0,
we conclude that also
i -0 and ufj") — Uy ae. in Q2 x(0,T)

for a further subsequence and thus we can identify # = u and v = |u,|*. Now from (4.14)
we easily obtain that u in fact is a weak solution of (1.1). O

Remark (i) For later use (cf. the proof of Theorem 4.5), let us emphasise that the solutions
ul? € We*(Q) of (4.5) are actually in W32(Q) and thus in C2(Q). This results from the
considerations leading to (4.12).

In the case o > 2 one even obtains more regularity: then, namely, we infer that
() = ol 2Dl 4 oo — 1)|ul? P2l 2 is an LA(Q)- functlon by what we have
just observed, so that standard elliptic regularlty theory yields first uk € W*X(Q) and
finally ul” € C*(Q).

(i) We do not know whether weak solutions are unique.

(iii) Of course there are alternative methods to construct weak solutions: one would
consist of approximating the term (|uy|*)xx by, say, (f:(ux))xx With a smooth and bounded
approximation f, of f(s) := |s|*; also, one could introduce a higher order viscosity term of
the form &(—1)"D>"u on the left of (1.1). Finally, weak solutions can be obtained from a
suitable (spatially discrete) Galerkin approximation — this is done in Blomker & Gugg [2],
for instance. Let us mention, however, that we are in doubt whether any of these three
approaches provides weak solutions which have a controllable large time behaviour as
asserted below in Theorem 4.5 for our solutions. Moreover, the proof of Theorem 4.5 will
actually show that the claimed absorption estimate (4.20) is true even for the approximate
Rothe functions.

For the proof of the absorption property (4.20) below, we need to introduce, given
o > 2, a class of functions & € W(R) such that

&, 9, d" and " are positive on R,
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and which satisfy the following hypothesis (H2) (in case o = 2) resp. (Ha) (if o« > 2).

(H2) (i) There exists m < % such that

¢/N
@’/((ss)) <m for ae. s € R.

(ii) There exist positive constants C*,C'? and u® such that the function P(s)
: ISt p RS
Jo(@"(0))3 do satisfies

4 11\2
2F (@PO) o g

4 p—
P(s) = 2(% — %)2 (DW(S)

PYs) = ud(s)—C,  VselRR.

(Ho) There exist positive constants C\, C{* and u® such that P(s) := [3(®"(a))# do

fulfils
(@)7s) o (@)F) _ 1 aet2) I
r LT 2, L I- 3 < - P(s)|* =+ C and
CenEe TR enie) SderngE TG
IP(s)|"*2 = ud(s) — C'  forae. seR
with
0—2 (4ot 1)\ 72 o [(8(a+1)\*
= r; = . 19
1 °f+2(oc(<x+2)> and 1 OH-Z(oc(ot-I—Z) (4.19)

Let us make sure that these assumptions are met by some ‘nice’ functions.

Lemma 4.4 (i) (Ho) is satisfied upon the choice
&(s) == e, seR,
with sufficiently small > 0.
(ii) (H2) is fulfilled if we define ® by the relations limg_,_, ®(s) = lim,_,_, @'(s) = 0 and

(D//(S) — eﬁS’ N g SO:
bs?, s > o,

with any

pe (0,2), p>1, s> % and b= sy"el,

that is, it we set

Fes s < 50,
P(s) = +
b +2 _ D12 1 Bs bsg 1B
oo 7 =50 + (ﬁeﬁ“’ -5 )(s —s0)+ el s>
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Proof (i) We calculate

P(s) = %(ei - 1), and

Thus, if < 1 we have I'1I(s) < cefs and |P(s)]*"? = ¢; =D els — cy(B), so that (Ha) is
true for arbitrary pu > 0, provided f is small enough.

(i) As

"(s) {[)’, s < 50,

P'(s) |2 s > sp,

5

(H2) (i) is satisfied with m := 5. Since furthermore

(43//)2(3) Lelis’ s < 50,
P(s) ;sl’“, s > S0,

we see that both inequalities in (H2) ii) are, trivially, fulfilled (with any fixed x4 > 0) for
s < sg and suitable constants C{z) and C;z). As to s > 59, we observe that

_A4bp)i e m2

P =23 6% s 4Tt — ),

so that
PYs) = 18" — ¢, Vs> so

holds with certain ¢y, ¢;. Since

(2")(s)
¢///(S)
P(s) < cssPT? 4 ¢ Vs> s

< et 4 ey and

with suitable cs,...,cs, (H2) ii) is also valid for s > s. O

Let us finally prove that after the transformation v = @(u) all weak solutions (that can
be approximated as above) are uniformly absorbed by a bounded set in L'(Q).

Theorem 4.5 Let o € [2,12) and & be a function satisfying (Ha) resp. (H2). Then there
exist positive constants v and Cy such that any weak solution as constructed in Theorem 4.3
obeys the estimate

/ d(u(r)) < (/ @(uo)) e "+ C for ae. t > 0. (4.20)
Q Q

Remark The inequality (4.20) is trivially satisfied if [, ®(ug) = cc.
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Proof We use the family (a(ﬂ)re(a 1) of approximate solutions defined by (4.10) and (4.5),
where henceforth we restrict ourselves to a suitable sequence of numbers 7, — 0 along

which

™ =y a.e. in Q x (0,00)
is valid, which implies that
i) > u(t) ae inQ Vte (0,00)\N, (4.21)

where N has measure zero.
Since @ is a convex function, we have

L/ @ (0) o ) —u ,
;((D(ukr ) — o, ) <O@) = g (4.22)

for all k € N. According to the remark following Theorem 4. 3 @’ ( ) belongs to C?(Q).
As furthermore CD”(u;( Juy, )|aQ = 0, we may choose ¢ := <I>’(u )) as a test function in (4.5)
to obtain from (4.22)

() (1)

1 _
T Q Q Q T

=11 +1,+1I;. (4.23)

Using Young’s inequality, we estimate

== [ o )|um\2 R
Q

(45///)2 .
/ o D (4.24)

and twice integrate by parts in calculating
I — _/ (@) gl
Q
= a/ " (u) ) ul?)
Q

o 1o (T T) o
= /Qqs" (W) ul) |+, (4.25)

Let us first consider separately the case = 2 which is most transparent: then, by (H2),

2 m
I L<— (-2 " (u
1+ 13 (3 4)/{1 (k)|k‘
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and we can estimate

L= [ G
Q
1/2 m )l 1 (@)
2\3 4/ ) 25 —7%)Jo (")
so that (4.23) yields
1 T T
(/¢%5—/¢@%0 (426)
T Q Q
1/2 m /,ﬁ " 1 /WWﬂwh
<—=(z—-= " (u”) () + .
2 (3 4) ( )( k,\) 2(% . %) 0 (15’”(141(:))

Now @ (u’ )|u,ﬁ|4 IP(u”);|* holds with P(s) = [;(®"(s))i do as introduced in (H2),
(1)

et

and since P(u ) has a zero in Q (because u;,

together with (H2) gives
(2 m) . i/ |P(u(r))|4 n 1 / (@//)2(1/[;:))
3 4 |Q‘4 k 2(% — %) 0 qy//(ul(:))

itself has one), the Poincaré inequality (2.6)

i(/é@)—/¢@30<—

with certain constants ¢ and B. Upon an obvious choice of v > 0, this means that the
numbers a; == [, q5(u§f)), k=0,1,2,..., satisfy

L e R R |
T

whence Lemma 4.2 shows that
B B
/qs(ufj’) < (/ D(ug) — ) (v + 2
Q Q v v
_x , B
< D(ug) | - (1 +vr) ™+ 5 (4.27)
Q

To prove (4. 20) for t € (0,00) \ N, we fix ¢ > 0 and choose ko = ko(¢) € IN such that
1+ ”) = 1+ e't for all k = kg. Then for any 7 € (1,)pen With 7 < to, there exists a unique
k = k(1) = ko such that t € [(k — 1)t,kt), and with this k we obtain from (4.27)

AMWW=A@W)
—k
(o) (1+2)"
<(1+8)(/Q¢(u0)) -e—”+§.
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Letting 7 tend to zero along the sequence (t,),en, We conclude after taking ¢ — O that
(4.20) is valid with Cy := %, so that the proof is complete in the case o = 2.

For o > 2 the procedure is quite similar, employing (Ho) rather than (H2): Starting at

(4.23), (4.24) and (4.25), this time we estimate I; and I; by Young’s inequality (in the form
1

ab < ea? + %(ps)fﬁbv%l for a,b,e > 0 and p > 1) to get

(@) (")
4/9 (UEC ) | k‘c|

/@/// r)‘ (1) |a+2+1—~ (Q)’//) 2(14 )
Q

242

o (@) ()

and
L= [ o6 wF
Q
oa+2

1« (@)% ()
<l P AN O NOIE R / 7
4 ot—i—l/g (4 02 (@) (u?)

with the constants I'y and ', defined by (4.19). Hence, instead of (4.26) we now obtain

1 1 o
L d (1) —/dj (7) <—= /@W (1) 7))042
([ow= [au2n) <=3 [y ug

ot2

(@/”)2%(145:)) r (@//) (u ()) 498
+A (Fl (@//)“+2( ;f)) T ((p///) ( ) ( )

o—2

Using P(s) = [, ( <1'>’”(a))‘«+2 do, applying the Poincaré inequality and recalling (Ha), we

infer that
1 1 o o+ 2
_ 7)) (T _ d(u () < —= . /P ()24
7;(/9 (7 /Q (14 2at+1 a1 P

1 «o o+2 )2
— . P +o
Tt \Q|°‘+2_/| NP e

1 OC(OC+2) (1) ~
S G e P B
i+ 1)\Q|«+2“/Q () +

holds with constants ¢ and B. As above, (4.20) results from this with v = 1 22 4pd

) 4 (oD@
C():g. O

v

Remark The convexity argument entailing (4.22) and (4.23) was introduced to justify the
formal asymptotics

P(v(1)) — P(o(t — 1) = /7 P (v(s)ve(s) ds = @' (v(1)) - (v(t) — v(t — 7))

for t = 0. A similar reasoning was previously used in Lemma 1.5 in Alt & Luckhaus [1]
in a slightly different setting.
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FiGure 1. Film growth for ¢ € [0,500] and o = 2.

5 Numerical examples

For the simulation of thin film growth governed by equation (1.1), we use a Galerkin ap-
proach based on the approximation scheme from §4. We consider the domain Q = (0, 100)
in which randomly distributed imperfections of height 10~ serve as initial conditions. We
use 150 subdivisions of Q for the finite element approximation. All computations were
run under Matlab 5.3.

Figure 1 shows a simulation of the film growth up to time T = 500. The simulation
correctly mimics certain important properties of epitaxial film growth which are known
from experimental observations. First, the mean deviation of the film profile increases
over time, known as roughening. After some initial period, islands form in the substrate,
where the number of islands decreases over time, whereas their size increases, a process
called coarsening.

Moreover, as the absorption estimate in Theorem 4.5 with @ from Lemma 4.4 suggests,
the computed solution functions are less regular at smaller values than at larger values:
they are smooth except for kinks at local minimisers (cf. Figure 2). A look at film profiles
at larger times reveals that numerically the solutions converge to a steady state. Figure 3
shows such a state, along with the development of minimal and maximal film heights as
well as the L,,—norm of gradients in Figure 4.

All our numerical simulations for o = 2 exhibit a steady state of the form from Figure 3.
This indicates that the uniformly absorbing set from Theorem 4.5 may be rather small.

For o > 2 the numerically observed solution behaviour is qualitatively similar to the
case oo = 2, apart from the fact that the curvature at local maximisers of steady states
increases for growing o. Figure 5 shows such a steady state for « = 4, and Figure 6 reports
the corresponding growth behaviour of u and u, .

For o < 2 the numerics indicate that the curvature at local maximisers of solutions
quickly tends to zero for o approaching one. For 1 < o < 2, however, also the qualitative
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FIGURE 2. Film profile for t = 500 and o = 2.
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FIGURE 3. Film profile for t = 10* and o = 2.

growth behaviour changes. Whereas still a single island is formed in the long run (cf.
Figure 7), this solution is not a steady state. In fact, Figure 8 documents that the island
keeps growing, thereby developing steep gradients (close to the boundaries of Q).

We emphasise that this result is in accordance with Theorem 4.5, since we showed the
existence of an absorbing set only for o > 2. The numerical simulations for 1 < o < 2
support our conjecture that for small « the damping effect of the nonlinear term in (1.1)
is too weak to create an absorbing set.
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FIGURE 4. min(u), max(u), and ||u||, for t € [0,10*] and « = 2.

401 4
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FIGURE 5. Film profile for t = 10* and « = 4.

6 Final remarks

A comparison of our numerical results to those from [9] shows a close resemblance
between the numerical solutions of (1.1) with & = 2 and of the second order Sivashinsky
equation

Wt = 3+ @) in QX (0.T),

uli=0 = uo,
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FIGURE 6. min(u), max(u), and ||uy||, for t € [0,10*] and o = 4.
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FIGURE 7. Film profile for t = 10 and « = 1.1.

with Q = (0,L) and periodic boundary conditions, where y is some gas expansion
parameter and # stands for the Hilbert transform. In particular, for moderately sized
L > 0 the numerical solutions from Karlin & Makhviladze [9] also show roughening
and coarsening, they are smooth except for kinks at local minimisers, and numerics
indicate that they tend to a steady state. There is, in particular, a remarkable resemblance
between our Figure 1 and Figure 4 in Karlin & Makhviladze [9]. Possible explanations of
this connection between the fourth order equation (1.1) for amorphous molecular beam
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FIGURE 8. min(u), max(u), and ||u||,, for ¢ € [0,10°] and o = 1.1.

epitaxy and the second order Sivashinsky equation for the instability of plane flame fronts
will be subject of future research.

Acknowledgements

We thank the anonymous referees for their precise and substantial remarks which lead to
a significantly improved version of this article.

References

[1] Avrr, H.-W. & LuckHAUs, S. (1983) Quasilinear elliptic-parabolic differential equations. Math. Z.
183, 311-341.

[2] BLOMKER, D. & GUGG, C. (2002) On the existence of solutions for amorphous molecular beam
epitaxy. Nonlin. Anal.: Real World Appl. 3, 61-73.

[3] BLOMKER, D., GuGG, C. & RAIBLE, M. (2002) Thin-film-growth models: Roughness and
correlation functions. Eur. J. Appl. Math. 13(4), 385-402.

[4] Denk, R., HIEBER, M. & PrUss, J. (2003) #-Boundedness, Fourier multipliers and problems
of elliptic and parabolic type. Mem. Am. Math. Soc. 788.

[5S] Epwarps, S. F. & WILKINSON, D. R. (1982) The surface statistics of a granular aggregate.
Proc. Roy. Soc. Lond. A, 381, 17-31.

[6] FrIEDMAN, A. (1969) Partial Differential Equations. New York. Holt, Rinehart & Winston.

[71 HERRING, C. (1951) Surface tension as a motivation for sintering. In: W. E. Kingston (ed.),
The Physics of Powder Metallurgy. McGraw-Hill.

[8] KARDAR, M., ParisI, G. & ZHANG, Y.-C. (1986) Dynamic scaling of growing interfaces. Phys.
Rev. Lett. 56, 889-892.

[9] KARLIN, V. & MAKHVILADZE, G. (2003) Computational analysis of the steady states fo the
Sivashinsky model of hydrodynamic flame instability. Combust. Theory Modelling, 7, 87-108.

https://doi.org/10.1017/50956792505006315 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792505006315

798

(10]

0. Stein and M. Winkler

KinG, B. B., SteEIN, O. & WINKLER, M. (2003) A fourth order parabolic equation modeling
epitaxial thin film growth. J. Math. Anal. Appl. 286, 459—490.

MaAYR, S. G., MOSKE, M. & SAMWER, K. (1998) Early stages in amorphous ZrgsAl;sCuyzs film
growth on HOPG. Europhys. Lett. 44, 465-470.

MuLLINs, W. W. (1957) Theory of thermal grooving. J. Appl. Phys. 28, 333.

NICOLAENKO, B., SCHEURER, B. & TEMaM, R. (1985) Some global dynamical properties of the
Kuramoto-Sivashinsky equations: Nonlinear stability and attractors. Physica, 16D, 155-183.

NICOLAENKO, B., SCHEURER, B. & TeMaM, R. (1989) Some global dynamical properties of a
class of pattern formation equations. Commun. Part. Diff. Equ. 14, 245-297.

Novick-COHEN, A. (1990) On Cahn-Hilliard type equations. Nonlinear Anal., Theory Methods
Appl. 15(9), 797-814.

Ortiz, M., REPETTO, E. A. & S1, H. (1999) A continuum model of kinetic roughening and
coarsening in thin films. J. Mech. Phys. Solids, 47, 697-730.

REINKER, B., MAYR, S. G., Linz, S. J., MOsSKE, M., HANGGI, P. & SAMWER, K. (2000) Amorphous
thin film growth: Theory compared with experiment. Europhys. Lett. 50, 61-67.

S1EGERT, N. & PrLISCHKE, M. (1994) Solid-on-solid models of molecular-beam epitaxy.
Phys. Rev. E50, 917-931.

TeMawMm, R. (1977) Navier-Stokes equations. Theory and numerical analysis. Studies in Mathematics
and its Applications. Vol. 2. North-Holland.

https://doi.org/10.1017/50956792505006315 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792505006315

