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Barlow and Proschan presented some interesting connections between univariate
classifications of life distributions and partial orderings where equivalent defini-
tions for increasing failure ratdFR), increasing failure rate averagd-RA), and

new better than us€dBU ) classes were given in terms of conystar-shapednd
superadditive ordering$Some related results are given by Ross and Shaked and
ShanthikumarThe introduction of a multivariate generalization of partial orderings

is the object of the present articlBased on that concept of multivariate partial
orderingswe also propose multivariate classifications of life distributions and present

a study on more IFR-ness

1. INTRODUCTION

Classification of life distributions is of immense importance for reliability analysis
especially during the early stages of product designvagious reliability bounds
obtained from different class properties provide conservative estimates of system
reliability under minimum workable assumptio@@assification results also play a
vital role in the selection and validation of stochastic mod&gsa result one can
find a large number of research works in this fieBtandard univariate life distri-
bution classesxtensively examined in the literatyiare the followingincreasing
failure rate(IFR), increasing failure rate averagé-RA), decreasing mean residual
life (DMRL), new better than used\NBU), new better than used in expectation
(NBUE), harmonic new better than used in expectatidNBUE), and their respec-
tive dual classes
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Stochastic ordering is another approach for making a comparison among var-
ious probability distributionsRoss[11] has briefly covered the initial work and
Shaked and Shanthikumi7] have presented the different orderings of statistical
implications in detail Among these orderingsisual stochastic orderindikeli-
hood ordering convex ordering dispersive orderingpeakedness orderingnd
transform orderings are worth mentioningarlow and Proschaf4], Ross and
Schechnef12], and Kim and Proschd®] have established relationships between
classification of life distributions and stochastic orderidgempts have also been
made to define stochastic ordering in terms of reliability measurke hazard
rate ordering of Rosgl1], the mean residual life ordering of Bolarigl-Neweihi
and Proschafb], the cumulative hazard rate ordering of Alza#t], and the mem-
ory ordering of Ebrahimi and Zahef] are some such concepts which have wid-
ened the art of stochastic orderif@pme results are also available on multivariate
extensions of hazard rate and stochastic orderiggs Shaked and Shanthikumar
[15,16]) and the general idea of multidimensional stochastic ordgseg Bacelli
and Makowski[3]).

Barlow and Proschdi] established a few equivalent relationships between the
classifications of life distributions and various partial orderirkgs two continuous
distributionsF andG, whereG is strictly increasing in the supposn interva) and
if F(0) = G(0), then the following hold

(i) F <.G;thatis Fis convex with respect t& if G 1F(x) is convex
(il) F<,G;thatis Fis star-shaped with respect®f G *F(x) is star-shaped
[i.e, G F(x)/xis increasing i for x > 0]
(iii) F <4, G; that is F is superadditive with respect ® if G~1(x) is super-
additive[i.e.,, GTF(x+y) = G F(x) + G F(y) Ox=0,y=0].

Barlow and Proschal, pp. 106—108 put forward the following equivalent defi-
nition of life distribution classes in terms of partial orderings

For a choice of5(x) = 1 — exp(— Ax), the distribution function of an exponen-
tial distribution

(@) FislIFRifand onlyifF <.G
(b) FisIFRAIfand only ifF <, G
(c) FisNBU ifand only if F <g,G.

These resultsaalong with stochastic ordering and dispersion orbave been exam-
ined in detail in Shaked and Shanthikurha¥, Chap 3] and also in AhmegdAlzaid,
Bartoszewiczand Kochaf1]. To cover the other life distribution classé&char
[10] examined the extension of the DMRL and related partial orderings of the life
distributions

Unfortunatelya direct generalization of partial ordering by considering li&th
andF to be multivariate cumulative distribution functiofsd.f.'s) is not possible
becauseG~1F(x), wherex is vector of ordemp (=2), gives rise to one-to-many
function To resolve this problerRoy[14] made an attempt to define multivariate
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IFR (MIFR), multivariate IFRA(MIFRA), multivariate NBU(MNBU ), and their
dual classes by considerif@ x) as the univariate exponentiabd. andF(x) as a
multivariate cd.f. SinceG(x) is a univariate @.f., this conceptual framework can-
not be claimed to be a proper multivariate extension of the univariate concept of
partial ordering

The purpose of the present work is to suggest a multivariate concept of partial
ordering and exploit the same for defining MIFRIFRA, MNBU, and their dual
classesln Section 2 we present the suggested definitions for partial orderimg
troduce multivariate classes based on partial ordeend interlink these multivar-
iate classes with the system of multivariate classes developed bjiBbfrom an
altogether different consideratioim Section 3we examine the case of more IFR-
nessinthe multivariate setup and include a related example for the bivariate situation

2. MULTIVARIATE PARTIAL ORDERINGS

Let us begin with a remark that the univariate concepts of carstax-shapecand
superadditive orderings are based on convesigr-shapednesand superadditiv-
ity of the functionG~1F(x) with respect tox. It may be noted that if we simulta-
neously replac& andF by G(=1— G) andF(=1— F), the functional form under
study remains unchangebhus one may modify the definition§)—(iii ) by replac-
ing G 'F(x) by G 'F(x) in the following way

(i) F<.Gif G'F is convex
(i) F <, Gif G"Fis star-shaped
(iii) F <4, G if G'F is superadditivewith G(0) = F(0) = 1.

Similarly, we may redefine the life distribution classes as follows

(a)’ FisIFRif and only ifG™*F is convex
(b)" Fis IFRAIf and only if G~F is star-shaped
()" Fis NBU if and only if G™F is superadditive

whereG(x)= exp(—Ax), A > 0.

In the multivariate setupet us denote by = (X4, Xo, ..., X,) a vector of dimen-
sionp. Let F(x) and G(x) be twop-variate cd.f.’s and letF and G be the corre-
spondingp-variate survival functiongép = 1) such thaf (0) = G(0) = 1. To propose
the concept of multivariate partial orderindgst us draw analogy from the definition
of the multivariate hazard rate given by Johnson and K8fz The basic idea of
Johnson and Kotz was to consigeconditional distributionswhich are of univar-
iate type

Now, writing

G(Xlwu,Xi—lvxi,xiﬂ,nwxp) _
Gi(x) = —= and F(x) =
I( ) G(le""Xi71707xi+17'-"xp) I( )

F(Xlw"?Xiflv Xi7xi+17--~5xp)

— b
F(Xlw'wxiflvo’ Xi+la~'-7xp)
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fori=1,2,...,p, we would like to viewG; (x) andF; (x) as functions ok; with x;’s

i=12,...,p(#i), as the given parametels that casea solution ofu;, where
Gi(Xyeevs Ximdy Uiy Xiggyeeny Xp) = Fi(Xgyeeny Xiyueny Xp), (2.1)
can be viewed a&; * F; (x), whereu; is a function ofk; givenx;,j =1,2,..., p (#i).
Thus one can form a vectar = (uy,...,U;,...,Uy), where
u=(Gy*Fi(x),...,G *F(X),...,G, tFy(X)), (2.2)

which is the proposed vector representatiorﬁoﬁ‘lF(x). Given this definition of
G 1F(x), we propose the following multivariate definitions for conystar-shaped
and superadditive orderings

DEerINITION 2.1: F <,,,c G; that is, F is multivariate convex with respect to G if for
eachi=1,2,...,p, u is convex in xgiven x’s of x, for j # i.

DEerINITION 2.2: F <.« G; that is, F is multivariate star-shaped with respect to G
ifforeachi=1, 2,...,p, u; is star-shaped infor given x’s of x for j # i.

DEerINITION 2.3: F <,52G; that is, F is multivariate superadditive with respect to
Gifforeachi=1,2,...,p, u; is superadditive in xfor given x's of x for j # i.

It may be noted that whep reduces to lthe multivariate definitions reduce to
corresponding univariate definitions

It may further be observed from the following theorem that a multivariate or-
dering betweert and G of p dimension implies similar ordering between corre-
sponding marginal distribution ¢f andG of dimensiong, where 1= q = p.

THEOREM 2.1: Let X = (Xy, X5,...,Xp) and Y = (Yy, Y,,...,Y,) be two p-
dimensional random variables with distribution functionsFand G(x) . LetX ¥ =
(Xips Xievs X )andY<1) (Y, Yi,»-..,Y;,) be any two similar subsets ¥fand Y
with the correspondmg distribution funct|ons aS8'Fand G where(iy, i, ..., iq) C

1, 2,...,p),1=qg=p. If Fis multivariate convex/star- shaped/superaddnive with
respect to G, then B is multivariate convex/star-shaped/superadditive with re-
spect to GV

The proof follows from Definitions 2—-23 and the appropriate choices»f

THEOREM 2.2: For three multivariate distribution functions F, G, and H of identical
dimension the following results hold true:

() fF <G and G<,,¢cH, then F<,c H.
(i) F <mcF.

PRrROOF:

(i) Writing the vector representation & *F(x) asu and that ofH ~'G(x) as
v we note from Definition 2L thatu; is convex inx; andv; is convex inu;
whereu; andu; satisfy the following conditions
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Fi(Xas ooy Xim1, Xy i1y e5 Xp) = Gi(Xgyeowy Xic, Upy X1, .0, %) (2.3)
Gi(Xayenes Xica, Uiy Xigyeeny Xp) = Hi(Xasev o, Ximg, U1y Xigseens Xp)o (2.4)
Now, combining(2.3) with (2.4) we obtain

Fi (X eevs Ximdy Xis Xitaseves Xp) = Hi(Xgyevy Xiz1, 05, Xig1s.0, %) (2.5)
wherev; is a convex function ox;.

Since(2.5) is true for each, we have by Definition 21, F <. H.
(i) Asx;is convexinitselfr <, F is an easy consequence of Definitiod.2

THEOREM 2.3: For three multivariate distribution functions F, G, and H of identical
dimension, the following results hold true:

() fF <, Gand G<,+ H, then F<. H.
(i) F <. F.

PRrOOF:

(i) LetF <.+ G and G<, H. Following the setup of the proof of Theoren2?
U; /X; is increasing irk; and hencey; is increasing irk;. Further v; /u; is
increasing irny;. Also, u; itself is increasing ir;. Thus {(v; /u;) (u; /X; )} =
(vi /x;) is increasing irx;. This being true for ali = 1, 2,..., p, we have

F <. H.
(i) Because;/x; =1,the proofisan easy consequence of the definititance
follows the theorem u

THEOREM 2.4: For three multivariate distribution functions F, G, and H of identical
dimensions, the following results hold true:

() If F <hsaG and G<,saH, then F<;,saH.
(i) F <msaF.

The proof is similar to those of Theorem22nd 23.

THEOREM 2.5: The following implicative relationships hold for multivariate partial
orderings:

Multivariate convex orderings Multivariate star-shaped ordering
= Multivariate superadditive ordering

The proofs are easy consequences of the univariate implicative relationships of
the p conditional survival functions of the typé(xl,...,xi,...,xp), i=212,...,p,
and the proposed multivariate definitions

Once the multivariate concepts of conystar-shapedand superadditive or-
derings have been framgeahe can easily order multivariate life distribution based
on a standard choice @(x). For the purpose of the multivariate classification of
life distribution a probable choice dB(x) is the cd.f. of the multivariate exponen-
tial distribution due to Gumbél7], where
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G(x) = exp[—z X — D2 DA X% — o — Agp pxlxz---xp]. (2.6)

i>j

Such a choice oB(x) gives rise to equivalent definitions of life distribution classes
for higher dimensiongsee Roy[13]). Writing R(x) = —log F(x), the multivariate
hazard function of (x), we havefori=1,...,p,

d
ri(x) = = RX),

theith multivariate failure rateand
1 (s
Ai(X) = ;f (X oo Xio1, ¥y Xi1s -+ Xp) AY,
i 0

theith multivariate failure rate average

Following Roy[ 13], a distribution with survival functiof (x) is MIFR (MDFR)
if r;(x) is increasingdecreasingin x; for all x and each, MIFRA (MDFRA) if
A (x) is increasingdecreasingin x; for all x and each, and MNBU (MNWU ) if

F(Xlﬂ"’Xi*l’ Xi + yi7Xi+17"-9Xp)F(le"',Xifl,Oa Xi+19"'7xp)
= F(Xl""’xi5"~’Xp)F(Xli'“,Xi*l5yi’xi+1’~-~’xp)’
Oy; = 0 and for allx and each.

In terms of multivariate stochastic orderinge have the following equivalent def-
initions as given in the next theorem

THEOREM 2.6: For a choice of Gx) given in (2.6), the following hold:

() Fis MIFR (MDFR) if and only if F<.,,c G (G <p¢F).
(i) Fis MIFRA (MDFRA) if and only if F<qx G (G <.y F).
(iii) Fis MNBU (MNWU) if and only if F<,5aG (G <nsaF) .

Proor: By definition, u is the vector representation & *F(x), from which we
have from(2.1),

(/\Hr 2 Xt et A o [ Xj>ui

i(#i) i(#i)
= _log 'E(X) + |Og IE(Xl? [RRR] Xiflaoy Xi+1, Xp)7 (27)
u = {R(X) - R(Xli“'7xi*l’0’ Xit1eees Xp)}
>< {/\I + 2 )\ll Xl + e + /\12 ,,,, p H XJ }71. (2.8)
j(#) i(#1)

(i) F <mcG & u;is convex inx;, givenx;’s Oj(#i),i=1,2,...,p
& R(x) is convex inx;, givenx;'s Oj(#i),i =1,2,...,p
S ri(x) is increasing irx;, i = 1,2,...,p, for all x
< F has MIFR distribution
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(i) F < G ey is star shaped iR givenx;'s Oj(#i),i =12,...,p
© (1/x){R(X) = R(Xq,...,Xi-1,0, Xi11,..., Xp)} iS increasing irx;
givenx;'s, Oj(#i),i =12,...,p
& (/%) 5 1i( Xy ooy Xim1, Vs Xis15- -+, Xp) AYiS increasing irx;
givenx;’s Oj(#i),i=12,...,p
< F has MIFRA distribution
(iii) F <msaG & u; is superadditive inx; givenx’s Oj(#i),i =1,2,...,p
& R(Xg, ooy Xie 1, Xi + Yiy Xie 1,25 Xp)
+ R(Xg, .00, Xi11,0, X 1500, Xp)
= R(Xq, .oy Xiyenry Xp) + R(X1, 000y Xim1, Yis Xik 150445 Xp),
ax,y;=0,i=212,...,p
(:)F(x_l,...,xi_l, Xi +yi,xi_+1,...,xp)F(x1,...,xi_l,O, Xit1s--+> Xp)
= F(Xg,eees Xiseo o, Xp) F(Xps oo, Xim 1, Vis Xige 1505 Xp)s
Dxivyi 20, i :1,2,...,p
< F has MNBU distribution

The proof for dual classes is similar u

Remark 2.1:The result of Theorem.8 remains the same for the case
G(x) = exp[—z A x] (2.9)

a special case df2.6). Sometimesit works as a natural choice satisfying multi-
variate lack of memory property in the strongest sense

3. MULTIVARIATE IFR-NESS

In the univariate caseBarlow and Proscha¥, p. 105] stated as a result for the
Weibull distribution that an increase in the value of the shape parartrefigrin-
creases the IFR-ness of the distributi@iven two multivariate distributionB (x)
andH (x), one may similarly like to know which one is more MIFRor addressing
this problem we recall that a distributiofr is more IFR tharH if F <. H. We
propose a similar definition for more MIFR-ness to keep analogy with the univariate
concept

DerINITION 3.1: F(X) is more MIFR than HXx) if we have F<,. H.

Example 3.1:Let us consider two bivariate Weibull distributions given by survival

functions
F(X1, X2) = expl—ay X{* — a;X52 — agX{*x5?], O=az=a;a, (3.1)
H(xy, Xp) = expl—by x{* — by x£2 — by x{1x57], 0=bz=Db,b,. (3.2)
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Now, if Fis to be more BIFR thaHl, we need to havE <,,.H. Writingw = (wy, w,)
as the vector representatieii *F (x,, X,), we have

by Wit + baw/txg? = a, X + agxfixg?

or
[ a, + agxgz | VA
wy = x| ———- (3.3)
Similarly,
a, + agx{? | P2
W, = ng/ﬂz —; (34)

To ensure thaf <, H, we need to show that, is convex inx; givenx,, andw, is
convex inx, given x;. This necessarily implies that; > B, from (3.3) and that
ay > B, from (3.4). Thus for @y > B, anda, > B,, F is more BIFR tharH.

This result is also in conformity with the corresponding univariate result that
higher the value of the shape paramgttee more IFR is the corresponding Weibull
distribution

Remark 3.1:More MIFRA-ness and more MNBU-ness can be similarly defined in
terms of multivariate star-shaped and multivariate superadditive orderings
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