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In this paper, we are concerned with the existence of unbounded orbits of the
mapping

1
1=0+ 27 + ;u((’) +o(p™ ),

pr=p+c—p(0)+o(l), p— oo,

where c is a constant and p(0) is 2m-periodic. Assume that ¢ # 0, that p(0) is
non-negative (or non-positive) and that p(6) has finitely many degenerate zeros in

[0, 27]. We prove that every orbit of the given mapping tends to infinity in the future
or in the past for sufficiently large p. On the basis of this conclusion, we further prove
that the equation 2’/ + f(z)a’ + V'(z) 4+ ¢(z) = p(t) has unbounded solutions
provided that V' is an isochronous potential at resonance and F(z)

(F(z) = [y f(s)ds) and ¢(z) satisfy some limit conditions. Meanwhile, we also
obtain the existence of 2w-periodic solutions of this equation.

1. Introduction

This paper deals with a Liénard equation of the form
@ + f(z)2’ + V() + g(x) = p(D), (1.1)

where f,g € C(R), V € C%*R) and p € C(R) is 2m-periodic. We also assume
that g is locally Lipschitz. The function V' is a 27 /n-isochronous potential, i.e. all
the solutions of " + V'(z) = 0 are 27 /n-periodic, with n € N; according to [3]
(see also [12]), V € C? is 27 /n-isochronous, provided its graph is obtained by
horizontally shearing the graph of V(z) = inaz? We also recall that (see [2]) the
origin in R? is not an isochronous centre for 2’ = A(z) of period w/k, k € N, if and
only if a perturbed system of the form z’ = A(z) + pa(t, z, 1) has an w-periodic
solution, for |u| sufficiently small. For more examples, together with comments and
remarks, we refer the reader to [3].
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In the case when f = 0, a result on the existence of 27-periodic solutions for an
equation of the form (1.1) has been proved in [3].

In the present paper, in the general case when f is not identically zero, we tackle
a problem which has been widely studied in the last few years for some particular
cases of equation (1.1), i.e. the question of the coexistence of 2m-periodic solutions
and unbounded solutions. The situation we deal with is a generalization of the
well-known resonant situation where

V'(z) = axt —bx~, (1.2)

with a,b € R such that 1/y/a +1/vb=2/n, n € N.

Results on the existence of 2m-periodic solutions when V satisfies (1.2) and
f = 0 can be found, among others, in [6,7,11,13,15]. More recently, Fabry and
Mawhin [9] generalized previous results and proved the coexistence of 2m-periodic
and unbounded solutions in the case when f = 0. On the other hand, a result on the
existence of 27-periodic solutions in the case when f is not identically zero is given
in [4]. The results in [4] are based on a detailed study of the Poincaré map associ-
ated with a first-order system in R? obtained from the given second-order equation
via some suitable change of variables. More precisely, an asymptotic expression for
the Poincaré map has the form

(1.3)

01 = 00 —+ 27T + 27’((1,21(90)[)61 —+ 0([)61),
p1 = po — 2maXs(0p) + o(1),

for sufficiently large pg.
In the above formula, setting F(z) := fom f(s)ds, the functions X; and Xy are
defined by

_nfgr) _gl-)] 1
S

Za(6) = Z[F (+00) — F(=00)] + T4 (6),

/0 " p(tyb(t + 0) dt,

where F(+o00) and g(4o00) are the limits of F' and g at infinity, respectively, and
is the 2m-periodic solution of z” + axt — bz~ = 0 satisfying 1(0) = 0, ¢'(0) = 1.
It was proved in [4] that 2" + f(z)z’ + axz™ — bz~ + g(x) = p(t) has at least
one 27-periodic solution, provided that either X or X5 is of constant sign. In the
case when the zeros of the function Y; are non-degenerate and the zeros of the
functions X, Xy are different and the signs of X5 at the zeros of Xy in [0, 27/n)
do not change or change more than twice, the same conclusion was also obtained
in [4]. The proof is performed using the asymptotic expansion of the Poincaré
mapping; indeed, it is possible to guarantee the applicability of the Brouwer fixed-
point theorem and obtain the existence of at least one 27-periodic solution. For
more recent developments on this subject, we refer the reader to [7,10].

Note that the technique based on the study of the asymptotic expansion of the
Poincaré map has been successfully applied by Alonso and Ortega in [1], where
(with minor changes) a development of the form (1.3) is examined. Alonso and
Ortega, assuming that the zeros of X, are non-degenerate, construct a periodic
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function p such that all solutions of the equation
2 +axT — b = p(t) (1.4)

with large initial conditions are unbounded, provided that 1/,/a+1/v/b is a rational
number. This result disproves a conjecture that the existence of periodic solutions
of (1.4) may imply the boundedness of all solutions.

In the more general situation when f and g are not identically zero and when (1.2)
holds, it was proved in [17] that all solutions with large initial values are unbounded
provided that the function X is of constant sign. When X has non-degenerate
zeros, we can prove (arguing as in [1]) the existence of unbounded solutions as well.
For related results, we refer the reader to [5,8,16,18] and the references therein.

In the present paper we present a two-fold generalization of the above quoted
results. On the one hand, we consider an isochronous potential V' which gener-
alizes (1.2) (see assumptions (1)—(4) in §3); on the other hand, we examine the
situation when X4 is non-negative (or non-positive) and all zeros of ¥y are degen-
erate. More precisely, we study the dynamics of a class of mappings defined on the
plane, which have an asymptotic expression of the form

2
0, =0+ 21+ 23, (0) +o(p~Y),
ap
) (1.5)
pL=p+e— D) +o(l), cER,

where p — +00.

This class of maps includes the Poincaré maps of equations of the form (1.1)
(cf. (1.3)).

For the study of the dynamics of (1.5), we observe that if X1 (0) > 0 (or X1(0) <
0), 8 € [0, 27] and the zeros of X are degenerate, then the methods in [1,17] cannot
be applied. However, we can still prove the existence of orbits which tend to infinity
in the future or in the past according to the sign of ¢. On the basis of this conclusion,
we deal with the unboundedness of solutions of (1.1). Meanwhile, we can still prove
the existence of periodic solutions of (1.1).

In §2 we study the behaviour of a one-to-one continuous mapping from R? to R?
and give sufficient conditions (proposition 2.1) which guarantee the unboundedness
of its orbits.

In § 3 we show that, under conditions (1)—(4), proposition 2.1 is applicable to the
Poincaré map associated with (1.1). This enables us to prove our main result (the-
orem 3.5), where we obtain the coexistence of 27-periodic solutions and unbounded
solutions to (1.1).

2. Unbounded orbits of planar mappings

In this section we will study the behaviour of the iterates of a one-to-one continuous
mapping P : R? — R?; we assume that there exist ¢ € R, u € C%(S1), hy,hy €
C((0,4+00) x S1) such that the lift of P can be expressed in the form

1
01 =0+2m+ ;u(@) + hi(p,0),

(2.1)
p1=p+c—p(0)+ha(p,0).
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Moreover, we suppose that

hi(p,0) = 0(2)), ha(p,0) = o(1), p— +o0. (2.2)

Given a point (pg, ) we denote by {(p;,0;)} the orbit of the mapping P through
the point (pg, 6p), i.e.

P(pj,0;) = (pj11,0511)-

PROPOSITION 2.1. Assume that condition (2.2) is fulfilled. Then the following con-
clusions hold:

(a) if ¢ > 0 and p is non-negative (or non-positive) and has finitely many zeros
in [0,27], all of which are degenerate, then there exists Ry > 0 such that for
po = Ry, the orbit {(p;,0;)} exists in the future and satisfies

lim p; = +oo;
j—+o0 pj ’

(b) if ¢ < 0 and p is non-negative (or non-positive) and has finitely many zeros
in [0,27], all of which are degenerate, then there exists Ry > 0 such that for
po = Ro, the orbit {(p;,0;)} exists in the past and satisfies

lim p; = 4o00.
j——o0

We observe that the assumption on the degeneracy of the zeros of p implies that
the methods in [1,17] cannot be applied; to overcome this difficulty we develop an
approximation method.

We deal only with the case u(f) > 0, 6 € [0,2x]; the case u(d) < 0, 6 € [0,27]
can be handled similarly.

Let € > 0 be a sufficiently small constant. Let

v(0) = u(0) + ¢ for all 6 € [0, 27].

Obviously, v(0) > 0 and v/(0) = ' (), for every 6 € [0, 2x]. Therefore, (2.1) can be

written as
1
01 =0+21+ —v(0) + hi(p,0) — E,
p p (2.3)
p1=p+c—v(0)+ ha(p,0).
Let
1
— =0,
p

where 0 > 0 is a parameter to be determined later. Under this transformation, the
mapping P becomes

5. {91 =0+ 21 + 6rv(0) + hi1 (1, 0,0) — £6r, 2.0

r1 =1+ 6r*(—c+V/(0)) + 6r*ha1(r,6,0),
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where
hll(T, 9, (5) = hl(é_lr_l, 9),

[c — V() + ha(671r— 1, 0)]?
d=lr=l 4+ c—v'(0) + ho(6-1r=1,0)"

hgl(’)", 9, 5) = —h2(5717’71, 0) +

From condition (2.2) we deduce that
lim 6~ 'r~'h 0,0) = lim 6 'r'hi (07 'r1,0) =0 lim h 0,6)=0
1m T ll(r; y ) (5—I>I(I)1+ T 1( T, ) ) 5—1>%1+ 21(Ta ) ) )

5—0t
(2.5)
uniformly for 6 € [0, 2] and sufficiently small r.

We observe that in the asymptotic expression (2.4) for P the term —c + v/(6) in
general does not have constant sign; the next change of variables transforms this
term to one with definite sign.

Towards this aim, consider the system

0 =rvd), ' =r*'0), r>0, (2.6)
whose first integral is
v(0)
I = —=.
(r0) =2~

Therefore, the orbits of (2.6) can be expressed in the form

0
Iy I(r,0) = vo) _ h,
r
where h is an arbitrary constant. Let (r(t), 6(¢)) be the solution of (2.6) lying on the
curve I},. Obviously, (r(t),6(t)) is a periodic solution. Denote by T'(h) the minimal
period of (r(t),6(t)); from the first equation in (2.6) we deduce that

T(h) = h /0 i VS(HQ) — dh,

27
i [
)

Now let us introduce the frequency function

27 2T
S =70 "

where

and the function [14]

0
K(r,0) = ”(9)/0 ds

r v2(s)’
Immediately we see that the quantity K (r, ) denotes the time needed for a solution
(r(t),0(t)) to go from the vertical axis § = 0 to the point (r,0).
Moreover, let us define

0 S
() =l 0K (o) = 5 [

https://doi.org/10.1017/5030821050600062X Published online by Cambridge University Press


https://doi.org/10.1017/S030821050600062X

20 A. Capietto, W. Dambrosio and Z. Wang
the function 7 satisfies
7(0) =0, 7(0 + 2m) = 7(0) + 27.
Now, let ¥ : Rt x S1 — RT x S! be defined by
v (r,0) = (I,7) = (I(r,0),7(0)).

It is easy to check that the mapping ¥ is a bijective mapping. The inverse, ¥ 1, of
¥ satisfies the relations

wil([a’r) = (r,0),
_v((r)) 2m 0 gs

r(I,7) = 7 7/ V2(S):T.

Obviously, we have
6(0) =0, O(t+2m) = 6(7) + 2m.
Finally, let us consider the map
P=woPoW ':(I,7)— (I1,n) = P(I,7).
We are able to prove the following lemma.

LEMMA 2.2. For every € > 0, the mapping P can be expressed in the form

p- Tl:T+27T+6CU(I)+6h12([,7—,575), (27)
NL=I+ dev(0(T)) — e (0(1)) + Shaa(I,T,6,¢), '
where his and hao satisfy

lim hio(I,7,6,6) =0, lim heso(I,7,d,€) =0,
§—0+ §—0+

uniformly in T € R, for sufficiently large I.

Proof. Let us consider the asymptotic expansion of P given in (2.4); under the
transformation ¥~=1(I,7) = (r(I,7),0(7)), relations (2.4) become

01 =0(7)+ 27+ or(L, 7)v(0(7)) + hi1 (r(I,7),0(7),8) — edr(I,T), } (2.8)
r(I,7) 4 6r*(I,7)(—c+ V' (0(7))) + 6r2(1,7)hoy (r(I,7),60(7),d).

™
Recalling that r(I,7) = v(6(7))/I, we may infer that

ov2(6(r)) i (V(H(T)) 0(r) 5) _edv(0(r))

01 =0(r)+ 2+

I I I
2 / 2
= HOCD | OV VOON) | SN, (0D g ),
I I? I?

(2.9)

From (2.9) we can deduce the asymptotic expression for (I, 7). Indeed, let us recall

that o) 0 g

(6, 2 ! s
L= r nTy 0 V3(s)
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Expanding v(61), we get

V(0(1))v2(0(r V(O(T))v(0(r -
(0) = () + SLOTDPOE) _ OO
where hi; = hq1(I,6,6,¢) is defined by
har = v 0 (8 0.5
' " v (0()) v(0(r)) sedv(6(7))
—l—/o (1-s) [9(7) +s 7 + shn( 7 ,9(7’),(5) — I}
2(0(r v(6(r esv(0(m)1?
X [6V (f( ) +h11( (91( )),9(7'),6) _ e (?( ))] ds.
On the other hand, we have
1 I
ri v(0(1)(1+ov(0(r))(—c+v/(0(r))) /T + (5v(0(7)) /1) har (v(8(7))/1,6(7), ))
1 , -
) +0(c —v'(0(7))) + 0ha1,

with hoy = hay (I, 7,6, ) defined by

Bgl = —hgl(V(G(T))/L 9(7’), (5)

L ovlo(r)) [+ v'(0(7)) + har (v(0(7)) /1, 6(7), 0)]?
I 14 (v(0(7)/D)=c+ v/ (0(7)) + har (v(6(7))/1,6(7), 0)]

Therefore, we obtain

I =1+ 6cv(0(7)) + 0v(0(7))har (I, 7,8, ¢)

+ wV’(G(T))VQ(e(T))

N 52u’(9(7)1)v2(9(7')) hoi(I,7,6,¢) — 60/ (8(7))

) 5(52(0 . ZI//(Q(T))) 1/'(9(7'))”(9(7—))
VOO, (1 - 5

I _
_ I
+ I/(a(’r))hll( 5T, 67 E)
-+ (5(6 — I/,(Q(T)))}_lll(.[, T, 6, 5) + 57111(],7’, 5, 8)}_7,21(1,7', 5, 6),

which can be written as

I =T+ 6cv(0(1)) —edv/(0(7)) + dhaa(L,T,6,¢),
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where
hoo(I,7,8,€) = v(0(1))ho1 (I, 7,6,¢) + wy'(@(ﬂ)uz(@(ﬂ)
n o' (0(1))v*(0(r))

521([,7,6,5)

- w v (0(r))v(0(r))

3 eV (0(7))v2(0(7)) I
I dv(0(7))
+ (e =V (0(7))h11 (I, 7,8,€) + hi1 (I, 7,8,€)ha1 (I, T, 6,¢).

Bgl(I,T,é,E)—f— FLH(I,T,(S,E)

In what follows, we shall prove that, for every € > 0, we have

51—I>I(I)1+ hQQ(I,T, (S, 6) = 0, (210)

uniformly in 7 € [0, 27| and sufficiently large I.
Indeed, from (2.5) and the fact that v(0) > 0, for 6 € [0, 2], it follows that

lim 5—111111(”(61(7”,9@),5) =0, lim hm(”(ey)),e(f),a) =0, (2.11)

§—0t 6—0

uniformly in 7 € [0, 27] and sufficiently large I. Furthermore, we have

lim 6~ 'Ihyi(I,7,6,¢) =0, lim hoy (I,7,0,6) =0 (2.12)
§—0t

§—0t

for 7 € [0, 27] and sufficiently large I. Hence, we may infer that

51ir(r)1+ hi1(I,7,d,¢) =0, 61£(I)1+ v(0(1))ho1(I,7,6,¢) =0, (2.13)
and
: r - v (O(n)v*(0(T)) 5

1 ———h1(I,7,4,6) =0 1 ho1(I,71,6,e) =0, (2.14
uniformly in 7 € [0, 27] and for sufficiently large I. On the other hand, it is easy to
see that

(c—v'(0 - _

im 2=V OO o200y =0, Tim (176 )har (1, 7,6, 2) = 0.

§—0+ I §—0+

(2.15)
From (2.13), (2.14) and (2.15) we deduce that (2.10) holds.
Now we are in a position to prove the estimate on 7;. From the definition of 71
we have

2 [ ds _2777/“ ds
T )y ) T d Sy G

where
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Hence,

o (¥ ds or [2HO(T) g o [2HOMHEAO(D)/T 4
T = */ YR */ YR 7/ 5
o Vv (S) d Jox v (S) d 2m+0(T) v (S>

o 274+-0(7)+6v2(0(7)) /I+h11 (v(0(7))/1,6(7),8)—edv(6(7)) /1 ds

+ = (2.16)
d Jorto(r)+ov2(0(r))/1 v2(s)
From the definition of d and of 0(7), we obtain
or [P ds o [2HO() g
il =9 - =T 2.17
T PO T we T (247
Moreover, we have
o1 2m4+-0(7)+6v2(8(7)) /I ds
d 27+6(1) V2(S)
B 21 2m4-0(7)+6v2(8(7)) /I ds
d 27+6(T) VQ(Q(T))
2
2 (FEHIOESOONT (1(6(7)) + v(5)) (V(0(7)) — v(s))
+ 5 5 ds
d 2m+6(1) v2(s)v2(0(r))
_ 276
= — 1 2.18
al —|—5h12( 7'56) ( )
where

S.

halrb.e)— 2 /2”9(”*5”2(9“”“ ((0(r)) + () W(O() — (5)
2

(
ds T+0(7) v2(s)v2(0(7))

From the fact that v(0) # 0, for every 0 € [0,2n] and the Lagrange mean-value
theorem, we infer that there exists a constant v > 0 such that

’/2w+0(r)+5V2(9(7))/1 (w(0(7)) +v(s))(v(0(1)) — v(s)) €l < 76* (2.19)
) v2(s)v2(0(7)) A
As a consequence, we obtain

51_1)I(IJ1+ hlg(I, T, (5, E) = 07 (220)

uniformly in 7 € [0, 27] and for sufficiently large I. Similarly, there exists a constant
4 > 0 such that

‘/27T+9(T)+5V2(9(T))/I+h11(V(9(T))/I 0(7),6)—edv(0(m))/1 15
2

T+0(7)+6v2(6(7))/1 VQ(S)

https://doi.org/10.1017/5030821050600062X Published online by Cambridge University Press


https://doi.org/10.1017/S030821050600062X

24 A. Capietto, W. Dambrosio and Z. Wang
From (2.11) and (2.21) we deduce that

51_1>T(I)1+ hlg(I, T, 5, 6) = 0, (222)
where
. 9 2w+0(r)+6u2(9(7))/1+h11(V(Q(T))/I,Q(T),(S)—séu(é(‘r))/l d
hio(I,7,06,€) = “& 5

dS Jorto(r)+ov2(6(r))/1 v2(s)’

From (2.16)—(2.18), (2.20) and (2.22) we deduce that the asymptotic expansion of
71 in (2.7) holds. O

Proof of proposition 2.1. Assume that p(d) > 0 for 6 € [0,27]. Given a point
(Io, 70), denote by {(I;,7;)} the orbit of the mapping P through the point (Lo, 70).
We will prove that I; — 4o00; this will imply that p; — 400, as j — 400 (or —oo,
according to the sign of ¢).

Let 0 <Y1 <93 < -+ < ¥y, < 27 be m degenerate zeros of p(6) in [0, 27), i.e.

M(ﬂz) ::U//(ﬁl) =0, i=12,...,m

Since 6(7) is increasing and 6(0) = 0, there exist 0 < ¢; < 3 < -+ < G < 27 such
that
()=, i=1,2,...,m.

From the continuity of u(6(7)) we deduce that there exist constants n > 0, 8 > 0

such that if |7 — ¢;| < n for some i =1,2,...,m, then
W O] = 11(6(r)) — 4 (0())] < el (2.23)
and, if |7 —¢;| = n, 7 € [0, 27], then
w(0()) > 6. (2.01)

Let 0 < ¢ < 3 be a sufficiently small constant such that
Solt (0(r)] < 3lel8, T € [0,27]. (2.25)
From lemma 2.2 we know that there exist dg > 0 and Iy > 0 such that
\hoa(I, 7, 00,€0)| < 3lcleo, (2.26)

uniformly for Iy > ly and 7 € [0, 27].
In order to conclude the proof we distinguish two cases, according to the sign
of c.

CASE 1 (¢ > 0). We shall prove that there exist positive constants o and [y such
that
Il 2 IO + a, (227)

for 7 € R and Iy > ly. Obviously, it suffices to prove (2.27) for 7 € [0,27] and
Iy > lo.
If |7 — ;| < nfor somei=1,2,...,m, then it follows from (2.23) and (2.26) that

Iy > Iy + doceo — Soco| /' (0(1))] — dolhaa(I,7,80,€0)| = Io + ce0do
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for Iy > ly, 7 € [0,27]; on the other hand if |7 —¢;| > n for some i = 1,2,...,m
and 7 € [0, 27], then from (2.24)—(2.26) we may infer that

Iy = Io + doceq + doc3 — eodol i/ (0(7))| — dolhaz (I, 7,60, €0)| = Io + 3ce0do.

Taking o = 1cegdy, we prove that (2.27) holds.

From (2.27) we can plainly deduce that lim; , . I; = +00; as a consequence,
by observing that v() = u(f) + o > 0, for every 0 € [0,2n], and r; = r(I;,0;) =
v(6(7;))/1;, we can deduce that

lim r; =0.
j—+oo

Recalling that 1/p = dor, this implies that lim;_, ;. p; = +00.
CASE 2 (¢<0). Let us set S = {(I,7) : I > lyp,7 € R}. From the expression for
the mapping P we know that P(S) contains a neighbourhood of infinity. Hence,
there exists a constant [f > 0 such that if Iy > I}, and P~(Iy,70) = (I_1,7_1),
then I_; > ly. Since

T0 — T-1 —+ 27T -+ 50(4)(]_1) —+ 50h12(1_1,7'_1, 60,80),

IO = I_l + (5061/(9(7'_1)) - €050V’(6(7’_1)) + 50h22(1_1,7'_17 50,50),

we have
71 =179 — 27 — dow(I_1) — Soh12(I-1,7_1,d0,€0), (2.28)
I—l = IO —+ 50|C|V(0(T_1)) —+ 50501//(0(7'_1)) — 50h22(1_1, T_1,50,€0). '

From the second equality of (2.28) we infer that, if Iy > I, and |7—1 — ¢;| < n for
some i = 1,2,...,m, then

Iy = Io + doleleo — eodo| ' (B(7-1))| = ol haz(I-1, 71,80, 20)| = Io + 5do|c|eo-

If |7—1 — ;| = n and 7—1 € [0, 27] for some ¢ = 1,2,...,m, we can obtain the same
result. Inductively, we deduce that

Ij > Ijp1 + 3lcleodo = -+ = Io + |jclendo,
for every j = —1,—2,.... As a consequence, we obtain

lim I = +o0.
j——o00

Arguing as in the previous case, we can conclude that lim;_,_, p; = +oo0. O

3. Unbounded solutions and periodic solutions

In this section we will deal with the unboundedness of solutions and the existence
of 2m-periodic solutions to the equation

2+ f(x) + V' (z) + g(z) = p(t), (3.1)

where f,g € C(R), V € C%(R) and p € C(R) is 27-periodic. Moreover, we assume
that g is locally Lipschitz.
We will suppose that the following assumptions are satisfied.
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(1) V'(z) > 0, for every z € R, V/(0) = 0 and all the solutions of
2" +V'(z)=0 (3.2)
are 27 /n periodic, for some n € N.
(2) There exist a,b > 0 such that
V'(x)

lim ——= =a lim
x——+00 X xr——00 xX

Moreover,

(3) There exist g+ € R such that

where F(z) = [ f(u) du.

For every p > 0let ¢(-, p) be the solution of (3.2) such that ¢(0, p) = 0, ¢+(0, p) = p;
moreover, let ¥ be the solution of

" +axt —bz” =0,

z(0) =0, 2'(0)=1.
We immediately see that v is 27-periodic and satisfies
L L
Vva va’
1 T T 27
——=sinVb(t— —= ) if = <t < .
Vb ( v@> Va n

Moreover, for every 6y € R, let

If = {t € [0,27] : (6o + t) > 0}, Iy ={t €]0,27] : ¥(6y + t) < O}.

sin vat if0<t<
Y(t) =

From an elementary computation we deduce the following lemma.

LEMMA 3.1. For every 0y € R, we have

9 2
(0o +t)dt = 22, (o +t)dt = — =2,
I a Iy b

W' (0g + 1) dt = / ' (0o +t)dt = 0.

+
IO 0

The following result has been proved in [3].
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LEMMA 3.2. The function ¢ satisfies the following properties:

o¢ %9 / 9¢ /
—(t,p) = (t Vie(t,p)=—(t. ) = it R ;
50 (1) iy (1:0) + V(@) 5T (1 0) = V! (o) for all (1) € B x (0, +00);
. 9(t,p) .
Jm === lim 6t ) = v(t);
. Pu(t, p) ’ . ¢ ’
1 = t); | —(f = t).
Jm = vl 5, e =)
All the previous limits are uniform in t € R.
Equation (3.1) is equivalent to the system
o =y—Fx), ¢ =-V(x)-g(z)+pO) (3:3)
Now we introduce a transformation due to B. Liu (2005, personal communication).

Let
@:(0,p) € 5" x (0,400) = (z,y) € R*\ {0}
be defined by

0
r=00.0) y="0(0.p).

This change of variables transforms (3.3) into the system

;. a,p,t)
o=1+ p (3.4)
pl = 5(9’ P t),
where
04(9, P t) = V,L(p)((ép(& p)g(¢(97 p)) - ¢P(97 p)p(t) - (btp(ev p)F(¢(97 p)))a
500,01 = 5 ( 20 2gt00.0) — 0Lty 4 ZED o0, ).

We also denote by P the Poincaré map associated with (3.4), i.e.

P(0o, po) = (0(27), p(27)),

where (6(-), p(+)) is the solution of (3.4) satisfying (6(0), p(0)) = (6o, po). Our aim
is to show that the asymptotic development of P, as py — 400, fits the framework
of §2.

Following Liu (2005, personal communication) we deduce that « and 3 are
bounded; as a consequence, from the second equation in (3.4) we obtain

p(t) = po+ O(1), po — +o0. (3.5)

This relation implies that

1 1 1
—=—+ 0(), po — +00; (3.6)
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by replacing this equality in the first equation of (3.4) we may infer that
1

H(t):90+t+0<
Po

), po — +o0. (3.7)

For every (6o, po), let

1) (B9, po) = {t € [0, 2] : $(8(), p(1)) > (<)0}.
From lemma 3.2 and (3.7) it is easy to prove the validity of the following lemma.
LEMMA 3.3. For every 6y € R, we have

lim Ii(eo,,ﬂo) = Igc-

po—r+00

We are in position to prove the following proposition.

PROPOSITION 3.4. For every 0y € R, the Poincaré map P satisfies

1 1
61 =0(2m) = 0 + 27 + ;u(@o) + 0<>,
0

P Po (3.8)
p1 = p(2m) = po +c — ' (6o) + o(1), po — +00,
where
2n g+  g- 1 [ 2n
==(=-=)-- =R, - F).
(%) a ( a b ) a Jo Yt +Bolpt)dh, a (Fy )

Proof. We first prove the asymptotic formula for 6;; from (3.6) and the first equa-
tion in (3.4), recalling that « is bounded, we obtain

1 1
0 =1+ —a(d,pt)+ 0(), po — —+00.
Po Po

By integrating on [0, 27| and using the expression for @ we may infer that

1 [ 1
91:90-1-277-’-*/ a(@,p,t)dt—i—o()
Po Jo

Po
=00+ 21+ pio 0% V,L(p)(%(@, p)g(6(0,p)) — ¢,(0, p)p(t) 1
~ 0. F @) de+o( ). (39)
From (3.5) and assumption (2) on the asymptotic behaviour of V/ we get
lim 2 =1 (3.10)

po—r+oo V/(p)  a

Moreover, lemma 3.2 and (3.7) imply that

lim ¢,(0,p) = ¥(6y + 1). (3.11)

po—>+00
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As a direct consequence, we infer that

27 2w
: p 1
1 0 t)dt = — 0o + t)p(t) dt. 12
i [T g0 m0a= 1 [Teeeropoa. @12
Moreover, using also lemma 3.3, we have
2m
. p
1 -
sl | V,(p)¢p(97p)g(¢(97p))dt
. p
= lim =~ 0p(0,p)g(0(0,p))dt
po—=+00 J 1+ (g4, 00) V/(P) p( 996, )
. p
+ lim — 7~ Po(0.p)g(0(0,p)) dt
Po=420 J1—(85.00) V'(P) (8,299, )
1
= <9+/ Y(0o +1)dt + g ¢(90+t)dt>
a Iy Iy
2n (g4  g-
= — _— — . ']‘
a ( a b ) (313
Analogously, we have
2
. p
iy TGO AT
. P
= lim ———di(0, p)F(0(0, p)) dt
PO+ J1+(09,p0) V'(p) tp( JF(#(6,0))
+ lim i (0, p)F((0, p)) dt

po—r+oo I=(00,p0) V/(,O)
1
(F+/ ¢’(90+t)dt+F,/ w’(ﬁo—i—t)dt)
a Iy Iy

= 0. (3.14)

From (3.9) and (3.12)—(3.14) we deduce the asymptotic development of 6, given
in (3.8).

Now let us consider the asymptotic expansion of pi; by integrating the second
equation in (3.4) and recalling the expression for 3, we may infer that

2m
p1 = po + o ﬂ(ovpvt)dt
_ o 4 ¢t(07p)
R N 7 R 9(¢(0, p)) dt
o (u8.p) V'(6(0,p))
[ s (P - HEO D po ) a9
Lemma 3.2 and (3.7) imply that
¢t(03p)

='(00 + ). (3.16)

lim
po—r+o00 P
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As a direct consequence, we may infer that

2 2
. 14 ¢t(67 p) _ 1 /
pol—lf-r&-loo ; V’(p) P) p(t) dt = a )y ’Q/J (90 + t)p(t) dt. (317)

Moreover, by also using lemma 3.3, we have

T (0, p)

li AL
postoo Jo Vi) p

9(#(0, p)) dt

. o &0, p)
= lim g(o(8, p)) dt
o=+ [Tt (99,00) V' (P) P (@(0.0))

p 06, p)

+ lim — g(o(0,p)) dt
o=+ 1~ (95 po) Viip) p (0(0,p))
1
= - (9+ / (0o +t)dt +g- | (0 +1) dt)
a I Iy
=0. (3.18)

Analogously, we have

27 !
. p V'(¢(8,p))
1 F
POEEOO o V'p) P

— fim p_V(0.0) 6(60.0) oo M
Po=+00 [ 1+ (69,00) V' (P) 00, 0) (9(6, ) dt

y p V'(¢(8,p)) 6(0,p)
T oo S0 V) 00p) b

1
p (aF+ /10+ (0 +t)dt + bF_ /IO (0o +t) dt)

F(o(0,p)) dt

= %”(1«1 —F). (3.19)

From (3.15) and (3.17)—(3.19) we deduce the asymptotic development of p; given
in (3.8). This concludes the proof. O

We are now in a position to state the main theorem of this section.

THEOREM 3.5. Suppose that assumptions (1)—(4) hold; moreover, assume that the
function p is non-negative (or non-positive) and has finitely many zeros in [0, 27],
all of which are degenerate.

If Fy # F_, then (3.1) has at least one 2m-periodic solution.

Moreover, the following conclusions hold:

(a) if Fy < F_, then there exists Ro > 0 such that all the solutions x(t) of (3.1)
with £(0)? + 2/(0)? > R satisfy

lim (2%(t) + 2/ (t)?) = +o0;

t——+o0
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(b) if F > F_, then there exists Ry > 0 such that all the solutions z(t) of (5.1)
with £(0)? 4+ 2/(0)? > R satisfy

Jlim(2() + 2 (%) = +oo.

Proof. We first show the existence of a 2m-periodic solution to (3.1). Let
£(0) = 2n(Fy — F_) - i (0);

since all the zeros of p are degenerate, the sign of & at every zero of i is the same.
This, together with the fact that p does not change sign, ensures that the map P
fits the framework of [4]; as a consequence, arguing as in [4], we deduce that P
possesses at least one fixed point. Consequently, (3.1) has at least one 2w-periodic
solution.

We prove the result on the unboundedness of solutions with large initial energy
in the case when F; < F_; the other case can be handled similarly.

By the assumption on p and proposition 3.4, it follows that we can apply propo-
sition 2.1 to the Poincaré map P. Hence, there exists Ry > 0 such that, if pg > Ry,
then the orbit {(p;,0;)} exists in the future and satisfies lim;_, o p; = +00.

On the other hand, it follows from the second equality of (3.4) and the fact that
[ is bounded that there exists a constant dy > 0 such that |p(t) — p(s)| < do for ¢
and s satisfying |t — s| < 27. Hence, we obtain

lim p(t) = +oo.

t——+o0

By the expression for the change of variable ¢ and by lemma 3.2 we deduce that
1y(t)? + V(z(t)) = V(p(t)) forallteR,

which implies that
lim (22(t) + y*(t)) = +o0.

t——+oo

From the boundedness of F' and since a'(t) = y(t) — F(z) we obtain

lim (22(t) 4 2/ (t)?) = +oo0.

t—+oo

O

REMARK 3.6. Following the approach of [3], it is possible to prove an analogous
result for equation (3.1) in the case when the potential V' is singular and at reso-
nance. Indeed, a result along the lines of theorem 3.5 can be given when assumption
(2) on the asymptotic behaviour of V' is replaced by
V/ 2 Vl
lim (z) - lim ﬂ

r—+o0o T 4’ r—at T

= —|—oo7

for some a < 0. In this situation it is possible to see (see [3]) that all the computa-
tions can be repeated by replacing the function 1 by the function

Y*(t) = | cos 3nt|.
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