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SUMMARY

The dynamic modeling of a flexible single-link manipulator arm with consideration of backlash in
the planetary gear reducer at the joint is presented, and the influence of backlash on the dynamic
response of the system is evaluated. A 2K-H planetary gear reducer with backlash was employed as
an example to discuss the dynamic modeling of the sub-model of the planetary gear reducer, and
the sub-model of the planetary gear reducer was established based on the lumped mass method. The
flexible manipulator was regarded as an Euler—Bernoulli beam, and the dynamic model of the flexible
manipulator arm with backlash in the planetary gear reducer was determined from Lagrange’s
equations. Based on the this model, the influence of the backlash in the planetary gear reducer and
excitation frequency on the dynamic response of the system were evaluated through simulation,
and the results showed that the dynamic response of the system is sensitive to the backlash and the
excitation frequency simultaneously, which provides a theoretical foundation for improvement of
dynamic modeling and control of the flexible manipulator arm.
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Nomenclature

0s,0,,0.  Angular displacement of sun s, Fp Base circle radius of sun gear
gear, planetary gear about its and planetary gear
shaft, and carrier

I, I, I, Inertia moment of sun gear, Te Radius of carrier
planetary gear about its shaft,
and carrier

bsp, by Half of the backlash between Xg, Xp, Xc  Equalized linear displacement
sun gear and planetary gear, of sun gear, planetary gear,
and that between planetary and carrier
gear and ring gear

Xsps Xpr Relative displacement along the « Pressure angle of the gear

meshing line between sun
gear and planetary gear, and
that between planetary gear
and ring gear
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Fisp, Fesp Meshing spring force and ksp, Csp Meshing stiffness and meshing
damping force between sun damping coefficient between
gear and planetary gear sun gear and planetary gear

Fiprs Fepr Meshing spring force and kpr, Cpr Meshing stiffness and meshing
damping force planetary gear damping coefficient between
and ring gear planetary gear and ring gear

mp Mass of the planetary gear Lurm Inertia moment of manipulator

arm connected to carrier

Xsp, Xpr, X, Dimensionless parameters A, p, EI  Section area, linear density, and
corresponding to XX X, bending rigidity of

manipulator arm

L Length of manipulator arm Af Angular displacement error of

rigid manipulator arm due to
backlash of gear reducer
fia Positioning error at the end of dr Flexible deformation of the
the flexible manipulator arm manipulator arm

1. Introduction
Manipulator arms have many advantages, including reducing human labor, avoiding dangerous
working environments, and precision operation. Today, more and more manipulator arms are applied
in industrial settings to supplement or replace human operators. At the same time, greater performance
requirements of the manipulator arm are desired, including higher speeds, greater load/weight ratios,
and higher positioning precision. The flexible manipulator arm is regarded as an efficient choice to
achieve greater load/weight ratios, but the flexibility of the arm under high-speed working conditions
often leads to severe vibration of the arm, resulting in deterioration of the positioning precision.
As a result, research on vibration control of flexible manipulator arms and improvement of their
positioning precision has received much attention in recent decades.'™ Dynamic modeling of the
manipulator is the basis for effective vibration control, and much effort has been devoted to that end.
For example, Mehrdad® proposed a redundant Lagrangian/finite element approach to model the
dynamics of lightweight spatial manipulators with both flexible links and joints; Albedoor’ presented
a linearized dynamic model for multi-link planar flexible manipulators which can include an arbitrary
number of flexible links; Subudhi® presented a dynamic modeling technique for a manipulator with
multiple flexible links and flexible joints, based on a combined Euler-Lagrange formulation and
assumed modes method; Green® discussed the dynamic modeling of a manipulator with flexible
links, where nonlinear rigid-link dynamics are coupled with dominant assumed modes for cantilever
and pinned-pinned beams; Fotouhi'® studied the dynamic modeling and analysis of very flexible
beams with large deflections using a finite element approach; Vakil!! provided closed-form dynamic
equations of planar flexible-link manipulators (FLMs) with revolute joints and constant cross-sections
based on Lagrange’s equations and the assumed mode shape method, which can be used for the model-
based end-effecter control and the vibration suppression of planar FLMs; Kalyoncu'? investigated
the mathematical modeling and dynamic response of a flexible robot manipulator with rotating-
prismatic joint; Zhou'3 provided a method to determine the variable flexible-joint parameters which
are dependent on configurations for a PRS (prismatic pairs-revolute joints-spherical joints) parallel
robot, which is applicable to flexible multi-body systems with variable configurations; Yesiloglu'*
presented the dynamic model of a co-operating under-actuated flexible manipulator with active joints;
Rognant!® provided a systematic procedure for the elasto-dynamic modeling of an industrial robot, in
which flexible links and joints were considered; Korayem'® presented the kinematics and dynamics
equations of a manipulator with flexible joints, and a computational technique for obtaining maximum
load carrying capacity of robotic manipulators with joint elasticity was discussed; Chen'” proposed
the rigid—flexible coupled dynamics model of a 4-UPS-RPS (universal joints-prismatic pairs-spherical
joints-revolute joints-prismatic pairs-spherical joints) parallel robot, in which, the driving limbs and
spherical joints were treated as flexible bodies, while the moving platform, stationary platform,
and other joints of parallel robot were treated as rigid bodies; Zarafshan'® developed a compact
rigid—flexible interactive dynamics model of multi-body systems composed of rigid and flexible
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Fig. 1. Diagram of manipulator with planetary gear reducer at the joint.

elements, and as a result, less computation cost on the model was obtained; Vakil'® proposed a new
method for dynamic modeling of flexible-link flexible-joint manipulator; Pratiher®” investigated the
nonlinear dynamic modeling and analysis of a Cartesian manipulator carrying an end effector which
was placed at different intermediate positions on the span with a single mode approach.

While these works provide a good basis for improvement of the dynamic modeling of the
manipulator with flexible links and joints, it should be noted that they are all based on the assumption
of no clearance in the mechanism; clearly, though, backlash in the planetary gear reducer is generally
inevitable and can greatly influence the dynamic response of the gear system and the dynamic response
of the flexible manipulator arm connected to the gear reducer. Therefore, it is necessary to analyze
the effect of backlash on the dynamic response of the flexible manipulator arm, in order to improve
the performance of the manipulator arm.

In this paper, the dynamic modeling of a planetary gear reducer with backlash was studied using
the lumped mass method, and a dynamic model of a single-link manipulator arm with backlash in the
planetary gear reducer was presented. Based on the model, the influence of backlash on the dynamic
response of the system was evaluated, which will provide basis for further improvement of dynamic
modeling and positioning control of flexible manipulator arms.

2. Sub-Model of the Planetary Gear Reducer with Backlash
The diagram of the manipulator with planetary gear reducer at the joint is shown in Fig. 1, in which,
the driving motor is connected to the sun gear and the manipulator arm is connected to the carrier.
Without loss of generality, a 2K-H-type planetary gear mechanism was taken as an example for
dynamic modeling of the planetary gear reducer. The diagram of the planetary gear reducer with
backlash is shown in Fig. 2, in which, there is backlash between the sun gear and planetary gear and
between the planetary gear and gear ring.
The angular displacement of the component can be equalized to linear displacement along the
meshing line, in which, the equalized linear displacement of sun gear is given by

Xs =I"595. (1)
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Fig. 2. Diagram of planetary gear reducer with backlash.

The equalized linear displacement of planetary gear is given by
X, =71,0,. 2)
For the carrier, its radius 7, plays the similar role as the reference circle of gears, therefore, the
equivalent base radius of carrier is written as r. cos «, and the equivalent linear displacement along
the meshing line for angular displacement of carrier should be given by

X, = r.0.cosa. 3)

The relative displacement along the meshing line between the sun gear and the planetary gear can
be given as

Xsp = X5 — Xp — Xc )

The relative displacement along the meshing line between the planetary gear and the ring gear can

be given as
Xpr = Xp — Xe. )
The meshing spring force Fi,, and damping force F.,, between sun gear and planetary gear are
given by??
stp = kspfk(xsp’ bsp) (6)
chp = Cspfc(xspa bsp) ’
in which,

p—>b p>b
Ji(p,b) = 0 —-b=<p=<bh, (7
p+b p<-b

_)p Ipl>0b
fc(p’b)—{o Ipl <b - ®)
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The meshing spring force Fj,, and damping force F,, between planetary gear and ring gear are
given by

kar = kprfk(xpra bpr) (9)
Fcpr = Cprfc(xpra bpr) ’

The equilibrium equations of the system can be written as

Isés + 3(chp + stp + Fcpr + kar)rs = TM
Ipép _(chp+stp - Fcpr _kar)rp =0 , (10)
(Ic + Iarm + 3mprcz)és - 3(chp + stp - Fcpr - kar)rc cosa =0

in which, the driving torque of the driving motor is
Ty = ay — bybs + F, sinwt, (11)

where a,, and b,, are constants provided by the motor manufacture, and F,, sin wt is the output torque
fluctuation of the motor.
Then Eq. (10) can be rewritten as

6+ ——Fup 4 2+ B g 4 By Lp 4 BF An
X —X r+—x F=—
T MM M, M My A 72
31X, +—F, + F.,  + —Fu,+—F, =0 , (12)
pr éwpr csp 3Mpr cpr 3 Mpr Sp3 Mpr pr
Xe @chp_ﬁéFcpr ﬁéstp kapr =0
in which,
IY Ip am bm
Ms:E’ Mp:Ev AmZZy Bnga
M. = Ic M/ -M + 3mp Iarm
‘" rlcosta’ ¢ ¢ costa  r2costa’
MM, M, M,M.
MSp = / / ’ Mpr = 70
MM/ + MM/ +3M;M, 3M, + M,
B 3M, — M, . 3M M, — M;M
C3M,+ M © 3M, M.+ MM +3MM,’

The nominal time scale w, and nominal displacement scale b, are introduced to make Eq. (12)
dimensionless.
The dimensionless time parameter is 7 = w,?, and

X = b.x, (13)
X = bowyx, (14)
X = b.w?i. (15)
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Fig. 3. Diagram of flexible manipulator arm.

=y

Therefore, the dimensionless equations of the system are given by

X, + 1F+B’"X+B’"X+ZB’”X+f(X)+BF— An
T My, T Msclon r Mi)wjl’;[ PP Mo, Cl kiSsp M, w? kpr_Mspbca),zl
Xp4+ ——Fop+ ——Fopr + —L fi(Xsp) + —— Fipr =0
pr M_ypa)n csp 13lerwn cpr3M Mpr fk( sp) 3Mpr0),21 kpr
Xe— ———Fup— ——Fop — —L fi(X,p) — ——Fipy =0
c Mé(l)n csp Méa),, cp Mé fk( sp) Mé % kp

(16)

3. Dynamic Model of Flexible Manipulator Arm with Backlash in Planetary Gear Reducer
The diagram of a single-link flexible manipulator arm is shown as Fig. 3. It is assumed that its
shearing deformation is negligible compared with its bending deformation, and it can be regarded as
an Euler—Bernoulli beam. The displacement of the an arbitrary point P on the arm is given by w(x,).

The flexible manipulator arm can be regarded as a beam with one end fixed and the other end free;
therefore, the mode shape associated with its 7th mode is given by

¢r = (sin B,x — shp,x) + & (cos Byx — chp,x), a7

in which, B, and &, can be given by

(] 18
ﬂr—7<r—§>, (18)

cos Bl + chB,1
£ = u (19)
sin 8,1 + shp,l

The mode coordinate of ith mode is g;(¢), and the displacement of point P can be written as
s
w(x, 1) =Y gi(0)gi0), (20)
i=1

in which, § is the modal truncation order.
The kinetic energy and deformation potential energy of the manipulator arm is given by

1! ow (x, t 2
T=—-] pA # dx
2 0 Jat
! 2 - (21)
1 32w (x, 1)
V== El|——| dx
2 0 8x2

Based on the work presented above, the equations of motion (EOM) of the system can be obtained
by Lagrange’s equations, in which the modal truncation order S is determined by convergence
considerations. The dynamic response of the deformation at the end of the manipulator arm without
backlash in the gear reducer for different modal truncation orders is calculated to determine when
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Fig. 4. Comparison of the results with different modal truncation order.
convergence is achieved. The results with modal truncation order § = 4 and § = 5 are shown in Fig. 4.
It can be seen that for the difference in the result between modal truncation orders S = 4 and S = 5

is small, which implies that the former is precise enough.
With modal truncation order S = 4, the EOMs of the system can be written as

ap arn ¢ apn

Xsp = m a)_Xsp + _Xpr + _X + fk(Xsp) + _fc(Xsp) + fk(Xpr)
n n
17 ag _ 019_ 11110_ 61111 _
+—fc(Xpr)+ 2Q1+ 2‘12+—CI3+—(]4
5 021 as _ ayg _ ano _ an _
Xpr = a) fk(Xsp)+ fL(Xsp)+ fk(Xpr)+ fL(Xpr)+ 2Q1 + 2424— 2 513+ 2 — 44
~- ll%l a%z _ ass _ 034 _ ass
a3OXc qu + 2612+ 2613 + 26]4+ fk(Xap)+ ﬁ(Xbp)+ fk(Xpr)+ fc(Xpr)
- 6141 6142 _ 6143 _ 6144 _ 6145 ’
asng: = —q1 + 2 —q2 + fI3 + 114 + fk(Xsp) + fc(Xsp) + fk(Xpr) + fc(Xpr)
" 6151 6152 _ 6153 _ 6154 _ 6155
asoq2 = 2 (]1 + 2 — 2+ 2 —q3+ 2 — 44 + fk(Xsp) + fc(Xsp) + fk(Xpr) + fc(Xpr)
n
- 6161 6162 _ 6163 _ 6164 _
asnq2 = 2 ql + — 2 —q+ — 2 —q3+ — 2 — 44 + fk(Xsp) + fc(Xsp) + fk(Xpr) + fc(Xpr)
- 6171 _ 6172 _ 6173 _ 6174 _ 6175
arqz = EQI +— 2 — ¢+ — 2 —q+ — 2 —> 44 + fk(Xsp) + _fc(Xsp) + fk(Xpr) + _fc(Xpr)
! (22)
in which,
[
i - I, +3m,r’> + 1, PA [y x@idx
Gi = beqi, §i = bewyqi, ag = — Pe 20 agisn) = pA Jy xoudx
reCcosa re COSQ
Am Bm 3 1 asg aig
agl=—, dadp=——, dap=2ap, au=—\|——+—+— )k, a;5=-—cCsp,
11 M. 12 M. 13 12 14 (Ms + M, + an ) 15 %, sp
e ( 3 1 +a36)k PRI g B as
6= —\ 7 — 7 - P 17 — 77— ) 8= "> 9= """
M, M, ax/) " kpr * asp aso
e @3 aw (1 ek, o
110 a30’ 111 030’ 21 Mp ax ) 22 k‘y[) sps

4 1
1 asz an PA [y xpidx
ap = — (— +— | kprs @u=—Cp, az =ap — E — (i +1)

0 = 2 oA fTvids
2
pA fé xpidx fol EI (‘%) dx
as = S (i=1234),
pA [y pidx
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Table 1. Parameters of the system used for numerical analysis.

Parameter Value/unit Parameter Value/unit
Zs 27 0 7900/K g/ m*
Zp 36 A le —4/m?
Zr 99 l 0.5/m

m 3.0/mm mp 0.66/Kg

o 24.6/° I,/r? 0.39/Kg
ksp 1e8/ N/m 1,/r2 0.61/Kg
kpr 1e8/N/m Ic/rcg 6.29/Kg

E 2el1/Pa Lirm 0.033/K g/m?>

azs = 3rccosaks,, azs = 3r.cosacsy,

aso

azy = 3r.cosakp,, asg = 3r.cosac,,,

dx?

I l d2¢, 2
asopA/ gidx, ay = —6130/ E1< ) dx — apasy,
0 0

a4j = _a02a3j (J= 29 37-"78)7

) ! d*¢>
asp = 030,014/ pydx, as; = —a30/ EIl <— dx — apzaz,
0 0

asy = —apzaxy (k= 1,3,...,8),

! l dzw3 2
asy = 030,014/ p3dx, ag = —a30/ El < 3 ) dx — apzass,
0 0

aem = —apaz, (m=1,2,4,...,8),
I ! 2
d g4
azn = 030,014/ gidx, an = —6130/ El <— dx — agzass,
0 0

ar, = —apsas, Mm=1,...,3,5,...,8).

The transmission ratio from sun gear to carrier is marked as i;g, and the angular displacement error of
the rigid manipulator arm due to backlash of the gear reducer can be given by

1
A0 = ——(X5p + Xpr). (23)

IslsH

The positioning error at the end of the flexible manipulator arm includes two components: the
transmission error due to the backlash of the gear reducer and the flexible deformation of the manipulator
arm. It can be written as

i 4
fia =180 +w (1) = = —(xsp ) + 3 9i(Dai ). 24)

Tl
s i=1

4. Numerical Analysis

Based on the model presented above, the dynamic response of the flexible manipulator arm, considering
backlash in the planetary gear reducer, is examined through numerical examples, and the influence of the
backlash on the dynamic response of the system is evaluated, in which, Adams multi-step integral method
is applied for the numerical analysis.?! Here, it is assumed that there is uniform backlash in the gear pairs
of the planetary gear reducer and the backlash between gear teeth is given by 2b, and that the manipulator
is operated free of loading. The parameters used for the numerical analysis are listed as Table 1.
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Fig. 7. Dynamic response of the system with flexible arm (b = 25 u m, @ = 57).

4.1. The influence of backlash on the dynamic behavior of the system
If the frequency of harmonic fluctuation of the output torque of the motor is w = 57, the dynamic responses
of the system with backlash given successively by b =0 um, 10 um, 25 um, 50 um, 100 pm are calculated.
The transmission error between the sun gear and planetary gear x,, and the positioning error at the end of
the manipulator arm f;, are presented in order to evaluate the dynamic response of the gear reducer and the
manipulator arm, and the results are shown as Figs. 5-9, in which (a) is the results of x,, and (b) shows
the results of f;,. And the figure of Gg(f) shows the power spectrum density of displacement.

From these numerical results, it can be seen that backlash has a significant effect on the dynamic behavior
of the system. The dynamic responses of the gear reducer and flexible manipulator arm experience variation
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Fig. 9. Dynamic response of the system with flexible arm (b = 100 u m, w = 5m).

from quasi-period motion to chaos with increasing backlash, and the positioning error at the end of the
flexible manipulator arm increases with the backlash.

As mentioned above, the positioning error at the end of the flexible manipulator arm is composed of two
components: the transmission error due to the backlash of the gear reducer and the flexible deformation of
the manipulator arm. The dominant component is the flexible deformation if the backlash is small, while
the transmission error due to the backlash of the gear reducer gradually becomes the dominant component
with increasing backlash. The flexible deformations of the manipulator arm dr as a function of backlash
in the gear reducer are shown as Fig. 10, in which, (a), (b), (c), and (d) are the results with b = 10 um,
25 pum, 50 um, 100 um, respectively.

It can be seen that when the backlash is small, for example, » = 10 um, 25 um, 50 um, the dominant
frequency of the flexible deformation of the manipulator arm dr is its 1st mode; while if the backlash
increases to 100 pum, its dominant frequency becomes the 3rd mode, which results from the influence of
the nonlinearity of the gear reducer.

4.2. The influence of excitation frequency on the dynamic behavior of the system

When the frequency of harmonic fluctuation of the output torque of the motor is @ = 107, the system
responses for backlash b = 0 um, 10 pem, 25 um, 50 um, 100 um are shown as Figs. 11-15, in which,
(a) is the result for x, and (b) is the result for fi,.

Comparison of the results for w = 57 and w = 107 reveals that the dynamic behavior of the system is
sensitive to clearance and excitation frequency simultaneously. When the excitation is w = 5, the motion
of the gear reducer is quasi-period with » = 10 pum, 25 pum, while it becomes chaotic with b = 50 pm,
100 wm. When the excitation is w = 105, the motion of the gear reducer is quasi-period with b = 10 um,
but chaotic with b = 25 um, 50 wm, 100 pwm.
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Fig. 11. Dynamic response of the system with flexible arm (b = 0 um, w = 107).

4.3. The influence of flexibility of the manipulator arm on the dynamic behavior of the gear reducer
If the manipulator arm is taken to be rigid, the transmission error between the sun gear and planetary gear
xgp for excitation frequency w = 107w, and backlash b = 10 pum, 25 um, 50 um, 100 pum is shown as
Figs. 16-19. Comparing the results of the system with rigid arm flexible arm, it is found that the dynamic
behavior of the gear reducer is significantly influenced by the flexibility. For example, if the backlash
b = 100 pm, the response of the gear system with rigid arm is quasi-period motion, while the response
of system with flexible manipulator arm with the same backlash is chaotic; this is likely the result of the
interaction between the dynamic response of the flexible manipulator arm and gear reducer.

5. Conclusions

Backlash in the planetary gear reducer was taken into consideration in the modeling of a manipulator arm,
and its influence on the dynamic response of the system was evaluated. A two-state model was used to
describe the meshing forces at the gear pairs of the planetary gear reducer with backlash, and the sub-model
of the planetary gear reducer was presented as a lumped mass method. The deformation of the manipulator
arm was based on Euler—Bernoulli beam theory, and the dynamic model of the manipulator arm with
planetary gear reducer was obtained. Numerical analysis based on the Adams multi-step integral method
was carried out to evaluate the dynamic response of the system incorporating backlash in the planetary
gear reducer, and the following conclusions were obtained:
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Fig. 12. Dynamic response of the system with flexible arm (b = 10 um, w = 107).
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Fig. 13. Dynamic response of the system with flexible

4

x 107 Power spectrum density

arm (b = 25 um, w = 107).

x 10" Time history plot

x 10" Power spectrum density
4

x10* Tme history plot
) “
05 o 3 - 2
=N AN Y ] o n
¥ [ l ]| Ii‘lu f r W =? = b ! il
L 45 W Lrl I"r ll hll“ :2_1 a1 ‘I
o
-1 [] -4
490 492 454 496 498 500 0 5 10 1% 20 480 485 430 495 500 0 5 10 15 20
t/s f/H- " /s L ffHz |
x10? Poincare section x10® Phase'potrait Poincare section Phase potrait
2 2 0.02 0.02
|
B 4 = 001 = 001
0 E10 < 0 < 0
P 4 = a0t =aon
- b -0.02 -0.02
e 05 ] 05 1 2 1 4 2 0 2 4 4 2 0 2 4
ap/ M w10t Fap /M x10” fla/m x 10" Jla/m x 107
(a) (b)

Fig. 14. Dynamic response of the system with flexible arm (b = 50 um, @ = 107).

(1) The backlash in the planetary gear reducer has a significant effect on the dynamic response of the
system and contributes to the positioning precision of the manipulator arm. Therefore, it is necessary
to take the backlash of the gear reducer into consideration in the dynamic modeling of the manipulator.

2)

The responses of the planetary gear reducer and flexible manipulator arm vary from quasi-period

motion to chaos as the backlash increases. However, it should be noted that the dynamic behavior of
the system is also sensitive to the excitation frequency; a change of excitation frequency can cause
significant variation in their motions.
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Fig. 15. Dynamic response of the system with flexible arm (b = 100 um, w = 10m).
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(3) The positioning error at the end of the flexible manipulator arm is composed of two components:
the transmission error due to the backlash of the gear reducer and the flexible deformation of the
manipulator arm. The dominant component is the flexible deformation if the backlash is small, while
the transmission error due to the backlash of the gear reducer gradually becomes the dominant
component with increasing backlash.

(4) The flexible deformation amplitude of the manipulator arm is less affected by the backlash of the
gear reducer, but the dominant mode of the manipulator arm is sensitive to the backlash which is the
result of the nonlinearity of the gear reducer.

(5) The dynamic response of the flexible manipulator arm and that of the gear reducer are interactive.
On the one hand, the dynamic response of the flexible manipulator arm is affected by that of the gear
reducer, while on the other hand the coupling effect between them may lead to change in the dynamic
behavior of the gear reducer.
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