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Mahdieh Gholami Mayani, Shahrooz Asadi and Shokrollah Karimian

Electrical Engineering Department, Shahid Beheshti University, Tehran, Iran

In this study, the implicit Crank–Nicolson finite-difference time-domain (CN-FDTD) method
is applied to discretize the governing telegrapher’s equations of a composite right-/left-handed
(CRLH) coupled-line coupler. The unconditionally stable CN-FDTD is compared with the
conventional leap-frog (LF) FDTD method. The results obtained from the CN-FDTD scheme
show up to 10 times increase in the temporal step size, reflecting in a dramatic decrease in
processing time; in addition to having a good agreement with the LF method and the
measurements.

Introduction

Due to their special properties [1–3], there has been an ever-increasing use of metamaterial-
based components in the implementation of microwave devices such as couplers and filters.
The metamaterial transmission line (TL) theory has been investigated by several research
groups [4–7].

The pure left-handed (LH) lines demonstrating backward-wave propagation are realized by
cascaded series capacitances and shunt inductances. Since the LH structures are implemented
on a host line making subsequent parasitic effects (corresponding to the line inductance and
capacitance), the pure LH characteristics are not feasible in practical cases. Therefore, the con-
cept of composite right-/left-handed (CRLH) TL including both the right-handed (RH) and
LH parts is introduced which shows backward-wave propagation at low frequencies and
forward-wave propagation at high frequencies (the RH characteristics). The most favored pla-
nar CRLH structures can be the series interdigital capacitors and shunt shorted stubs which
offer simultaneously negative ε and μ [6, 8], enabling decrease in size and potential perform-
ance improvement [9–12].

In conventional couplers, the compromise between bandwidth and coupling level has been
a challenging task [13, 14]. In Lange couplers, both broad bandwidth and tight coupling can be
achieved at the cost of bonding wires resulting in parasitic effects at high frequencies [15]. The
CRLH couplers have also shown to provide broad bandwidth and tight coupling, and so can be
used as alternatives to the conventional counterparts [11, 16]. Regarding this coupler as a
multi-conductor TL (MCTL), coupled differential equations can be obtained that have no ana-
lytical solution, and so the numerical methods become very useful in such cases.

The full-wave analysis method which numerically solves the partial differential equations is
rigorously accurate [17], but as a global modeling approach, it requires high CPU usage.
Although, attempts have been made to decline the computational demand, it is still difficult
to justify this approach in many practical cases [18–20] and this is where time-domain analysis
has shown to be very efficient. The time-domain analysis of metamaterial TLs has been accom-
plished based on the method of moment and the Green’s function method [21–23]. The finite-
difference time-domain (FDTD) method as a versatile and easy-to-implement technique is
successfully applied to numerical solutions. Recently, the CRLH TL has been analyzed
based on the leap-frog (LF) FDTD method [7, 24]. But the LF method is conditionally stable
due to the Courant–Friedrichs–Lewy (CFL) constraint [25].

On the other hand, the unconditionally stable implicit Crank–Nicolson FDTD (CN-FDTD)
is similar to the LF scheme in terms of second-order accuracy in both space and time domain
[26, 27]. The well-known CN-FDTD method has been efficiently applied to time-domain solu-
tion of Maxwell’s equations and it has been more considerable by EM communication after
2000 [27–29]. In the CN method, selecting a larger time step size (Δt) leads to a remarkable
decline in the CPU time compared with the conditionally stable methods. It should be men-
tioned that, the more Δt increases, the less accuracy is achieved [28, 29]; thus, Δt should be
selected considerately. In general, a huge sparse irreducible matrix arising from spatial discret-
ization is inevitable in the CN-FDTD method, though this is not considered to be a negative
consequence in one dimension (1D) along x (x being the direction of propagation) such as the
problem at hand.

As the CN-FDTD method, the alternating direction implicit (ADI) FDTD is uncondition-
ally stable [30]. The CN-FDTD method has less numerical dispersion with respect to the ADI
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scheme [30–32]; therefore, it is expected that this method super-
sedes the ADI-FDTD method very soon. Concerning the huge
computational cost of the CN method for general 3D problems,
to date some efforts have been made. For example, the locally
1D FDTD method shows more efficiency than that of the conven-
tional ADI-FDTD method [33–35]. It should be mentioned that
two unconditionally stable methods (other than the CN scheme)
have been applied to analyze the MCTLs [36, 37] and also single
CRLH TL [7, 38]. Yet, the application of the CN-FDTD method
to a multi-conductor CRLH TLs has not been reported. As a
result, the computational time gain and guarantying the efficient
analysis of CRLH MCTLs are unknown in the said cases.
Although applying the CN-FDTD method decreases the compu-
tation time in 1D, this scheme suffers from a huge sparse block
banded matrices in 3D problems [28].

In the present study, a CRLH coupled-line coupler is studied
in 1D. The CN-FDTD method is applied to this coupler, depicted
in Fig. 1(a). The constituent unit cell is shown in Fig. 2(a). In
“Results and discussion” section, the results are presented in
time domain and also using the scattering parameters. In order
to validate the CN-FDTD scheme, the accuracy and the time
gain achieved from this method are compared with those of the
LF scheme and the measurement.

Mathematical approach

The block diagram of a typical CRLH coupled-line coupler con-
sisting of two coupled CRLH TLs is depicted in Fig. 1(b) and
the equivalent circuit model of one of coupled unit cells is
shown in Fig. 2(b). For an infinitesimal line section with length
Δx, applying the Kirchhoff’s current and voltage laws to this
unit cell leads to:
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where R( p), G( p), CR
( p), LR

( p) correspond to the per-unit-length
resistance, conductance, capacitance, and inductance parameters,
respectively, and CL

( p), LL
( p) are the times-unit-length parameters

in the CRLH TL. The superscript p is associated with the desig-
nated number for the lines. Also, v1, i1 and v2, i2 represent the vol-
tages and currents, respectively, along the first and second
coupled lines and vC (p)

L
refers to the voltage along CL and iL (p)

L
is

the current flowing into the LL. These equations are considered

with initial value of zero for current and voltage, giving:
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where in the Cm represents the mutual coupling capacitance
between the coupled unit cells. The above equations can be writ-
ten in a matrix form:
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where in

v =[v1 v2]
T, vCL = [vC (1)

L
vC (2)

L
]T ,

i =[i1 i2]
T , iLL = [iL (1)

L
iL (2)

L
]T ,

R = R(1) 0

0 R(2)

[ ]
, G = G(1) 0

0 G(2)

[ ]
,

LR = L(1)R Lm
Lm L(2)R

[ ]
, CR = C (11)

R −C (12)
R

−C (12)
R C (22)

R

[ ]
,

LL = L(1)L 0

0 L(2)L

[ ]
, CL = C (1)

L 0

0 C (2)
L

[ ]
.

(5)

Evidently, in the general case, since there is no analytical solu-
tion to these equations, numerical methods are worthwhile to
tackle the problem.

Fig. 1. (a) The fabricated coupler, (b) operational block diagram of a typical CRLH
coupled-line coupler.
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Discretized equations using the CN-FDTD method

This section is devoted to discretized coupled differential equa-
tions based on the CN-FDTD method. By first considering a sin-
gle CRLH TL, generalization of the MCTL equations can be fairly
straightforward. As shown in Fig. 3, a voltage source vs is applied
to the input of a CRLH TL, which is terminated by resistive impe-
dances Rs and Rl. The CRLH TL is divided into N nodal currents
and voltages along the line. The governing Telegrapher’s equation
to a single-conductor CRLH TL is stated as:

∂v
∂x

+ R i+ LR
∂i
∂t

+ vCL

Dx
= 0

CL

Dx
∂vCL

∂t
− i = 0

∂i
∂x

+ Gv + CR
∂v
∂t

+ iLL
Dx

= 0

LL
Dx

∂iLL
∂t

− v = 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

, (6)
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,

(7)

where r = Δt/Δx and k denotes the position index as shown in
Fig. 3 and n represents the nth time step size Δt. Generalizing
to a MCTL consisting of two coupled CRLH TLs results in a
total number of 2 × 4N unknowns, which can be denoted by the

Fig. 2. (a) Layout of unit cell of fabricated coupler shown in Fig. 1(a), l1 = 8 mm, l2 = 2.4 mm, w1 = 1.1 mm, w2 = 5 mm, d = 0.6 mm, and its equivalent circuit model,
and (b) the CRLH coupled unit cells and equivalent circuit model including the coupling capacitance Cm and mutual inductance Lm.
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vector U = [uTv uTi u
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(8)
and the superscript N represents the number of the line sections.
The discretized matrix of the CRLH coupled-line coupler by
applying the CN method to (3), (4) can be expressed as:
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and “⊗” stands for the matrix Kronecker product [39].

Boundary conditions

Boundary condition (BC) is first introduced in the same way as a
single-conductor TL and then generalized to a MCTL. As demon-
strated in Fig. 3, vin, vL, is, and iL correspond to the voltages and
currents at line input and load, respectively. By selecting the first
equation in (7), BC is imposed at load for k = (N – 1/2) leading to
[40]:
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by replacing vL = RLiL and accordingly vN = RLiN−1, after a simple
rearrangement, the above equation becomes:
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where subscripts are associated with the array indices.
Similarly, the first equation in (7) for k = 1 at source, leads to:
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becomes:
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To generalize the corresponding BCs to a coupled-line coupler,
let the first and second lines be, respectively, terminated by RS

(1)

and RS
(2) at the source and by RL

(1) and RL
(2) at the load. Thus, RS

and RL matrices defining the source and load impedance matrices,
respectively, are:
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Terminal BCs are imposed to the aforementioned coupler by
modifying NL and NR. BCs applied at load lead to:
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Finally, the time marching is conducted as:

NLU
n+1 = NRU

n + rVn
S , (20)

where the V n
S is the input voltage vector at the nth time step.

Stability analysis

To ensure the stability issue of the CN-FDTD method, the asso-
ciated amplification matrix (Q = N−1

L NR) and the corresponding
Eigen-equation (NRu = lNLu), are derived when Δt approaches
infinity [40]:

Fig. 3. Discretization of a single-conductor CRLH TL dri-
ven by a voltage source.
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and as Δt→∞, it finally further simplifies to:

(1+ l) u = 0, (22)

which satisfies the unit spectral radius, i.e., the unconditional sta-
bility of the CN-FDTD method is warranted [29]. The stability
results are numerically validated later for the specific fabricated
coupler.

Extraction of the unit-cell parameters

In order to extract unit-cell parameters, first the scattering para-
meters of the corresponding series capacitance and shunt induct-
ance structures are computed separately by either full-wave
analysis or measurements. Then the S-parameters are converted
to the corresponding Z-parameters or Y-parameters [14].
Finally, the LC parameters are retrieved according to standard
derivations with respect to the extraction frequency [41].
According to Fig. 1, this CRLH coupler, fabricated on the
Rogers RT/Duroid 5880 substrate with dielectric constant εr =
2.2 and thickness of h = 1.27 mm, contains nine unit cells with
each having a length of 6.1 mm, assumed to be lossless (R(1) =
R(2) =G(1) =G(2) = 0). The extracted lumped circuit parameters
of each unit cell are reported in Table 1.

Results and discussion

Accuracy

In this section, the accuracy of the CN-FDTD method applied to
the CRLH coupled-line coupler is investigated and compared with
the LF-FDTD method. A sinusoidal excitation oscillating at
3.9 GHz is connected to the input port and the outputs are mea-
sured from the through and the coupled ports of the coupler.

As mentioned before, there is a trade-off between CPU time
and accuracy of the CN-FDTD method. Here, for 10 × Δtmax

(Δtmax = 1.8 ps which is the maximum time step size correspond-
ing to the LF scheme), the accuracy is well maintained, and by

increasing the time step size, the accuracy is degraded as shown
in Fig. 4.

In order to mathematically assess this dependency between the
computation cost and accuracy, the relative error (denoted by re)
computed by the CN and LF schemes is reported in Table 2,
wherein:

re =
���������������������������������∑

i |VDt
o (iDt) − VDt max

o (iDt)|2
√

��������������������∑
i |VDt max

o (iDt)|2
√ , (23)

where V Dt max
o and VDt

o represent load voltages at the end of either
through or coupled ports for Δtmax and Δt voltage values, respect-
ively [43].

According to Table 2, the time step size of 10Δtmax is consid-
ered to be the threshold of optimum accuracy with a negligible
error value, and that beyond this point, the response becomes
erroneous noticeably. Therefore, a clear trade-off is observed
between CPU time and desired accuracy.

Time gain

The time gain, as the relative CPU time of the LF-FDTD com-
pared with the CN-FDTD method (TLF/TCN), versus different
temporal step size at 3.9 and 6 GHz is reported in Table 3.

As it is evident, the CN method requires much less CPU time
compared with the LF method as no constraint is imposed on
temporal step size until the accuracy level is satisfied. In this
study, for Δt = 10Δtmax, the time gain accompanied to a satisfac-
tory accuracy is achieved.

Stability

To examine the stability, the spectral radius of the amplification
matrix for the LF- and CN-FDTD methods is computed for a
range of Δt and reported in Fig. 5. In the LF scheme restrained
by the CFL number, the spectral radius rises unboundedly once

l
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Δt becomes greater than Δtmax = 1.8 ps at 3.9 GHz. Thus, the LF
method becomes unstable, though the spectral radius of the CN
method is equal to unity.

Scattering parameters

The scattering parameters (S-parameters) can be extracted from
the time-domain results [40]. It is conducted by first computing the
corresponding Z-parameters according to:

Zij( f ) = Vi( f )
Ij(f )

[ ]∣∣∣∣
Ik=0, k=j

, (24)

where subscripts i and j stand for the port numbers. In this
approach, Zii and Zji are computed by applying a proper
Gaussian excitation pulse to the beginning of the port i, while
port j is open-circuited. Similarly, Zij and Zjj are extracted by

applying the excitation signal to port j and open-circuiting port i.
Then the S-parameters are retrieved as [14]:

S = (Z+ Z0I)
−1(Z− Z0I). (25)

The coupled-line coupler as a four-port device is excited by a
Gaussian pulse with peak time and spread of 80 and 20 ps,
respectively, at the input port and the outputs are extracted
from the through and coupled ports while matched to Z0 (50 Ω
resistor). There is a backward-wave coupling from approximately
3.2–4.5 GHz and also the through coupling ranging from 1.5 to
3.1 GHz, showing a dual-band operation. As illustrated in
Fig. 6, the S-parameter results extracted from both LF- and CN-
FDTD methods are in good agreement with the measurement
results.

Table 1. Extracted values of the CRLH coupled-line unit cell [42]

Lumped model parameters Numerical values

L (1)R = L (2)R 2.45 nH

C (1)
R = C (2)

R 0.5 pF

L (1)L = L (2)L 3.38 nH

C (1)
L = C (2)

L 0.68 pF

Lm 1 nH

Cm 0.4 pF

Fig. 4. The voltage at the end of (a) through port, (b) coupled port corresponding to
the LF at Δtmax and CN at Δtmax and the CN at k × Δtmax (k varies from 10 to 14).

Table 3. Time gain of the CN method for different time step sizes

Temporal step size Time gain at 3.9 GHz Time gain at 6 GHz

Δtmax 0.42 0.29

2Δtmax 0.85 0.59

4Δtmax 1.7 1.23

6Δtmax 2.55 1.85

8Δtmax 3.44 2.8

10Δtmax 4.68 3.65

11Δtmax 4.72 3.9

13Δtmax 5.56 4.81

14Δtmax 6.42 5.34

Fig. 5. The spectral radius analysis versus time step size.

Table 2. Estimated error (re) versus Δt

Temporal step size
(Δt)

re for through port
(%)

re for coupled port
(%)

10Δtmax 4.14 3.65

11Δtmax 15.12 14.35

12Δtmax 26.5 18.11

13Δtmax 31.41 24.81

14Δtmax 44.12 30.34
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Conclusion

In this paper, the CN-FDTD was successfully used to analyze a
CRLH coupled-line coupler. Unconditional stability of this
method has been confirmed. The accuracy of the CN has been
verified by comparison of the results from CN to LF scheme
and also the measurements. It is concluded that the CN-FDTD
method has improved the time gain with satisfying accuracy
level, whilst the temporal step size increased up to 10 times.

Author ORCIDs. Mahdieh Gholami Mayani http://orcid.org/0000-0002-
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