Proceedings of the Edinburgh Mathematical Society (2022) 65, 587-617
d0i:10.1017/S0013091522000232

ON BIRATIONALLY TRIVIAL FAMILIES AND ADJOINT QUADRICS

LUCA CESARANO!, LUCA RIZZI?@® AND FRANCESCO ZUCCONT?

' Mathematisches Institut, Universitit Bayreuth, Universitdtsstrafie 30, 95447 Bayreuth,
Germany (luca.cesarano@uni-bayreuth.de)
*IBS Center for Complex Geometry, 55 EXPO-ro, Yuseong-gu, 34126 Daejeon,
South Korea (lucarizzi@ibs.re.kr)
SDMIF, Universita di Udine, Via delle Scienze 206, 33100 Udine, Italy
(francesco.zucconi@uniud.it)

(Received 18 February 2020; first published online 4 July 2022)

Abstract  Let m: X — B be a family whose general fibre X} is a (d1, ..., dq)-polarization on a general
abelian variety, where 1 <d; <2, i=1,...,a and a > 4. We show that the fibres are in the same
birational class if all the (m, 0)-forms on X} are liftable to (m, 0)-forms on X, where m =1 and m =
a — 1. Actually, we show a general criteria to establish whether the fibres of certain families belong to
the same birational class.
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1. Introduction

A family of n-dimensional complex varieties is a flat, smooth proper morphism 7: X — B
such that the fibre X; := m~1(b) over a point b on the base B has dimension n. In this
paper, we assume that B is a smooth connected open complex variety of dimension 1.
We will also assume that X, is an irregular smooth variety of general type such that its
Albanese morphism alb(X,) : X, — Alb(X}) is of degree 1. We want to study conditions
which ensure that the fibres of 7: X — B are of the same birational type.

It is well known that, up to base change, we can associate with 7: X — B the family
of corresponding Albanese varieties. In fact, we can work in the more general setup of
families of Albanese type (cf. 23, Definition 1.1.1]), for which we recall the basic definition.

Let p: A — B be a family of abelian varieties; that is, the fibre A, :=p~1(b) is an
abelian variety of dimension a > 0. We say that a morphism ®: X—A is a family of
Albanese type over B if:
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1. @ fits into the commutative diagram:

2. the induced map ¢p: Xp — Ap of @ on X, is birational onto its image Z, for
general b;

3. the cycle Z, generates the fibre A, as a group for general b.

A family of Albanese type comes equipped with a global object: its relative homologi-
cally trivial cycle. Indeed, let —Id 4: A — A be the natural involution induced on p : A —
B by the multiplication by (—1) on the fibres. The composition (—Ids)o®: X — A is
an Albanese type family. We set (—Id4) o @ := &~. Then, we can construct two cycles
[@: X — Al and [@~ : X — A] in the relative group Z* " (A/B), which we denote, respec-
tively, by [X]T and [X]~. The following cycle will be called the basic cycle of the Albanese
type family @: X—A:

2] = [x]* — [x]". (1.1)

It is well known that the cycle [Z] is relatively homologically trivial; that is [Z] €
Z; " (A/B). By the theory of normal functions and its infinitesimal invariant §z, see
[13, 14, 31], we know that Albanese type families come into two types: those whose
infinitesimal invariant is non-zero and those which have 6z = 0. The latter are called
Nori trivial families.

Another piece of information carried by the morphism ¢;: X, — A, is a splitting of
H™%(Xy). Indeed let ¢;: H™?(Ap) — H™9(X}) and set Vj, :=Im(¢;). Inside the dual
HO"(Xy) of H™%(X}), we can define:

Ann(Vy) := {r € H""(X,) | N Gy(p) AT =0, Yp e H"O(Ap)}

and we know that
HO™(X,) = T & Ann(V) (1.2)
where V, C H%"(X) is the conjugate space of V4. It also holds:
H™(X,) = Vi, & Ann(V) (1.3)
which in turns gives a decomposition of the symmetric product
Sym*H™(Xp) = Vy © H™°(X,) @ Sym®(Ann(V})). (1.4)

The standard multiplication map H™°(X3) ® H™°(X3) — HO(X, w?}f) factors on the
symmetric product

px,: Sym? H™0(X;) — HY(X,w{?) (1.5)
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and induces homomorphisms
vx,: Sym?Ann(V;,) — HO(X, w?}f) (1.6)

and
vx,: Vo © H™(X}) — HO(X,w2). (1.7)

Finally, we say that a family of relative dimension n satisfies the extremal liftability
assumptions if the natural restriction homomorphisms H°(X, 25) — H°(X,, 2%,) and
HO(X, 2%) — HO(Xb, (2%,) are surjective for every b on B. The case where the map
HO(Xy, 2%x,) — H°(Xy, £2%,) is surjective is deeply studied in [19, 24]. Hence, our

results must be read and apphed jointly to the results in [19, 24]. We show:

Theorem [A]. Let ¢: X — A be a Nori family. If it satisfies extremal liftability
assumptions and for each non-zero element n in Ann(V}) its square is not contained
in the image of yx,, then its fibres belong to the same birational class.

The proof is a direct consequence of the new notion of adjoint quadric introduced in
[28]. By the extremal liftability assumptions, we are actually concerned with families
of varieties equipped with a morphism to a fixed abelian variety; see Proposition 3.4.
Nevertheless, our result should be considered in light of the theory of families of varieties
of general type as described in [15]; for this reason, we present the theorem in the above
general set up, which strongly relies on the theory exposed in [23]. In particular, we use
the Volumetric Theorem [23, Theorem 1.5.3] recalled in Theorem 3.7.

As an immediate consequence of Theorem [A] and of the well-known fact that, if C' is
a hyperelliptic curve then the Ceresa’s cycle C'— C~ is trivial in its Jacobian, we have
the well-known Torelli Theorem for hyperelliptic deformations of hyperelliptic curves, see
[18]; this is a case where Ann(V};) = 0.

More deeply, by a famous Theorem of Nori [17, pp. 372] (see also [8]), Theorem [A]
applies to the case where the family X is given by a family of cycles inside a general
abelian variety of dimension a > 4 such that for each element 7 contained in Ann(V}), its
square is not contained in the image of yx,.

In the particular case of families of divisors, the above-mentioned theorem by Nori does
not apply. However, by using techniques which are analogous to those we use to prove
Theorem [A], we can show another result.

Let (A, £) be a (dy, da, ..., d,) polarized abelian variety which is general inside its
modulispaceand 1 <d; <2,i=1, ..., a. Let X C A be asmooth divisor in |£|. Consider
the incidence variety inside |£]| x A and B a curve inside |£| passing and smooth through
X. Possibly after resolution of singularities, we obtain a fibration ) — B with Y smooth.
We say that a (local) family 7: X — B is induced by embedded deformations if it is
obtained by the restriction of J — B over an open contractible set B C B contained in
the subset of smooth elements of |L|.

Theorem [B]. Let (A, £) be a (di, dg, ..., d,) polarized abelian variety which is
general inside its moduli space and 1 <d; <2,i=1,...,a. Let m: X — B be a fam-
ily induced by embedded deformations. If w: X — B satisfies the extremal liftability
conditions then the fibres belong to the same birational class.
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Theorem [B], see § (4.5), follows by a careful study of the map
iy Sym?H0(X,) — HO(X, w2) (18)

where X, is an element of the linear system associated with a (dy, da, ..., d,)-
polarization, and b € B.

This problem has turned out to be quite involved. Actually, the well-known problem
to determine conditions for the surjectivity of px,, as well as of the maps

t HO(A, L") @ HO(A, £) — HO(A, L") (L9)

are still of research interest. For instance, the surjectivity of p,_; implies that the
Infinitesimal Torelli Theorem holds for the smooth hypersurfaces of A of the linear sys-
tem |£]|, and it has been recently proved (see [4]) that u, is surjective, provided that
hO(A, £) > (1)@ . ql and A is simple.

As a first step in this direction, in § 4, we study the loci in the moduli space of polarized
abelian varieties of type (1, ..., 1,2, ..., 2) where

pip: Sym*HO(Ay, L) — H°(Ay, L)

is not injective. Note that the injectivity of p is equivalent to the injectivity of vx,, since
there is the following commutative diagram:

Sym2HO(Ay, Ly) ———> HO(Ay, £2) (1.10)

N I

vx
Sym?Ann(V}) - HO(X,, wggb).

We prove:

Theorem [C]. Let (A, L) be a general polarized abelian variety of type
(1,...,1,2,...,2) and D a general element in |L|. For each element 7 contained in
Ann(V), its square is not contained in the image of V.© H®(D, wp) with respect to the
multiplication map

pp: Sym?(H(D,wp)) — HO(D,wgg). (1.11)
Moreover, the natural map
vp: Sym®Ann(V) — H°(D,w$H?) (1.12)
is injective.
See Corollary 4.4 and Theorem 4.5. Theorem [B] is a direct consequence of Theorem [C].
Actually, Theorem [C] is interesting on its own because it proves a condition on the
kernel of pp which is strictly stronger that the simple injectivity of vp. As the proof of

Theorem 4.5 clearly shows the condition on the squares of the elements 7 is independent
from the injectivity of vp and in the explicit cases that one can consider they are indeed

https://doi.org/10.1017/5S0013091522000232 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091522000232

On Birationally trivial families and Adjoint quadrics 591

not true at the same time. They must both hold, however, on the general abelian variety
described in Theorem [C].

Finally, we have an application of the above circle of ideas to the case of fibrations with
maximal relative irregularity. Let S, B be, respectively, a smooth surface and a smooth
curve. A fibration f: S — B is said to be of maximal relative irregularity if ¢(S) — g(B) =
g(F) — 1 where ¢(S) is the irregularity of S and g(B), g(F') are, respectively, the genus
of B and of a general fibre F. There are many papers on this topic. Here, we can quote
[16, 20] and [2], which also contains basic references to this problem. In this particular
case, it occurs that Ann(V;) ~ C. Indeed, if the natural morphism F' — Alb(S) has degree
1, we can find a suitable open subset U C B contained in the locus where f: S — B is
smooth, and we can form a family of Albanese type &y : Sy — Ay where p: A — U is
such that its fibres are isomorphic to a fixed abelian variety A of dimension g(F) — 1 and
Sy = f~H(U). In Theorem 5.2, which does not depend on Theorem [A], we show that
the infinitesimal invariant associated with the basic cycle associated with f|g, : Sy — U
is not zero.

2. Adjoint quadrics
We recall some of the results of [23]. See also [26-28].

2.1. The Adjoint theorem
2.1.1. The Gauss-type homomorphism

Let X be a compact complex smooth variety of dimension m and let F be a locally
free sheaf of rank n. Fix an extension class ¢ € Ext!(F, Ox) associated with the exact

sequence:

0—-0x e Fo. (2.1)
By the Koszul resolution associated with the section de € H°(X, £) and by the
isomorphisms

% i—1
Ext'(F, Ox) = Ext' (/\ 7N\ ]-‘)

we see that the coboundary homomorphisms

i i—1
i. 170 1

o H (X,/\J-‘) —~H <X,/\f>

are computed by cup product and interior product with £, i =1, ..., n.
Denote by H?.: det £ — det F the natural isomorphism and by A"*! the natural map
n+1

A N\ HO(X,E) — H(X, det €). (2.2)

By composition, we define a Gauss-type homomorphism:

n+1
A=Hj o A" \ HY(X,€) — HO(X,det F). (2.3)
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2.1.2. Adjoint forms

Let W C Ker (651) C H°(X, F) be a vector subspace of dimension n+1 and let
B:={n, ..., gny1} be a basis of W. By definition, we can take liftings s1, ..., sp41 €
HO(X, €) such that pi(s;) =mn;,i=1,...,n+ 1.

Definition 2.1. The section
wews = A(s1 Ao A spp1) € HO(X, det F).
is called an adjoint form of &, W, B.

If we consider the natural map

A /n\HO(X, F) — HY(X,det F),
we can define the subspace \"W C H%(X, det F) generated by

Wi =AM A A A A prt)
fori=1,...,n+1.

Definition 2.2. The class

HY(X,det F)

[we, w8l € ——7

is called the Massey product of W along &.

In the literature, [we w g is also called the adjoint image of W by &. For the main
properties of Massey products in our context see (7, 23, 26-28]. Here we only recall that
while the section we w3 depends on the choice of the liftings s;, the class [we w 5] does
not. Furthermore, if we choose another basis B := {n}, ..., 0,1} of W then [we w,5] =
klwe w ] where k is the determinant of the matrix of the change of basis. Since we will
be mostly concerned with the condition [we w 5] = 0, the choice of the basis of W is also
not essential and that is why in the above definition, we only highlight the dependence
on W and €.

Definition 2.3. If A"W is nontrivial we denote by [A"W|C P(H°(X, det F)) the
induced sublinear system. We call Dy, the fixed divisor of this linear system and Zy, the
base locus of its moving part |[My| C P(H®(X, det F(—Dyw))).

From the natural map ep,, : F(—Dw) — F, we have the induced homomorphism in
cohomology:
H'(X, FY) 2% HY(X, Y (Dw)).
We set

SDW = €Dy (5)
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Definition 2.4. We say that £ € HY(X, FV) is supported on Dy if ép,, =0
In [23, Theorem 1.5.1], see also [28], we have shown:

Theorem 2.5 (Adjoint Theorem). Let X be a compact m-dimensional complex
smooth variety. Let F be a rank n locally free sheaf on X and ¢ € HY(X, FV) the
extension class of the exact sequence (2.1). Let W be a n + 1-dimensional subspace of
Ker (9}) C H°(X, F) and w one of its adjoint forms. If the Massey product [w] = 0 then
& is supported on Dyy.

For interesting applications of this theory different from those presented in this paper,
we refer to [2, 9-12, 22, 25, 29, 30].

2.2. The notion of Adjoint quadric
We denote by A" HY(X, F) the image of

A \NHY(X, F) — HO(X, det F)

and we consider the linear subsystem P(A"H°(X, F)) of | det F|. Denote by D its fixed
component and by | Mg| its associated mobile linear system. Moreover, we denote Dqe, 7,
Myet 7, respectively, the fixed and the movable part of | det F|; that is, | det F| = Dget # +

| Maes, 7.
Take W = (01, ..., 1) and wy, i =1, ..., n+ 1 as above and let w € H°(X, det F)
be a &-adjoint of W C HO(X, F). Let

fraes 7 : Sym?(H°(X, det F)) — HO(X, det F®?)
be the natural multiplication homomorphism. The basic definition of this paper is:

Definition 2.6. An w-adjoint quadric is an element Q € Sym?(H(X, det F)) such
that

1. Q :zw@w—zzrllwi@Li for some L; € HO(X, det F),i=1,...,n+1;
2. ,U/det]:(Q) =0.

The condition (2) of this Definition means that () gives an element of
Sym?(H(X, det F)) which vanishes on the schematic image B\ Myer »|(X). The study
of w-adjoint quadrics is useful to find extension classes supported on a divisor.

Theorem 2.7. Let X be a compact complex smooth variety. Let F be a locally
free sheaf of rank n such that h°(X, F) >n+ 1. Let £ € HY(X, FV) and W an n + 1-
dimensional subspace W C Ker 0 C HY(X, F). If ¢ is such that Of (w) = 0, where w is an
adjoint form associated with W and &, then [w] = 0, providing that there are no w-adjoint
quadorics.
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Proof. Let B={n, ..., npr1} be a basis of W. Set w; for i =1, ..., n+ 1 as above
and denote by &; € H%(det F(—Dw) ® Z,, ) the corresponding sections via

0 — H%(X,det F(—Dw) ® Iz, ) — H°(X,det F).

Recall that \"W = (w1, ..., wpe1) C H(X, det F) is the vector space generated by the
sections w;. Note also that the sheaf A" W ® Ox is trivial and choosing n; A ... A7 A
coiADpy1,i=1,...,n+1, as a basis for \" W we obtain an isomorphism to (’)}H.

The standard evaluation map A" W ® Ox — det F(—Dw) ® Zz,, given by @, ...,
Wn+1 gives the following exact sequence

00— K —> N"We0x —= det F(-Dw) @Iz, —>= 0 (2.4)

which is associated with a class ¢ € Ext'(det F(—Dw) @ Zz,,, K). The sequence (2.4)
fits into the following commutative diagram

0 K /\nW®OX —_— det]:(—Dw)Q@IZW — () (25)
[ d
0 fv 5\/ OX 0;

where f is the map given by the contraction by the sections (—1)"*17is; for i =
1,...,n+1, and g is given by the global section o € H°(X, det F(—Dw)®Zz, )
corresponding to the adjoint form w. We have the standard factorization

0 K N'W®0Ox — det F(—Dw) @Iz, — 0 (2.6)
| |

0 K L Ox 0

0 FY EY Ox 0

where the sequence in the middle is associated with the class ¢” € H*(X, K) which is
the image of £ € H*(X, FV) through the map H!(X, FV) — H'(X, K). In particular,
we obtain the commutative square:

H(X,det F(—Dw) ®ZIz,) — HY(X,K) (2.7)

|

H°(X,0Ox)

H'(X,K).

By commutativity, we immediately have that the image of o € H°(X, det F(—Dw) ®
Tz, ) through the coboundary map H®(X, det F(—Dw)®Zz, ) — HY (X, K) is £".
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Tensoring by det F, the map FV — K gives

FV@det F —= K®@det F (2.8)

e

/\n—lf
and, since £ - w € HY(X, FV @ det F) is sent to £’ - w € HY(X, K ® det F), we have that
H' (D) w)=¢"w, (2.9)

where £ - w is the cup product.

By hypothesis 9 (w) =¢-w=0¢€ H'(X, N'"HF), so also €7 -w=0e H(X,K®
det F), hence, the global section o -w € H°(X, det F(—Dw) ® Zz,, @ det F) is in the
kernel of the coboundary map HY(X, det F(—Dw) ® Iz, ® det F) — H(X, K ® det F)
associated to the sequence

0 — K®@det F ——= N"W @det F —— det F(—Dw ) ® Iz, @ det F —— 0.

(2.10)
This occurs if there exist L € HO(X, det F),i=1, ..., n+ 1 such that
n+1
oow=Y @-Lj. (2.11)
i=1
This relation gives the following relation in H°(X, det F®?):
n+1
w-w:ZL7~wi. (2.12)
i=1

Then, equation (2.12) gives an adjoint quadric. By contradiction, the claim follows. O

Corollary 2.8. In the hypothesis of Theorem 2.7 it holds that & is supported on Dyy;
that is, £p,, is trivial. Moreover, if we further assume that H°(X, F) = Ker 0 and W is
generic inside H°(X, F) it follows that ¢ is supported on D.

Proof. The first claim follows by Theorem 2.7 and by Theorem 2.5. To show the
second claim, we recall that by [23, Proposition 3.1.6] Dx = Dy, since W is a generic
n + 1-dimensional subspace of H°(X, F). Then, the claim follows. O

Note that in the rest of the paper, F will be 2% and therefore, the assumption
HY(X, F) = Ker & of the Corollary comes from the extremal liftability assumptions.

3. Nori families

We apply the notion of adjoint quadrics to the case where F is the cotangent sheaf 2%
of a smooth variety. We stress that we want to find conditions on a family 7: X — B
which ensure that the fibres are in the same birational class.
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3.1. A notion of equivalence among families of Albanese type

The notion of Albanese type family behaves well under base change and we can intro-
duce a notion of equivalence for this kind of families. Consider a family of Albanese type
P: ¥X—»Aasin § 1.

3.1.1. Translation equivalence

If s: B— Ais a section of p: A — B, we define the translated family @, : X — A of
@ by the formula:

D (x) = P(x) + s(w(x)).
Notice that @5 : X — A is a family of Albanese type. Two families @ and ¥ over B are
said to be translation equivalent if there exists a section o of p: A — B such that the

images of &, and ¥ (fibrewise) coincide.
We recall also the following definition given in [23, definition 1.1.2]:

Definition 3.1. Two families of Albanese type @: X—A, &': X' —A' over, respec-
tively, B and B’ will be said locally translation equivalent, if there exist an open set
U C B an open set U’ C B’ and a biregular map p: U — U := u(U’) C B such that the
pull-back families p* (@) and <I>/U/ are translation equivalent where U, U’ are dense with
respect to the classical topology on B, respectively, B’. We will say that @ is trivial if
X=XxB, A=Ax Band m4(P(Xp)) = ma(P(Xp,)) for all b where m4: A X B — Ais
the natural projection.

We will use the following:

Proposition 3.2. An Albanese type family @: X — A is locally translation equivalent
to a trivial family if and only if the fibres X, are birationally equivalent.

Proof. See [23, Proposition 1.1.3]. O

3.2. Liftability assumptions

The following conditions are natural in order to find families locally translation
equivalent to trivial families.

Definition 3.3. We say that a family 7: X— B of relative dimension n satisfies the
extremal liftability conditions over a one-dimensional variety B if

1. Ho(x, L) - HO(X,, .Q}(b);
2. HO(Xv 'Q}‘) - HO(va ‘Qg(b)
where the symbol — means that the homomorphism is surjective.

The above definition says that all the 1-forms and all the n-forms of the fibre X; are
obtained by restriction of forms defined on the family X. Comparing the two conditions
with the hypotheses of Theorem 2.7, we see that they ensure that agb =0 and 8& =0,
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where &, € H' (X}, Ox,) is an infinitesimal deformation in the image of the Kodaira—
Spencer map associated with 7: X—B.

Proposition 3.4. Let ¢: X — A be an Albanese type family such that for every
b€ B it holds that H°(X, 2%) — H°(Xy, 2%, ). Then up to shrinking B, the fibres of
p: A — B are isomorphic.

Proof. Let u, € Extl(Q}h), 0a,,) be the class given by the family p: A — B, that is
the class of the following extension:

0_’0Ab_’Q}A|Ab_>Q}4b_>O-

Now ¢; 04, = Ox, and the map ¢; 04, — @} Q}4|Ab is generically injective; hence, it is
injective because otherwise the kernel would be a torsion subsheaf of Ox,. Thus, we have
the following exact sequence

0= ¢;04, = 63244, = 624, — 0

which fits into the following diagram

0 — ¢;04, — ;2% 4, — ¢824, — 0

L

0 > OXb > Q;(\Xb Q}(b 0.

In cohomology, we have

HO(XI“ ;91141,) I Hl(XbaOXb)

|

HO(XbaQ}(b) Hl(vaoXb)

so, by commutativity and by the hypothesis H°(X, 2}) - HO(X,, 2%,), we
immediately obtain H°(X,, ¢; Q}4\Ab) — H°(Xy, ¢;62,) and hence the coboundary
Oy HO(Ay, 2 ) — H'(Ay, Og,) is trivial. Then we can apply the argument in cf. [7,
Page 77, 78] on a conveniently small B. ]

3.3. Nori families

Let @ : X — A be an Albanese type family over the unitary disc A. From (X)) —
A, we obtain the basic cycle [Z] = [X]t — [X]™ as in § 1; see (1.1). Note that [Z] €
Zy "(A/B). To the normal function defined by Z, it is associated with its infinitesimal
invariant dz; see cf.[31].

Definition 3.5. An Albanese type family @ is called Nori trivial if the infinitesimal
invariant dz induced by the cycle [Z] is zero for the generic b € B (hence for all b).
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Transversality. Fix s1, ..., s,11 € H(A, 2% ) such that s; A -+ A 5,41 induces, by
fibre restriction, a non-trivial form 2 € H°(Ay, Q}JX}J ). Let & € HY(Xy, Tx,) be an

infinitesimal deformation given by the Kodaira—Spencer map. We remind the reader that,
as in the previous Proposition 3.4, ¢, is the map ¢p: X — A, and we have the diagram

@
X —A (3.1)
Dy
Jb ip
(o)
Xb e Ab
Let
re @Y — Q}(b
be the restriction map and set 1, = r(9;(s;)), ¢ =1, ..., n+ 1. In our case, the set B =
{1} is a basis of a vector space W C H°(Xj, 2%, ). Suppose that W C Kerd,. Then
the element @ (s1 A -+ A $p41) gives precisely an adjoint form We, w,s ONCE it is restricted

to Xp. In [23, Theorem 5.2.5], it is proved:

Theorem 3.6 (Transversality Criteria.). If 0z(b) =0 then for every o €
HO(Ay, £2%,) it holds:

/ We, w,5 N¢po = 0.
X

3.4. Proof of Theorem [A]

The main tool for the proof is the Volumetric Theorem [23, Theorem 1.5.3] that we
recall here for convenience.

Theorem 3.7. Let ®: X — A be an Albanese type family such that p: A — B has
fibres isomorphic to a fixed abelian variety A. Let W C H°(A, 2%) be a generic (n + 1)-
dimensional subspace and W, C H°(Xy, Q}(b) its pull-back over the fibre X;. Assume
that for every point b € B it holds that We, w8, € AWy, where &, € HY(Xy, Ox,) is the
class given on Xy, by m: X — B, then the fibres of m: X — B are birational.

We now prove Theorem [A] of the introduction.

Proof. By Proposition, 3.4 we can assume that p: A — B is trivial, that is A ~
A x B and p: A — B is the first projection. Up to base change, the Albanese family
alb(X): X — Alb(X) exists and by Proposition 3.2, our claim is equivalent to show that
the Albanese family alb(X): X — Alb(X) is locally translation equivalent to the trivial
family. Hence, it is not restrictive to assume that Alb(X) = A x B too. In particular, we
can restrict to consider only the case where Alb(X;,) = A and the map ¢p: X — A is of
degree one for every b € B.

Denote by & € H'(X,, Ox,) a class associated with an infinitesimal deformation of X,
induced by the fibration 7: X — B. We know that ¢ > n 4+ 1 where ¢ = dim¢A. Let B :=
{dz1, ..., dzp41} be a basis of an n + 1-dimensional generic subspace W of H°(A, 1),
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(if g=n+1 we can take H(A, 24)=W). For every b € B let n;(b) := alb(X,)*dz;,

i=1, ..., n+ 1. By standard theory of the Albanese morphism, it holds that B, :=
{m (), ..., nuy1(b)} is a basis of the pull-back Wy, of W inside H?(Xj, 2%,). Let

wi(®) == A" (D) Ao A1 (D) Ani(B) A v Ay (D))
fori=1, ..., n+ 1. Note that if v} := d21/\.../\dzi,l/\c?,z\i/\.../\dznﬂ then w;(b) :=
Gpwi, i =1, ..., n. Since #: X — Ais a family of Albanese type, dim\"W; > 1, (actually

if ¢ >n+1 by [23, Theorem 1.3.3] it follows that A", has dimension n + 1), and we
can write: \"Wp, = (w1 (b), ..., wny1(b)).

By extremal liftability assumptions, we can form the Massey class for every [W] €
G(n+1, g) where we denote by G(n+ 1, q) the Grassmannian of n + 1-dimensional
subspaces of HO(Xj, 02, ).

Consider the following diagram in Dolbeaut’s cohomology:

poj
HO(Xb7¢ZQZ®wXb) - HO(vawXb ®wXb> (32)
I
H™0(X,) @ H™0(X,)

By the identification H%(X,, ¢;(2%) ® wx,) = H™(A4) ® H™Y(X}), it follows that
ji=¢; @id: H"°(A) @ H™*(X},) — H™(X,) @ H™(X}).

Now, we can consider the induced diagram of the symmetric part:

Hoj
Hn’O(A) © Hn’o(Xb) —_— HO(Xb,wXb ®wxb) (33)
o
Sym?H™0(X})
We set Vj, := Im¢; € H™?(X}). Recall the decomposition (1.4) in § 1

Sym?H™°(X}) = V;, © H"°(X}) @ Sym?(Ann(V}))

and that this direct sum induces homomorphisms

vx,: Sym?Ann(V;,) — HO(X, w?}f) (3.4)
and
Vx,: Vo © H™(X}) — HO(X, w32). (3.5)
Now assume that for the generic W}, the generic adjoint form w has an adjoint quadric
n+1
Q=wow—Y wib)®L; € Sym’H"(X,). (3.6)
i=1

By Definition 2.6, @ is in Ker(u).
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By the Transversality Theorem 3.6, w vanishes on Vj, hence w ® w is an element of
Sym?(Ann(13)). On the other hand, recall that by definition the forms w;(b) are in V,
hence 271 w;(b) ® L; is an element of V, ® H™Y(X,). By the hypothesis that for each
element 7 contained in Ann(V}), its square is not contained in the image of vx,, we get
that w ® w = 0. By the Volumetric Theorem 3.7, the claim follows easily. O

Remark 3.8. We stress that the argument above is a local argument applied to the
differential forms w;(b).

Corollary 3.9. Let & : X — A be a family of Albanese type where the general fibre
Ay of p: A — B is a generic abelian variety of dimension a > 4, the general fibre X, of
m: X — B is such that a — dimX}, > 1, and for each element n contained in Ann(V}), its
square is not contained in the image of vx,. If it satisfies the liftability conditions then
the fibres of m: X — B are in the same birational class. In particular, the fibres of a
family m: X — B of smooth varieties of general type all contained inside a fixed generic
abelian variety of dimension > 4 as cycles of codimension > 2 are in the same birational
class if m: X — B satisfies the liftability assumptions and for each element 1 contained

in Ann(V}), its square is not contained in the image of vx, .

Proof. By [23, Proposition 6.2.2], we know that & : X — A is equivalent to a Nori
trivial family. By Theorem [A], the claim follows. O

Remark 3.10. The necessary ‘genericity conditions’ on the abelian variety A; of
Corollary 3.9 are those which make it possible to apply the fundamental theorem which
claims that the Abel-Jacobi map of a homologically trivial cycle of a generic abelian
variety of dimension > 4 is torsion modulo the largest abelian subvariety of the interme-
diate Jacobian; see [17, section 7.5] or the very clear exposition [21]. Actually, we can
understand that genericity here means that A, is outside a countable union of proper
Zariski’s closed sets.

Remark 3.11. We point out to the reader that since the Ceresa’s cycle of an hyper-
elliptic curve C' is trivial, Theorem [A] implies that a family 7: C — B of hyperelliptic
curves satisfying liftability assumptions is a locally trivial family.

4. Families of divisors of a polarized abelian variety

We cannot use Nori’s theorem in the case of Albanese type families of divisors. Neverthe-
less a statement as the one of Theorem [A] holds also in this case. First, we review some
facts on divisors of an abelian variety.

4.1. Theta functions

Let (A, £) be a (dy - - - dg)-polarized abelian variety, where A is a complex torus defined
as a quotient of a vector space V of rank a by a lattice A, and £ an ample line bundle
on it. The algebraic equivalence class of line bundles of L is defined by a non-degenerate
hermitian bilinear form H on V', whose imaginary part F is a bilinear form integer-valued
on A. Since we are interested in the algebraic equivalence class of line bundles on A defined
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by L, we may assume the characteristic of £ to be 0. We also recall that £ determines
an isogeny

¢r: A — Pic’(A)
which is defined as follows:
or(z) =t (L)@ L

A decomposition of V for L is a decomposition of V' = V; & V5 into real vector spaces of
rank a which induces a decomposition for A = A; & As into E-isotropic free Z-modules of
rank a. Such a decomposition of V' for £ induces moreover a decomposition of the lattice

AL):={veV : iL=L [v] ==z} (4.1)

into E-isotropic free Z-modules of rank a, which we, respectively, denote by A(L); and
A(L)2. The latter decomposition naturally induces a decomposition of the kernel of ¢,
which we denote by K. It is known, see cf. [3, Theorem 2.7 p.55], that

{05 : 2 € Ky} (4.2)
is a basis for H°(A, £), where

05(z) == Z o (H=B)(2.0)— 5 (H-B)(\\)
A,

Here B denotes the C-linear extension of H|y,xv,, and for every z in K
07 () =z (2) 65 (2 + o)

where {1}, is the cocycle in Z'(A, Oy ) such that, for every X in the lattice A and z in
V', we have

05 (2 + A) = Ua(2)05 (2)

Proposition 4.1. Let (A, £) be an abelian variety, and D be a divisor in the linear
system |L|. Then there is a commutative diagram

dogr
HY(A,04) —— HY(A,0,) (4.3)
| /|
D
HO(A, Q%" —— H°(D,wp)

where the arrow on the right side of diagram 4.3 is the connecting homomorphism in the
long exact cohomology sequence of the fundamental sequence of D

0— 04— 04(D) — wp —0 (4.4)
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Proof. We assume that D is the zero locus of a holomorphic section s of £. The
complex space V' can be naturally identified with the space of holomorphic vector fields
©4 on A. Fixed w a non-zero (a, 0)-form on A, recall that the map

V=2 HYA64) — HY(A Q%) (4.5)
sends under this identification a vector v of V' to the holomorphic (@ — 1)-form w obtained

by contracting the (a, 0)-form w with the vector field Z-.

The holomorphic function % can be seen by adjunction as a holomorphic section of

the canonical bundle of D, which coincides with the restriction to D of the (a — 1)-form
w defined above. On the other side, the connecting homomorphism can be computed by
using the fact that there is a canonical isomorphism of cohomology groups sequences

HP (A, HO(V,7*(-)) = HP(A, )

where 7 denotes the projection of V onto A, and it holds (see also: [6] Proposition 1.1,
p. 4):

1(5) = N (1.6

It remains to compute d()(bg(%). Let us consider S := Spec(C[e]/e?) the scheme of dual
numbers over C and Ag the base change. We have the exact sequence of sheaves

0— 04— 04, — 04 —0
Its long cohomology sequence identifies H'(A, O4) with the kernel of the map
Pic(Ag) — Pic(A), which to a line bundle on Ag whose transition functions g,z =
gl s+ gl 5 associates the line bundle on A with transition functions g/, 5- Moreover, under
the identification H'(4, O%) = H'(A, H°(V, O}))

Pic(Ag) = HY(A, H(V, 0}) ¢ Cld]) (4.7)
since Ag is defined through a flat base change. Now, for every z on A, ¢, (z) is the line
bundle of degree 0 with cocycles [{e27F(=V},]. Hence, dodr () is the line bundle on
Ag whose cocycles, according to identification 4.7, are precisely

{2 PO = {1+ 2miE(v, A)eha] € H' (A, HO(V, OF) ®c Cle])
In conclusion, we have
0 .
do(bg (81}) = [{27TZE(’U,)\)},\] (48)
It is now easy to see that the two elements in the cohomology group H' (A, H°(V, O%))

are the same. Indeed, it is enough to show, by the definitions of group cohomology, that
there exists a holomorphic function F' on V such that, for every z on V' and every A on
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A, it holds that
7H(v,\) =2miE(v,\) + F(z + \) — F(z2) (4.9)

But F is defined as the imaginary part of H, which is an alternating R-bilinear form on
V', and H can be recovered by E. Indeed, for every z and w on V it holds:

H(z,w) =iE(z,w) + E(iz,w)

In conclusion, with F(z) := —w(iE(v, z) — E(iv, 2)), it is easily seen that F' is C-linear
on V and that 4.9 holds true. O

4.2. The multiplication map
From diagram (4.3) and the long cohomology sequence of (4.4), it follows easily that

Im(lp: HY(A, 2% ") — H°(D,wp)) = H' (A,04) =V

(4.10)
Ann(V) = Im(|p: HY(A, L) — H°(D,wp)).
Moreover, we have clearly a commutative diagram
"
Sym*HC(A, L) — H°(A, £?) (4.11)

.| |-

Sym?Ann(V) — HO(D,w).

Note that Sym?H(A, £) = s®2C @ s ® Ann(V) @ Sym?Ann(V). In particular, when the
divisor D = (s = 0) is reduced and irreducible, the map v is injective if and only if the
multiplication map g is injective. Indeed if 1 is not injective, then there exists a non-zero
element w =s®@t+ 3 ;u; ®v; in Sym?H(A, £) in the kernel of the multiplication map

i, and by the above decomposition, we can assume (). u; ® v;) |D # 0 in Sym*Ann(V).
Since the diagram (4.11) is commutative, this implies V(Z u; ®v;);p = 0, and thus, v is
not injective. On the other side, let us assume that ZJ U \p ® vj|p is non-zero and belong
to the kernel of v, where u; and v; are non-zero holomorphic sections of £. Then we have
that p(>_, u; ® v;) = >, ujv; vanishes along D. Hence, there exists t € HO(A, L) such
that st = Zj u;v;. It follows that p is not injective.

4.3. On the injectivity of the multiplication map

Given now an abelian variety (A, £), we want to give conditions which ensure the
injectivity of the multiplication map . We begin by fixing a decomposition of V for £2
which, according to our previous discussion, induces a decomposition Ky & Ko of K :=
Ker(¢,z). In particular, the same decomposition induces a decomposition 2K & 2K for
the kernel of ¢,.

Let us assume that H is the non-degenerate hermitian form which corresponds to
L according to Appell-Humbert theorem. We recall that, by [3, Lemma 1.2 p. 48],
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K(L) = A(L)/A and K(L?) = A(L?)/A, where

AL)y={veV : Sm H(v,A) CZ}
ALY ={veV : 23m H(v,A) CZ}

are lattices in V, and K(L); =Zg, & ------ Zg, (i=1,2), where (dy---d,) is the
polarization type of £; see [3, Lemma 1.4 p. 50].

Moreover, A(L?) contains the sublattice A(L), and the quotient is isomorphic to Z3,
with 2A(£2) = A(L). On the other side, K(L£?); & Zog, & -+ -+ Zsa, it contains K (L);,
and the quotient is isomorphic to Z§.

Hence, the following is a basis for H(A, £):

{05 2 €2K,} (4.12)
Let us denote by Z5 := A[2] N Ky 2 Z§. For every (z1, x2) € 2K; @ 2K, and (y1, y2) €

K, & K; such that y1 + yo = 1 and y; — yo = w2, it holds the following multiplication
formula cf. [3, 1.3 Multiplication Formula, p. 182]:

pOf, ®05) =" 05, (0)05 .
z2€7Z5

Let us denote Z} := Z;N2K; =2 Z5 °, where s is the number of odd indexes among
(dy---d,). For a character p: Z, — C* of Z} we can define:

e(xl,xz),p = Z p(z)0§1+z ® 057:2—&-2 (413)
z€Z4

This is an element of HY(A, £) @ H°(A, £). We point out to the reader that the diagonal
action of Z on 2K x 2K leaves every holomorphic section in 4.13 invariant up to the
multiplication by a non-zero constant, since

9(11+z,x2+z),p = p(z)e(M ,T2),0

Hence, we have the following basis for the vector space H°(A, £) ® H°(A, L):

{Owrans © @22 €2K002K0 [, pez;) (4.14)

where Az, denotes the diagonal subgroup of Zh x 7, C 2K, @ 2K, .

We can now choose a complement W of Z) in Zy; that is Zo = Z5 & W as Zs-vector
spaces. Now choose U a transversal subset for Z5 in K7, that is U is a subset of K such
that every (right or left) coset of Zy contains precisely one element of U. Thus, the set
U contains [[;_; d; elements and the quotient 2K /23 contains [[_; d;/2°7* elements.
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By means of this choice, we can fix the following basis for H°(A, £2):

{9@2%/3) L yelU, weW, pe ?5} (4.15)

where

c? ,_ c?
o(y,w,p) i Z ( )oy-l-w-‘rz

z€Z)

We aim to express the multiplication map p with respect to the basis (4.14) and (4.15).
We have:

:U/(a(xl,.’cz),p) = Z ( ) (0£1+z®0a:2+z)

z€Z4

L2 c?
DD 2y, (0) - 65

z€ZhteZs

Z Z y2+w+z (0) ’ 9512+w+z+2/

z,2'€Z weW

where, in the third equality, we decompose the summation variable by using the comple-
ment W. If in the last summation above, we replace z by 2’ + z, we get an expression
of the multiplication map in terms of the elements of the canonical basis for the vector
space HO(A, £?):

Z Z 9;52+w+z( ) 9512+w+z

z,2'€ZL weW

Z Z ( )0522+1u+z (0) Z ( )0512—&-w+z

weW | z'eZ) z€Z)

= Z Clyzsw,p) - a(yl,wyp)

weWw

M(e(zl,zz),p)

where we set:

C(t,w,p) = Z ( )ef+w+z(0)

Z€EZ)

where w € W and t € K;. We consider moreover the following set:
2={uDeUx® [z) : y+te]

Let us consider the function ¢: 2 — 2K71 X 2K /AZ, , which sends (y, t) to (y +
2
t, y —t). We now show that ¢ is a bijection.
Indeed let (u, v) be a pair in the quotient 2K x 2K1/Az;. We show that there exists

a unique element y of the transversal U and a unique class ¢ in the quotient group K;/Z}
such that (y +¢, y —t) = (u, v).
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The sum u 4+ v belongs to 2K;. Thus, v+ v = 2r for a certain r of K;. However, r
belongs to a unique coset of the form y + Z5 with y in U. Thus, y is uniquely determined,
and it holds that u + v = 2y. By the same procedure, we determine a ¢ of Ky such that
u — v = 2t. Note that ¢ is unique up to a 2-torsion in 2K, since both v and v belong to
2K;. Hence, we have:

2 t) =2
(y+1) =2u (4.16)
2y —t)=2v
In particular there exist two 2-torsion elements of Z}, p and ¢, in such that:
t pr—
yri=utp (4.17)
y—t=v+tq

Since u + v = 2y, we conclude that p = ¢ and our claim that the elements (y + ¢, y — t)
and (u, v) coincide is proved. We conclude that:

LZ
N(e(y+t,y—t)7p) = Z C(t,wm) ) e(y,w,p)
wew

It can be easily seen that the matrix of multiplication map p with respect to the basis
(4.14) and (4.15) splits into blocks, each for every character p inside the group of charac-

—~

ters Z4. Moreover, the multiplication map is injective if and only if the restriction to the
subspaces associated with the characters p of Z} is injective. We can denote the latter
subspaces as follows:

Vi = Oyrry—0,0 :t € 2K1/Z3)
[:2
Wy.p = Buew <9(y,w,p)>
and the restrictions, respectively, by
plv, ,: Vyp — Wy,

We point out to the reader that even if we exchange z; and zy in definition (4.13),
we get the same element inside the image of the projection H(A, £) ® H°(A, £) —
Sym?(H°(A, £)) and this exchange is induced by the change t — —t. Hence, the restric-
tion of the multiplication map on the symmetric part Sym(H°(A, £)) can be described
on the different blocks, each corresponding to y and p, with the matrix:

M,y := (Ctw,p)te+2K, /24 wew (4.18)

where the sign can be arbitrarily chosen, since the obtained element of Sym?*(H%(A, £))
obtained is independent from this choice.

Remark 4.2. The theorem below describes the loci in the moduli space of polar-
ized abelian varieties where the multiplication map is not injective. Indeed g is injective
precisely when for every y and for every character p the matrix M, has maximal rank.
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Theorem 4.3. Let (A, L) be a general (1,1, .-+, 2, ---2)-polarized abelian variety
of dimension a. Then the multiplication map p Is injective.

Proof. Let us begin by the case in which the polarization type is (2, - --2). For such
a polarization, the matrix M, in 4.18 with p € Hom(Z§, C*) is just the scalar:

Co=_ p(2)05°(0)

z€A[2]

Now inside the moduli space of (2, 2, - --2)-polarized abelian variety it is easy to con-
clude that C, # 0 holds for the general abelian variety since it holds for the product of
2-polarized elliptic curves. If we now take a general (1, 1, ---1, 2, -+ - 2)-polarization we
can consider (A’, L) a (2, -+, 2)-polarized abelian variety with an isogeny h: A" — A
such that h*L = L£’. Then the multiplication map p on the sections of £ is just the
restriction of the multiplication map

par: Sym*HO(A', L) — H(A', L) (4.19)

to the symmetric product of the subvector space of the Ker(h)-invariant sections
of L. O

Corollary 4.4. Let (A, £) be as above and D a general element in |L|. The natural

map
v: Sym*Ann(V) — H°(D,w$?) (4.20)
is injective.
Proof. This follows immediately by the above theorem and Diagram (4.11). O

4.4. The divisorial case

The following theorem, together with Corollary 4.4, is Theorem [C] from § 1.

Theorem 4.5. Let D be a general divisor on a general (1, 1,--- 1,2, --- 2)-
polarized abelian variety of dimension a. Then for each element n contained in Ann(V'), its
square is not contained in the image of V ® H°(D, wp) with respect to the multiplication
map

pp: Sym?(H(D,wp)) — H®(D,w$?) (4.21)

Proof. Asin the proof of Theorem 4.3, it is enough to work on (2, ..., 2)-polarizations.
First, we prove that the locus in the moduli space of polarized abelian varieties (A, D)
such that there is no element 7 in Ann(V) = HY(A, D) whose square is contained in the
image of V ® H°(D, wp) is open.

Indeed, the moduli space U of smooth divisors in the polarization of an a-dimensional
(2, -+, 2)-polarized abelian variety is an open subset of a P?~!-bundle on the moduli
space A, of (2, ---, 2)-polarized abelian varieties of dimension a, where d = 2%. Note
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that U is a smooth Kuranishi family, in fact
dimU = dim(A,) +d—1
and for every element [A, D] of U, it is known that
h'(D, Tp) = dim Exty, (2p, Op)
=dim(Ag)+d—1 (4.22)
=dimU.

Now for every element [A, D] of U, the canonical bundle of D is very ample
and we can choose uniformizing coordinates [Xq, ---, X4, Yo, Y1, -+, Yy_1] on PN ~
P(H°(D, wp)), where N = d + a. Let H be the Hilbert scheme of closed subvarieties of
PN with Hilbert polynomial p(n) = (2n)® — (2n — 1)¢. The natural morphism of schemes
¢: U — H is smooth and finite onto a locally closed subscheme Z C H by (4.22).

The decomposition of H°(D, wp) for every divisor D into the direct sum V & Ann(V)
induces a decomposition PV = P(V' @ W'), where V is generated by the forms X - - - X,
and W by the remaining forms Yy ---Yy_1.

The set Q of points of Z which are contained in a quadric of the form w? — > vizi in
HO(PN | Op(2)), where w € W' and the elements v; are forms of V' not all equal to 0, is
a proper locally closed subset of Z. Since ¢ is flat, the scheme theoretic counterimage of
@ is also a proper locally closed subset of U.

We have shown that the locus in the moduli space of polarized abelian varieties (A, D)
such that there is no element 7 in Ann(V') = H°(A, D) whose square is contained in the
image of V ® H°(D, wp) is open. Therefore, it suffices to prove that the claim of the
Theorem holds true in the case of a smooth divisor D in a product of a (2)-polarized
elliptic curves.

To this purpose, we denote by A the product of Fy, -- -, E, elliptic curves, each of them
considered as the quotient of the complex plane by the lattice 7,Z @ 27Z, where 7; denotes
a certain element in the Siegel upper half-space, and equipped with the polarization £; of
type (2) induced by the divisor 2 - 0. For each i, we denote moreover by Géi) and HY) the
canonical theta functions which span the vector space of the global holomorphic sections
of the polarization £; on F;.

Considering £ to be the induced product polarization on A, we first fix a basis for the
vector space of the global holomorphic sections of £ and a convenient notation for its
elements. Since L is the product of all the polarizations on the factors E;, a basis for
the global sections of £ can be easily defined by considering all the possible products of
sections on each factor F;, arising by selecting 9(()1) or 9%1) for each index i. Every global
section of this basis corresponds to a unique subset of {1, -+, a} containing the indices
i of the factors on which 9%1) has been selected. Hence, if we consider P to be the power
set of {1, ---, a}, we can denote for every S € P the following global section of L:

Os(z) = H 99(2(1') (21)
i=1

where yg(7) is the characteristic function of S. It can be now easily seen that {fs}sep
is a basis for H°(A, £). For the reader’s convenience, we remark that 6y is the element
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of the latter basis obtained by multiplying on every factor E; the section 0(()1):

a

Oy (2) = ] 05" (=)

i=1

Let us consider now a general non-zero section

s:= Y asfs € H'(A,L) (4.23)
SeP

for some complex coefficients ag such that its zero locus D is smooth.
We prove that the kernel of the multiplication map (4.21) is generated by elements of
Sym?Ann(V) of the form:

0s ®0r — 04 ®0p (4.24)

with SUT =AUB and SNT = AN B. This will immediately imply our thesis that
for each element 1 contained in Ann(V'), its square is not contained in the image of
V ® H°(D, wp), since we recall that the intersection of this space with Sym2Ann(V) is
trivial.

This statement can be proven on a suitable affine open subset of D.

On each factor, the canonical theta functions 9(()1) and 951) induce a covering z; : E; —
P!, where:

) = B QA
617 (0) 65 (z:)

This covering is of degree 2, branched over four distinct points 1, —1, d;, —d;, which are,
respectively, the images of the points 0, 1, 5, 1 + .

Hence, the elliptic curve E; is the Riemann surface which on an affine neighbourhood
U; with local coordinates (x;,y;) is defined by the equation:

=

(4.25)

hi(ws, yi) = y7 — (af = 1) (2} — 67) (4.26)

The affine model in (4.26) is called the Legendre normal form of E; (see also [5]).
Let us consider the affine neighbourhood of U of D defined as:

U :=D — div(bp)
Then U can be described as the Zariski closed subsed of the affine space A2® with

coordinates x1 -+, Tq, Y1, - , Yo With defining equations (4.26) together with the local

equation of D, which can we obtain from (4.23) by dividing by 01(0) for each i (according to
the definition of x; in (4.25)). Hence, the local equation of D on U is f(x1, --- , x4) = 0,
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where
s
f(mh'" 7.’17a) = 97 = Z bSXS
b sep
(4.27)
Xg = H T
j€S
for some complex coefficients bg. For every j in {1, --- , a}, the tangent vector a%j is
naturally identified with the holomorphic a — 1-form
d da; d
oy o BT
Y1 Yj Ya

(see (4.4) in the proof of Proposition 4.1).

Hence, on the affine subset V of U where f, := ;—i does not vanish, we obtain, up to
a sign:
_ fi

fa - y2- U5 ya
where f; denotes the derivative of f with respect to z;.

The global holomorphic differentials on D obtained by restricting the global sections of
the polarization of A to D can be computed by applying the residue map H°(A, O4(D)) =
H°(A, wa(D)) — H°(D, wp). When restricted to V this gives, for each element S of P,

Wy dIl JARERIAN dSCa_l (428)

'l/JS = (GS . le A A dza)_' (lef 8(2 ) (429)

where — is the contraction operator. We have in conclusion

¢S3(95~dzl/\.../\dza)_‘( 1 8)

0p fo Oz,
dxy dxa> ( 1 0 )

=(fhg- LA A = — (4.30)
( * Ya 00fa Oza
Os 1

=———dzi N - ANdxe_
Oy fat---Ya '

and since Xg as in (4.27) is equal to z—; (up to a non-zero constant):
X
g = ——2—day A Adza_s. (4.31)
fay1 -+ Ya

Hence, if we multiply the expressions (4.28) and (4.31) by foy1 - - ya, we see that the
elements in (4.24) become, up to a constant

Xs®@Xp— X400 Xp (4.32)
which are mapped by the multiplication map to
Xs-Xr—Xa-Xp=XsnrXsur — XanpXaup =0
by the assumptions that SUT = AU B and SNT = AN B.
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On the other side, if a linear combination of tensor elements Xg ® X, say

K=Y asrXs® Xr
S.T

is mapped to zero by the multiplication map, then we have

o
Il

Z astXs Xt
ST

Z( > aST)XU'XV

Ucv ST
SNT=U
SUT=V

This implies that for every couple of subsets U and V of {1, ---, a} with U CV, we

have:
> asr=0
S, T

SNT=U

SuT=v
since x; appears in every term X - Xy with degree 0, 1 or 2, according to whether j ¢ V,
j €V —U or j €U, which implies that the tensor element

Kyv:= Y asrXs® Xy
ST

SNT=U
SuT=V

is linear combination of elements of the form (4.32) with SNT =U=ANBand SUT =
V = AU B. Finally, also K must be linear combination of such elements, since clearly
K= ZUQV Kyv.

Hence, our claim that the kernel of the multiplication map is generated by elements
of the form as in (4.24) holds true once we prove that there are no other quadratic
relations between the polynomials Xg for all S € P and Q; := fjy; for j € {1, --- , a} in
the quotient ring:

R:=Clz1, - 24,41, 7ya]/(h1,... hay f)

We stress here that V' corresponds to the vector space spanned by all polynomials @),
while the polynomials Xg span a vector subspace which, according to (4.10), corresponds
precisely to the subspace Ann(V). In particular, V is generated by elements which involve
the letters y;.

Since Xy =1, we can define also the vector space W inside R generated as C-vector
space by all monomials in the letters x; of degree at most 2 in each letter x;.
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A quadratic relation among the polynomials Xg and (); would give in R the following
relation:

a a
B+ Z’ijj + Z ni;Yiy; =0 (4.33)
i=1 ij=1
where 3, v;, 1755 € W since for n;; we have the form
Nij = cijfif;

where ¢;; are constants depending on the definition of the polynomials Q;.
If we rearrange the terms of the equation (4.33) and we express it in the form of an
algebraic relation between y, and the remaining generators of R, we obtain:

a—1 a—1 a—1
B v+ Y migyiyi | + | D Mia¥i + Va | Ya + Naay’ =0 (4.34)
j=1 ij=1 i—1

However, since by (4.26), the equality y2 = (22 — 1)(22 — 62) holds in R, we obtain:
a—1
Z NiaYi T Ya
i=1

Since this holds in R and the polynomial which in the latter equation (4.35) multiplies
Yo is of degree at most 1 in z,, it must be 0 in R, since the only relation involving y, is
hg, which is of degree 2 in y, and 4 in z,. Hence, n;, = 0 for every i # a and 7, = 0. By
applying the same procedure to each index, it follows that n;; = 0 for every 7 and j with
i # j, and 7; = 0 for every i.

It follows that the quadratic relation (4.33) can be written in the following form:

a—1 a—1
B = naalas — 1) = 62)+ Y v+ > nigyay; | + Yo =0 (4.35)
j=1

i,j=1

a
B+ iyl =0.
j=1
Using again the relations hq, - -+, h,, we can write:

B+ ciifia? —1)(a? - 63) = 0.

j=1

If at least one of the coefficients c;; is non-zero, say cqq, then there exists a polynomial v =

u(xy - - x4) such that, the following relation holds in the polynomial ring Clzy, - , x4]:
a
B+ eiifi(a; —1) (@5 —67) = uf. (4.36)
j=1

We recall that the variable z, occurs in § with an exponent at most 2, hence it occurs
in degree 4 in the left side of (4.36). Clearly, if u is equal to zero, then c¢,, =0 is a
contradiction. Hence, assume u # 0. By definition, we can write f = p + qz,, where z,
does not occur neither in p nor in g. This forces that u must have degree 3 in z,.
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On the other hand, the left side of (4.36) does not contain monomials of degree 3 in
Zo. This implies p = 0. Hence, z, divides f and D is reducible, which contradicts our
hypothesis. O

4.5. The proof of Theorem [B]

We can show Theorem [B] by a direct argument not relying on Theorem 3.6, which we
used in the case of Nori’s families.

We consider, as in § 1, a family induced by embedded deformations 7w: X — B.
By construction, it is obtained by shrinking to B a fibration II: ) — B where Y is
smooth and B is a curve. If X C X is a fibre and U := Y \ X, by the composition of
the residue homomorphism H?"+*1(U, Z) — H?"(X, Z) with the Gysin homomorphism
l.: H>(X, Z) — H*"*2(Y, Z), we obtain the exact sequence

U, 7) B gnx,z) L B2 (Y, 7) (4.37)
We also recall the compatible identifications [, : H?*"(X, C)— C, fy: H2n+2
(y,C)—C.

4.5.1. The proof

By the assumptions of Theorem [B], 7: X'— B satisfies extremal liftability conditions.
Call @: X — A the morphism induced by the projection from the incidence variety. We
stress that @ induces the natural inclusion X, < A. Let W := ($*0q, ..., P*0p41), where
01, ..., on+1 are independent 1-forms on A. Set s; := P 041, i =1, ..., n+ 1. Let 2 €
HO(Xx, .QZ“) be the form induced by s; A sy A+ Asy,y1 and & € HY(X,, Tx,) be an
infinitesimal deformation given by the Kodaira-Spencer map. Let

.0l 1
r: 2y — 2,

be the restriction map and set 7, =r(s;), i =1, ..., n+ 1. In this case, the set B =
{mi}74] is a basis of HO(X,, 2%, ). Now we work on the fibre X and we denote ¢: X — A
the morphism induced by @. Let ¢ be a local parameter on B such that (7*(¢t) = 0) is
the equation of X. We know that by the sheaf-homomorphism Q}+1(log(X)) — Wy,
the residue of the form locally given by W*L(t) is the adjoint form We, w,ss S€€ Definition

2.1. We consider HO(X, 2%) > §2; the forms induced by s1 Asa A== A8 A+ ASpi1,
i=1,...,n+ 1. Foreveryi=1, ..., n+ 1 the form locally given by Wi(t) A £2;, gives an
element of H?"T1(U, C) whose residue in H?"(X, C) is We, w.s A\ ¢*Wi. By the compatibil-
ity of the sequence (4.37) with both [}, and [y it follows that for every o € H°(Ay, 2%,)
it holds:

/ We, wos N ¢*o = 0;
X

(in other words, the Transversality criteria applies also under the hypothesis of
Theorem [B]). Finally, by Theorem 4.5, we have that for each element 7 contained in

Ann(V), its square is not contained in the image of V © H°(D, wp). Hence, we can
conclude as in the proof of Theorem [A].
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Remark 4.6. We stress that the above proof of the Transversality claim in the case
of divisors of an abelian variety does not make any generality assumption on the abelian
variety.

5. The case of maximal relative irregularity for a fibred surface

We can use the strategy behind the proof of Theorem [A] to study a class of surfaces
too. Let S be a smooth surface and let f: S — B be a fibration to a smooth curve
B with general fibre F. Let g(F) be the genus of F. In [32, Corollary 3 and 4], it is
shown that a non-isotrivial fibration satisfies ¢(S) — g(B) < %. A very interesting
class of fibrations is the one where ¢(S) — g(B) = g(F) — 1. These fibrations are called
fibrations with maximal relative irregularity. In the same paper, Xiao showed that they
can exist only for g(F') < 7. These fibrations have received a lot of attention in recent years
thanks to the beauty of the interplay between surface theory and the theory of abelian
varieties which they help to see [16, 30] and the bibliography there quoted. In order to
understand the geometry of any fibration, it is natural to try to obtain information by
relating the invariants of B and of (the general fibre) F' to those of S. By definition, if
q(S) — g(B) = g(F) — 1, there exists a hyperplane V of H°(F, wr) such that the standard
restriction homomorphisms HY(S, 2%) — H°(F, wp) has V as its own image. We need
the following:

Lemma 5.1. Let f: S — B be a non-isotrivial fibration with a general fibre of genus
> 3 and such that ¢(S) — g(B) = g(F) — 1. Then, the sublinear system induced by V is
base point free.

Proof. Take an infinitesimal deformation & € H(F, Tr) of F given by the Kodaira—
Spencer map. Assume that for the general fibre F the image V of HO(S, ) —
H°(F, wr) has base points. Since V is a hyperplane then Riemann-Roch theorem on
curves implies that there exists a unique point prp € F' which is the base point of the
linear system |V|. By the viceversa of the Adjoint theorem in the case of one-dimensional
varieties, see [7], it follows that ¢ is the Shiffer variation supported on pg. This is a
contradiction to [1, Corollary 6.11]; see also [9, Prop. 6.3.9] O

Our basic reference for this last part [23, Section V]. Since ¢(S) — g(B) = g(F) — 1 the
Jacobians of the fibres have an abelian variety A’ of dimension g — 1 in common. Let
BY the open subscheme of B where f: S — B is smooth. By shrinking to open subsets
U C BY the family Alb(S) x Alb(B) B — B obtained by standard universal properties
restricts to a family p: Ay — U whose fibres are all isomorphic to the dual A of A’.
Note that p: Ay — U is a family of polarized abelian varieties where the fibre is always
isomorphic to A but the polarization on A x {b} is given by:

Op(n1,m2) = i &y (m) A ¢ (12)

where ¢p,: F, — A, is given by the composition alb(S) o j,: Fp, — Alb(S), and j,: F — S
is the natural inclusion and A, is a translate of A inside Alb(S).
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Theorem 5.2. Let f: S — B be a non-isotrivial fibration of maximal relative irregu-
larity > 2 with fixed abelian variety A and let B® the open subscheme where it is smooth.
If ¢y, F, — A has degree 1 then the infinitesimal invariant associated with the basic cycle
of the Albanese type family obtained by restricting over open subschemes, U C B° is not
zero.

Proof. The problem is local over B. We can write HY(F}, .Q};b) =V @t s C where
V=¢;H 9(A, %) and s is a nontrivial section. The decomposition is an orthogonal one
with respect to the standard pairing on Fj,. In particular Ann(V') = s - C. By contradiction
assume that the infinitesimal invariant associated with an Albanese type family over a
neighbourhood U of b is zero. Let £ € H'(F, Tr) be an infinitesimal deformation of F'
given by the Kodaira—Spencer map of f|s-1(yy: f~Y(U) — U. By Theorem 3.6, this means
that all the adjoints obtained by ¢ and by two-dimensional subspaces W C V belongs to
V+ =s.C. This means that if W = (1, 7o) then there exists a constant ¢ € C such
that c- s is an adjoint form associated with W, in other words [c-s] € H(F, wp)/W is
the Massey product of 77 and 7. This implies that if we take a general n € V and a
general two-dimensional subspace (1, n2) = W C V (in particular n € W, here we need
q(S) — g(B) > 2, that is g(F') > 4), we can find a 0 € W such that the Massey product of
the two-dimensional subspace (1, o) along ¢ is zero. Indeed if [c; - s] € HO(F, wg)/W; is
the Massey product of W; = (n, n;), i = 1, 2 then 0 = ¢11m2 — comp € W. By the Adjoint
theorem, it follows that & = 0 if the linear system (7, o) has no base points or that £ is
supported on the base points of (n, o). By the genericity of n and W it follows that & is
supported on the base points of the linear subsystem V C HY(F, wr). By Lemma 5.1, we
conclude that ¢ = 0. This means that f: S — B has constant moduli; a contradiction. [
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