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This paper studies the regularity results of classical solutions to the two-dimensional
critical Oldroyd-B model in the corotational case. The critical case refers to the full
Laplacian dissipation in the velocity or the full Laplacian dissipation in the
non-Newtonian part of the stress tensor. Whether or not their classical solutions
develop finite time singularities is a difficult problem and remains open. The object
of this paper is two-fold. Firstly, we establish the global regularity result to the case
when the critical case occurs in the velocity and a logarithmic dissipation occurs in
the non-Newtonian part of the stress tensor. Secondly, when the critical case occurs
in the non-Newtonian part of the stress tensor, we first present many interesting
global a priori bounds, then establish a conditional global regularity in terms of the
non-Newtonian part of the stress tensor. This criterion comes naturally from our
approach to obtain a global L°°-bound for the vorticity w.
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1. Introduction

The two-dimensional (2D) Oldroyd-B type model with diffusive stress in the whole
space R? takes the following form [10]

ou+ (u-Viu—vAu+Vr=krV -7,
T+ (u- V)T + 1 — uAT — Q(Vu,7) = yDu,
(1.1)
V.-u=0,
u(@,0) = uo(x), 7(2,0) = 10(2),

where the unknown vector u = (u;(z,t),uz(z,t)) € R? is the velocity of the fluid,
7w =m7(x,t) € R is the scalar pressure and 7 = 7(x,t) which is a symmetric tensor
is the non-Newtonian part of the stress tensor. The parameters v, u 3, k, v are
such that v >0, u >0 8 >0 and k > 0, v > 0. Here Du is the symmetric part of
the velocity gradient, namely Du = 1/2(Vu + Vu ). Q is a given bilinear form and
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usually chooses the following form
Q(Vu,7) = Qr — 7Q + b(Dut + 7Du), (1.2)

where Q = 1/2(Vu — Vu') is the skew symmetric part of Vu and b € [~1, 1] is
a parameter. If b = 0, we call the corresponding system as corotational case. The
classical Oldroyd-B type model (@ = 0) originally was introduced by Oldroyd [36]
which is one of the basic macroscopic models for viscoelastic flows such as polymer
flows; fluids of this type have both elastic properties and viscous properties. For
more discussions and the derivation of Oldroyd-B model, we refer the readers to
(6,16, 36].

Due to the physical applications and mathematical significance, the Oldroyd-B
model has recently attracted considerable attention. Let us first briefly review some
existence theories of the Oldroyd-B model from various aspects, we will not attempt
to address exhaustive reference in this paper. The study of the most interesting case
v >0 and p = 0 (which is the classical case) started by Guillopé and Saut in [17,
18], where the existence of local strong solutions to the Oldroyd-B model was proved
in Hilbert space. In the frame of critical Besov spaces, Chemin and Masmoudi [6]
constructed global solutions to the incompressible Oldroyd-B model with small
initial data (see Chen-Miao [7]). Very recently, the results of global existence of
smooth solution with small initial data were significantly improved by many works,
see [11,14, 15,19, 39, 40] and references therein. Moreover, Chemin and Masmoudi
[6], they also provided some interesting blowup criteria. An improvement of the
Chemin-Masmoudi blow-up criterion was presented by Lei, Masmoudi and Zhou in
[31]. For the Oldroyd-B fluids with diffusive stress (namely, the system (1.1) with
v >0, un>0and b=1), the existence and uniqueness of global strong solutions in
2D case was established by Constantin and Kliegel [10]. Very recently, Elgindi and
Rousset [13] proved the global regularity with general initial data to the system
(1.1) in the case v =0, u > 0 and @ = 0. Moreover, they also obtained the global
existence of smooth solution with small initial data in the case of v =0, > 0 and
the general @ given by (1.2). Many other interesting results on the Oldroyd-B
and related models have been established (see, e.g., [8,22-24,28-30,33-35, 37]
and the references therein).

In 2000, Lions and Masmoudi [34] proved the global existence of weak solu-
tions (without uniqueness) to the following 2D critical Oldroyd-B model in the
corotational case, namely,

Ou+ (u-V)u—vAu+ Vr =kV - 1,
0T + (u- V)T + B7 +n(1Q — Q1) = 7Du,
V.-u=0,

u(z,0) = uo(z), 7(x,0) = 70(z),

(1.3)

which was further generalized by Bejaoui and Mohamed Majdoub [3]. However,
the global existence of smooth solutions is open and quite challenging (see [13]
for more details). We also mention that global weak for the above system (1.3)
with n(78 — Q7) replaced by general @), namely (1.2), is still open up to now. As
pointed out in [13], in the case where n =0 and v > 0, the global existence of
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smooth solutions to the above system (1.3) is also open and quite challenging, not
to speak of the case 7 > 0. Very recently, when one adds the fractional dissipation
(=A)Y7 (the power v > 0 can be arbitrarily small) to the 7 equation, the author
[38] obtained the global existence of classical solution for the general initial data for
the corresponding system. Consequently, the above system (1.3) is the first object
of the study.

On the other hand, as indicated in [13], the global regularity of the following 2D
critical Oldroyd-B model in the corotational case (with b = 0) with diffusive stress
is also an unsolved critical problem

ou+ (u-Vu+Vr=ksV -,

T+ (u- V)T + 1+ n(1Q — Q1) — pAT = 7Du,
V.-u=0,

u(z,0) = ug(x), 7(x,0) = 70(2).

(1.4)

As stated above, when the system (1.4) with © > 0 and 1 = 0, Elgindi and Rousset
[13] proved the global regularity with general initial data. The major obstacle to get
the global regularity for the system (1.4) with x4 > 0 and 7 > 0 is to show the global
L*>°-bound for the vorticity w. However, the corotational term 72 — Q7 prevents
us to get the global ||w||Le~ bound (see lemma 4.5 for details). Actually, the above
system (1.4) is also our object of the study.

Now we are in the position to state our main results. The first goal of this paper
is to establish the global regularity for the case when the critical case occurs in
the velocity and a logarithmic dissipation occurs in the non-Newtonian part of the
stress tensor. More precisely, the first main result can be stated as follows.

THEOREM 1.1. Consider the following system

Ou+ (u-Viu—Au+Vr=V -7,
hT+ (u- V)T + LT+ 7Q — Q1 = Du,
V-u=0,

u(x,0) = uo(x), 7(x,0) = 10(x),

(1.5)

where the dissipation operator L is defined via
T(x) —7(z —y)
Lr(z) = P. V./ — 2 dy (1.6)
g2 |ylPm(lyl)

for some mnon-decreasing, smooth function m: [0, 00) — [0, 00) satisfying the
following conditions:

(I) There exists a positive constant y such that
s

i
li —— < 1.7
P Gy <7 o

for some 0 € (0, 1).
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(IT) 1t satisfies the assumption

/100 r . (1.8)

rm(r)

(III) 1t satisfies the assumption

/1 mir) dr < oo. (1.9)
0o T

If (uo,70) € H*(R?) x H*(R?) with s >2 and V -ug =0, then the system
(1.5) admits a unique global solution such that for any given T >0

u e C(0,T]; H*(B2)) 0 I2([0, T); H*H (R2)), 7 € C([0, T H* (R?)).
REMARK 1.2. The classical example of m satisfying the conditions (I)—(III) is
m(r) =r" with 0 < o <4,

which corresponds to the fractional Laplacian operator. But it is not the purpose of
this paper. What we care is the case that m behaves like 1/(—Inr)** for sufficiently
small r with some o > 1, and behaves like (In )2 for sufficiently large r with some
ag > 1.

REMARK 1.3. It should be noted that the condition (1.7) can be replaced by the
following doubling condition

m(2r) < Com(r)

with Cy € (1, 2). As a matter of fact, it directly gives

1 1
m(1)<00m<2) <-~-<C§m(2k>, VkeN.

Then for any r € (0, 1), there exists k € N such that

1 1
2T<T<F.

This implies for any 7 € (0, 1) that

)
m(1)61n00/1n21n7‘ > ;7

m(r) Zm < L > > m(]_)Cak > m(l)co—(l—lnr/ln2) >
Cy 5

oF
where § =InCy/In2 € (0, 1) and ¥ = Cy/m(1). The above estimate immediately
implies (1.7).

REMARK 1.4. Obviously, the dissipation £ given in theorem 1.1 is weaker than any
power of the fractional Laplacian. Consequently, theorem 1.1 is a further improve-
ment of [38]. However, it remains an open problem whether there exists a global
smooth solution when the operator £ is absent from the system (1.5).
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The next goal of this paper is to gain further understanding of the global regu-
larity problem for the case when the operator £ is absent from the system (1.5),
namely (1.3). Several global a priori bounds are also presented, which will be useful
on the eventual resolution of this difficult global regularity problem. More precisely,
we have the following results for the system (1.3).

THEOREM 1.5. Assume that (ug, 7o) € H*(R?) x H*(R?) with s > 2 and V - ug = 0.
Then, the solution (u,T) of the system (1.3) admits the following global bounds, for
any T >0 and t < T,

(d) Global bound for u,
IVull Lo, 00y < C, V2 < p, g < o0, (1.10)

where C = C(p,q,T,ug,70);
(e) Global bound for T,

lr(®)]r <C, V2<p< oo, (1.11)
where C = C(p, T, ug, 70);
(f) Global bounds for G,
1Gllzeorwr0) S C, V2 < p, ¢ < o0, (1.12)
where C' = C(p,q,T,uo,70);
IA'G(t)||r <C, YOLK<y<1, V2<p<oo, (1.13)
where C = C(v,p, T,ug, ) and A := (=A)/2,
Here the G is given by
G=w—(=A)"eurl div(r), w= 0y us— Op,us.
REMARK 1.6. The desired estimates (1.10), (1.11), (1.12) and (1.13) can be

obtained by the same arguments adopted in proving lemmas 3.4 and 3.5. In order
to avoid the redundancy, we thus omit the details.

The third goal of this paper is to gain further understanding of the global reg-
ularity problem for the 2D critical Oldroyd-B model in the corotational case with
diffusive stress, namely (1.4). We first present many global a priori bounds and
then establish a conditional global regularity in terms of the non-Newtonian part
of the stress tensor. We hope that these results will shed light on the eventual
resolution of this difficult global regularity problem.
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THEOREM 1.7. Assume that (ug, 7o) € H*(R?) x H*(R?) with s > 2 and V - ug = 0.
Then, the solution (u,T) of the system (1.4) admits the following global bounds, for

any T >0 andt < T,

e Global a priori bounds:
(a) Global W2-bound for u,

[u()[lwre < C,

where C' = C(q,T,ug,70);
(b) Global bounds for T,

@) lw.r < C,
where C = C(p, T, up, 70);
V27| Lo 0.7:10) < C
where C = C(p,q,T,uo,70);
[A°T(#)]| L= < C,

where C = C (8, T, uo,70)-

e Regularity criterion:

V2 < g < oo,

V2<p< oo,

V2<p, qg< oo,

V0 <6<2,

(1.14)

(1.15)

(1.16)

(1.17)

Let (u,T) be the local (in time) smooth solution of the system (1.4) on [0,Tp)
associated with initial value (ug,70). Let T > Ty. If there is an integer jo > 0

such that T satisfies

T
/ Z [1Sj—17(0) || do < o0,
0

Jj=Jjo

(1.18)

then the local solution can be extended to [0,T], where S; denotes the low-
frequency cut-off operator defined through the Littlewood—Paley decomposition

(see §2 for details).

REMARK 1.8. Although we can obtain many global a priori bounds (1.15)—(1.17)
for 7, however it is not clear whether (1.18) can be guaranteed by these a priori

estimates.

If we add the dissipation term (—A)®u (the power o > 0 can be arbitrarily small)
to the velocity equation of the system (1.4), then we have the global regularity result

for the corresponding system.
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THEOREM 1.9. Consider the following system

Ou+ (u-Vu+ (wA)*u+Vr =V -1,
hT+ (u- V)T +7+7Q - Qr — AT = Du,
V-u=0,

u(z,0) = up(x), 7(z,0) = 70(x).

(1.19)

If (ug,m0) € H*(R?) x H*(R?) with s >2 and V -ug =0, then for any a > 0 the
system (1.19) admits a unique global solution such that for any given T >0

u e C([0,T]; H*(R?)) N L*([0, T); H***(R?)),
e C([0,T); H¥(R?)) N L([0,T]; H*1(R?)).

The rest part of this paper is organized as follows. Section 2 makes several prepa-
rations including presenting the Littlewood—Paley decomposition, functional spaces
and some related inequalities. Section 3 is devoted to the proof of theorem 1.1.
Section 4 provides the proof of theorem 1.7. A brief of the proof of theorem 1.9 is
carried out in § 5. In appendix, we provide the proof of several facts.

2. Preliminaries

This section presents the Besov spaces as well as several inequalities to be exten-
sively used in the subsequent section. In this paper, all constants will be denoted by
C that is a generic constant depending only on the quantities specified in the con-
text. We shall write C'(A1, A2, ..., \x) as the constant C' depends on the quantities
A1, Az, ..., Ak We denote the fractional operator A by (—A)1/2. For a quasi-Banach
space X and for any 0 < T < oo, we use standard notation L?(0,T; X) or L%.(X)
for the quasi-Banach space of Bochner measurable functions f from (0,7) to X
endowed with the norm

T 1/p
(/ IIf(-,t)Iﬁgdt> , 1<p<oo,
||f||L1;(X) = 0

sup Hf(‘vt)”Xv p = oo.
0<t<T

Now we recall the so-called Littlewood—Paley operators and their elementary
properties which allow us to define the Besov spaces (see e.g,. [1]). Let (x, ) be a
couple of smooth functions with values in [0, 1] such that y € C§°(R™) is supported
in the ball B:= {{ € R™,|{| < 4/3}, ¢ € C§°(R") is supported in the annulus C :=
{€ € R™,3/4 < [€] < 8/3} and satisty

XEO+D e =1, VEeR™ Y o279 =1, VEeR"\{0}.

JEN JEZ
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Let h = F~lp and g = F~'x and then we define the non-homogeneous Littlewood—
Paley operators as follows

Aju= (27 Dyu = 29" / @ yu(e —y)dy, V>0

n
Jj—1

Sju=x(2 D= 3" Au=2" [ g@yua—y)dy,
k——1 R

and

Also, we denote
ﬁju = Aj,lu + Aju + Aj+1u.

We now point out several simple facts concerning the operators A;: By compactness
of the supports of the series of Fourier transform, we have

AjNu=0, |j—1]>22 and Ap(SulAw)=0, Jk—1]>5.

Moreover, it is easy to check that
1 ; 10_;
supp F(Sj_1uljv) ~ §|ﬁ2 <l < 32

and
supp F(Ajuljv) C {€]]¢] < 8 x 27},

where F denotes the Fourier transform. Let us recall the definition of inhomoge-
neous Besov spaces through the dyadic decomposition.

DEFINITION 2.1. Let s € R, (p,7) € [1,40c]?. The inhomogeneous Besov space Bj .
is defined as a space of f € S’(R™) such that

By, = {f € S'(R"); | flls;, < o},

where

1/r

/] S A I | . V<o,
i>—1

s =
BPW

sup;s 1 2% A flle, V1= o0,

https://doi.org/10.1017/prm.2019.3 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.3

Regularity results for the 2D critical Oldroyd-B model 1879

In addition, for two tempered distributions f and g, we also recall the notion of
paraproducts

Trg=> Si-1fAjg. R(f.9)=> A;jfAg
: i

J

and Bony’s decomposition

fg=Trg+Tyf + R(f,9).

Bernstein inequalities are fundamental in the analysis involving Besov spaces and
these inequalities trade integrability for derivatives.

LEMMA 2.2 (see [1]). Let k > 0,1 < a < b < co. Assume that
supp f C{E € R™: [€] < Ao2},
for some integer j, then there exists a constant Cy such that
[A* fllze < Cy 27EFIRA/a=1D) £,

If f satisfies

supp f C{E € R™: A2 <€ < 4227}
for some integer j, then

CL2¥ | flle <IN fllzs < Co 27FHm/a=U0 £,

where Cy and Cs are constants depending on k, a, b and dimension n only.

Now we recall some properties involving the heat operator. We set (n is the space
dimension)

= H(tz)« f, H(t,z) = (drt) /2ol /4,
The following estimate is a direct consequence of the Young inequality.
LEMMA 2.3. Let 1 <p<qg< oo and k > 0, then it holds
A% fllpa < Ct=/2mn/2Q/p= D) £ 1

Finally, we recall the following Maximal L]LP regularity for the heat kernel
(see e.g,. [32]).

LEMMA 2.4. The operator A defined by

Af(x,t) = /Ot e=IAAf(s,2) ds

is bounded from L(0,T;LP(R™)) to L(0,T;LP(R™)) for very (g,p) € (1,00) x
(1,00) and T € (0, c0].
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3. The proof of theorem 1.1

This section is devoted to the proof of theorem 1.1. For two n order matrices A and

B, we denote A : B = Z?Fl a;;b;; where a;; and b;; are the components of matrices

A and B, respectively. The existence and uniqueness of local smooth solutions in
H?® (s> 2) can be done without any difficulty, thus it is sufficient to establish a
priori estimates for (u,7) at the interval [0, T]. We first establish some properties

of the operator £, namely, lemmas 3.1 and 3.2.

LEMMA 3.1. Under the assumptions (1.7) and (1.8), it holds that for any 1 < p < oo
1R e < CllAlly3, 0, (3.1)

where § < 6 < 1.

Proof of lemma 3.1. Recalling the operator £, namely,

Lh(x) :P.V./ M

dy
gz |yPPm(lyl)

3

we immediately have

lene = (|

where I and J are given by

D 1/p

_ h(z) — Wz —y) .
= (/ eV [ @] ) |
p 1/p
J = (/}1&2 da:) .

By the Minkowski inequality and the Hélder inequality, one has

_ o p 1/17
Ig/ (/ Ih(ﬂﬂ)2 h(z —y)| dx) dy
i<t \Jrz  y[PPme(lyl)
1/p
:/ / @) = b=yl )y,
lyl<t \JR2 [y|2+9P|y|2=9r=2mp(|y|)
1/p
/ ( / |h(z) = bz~ y)I” dx) 1 dy
lyl<t \Jr2 |y|2+op ly|2=°=2/Pm(lyl)
1/p
_ _ p
< / / [h(z) - h(z — y)| dedy
lyl<1 JRr2 |y|?+op

(r=1)/p
1
X = dy
lyl<1 |y|2=0=2/p)p/(p=1)mp/(P=1)(|y|)

P.V./ Mdy
R2

P 1/p
dz < I+ J,
lyl2m(|yl) )

h(z) — h(z —y)
v /M By Y
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» 1/p
e / / (@) = h@ =9I 4 g,
&S r2 JR2 |y|2+gp
L ; (p—1)/p
> / _ dr
o r2=0=2/p)p/(p=V)m(r)p/(P=1)

. . (r—=1)/p
< CR®) |5 - d :
1P llyy5. » (/o r(2=0=2/p)p/ (0= (r)p/(P=1) T)

By means of (1.7), there exists r¢ € (0, 1) such that for any r € (0, , o]

7.5 7,.6

<v+1 or m(r) >

m(r)
Consequently, one has

To r
1< CIh®)lys., _ d
1@l </0 r2—3-2/0)p/ D (r)pl 1)

1 . (r=1)/p
+ / = dr
ro 7(270=2/P)p/(p=1)m(r)p/(P—1)

o 1 1 1 (r—1)/p
<C||h(t)||Wg,p / N—dr—k/ - dr
o rl=(06=8)p/(p—1) rlfpﬁ/(pfl)m(ro)p/(pfl)

< ClAOlyys. -

where in the last line we have applied the following bound

T0o 1
o rl=(6=38)p/(p—1)

due to 6 > 4. Using the Minkowski inequality again, we obtain by (1.8) that

x) — h(x —y)|P p
s /y|>1 (L )

- /y|>1 RICETE y)'pdx)l/p S

1
<C hl|lpp ——— dy
e 1l ety

> 1
< Okl / dr
1 rm(r)

< Cllhllry
< CIAO s, »-

Combining the above two estimates yields (3.1). O
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LEMMA 3.2. For the operator L given by (1.6), it holds that for any 2 < p < 0o

/ |h|P~2hLhdx > 0. (3.2)
R2

Proof of lemma 3.2. Let us first show the case p = 2. It is easy to see that Lh(x)
can be rewritten as

h(x) — h(y)
2 |z — y[Pm(|z - yl)

Lh(x) = P.V./ dy.
R

Therefore, we get

/hﬁhdx—/ h(z)P.V. M) = hy) g 4,
RQ

R? Ix - yl2m(|af —yl)

(z)h(y)
—pv/‘/ dyde
R2 JR? |95— |2m (|2 —wyl)
dy dx
/R2 /]R |z — yl2m Iw - yl)
(v)
dydx.
/]11{2 /]R? |z — |2m \x yl)

One may check that by exchanging « and y

// — dydx—// —3 dy dx.
r2 JR2 2 Z/| m |33 yl) 2 JR2 Y l“| m \y z)

Consequently,

1 (hx) ~h)*
[ hehde = Q/R/R o (e =y Wi >0 (3.3)

This is the desired (3.2) with the case p = 2. For the general case, we first verify
that for any ¢ > 1

[A(@)|*=2h(x) Lh(z) = —L(|A()]7). (3.4)

Q| =

Now it is obvious that

bl — @) h@)h(y)

|z —y[?m(|z —y|)

\h(x)|72h(z)Lh(z) = P.V. /
R2
According to the Young inequality, it implies
q—2 q—1 q— 1 q 1 q
|h(@)|"h(z)h(y) < [h(z)]""|h(y)| < Tlh(w)\ + alh(y)\ :
We therefore deduce

A | Ih(z)[ — |h(y)]?
[h(w)*~*h(x)Eh(z) > PV, /

2 |z —yPPm(jz —yl)

1 q
dy = gﬁ(lh(w)\ )-
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Now for 2 < p < oo, we appeal to (3.4) to conclude
/ |h[P~2hLhdx = / \h[P/2 | h|P/22hLh da
R2 R2 N————

2

> f/ |h|P/2 L|h|P/? da
P Jr2

>0,

where in the last line we have applied (3.3). Therefore, the proof of lemma 3.2 is
completed. O

With lemmas 3.1 and 3.2 in hand, it is not difficult to show the following lemma.

LEMMA 3.3. Let (u,T) be the corresponding solution of (1.5), then it holds true

t
lu@®)lz2 + T (®)]72 + 2/0 [Vu(s)|[72 ds < [luol|72 + [[7ol[72- (3.5)
Proof of lemma 3.3. Multiplying (1.5); by v and (1.5)2 by 7 and adding them up
yield
1d 2 2 2
SO + IOl + [ rrdo e |9ulf =0, (36)

where we have used the following identity

/ (V-7)-udex+ [ Du:7dz=0
R? R?

and the following cancellation property (see (3.17) below)

/ (TQ—=Q7):7dax = 0.
R2
By (3.2), we have
L7 :7dz > 0.
R2

Therefore, the desired estimate (3.5) follows by integrating (3.6) in time. This ends
the proof of the lemma. O

Next, we will establish the following lemma, which concerns the global H!-
estimate of w and the L"-estimate of 7 for any r < co.

LEMMA 3.4. Let (u,T) be the corresponding solution of (1.5). Then, for any 2 <
r < 00, (u,T) obeys the global bound

IVu®)llz2 + 7Bz < C, (3.7)

where C' is a constant depending on T, r and the initial data.
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Proof of lemma 3.4. In order to get the above estimate (3.7), we first apply operator
curl to the equation (1.5); to obtain the vorticity w equation as follows

Ow + (u- V)w — Aw = curldiv (7).
We denote R as the singular integral operator
R = —(—A) curldiv.
Applying the operator R to equation (1.5)2, one has
HR7T+ (u-V)RT =RDu — [R, u-V]|r — R(7Q — Q1) — RLT.
In this case, the combined quantity G := w + R7 satisfies the equation
G+ (u-V)G—AG =RDu— [R, u-V|T = R(7Q — Q1) — RLT. (3.8)

Multiplying (3.8) by G, we obtain, after integration by parts

2dt||G”L2 +HVGHL2 N+ Ny + N3+ Ny, (3.9)
where
Ny = RDuGdx, N;= —/ [R, u- V]rGdz,
R2 R2
Ny = — R(TQ — Qr)Gdz, Ny=— RLTG dz.
R2 R2

The Young inequality implies

Ny < CIIVull 2 |Gl e (3.10)
Thanks to the following commutator estimate (see [20, theorem 3.3] for its proof)
R, ulfllae < Clo)(IVullL2 [ f | po=r + llull2 [ £llz2)

for any o € (0, 1), one concludes

Ny = V- [R, ultG dx
RQ

ClIR. )7 a2

< GHH<T+2)/2T
< C[R, U]T”H(Tf?)/%||GHH<T+2>/2T

< CUVullzzlirll g prer + lalloe el ) 1G22 w2 2
< C(ullalirlie + fulls 7 )G G IV GG
éHVGHLz'i‘CHV H4r/(3r 2)H ||4r/ 3r—2)”GH2L(2r—2)/(3r—2)

+ Ol 2l L2/ o= G2 /0=

1
< 3IVGIZ: + 0O+ IVulze) (712 + 11GZ2), (3.11)
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where we have used the following fact L"(R?) — Bc()o_,g_m/%(Rz) with 2 < r < oo.
Finally, by the Young inequality and the Gagliardo-Nirenberg inequality, one can
check that

N3 [R(TQ = QT) || L2r/(rt2) |G| p2r/ -2

<
< ClIQ 2 |7l o |Gl -2
< CIVull 2|7l - |G 2 IV G
1 r/(r— r—2)/r\r/(r—
1IVGIE: + CIvul 2" e Gl )y =)
< 1||VG||%2 + O+ [ Vul2)(I7]2 + |G122). (3.12)

Finally, by (3.1), the term N} admits the bound

Ny = —/ TLRG dx
RZ

SOl |LRG] 2
< Ol 2(IRGll > + [VRG||2)
<Ol (Gll + IVG] 22)

1
< 16IVGIlE: + Cllirl: + 1GIZ:), (3.13)

where we have used the fact (see appendix for its proof)

/]R2 Lfgdx = /]Rz fLgdx. (3.14)

Putting (3.10), (3.11), (3.12) and (3.13) into (3.9), and absorbing the dissipative
term, it gives

d
3 IG1z: +IVGIZ: < CO+ [VulZa) Iz + I1G]7:) + Clirllze. (3.15)

In order to close the above inequality (3.15), we need to establish the differential
inequality of estimate of ||7||z-. Now multiplying the stress tensor 7 equation of
(1.5) by |7|"~27 and integrating over R?, it follows that

1d
— |7 % —|—/ |7 27 : Lrda = / Dur|r|" % dz, (3.16)
dt R2 R2
where the following simple fact has been used

/ (TQ —Q7) 7" 2rdz =0
R2
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for any r > 2 due to the symmetry of 7. As a matter of fact, we have
/ (TQ —Qr) : |7 2rdx = / ik Qe |77 275 do — / Qi7" 21 da
R2 R2 R2
= / Tikaj|T|T72Tij dx — / ijTij|T|T72Tik dx
R2 R2
=0, (3.17)

where we used 7;; = 7;; and Tx; = T due to the symmetry of 7. Thanks to (3.2),
one gets

/ |T|T_27' :Lrdx > 0.
RZ

We thus deduce from (3.16) that
d, o
7z < ClPullz-fIr -

Now it is easy to see

d

7z < ClDuller (7]l

r 7'|
UGz + Izl

C
2/r r—2)/r
< CIGIET VG2 Il + lIr)3
1

< C||W| Lr
<
< 7IVGIE: + CUGI: + II7lIZ-). (3.18)
Adding up the above estimates (3.15) and (3.18) altogether, we obtain
d
a(llGlliz +HI7lI7) +IVGIZ: < CQ+ [ValZ2)(I7ll7- + [GIZ2)-
The Gronwall inequality gives
2 2 ' 2
GO + 7l + [ 196() 32 s < .
which also shows
IVullre < llwllre <Gz + [I7]|22 < oo

Therefore, this concludes the proof of lemma 3.4. ]

We are now in the position to prove the following lemma.
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LEMMA 3.5. Let (u,7) be the corresponding solution of (1.5). Then, for any 2 < p,
q < 00, (u,G) obeys the global bound

(3.19)
(3.20)

Vullpao,r;0) < C,
C

<

Gl zao, w1y < C,
where C'is a constant depending on T, p, q and the initial data. For any 0 < v < 1
Gl o< 0, 7;w0) < C, (3.21)

where C is a constant depending on T, v, q and the initial data.

Proof of lemma 3.5. To avoid the pressure term, we resort to the incompressible
condition to deduce from the first equation of (1.5) that

divdi ~
- = I:IAIV(T—U(EQu) =R(T—u®u).

Hence, the first equation of (1.5) can be rewritten as
dyu — Au = (div + VR)(7 — u @ u).
Applying operator V to above equality yields
9, Vu — AVu = V(div + VR)(T — u ® u).

Owing to the Duhamel Principle, we have

Vu(z,t) = e Vug(x) — /Ot elt=9)a
x A(=A)"'V(div + VR)(T — u ® u)(z, s) ds. (3.22)
Note that the following estimate
lullze < lull 2271Vl 27 < €, W2 <p < oo,
which together with lemma 2.4 allows us to deduce from (3.22) that

IVullLago,r;ey < ||6tAVUO||Lq(O,T;LP)

t
/ eB=)AA(=A)"IV(div + VR) (7 — u @ u) ds
0

"

La(0,T;LP)
S CIH(t, 2)||Lao,r;1) || Vol e
+C[[(=A)7'V(div + VR)(7 = 4 ® )| Lago,r:L)
< ClVuo| e + CllT — u @ ul|Lago,r;Lr)
< C+ 0TV (|Irllz om0y + Il o752
c,

N
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which is (3.19). Now making use of the incompressible condition and applying
operator V, we deduce from (3.8) that

VG — AVG =V(RDu—V - [R, ul]t =V - (uG) — R(7Q — Q7)) — VRLT.
Again using the Duhamel Principle, we can rewrite VG as follows
VG(x,t) = e"“VGy(2)

— /t AV (RDu — V - [R, ult — V - (uG) — R(7Q — Q7)) (x, 5) ds
0

¢
— / e(t_s)AVRET(x, s)ds = Jy + Jo + Js.
0

We resort to lemma 2.4 again to obtain that
11l Lao,m;0) + [IJ2]lLaco,7; L)

t
< HetAVGOHLq(O,T;LP) + / SR e VAV [R, u]Tds
0

La(0,T;L»)

t t
+ ‘/ =AYV RDuds + ‘/ =AYV . (uG) ds
0 L4(0,T;LP) 0 La(0,T;LP)
t
+ ‘ / =IAYR(TQ — Qr) ds
0 La(0,T;L»)

< ClH(t, )| Lao,r;)[[VGollee + C IR, w7l pago7,10)
+ Cl|ull a0, 710y + ClluG|l Lo 7;00) + CIIAT (72 — Q) || Lago,510)
< C+ CTY|[R, ulrl| o= (0,7:%) + Cllull e 0,122 | Gl oo 20y
+ CTY|ul| Lo 0,520y + CIIT a0, 1120/ 0420
< C+ CTY[R, ulr||p= 0,720 + Cllull o 075220 |Gl o 0,7 20)
+ CTV|ul| L= (0.7:20) + ClIQ Lo 0.7:£2) I 7|l Lo 0,730
<C,
where we have used the following estimate

IR, wlrl[zr < CllullBymollTlze < ClIVullL2fl7l[zr < C.

One deduces by using (3.1) that

t - .
I3l Laco. 10y = H/ AV RA LA (2, 5) ds
0

La(0,T;LP)

< CIAT LA 7 (2, 8) || Lao, i)
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< C|ILA™ (2, 8) || Lago,rizm)

< C||A_5T($, s) HLq(o’T;Wi T)
< Cllr(z,8)llpao, 37y + CllT(2, 8) || a0, 1512)
<C,

where T = 2p/2 4 (1 — §)p. We point out that here and in what follows, we use the
fact (see appendix for its proof)

AOLf(x) = LA f(x), &€(0,2). (3.23)
We thus obtain

IVGllLs(o,;L0) < C,

which along with the simple interpolation inequality implies (3.20). Applying A
to the equation (3.8) and using the incompressible condition yield

NG — AN'G =N RDu— ANV - [R, ult — AV (u - VG)
—ANR(TQ— Q1) — AVRLT.

The Duhamel Principle entails

t
AYG(,1) = AN Go(x) — / =AY L [R, ulr
0
— AN"RDu+ A (u-VG))(s)ds
t t
— / B=ANTR(TQ — Qr)(s) ds — / B=ANTRLT(5) ds.
0 0
Now we have that
[ATG (1) e < Ky + Ko,

where
t
Ky = C|[AGollrs + C/ e ANV - [R, w7 Lo ds
0
t t
+C / et=4 AYRDu| o ds + C / [N (- VG| ds
0 0

t
+ O/ [e®DAANTR(TQ — Q)| pa ds,
0

t
Ky =C / et A AYR L7 (8) | 1o ds.
0
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By means of lemma 2.3, it is not hard to check that

t
K1 < C|[A"Goll s + c/ (t — 5)"OFDL2|[R, u]r||pa ds
0
t t
+C/ (t—s)fW/ZHVuHqus—i-C’/ (t—5)77/2||(u~VG)||qus
0 0

¢
+ C/ (t— s)f"’/QHTQHLq ds

(2-7v)/2

t
C+C/ —<V+1>/2ds+0||vu||Lqu (/ 57/ (=) ds)
0

e / )72l 20 |V G| 20 ds + C / )72 |2 2 s

<C+Cott=/2 4 ClIvull 2/ ot

t (2—7)/2
+ C”T”LfoLiq ||Q||L2/»YL2Q (/ s~/ (2=7) ds>
: ;T Lz o

t
1 1 —
Ol ||Lqm;2/q/ (t = 5)=/2|[ VG 20 ds
0
<C+oti/2 4 ClIVull 27+ o' + Clirll e p2a I Vel 2/ 20t ™
1 1
+ Cllull 2 o ol Y IV G o 2t ™
<C+t).

According to (3.1) and (3.23), it follows that
t ~ ~
K> < C / =2 ATRAS LA (s)]| o ds
c/ ~+D)/2) LA || 1 ds
SO C/ (t = 8D r(9)l|a + 7(5)]2) ds
0

t ~
C(||THL°°(O,T7LQ) + HT”LOO(O,T,LQ))/ 57(74"»6)/2 ds
0
< C.

Therefore, we obtain the desired estimate (3.21). We thus complete the proof of the
lemma. g

Next we will derive the bound for ||w||p~ which will play a significant role in
obtaining the global H*®-bound. More precisely, it reads as follows.
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LEMMA 3.6. Let (u,T) be the corresponding solution of (1.5), then it holds

~ < :
Jnax ()l < C, (3.24)

where C' is a constant depending on T and the initial data.

Proof of lemma 3.6. To begin with, it is easy to see that

u=-VH(-A)"tw
= —V(=A)"HG + (=A)tcurldivr)
= -V (=A)"'G — V*eurldiv(—A) 27, (3.25)

where V+ = (=0,,, 9,,)T. Consequently, we have

T+ (u- V)T + LT +7Q — Q1 = —=DVH(~A)"'G — DV-+curl div(—A) 27
(3.26)

Multiplying (3.26) by 7(x,t) implies

%(815 +u-V)|7(z, ) > + 7(x,t) L7 (2, t) = —7(x,t)DVH(-A) 1@

— 7(z,t)DV=+curl div(—A) 7?7,

where we have used the following identity

(12— Q1) : |7'|T72T Tikaj|T|T72Tij - ijTji|T|r72Tki

= Tk Qs IT|" 275 — Qg 7" Tk

=0.
Notice the identity
1 9 1
T(Ia t)ET(LE,t) = §£(|T(33,t)| ) + 5D(1‘7t),

where

(r(z,t) = 7(x — y,1)*
R ly|2m(lyl)

D(z,t) =P.V. dy.
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This identity can be deduced by

T(z,t) —(z —y,1)

dy

T(z,t) L1 (2, t) = 7(2,t)P.V. /}R2 P dy
B (@ B — (@, )z — y,1)
=PV / o) v
1 (@, B — |7 — y.0)?
=3V / wm ()
1 (a2 — 27 () — 9.8) + r(x — y,0)?
PV L [y Py
ol ] (r(z,1) — 7z — y,1))?
= Llr@ O+ 5PV | Ty

= S£(r(x, ) + 3 D(a 1)

We thus deduce

1 9 1 L -1

5(&5 +u-V+L)|r(z,t)]* + +§D(x,t) = —7(z,t)DV-(-A)"' G

— (2, t)DV*curl div(—A) 727
Thanks to (3.21), it gives that for p > 2/
DV (=2) Gl = < C(|Gl 2 + [ACl1r) < C.
This leads to
| — (2, t)DV(=A)'G| < Clr(x,1)].

Noticing the fundamental solutions for biharmonic equation (see, e.g., [25])

7“2

8—71_1117“, r=|z—y,

it gives that
-2 1 2
(-8) @) = o [ WP lylra ) dy,
™ JRr2

Let x(z) € C2°(R?) be the standard smooth cut-off function satisfying

1L 2| <3,
x(x)z{ ol < 3

0, |z|>1.
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Therefore, it gives

|DV+curl div(—A) 27 (z)|

1
=— / ly|? In |y|(DV*curl div),7(z — y) dy‘
8 R2
1
- / [y[? In [y (D curl div), (r(z — y) — 7(2)) dy‘
R2

<L / Xl (DY el ) y) = () dy

+1
87

/ X I gDV el di) e ) dy
y =

1
2

1

8w

/ _ (T el i), ()l Iy (e )~ ) dy

t e

/ |>1/2(Dvlcurl div), ((1 — X4(y))|y|2 In |y (z — y) dy

= Hy + Hs.
Direct computations yield

Ay, (Jy1* Inlyl) = w(2In [y + 1),

YrYi
By Oy, (ly1* In [y]) = (2 [y| + 1) + 27|y|2 ,
Oryj + 05k + 6uYk YiYEYl
8yjaykayl(‘y|2ln‘y|) =2 . . 2 ! — 4% 1
lyl lyl
030kt + Oxj0i + 0510k YiY5 Ykl
8yzayjaykayz(‘y|2 In ‘y|) =2 . ‘:lj|2Z : : + 16 : |Jy‘6

OrYiYj + OrYiyi + 01YkYi + dikUiy;
Foayry; + di YRy

"y
lyl*

where
L, i=7;
6ij = { .
0, i#j.
As a result, it is not hard to check for |y| < 1 that

19y, ([y1* I [y ])| + 18y, 9y, (ly1* I [y ] + 19y, 0y, 0y, (lyl* In [y])]

+ ‘ayiayjaykayl (|y|2 ln |y|)|
< %7
|
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which implies

o< / re=y) =@
ly|<1 ly]

For the term Hsy, we have

1 .
Ho= oo | [ (1 XA OV eurldi), (o I lyr(z ~ ) dy
T/ ]yl=1/2
o/ S OPYI( - ) (g (e — 9)dy
87T |y|21/2 m=1 Y .
1 .
— | =X )@ i), (5 (e - ) dy
T/ yl=1/2
+ - / i CYVy (L =x )V, " (ly* In |y 7(x — y) dy
87 | a2 Y Y
wistz P
1
o [ (WPl bl bl 1 e - )l
1/2<Iyl<1 [yl
wiz12 Y2 eyt P
cof o,
w12 1Yl
Consequently, keeping in mind (1.9), we infer that
DV curl div(—A) =27 (z)|
cof Mooty o  pa-ypywray
i< |l yl>1/2

Ir(x —y) — 7(@)| V/m(y])
C d
/y<1 lylv/m(ly]) Y

) 1/2
+Clrllze / Ly
wiz1/2 Yl

1/2
<CyD@ </| m“")dy) + Ofrlle

y|<1 |y|2

1/2

< Cv/D(w, D) (/0 m?(f)dr> + Ol
< OV/D( 1) +C.
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As a result, one obtains

| — T(J?,t)DVLCurldiV(*A)72T| < =D(z,t) + C(|7(x, t)| + \T(x,t)|2).

e

The above estimates allow us to show
1 1
7O tu-V+ L)|r(x, t)]> + 1P ) < Cullr(z, )] + |7 (x, 1) [%).

Resorting to [12, (5.18)], one has

CQ 9 n1_03|7'(l‘,t)|
m(l)h(%’t)| "y pm(p)

where p € (0, 1). We choose p € (0, 1) such that

D(z,t) >

)

Cs 1
In— > CY,
16m(1) np C1
which further implies
(O +u-V + L)|r(x,t)|*> + Cs|r(x, t)|> < Cylr(x,1)]. (3.27)

Let ¢(r) be a non-decreasing positive convex smooth function which is identically
0 on 0 < r < max{[|7]|2, (Cs/C3)?}, and positive otherwise. Multiplying (3.27)
by ¢'(|7(x,t)|?) and applying the lower bound

O (FILf = L(o(f)),

which can be deduced from [9, proposition 6.3] due to the convexity of function ¢.
Therefore, we obtain

(0 +u-V + L)p(]7(z,1)]?) < 0. (3.28)

Keeping in mind (3.2), namely,
g |h(z)|P~2h(z)Lh(z) dz > 0,
it follows from (3.28) that
le(Ir (@, )z < le(|ol*)llz = 0.

This implies

Cs

which is the desired estimate (3.24). We therefore conclude the proof of
lemma 3.6. g

C
Irte. = < max { . G}
Finally we are ready to prove the global H?®-estimate.
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Proof of the global H*®-estimate. Applying A® to the system (1.5), taking the L?
inner product with A*u and A®7 respectively, it yields

1d

5 A u®Ze + AT @72) + A ] 7

< A’V -7 ANudr + ASDUIASTdI‘—l—/ [A°,u-V]u-ANudz
R? R? R?

+/ As(u~V7):Asde+/ A(TQ—Qr): A°rde
R? R?

= Hy+ Hy+ H3 + Hy + Hs,

where we have used the following fact
/ AN7LA°7dx > 0.
]RZ
Integrating by parts and using the Young inequality, we deduce
1
Hy + Hy < |[A T u(t)|| g2 || AT 12 < EHAS“uniQ + C||A*7||3.

Now we recall the following classical estimates (see [26,27])

CUIV A llzo A gllzee + [A° fllLes llgllzes), (3.29)
C(IFllzrs [A°gllzra + [[A°fllLrs [l 2re) (3.30)

IA°, flgll e
IA*(f9)ll v

NN

with s > 0, p2,ps € (1,00) such that 1/p=1/p; +1/p2 =1/p3s+1/ps. In some
context, we also need the following variant version of (3.29), whose proof is the
same one as for (3.29)

ITA*710;, flgller < CUVFllee 1A gllzan + [IA° fllze2]lgllzae)- (3.31)
It follows from (3.29) that

H3 < C||[A% u- Vul|pas|[A%u] 14
< OVl g2 [ A%ul[74
< OVl 2| A%ul| g2 | A | 2

1 S S
< 1A ullze + ClIVulZa | Atz
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Invoking the divergence free property, (3.31) and the Young inequality, we obtain
H4 = Asak(ukTZ'}j)AsTi’j d.%‘
R2
= / [Asé)k, ’uk]Tl‘yjAsTZ‘,j dz
R2
< O|[[A* Ok, ur]7ill2 A7 | L2
< O(I7llp= 1A ull g2 + | Vull oo [|A*T [ £2) [ A7 | 2

< A ullfe + O(IT T + [Vl poe) AT .

1
16
By (3.30), one gets

|AS(TQ — Q7) || L2 [|A°T|| L2
ClTll=lA*Q 2 + [ Lo [[A*T|| L2)[[A®T| L2
S O(I7llzoe 1A ul 2 + [[Vull Lo [ AT || L2) |A®T || L2

Hs <
<

< %IIASHuIIiz + Ol + IVl o) [|AT]IZ2).

Combining all the above estimates yields
%(IIASU(t)II%z AT (O)1Z2) + A a7

< CA+[IVull o + 7l ) ([A%ull72 + [A°T]172).
Recalling (3.25), it leads to

Vu = —-VVH(—A)"1G — VVEcurldiv(—A) 27
Now we may deduce that

[Vullze <O+ [[7]|lLoeIn(e + [|AT][£2)). (3.32)

As a matter of fact, (3.32) can be deduced by using (3.21) and the high-low
frequency technique

N oo
IVullze < 1A Vullze + 14, Vullpe + > [14;Vul|z
j=0 j=N+1

N
7=0
N
+ Z ||AjVVLcurl div(—=A) 27 Lo
j=0
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+ Y 1A VVE(=A) G
J=N+1

+ > 1A VVteurldiv(—A) 27|

j=N+1
0o ) N
<C+CY PO IANG1r +C Y 18,7 o
7=0 j=0

+C Y 20792 A7 s
j=N+1

< C+C|ANG|lzr + CN||7| Lo + C2VO=) || A% 7| 12
< C+ CON|7|p + C2VO=9)||A%7|| 1
< C(1+|7llzeeln(e + [|[A*T| £2)),

where we have selected p > 2/ and N satisfying

N In(e + ||A®7T]|L2) Ll
(s—1)In2

Taking advantage of the above inequality, we easily get
d S S S
A w()|Ze + AT (@)]Z2) + AT a2
SO+ |I7lZe) In(e + [[A%ull72 + [A*T]|Z2) (IA%u]Z2 + [|A°T]Z2).

Applying the Gronwall inequality leads to

T
s (A + 1A (0)13:) + [ 1A ulo) de < .

This completely finishes the proof of theorem 1.1. O

4. The proof of theorem 1.7

This section is devoted to the proof of theorem 1.7. For simplicity, without loss of
generality, we assume =7 =k =y =1 and § = 0 in this section.

Proof of the a priori estimates of theorem 1.7. We start with the following global
L? estimate for the system (1.4).

LEMMA 4.1. Let (u,7) be the corresponding solution of (1.4), then (u,T) obeys the
global bound

t
lu(®)lI72 + I ®NZ- + 2/0 V7122 dt = [luollZ2 + lI70l1Z-- (4.1)
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The next lemma provides the global bounds for |[|Vu(t)||r« and ||7(¢)||w1.» for
any 2 < q, p < o0.

LEMMA 4.2. Let (u,7) be the corresponding solution of (1.4). Then, for any 2 <
D, q < o0, (u, ) obeys the global bound, for any t € [0, T

t
IVu@)l[La + I7(@)llw.r +/O IAT(s)]172 ds < C, (4.2)

where C' is a constant depending on T, p, ¢ and the initial data.

Proof of lemma 4.2. Testing the equations (1.4)1, (1.4)2 by Au and AT, respec-
tively, and summing them up, one easily gets

1d

535 (IFule + 19712+ 1a7IE = [ (u-Vr) s Arda
R2

—|—/ (T — Qr) : Arde, (4.3)
R?
where we have applied the following simple facts

/(V~T)~Audm+ Du:Ardz =0 and /(u-V)u~Audx:0.
R? R?

R2

Recalling the incompressibility condition, the first term can be bounded by

/ (u-V7): Arde = — 01 (w;0;Tyj) Oy mrj d
RZ

R2

= — 8lui8ﬂkj8ﬂkj dx
R2

< OVl 12| V7|74

< ClIVull2[[ V7| L2 | AT 2

1
< gIATlz: + CIVT Iz VulZ.. (4.4)
By the Young inequality, one immediately has the following estimate

/ (rQ — Qr) : Ardz < Cllrl|p~ [ Vul| g2 || A 1z
R2
1
< glarlie + Clirlz= [ Vullz.. (4.5)
Inserting (4.4) and (4.5) into (4.3) yields
d
2 UVulZe + IV7llZe) + [ArllZ: < CUIVTe + Il Z<) I VullZ:,
which along the basic L?-energy estimate yields
d

3
U@l + Ir Ol + S1A717: < CUVTIZe + Iz ullfn. (46)
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Using the Brezis—Gallouet inequality in the form (see [4, 5])
17170 < CllTIEIn(1 + |AT72)

and the following inequality

1
pr < iem +plnp, p, x>0,

we conclude that

Clirllzeellullz < Cllullf I7l7nn( + (A7)

11
< 5+ SIATIE + Cllrllzn lullfn (L + [ VullZ: + [I717:)

1
< C+ AT + Cllrl lullf Q4+ flullf + 17l (47)
Inserting (4.7) into (4.6), we have

d
aY(f) +|AT|32. S C+ C(+ |7132)Y (1) In(1 + Y (1)),

where
Y (t) := u®)|Fn + ()l

Thanks to (4.1), we obtain

t
Y () + / |AT(s)|a ds < C,
0

which is equal to

t
a7 + @)l 7 +/O IAT(s)[I72 ds < C. (4.8)
This also implies

/0 [ (8)|[2 ds < C. (4.9)

Next we apply operator curl to the equation (1.4); to obtain the vorticity w equation
as follows

Ow + (u- V)w = curl div(r). (4.10)

However, the ‘vortex stretching’ term curl div(7) appears to prevent us from proving
any global bound for w, except ||w| L2 due to (4.8). A natural idea would be to
eliminate curl div (7) from the vorticity equation, which is motivated by the two
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elegant works [20,21]. To realize this idea, we take R as the singular integral
operator

R = —(—=A) tcurl div.
By applying the operator R to the equation (1.4)s, it gives directly
ORT+ (u-V)RT —ART =w — R(TQ2 — Q1) — [R, uw- V], (4.11)
where we have used the simple fact
RDu = w.
Now we denote I' = w — R7, which satisfies by combining (4.10) and (4.11)
O+ (u-V)I'=[R, u-V]T+R(1Q - Qr) — w. (4.12)

According to the definition of 2, one may check
1/0 -1

190 < wllm, 1< m < oo,

which leads to

Multiplying (4.12) by |I'|9~2T" and integrating by parts, it can be obtained that
1d
5aIIF(t)IIqu = K1+ Ky + K3, (4.13)

where

K, = —/ w T Tde, Ko z/ [R, w-V]r [[|97%I"dz,
R2 R2

K; = / R(TQ — Q) [T]97°T da.
R2
We start with the first term which follows from the Young inequality and the
boundedness of the Riesz transform between the L9 (1 < ¢ < o0) space
K1 < C|lw|allT g
< O(IT]|zo + [IR7 ]| 2a)IT )17
< C(ITZe + IIR7N%a)
< CHF”qu +C||T||?{la (414)
where we have used the fact
IR7llze < C(@lI7llze < (@)l

Making use of the following commutator estimate (see [21, theorem 3.3] or
[13, corollary 3.2] for details)

IR, w-VIflsy, <Clrp)IVulle (£ 5y, , + [1f]lzr),
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for any smooth incompressible vector field v and any (p,r) € [2, 00) x [1, o0], we
thus obtain

Ky = / [R, u- VT |T|9 T dz
R2

< ONR, w- Virllza Tl E"
S C@INR, w-Virllo IITNE

<C@IVullza(irllpe , + ITll)IT)E:"

<O@lwlzaliTllze,, + Il ITIE:"
<O@TNze + IRl o) (Il , + I7llz2)ITIE,"
<C@ITllsy, + ITl2)UTNL. + IR7Ia)
< C@ITllsy, + 1Tl UTNZe + [17170)- (4.15)

The last term can be easily estimated by

K3 < |R(TAw — Awr)| £ |T)|%,"
C(q)|lTAw — Awr | La||T)|%,"

/N

N

C(@) 7|zl zalIT "
< O@I7llz=(ITllzs + IR [l 2) D)7
S C@ITlleo (ITNZa + 17 1F)- (4.16)

Putting estimates (4.14), (4.15) and (4.16) into (4.13), we obtain

d

Ize < C@@ + N7l + lIrllze) TN 70 + C@) @+ 17 + 7 lze) 7l
where we have used

I7llge, < Clirlmn.
Thanks to the Gronwall inequality and (4.8)—(4.9), we show
IT@ze +lI7@)llze < Clg),
which leads to
IVu@)||ze < llw®)llze < Clg)- (4.17)

Next, our main target is to estimate ||V 7|1« for any 2 < ¢ < co. Applying V to the
equation (1.4)9 leads to

WVT+ (u-V)VT — AVT =VDu — V(1 — Q1) — Vu - Vr. (4.18)
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Multiplying (4.18) by |[V7]|972V 1 and integrating over R? it thus follows that

1d
SGITTOIL =1 [ VTPVt e < Rt Bt B
q dt R2
where Fi, Fy and F3 are given by
2 :/ VDu(|V7|T2V7)de, Fp= —/ V(rQ — Qr) (V7|7 2V7) da,
R2 R2
Fy = 7/ Vu - Vr(|V7|972Vr) da.
R2
Owing to integrating by parts and using the Holder inequality, one obtains

Fi < (q— 1)/ |Du| V7|72 V7| da
]R2

/N

D/ |V27|2|V7|q’2dx+0(q)/ Dul? V7|7 2da
8 ]R2 Rz

/N

—1
LoL [ R ar + 0@Vl VT
Rz
F<-1) [ 160-9n] [97129%|ds
R
—1
<i— /|V27|2|V7|q_2dm+0(q)/ 72 V|72 da
R2 R2
g—1 _ -
<73 /R (V27271972 dz + C(q)||7]|3 0 | V|| 2 | V7)1 £27.

The term F3 admits the same bound as Fs. As a matter of fact, by the
incompressible condition, we have

F5 = —/ V- (Vur)(|V7|972V7) dz
R2
g—1 - _
< I [ IV PIVAT o+ Ol [Vl 9757
Collecting the above estimates of Fy — F3 gives
d
a”VT(t)”%q <O+ |17l IVl -

By (4.17) and (4.9), we have

< .
Juax [VT(t)llee < C(g), 2<g<o0

Combining all the above estimates gives (4.2). Therefore, we finally conclude the
proof of lemma 4.2. O

The estimates of lemma 4.2 allow us to show the following lemma.
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LEMMA 4.3. Let (u,7) be the corresponding solution of (1.4). Then, for any 2 <
p, q < 00, T obeys the global bound

V27|l Lo 0,0y < C (4.19)
where C is a constant depending on T, p, q and the initial data. For any 0 < < 2
||A67HL°°(0,T;L00) <C, (4.20)
where C' is a constant depending on T, § and the initial data.
REMARK 4.4. Unfortunately, we are unable to get the following key estimate
V27| oo 0,751y < C. (4.21)

If one could obtain the above estimate (4.21), then according to the equation (4.10),
we have the key estimate ||w|/p~ < 0o, which allows us to conclude the global
regularity result for the system (1.4).

Proof of lemma 4.3. Applying V? to equation (1.4); and making use of the
Duhamel Principle, we immediately have
t

V27 (x,t) = "2 V2 (x) — / B=AA(=A)IV2(Du — (u- V)T
0

— (72— Q71))(s) ds.

By means of lemma 2.4, it is clear that

V2?7l v 0,7510)

< ||etAv27'0||LP(O,T;Lq)

+ ’ /t UHAA(=A) IV (Du — (u- V)T — (1Q — Q7))(s) ds
0

LP(0,T;L9)

(T, 7ol =) + C||(—A)71V2(Du —(u- V)T — (792 = Q7)) L (0,519

(T, l[rollm=) + Cl[Du = (u- V)7 = (7 = Q7)o (0,7;19)

(T, 7ol =) + ClIPullLeo,7;9) + Cll(w - V)Tl Le0,7;09) + ClTR Lo (0,73 19)
)

NN N

C
C
C
C

N

(T I7ollz+) + CTY?||wll o= 0,720y + CTP|[ull s (0,7,22) V7| 222 0,72

+ OT Plir = o7:) 19 = 0.7
< C(p,q,T,up,70),

where in the last line we have used the estimates of lemma 4.2. This yields (4.19).
Applying A% to equation (1.4); and using the Duhamel Principle, we obtain

A7 (z,t) = "> No7p(z) — /O t B=AN Dy — (u- V)T — (1Q — Q7)) (s) ds.
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By choosing ¢ > %(2 —9), it follows from lemma 2.3 that

t
AT oo (0.7 100) < [[€"2 A2 To| Loo 0,7:1.5) + H / =B NIDy(s) ds
0

Lo (0,T;L>°)

/t eU=BN((u-V)7)(s) ds

"
0

L>=(0,T;L>°)

t
+ ‘ / =IAN (10 — Qr)(s) ds

L>=(0,T;L>)

0
t
< C+CH/ (t — s)70/2714)|w(s)|| pa ds
0

L (0,T)

t
+CH/ (t = 5)70/27 V9 u(s)|| 1o | V7 (5)] 2o ds
0

Lo (0,T)

t
w0 [t o) o) s
0

L= (0,T)
<C+ Ot/
< C((su Ta uop, TU)7

which is (4.20). Therefore, this concludes the proof of the lemma. O

By this time, we have obtained the desired results (1.14)—(1.17), thus we complete
the proof of the a priori estimates of theorem 1.7. O

We remark that the high regularity of 7 was obtained, however, for the velocity
u we only have (4.17), which has no effect on bounding the terms ||w]||ze, not to
speak of the term ||Vu| . As a matter of fact, at present we are unable to control
the key quantity ||w|/p~ of the system (1.4). But if one imposes a condition on
7, namely (1.18), then we would derive the bound for ||w| e which will play a
significant role in obtaining the global H®-bound. More precisely, we have

LEMMA 4.5. Let (u, ) be the corresponding solution of (1.4). If the condition (1.18)
holds, then there exist some constants C' such that

~ < Cl .
max [lw(t)]1= < C (4.22)

Proof of lemma 4.5. Applying the maximum principle to the equation (4.12), it has
d
Tl <R, w-Virlpe +[R(TQ = Q7)l|z + [lwllz.  (4.23)
By the following commutator estimate (see [21, theorem 3.3] or [13, corollary 3.2])

IR, w- VIfllsy

0o, T

S O(lwllzr + llwllz) (I fllBs, . + Ifllze), € >0,

https://doi.org/10.1017/prm.2019.3 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.3

1906 Z. Ye

one easily concludes that for any 0 <e <1—2/p

IR, w- V7| < |[R, - V]THBQO,1

< O(lwllzr + ol =)z, , + l7llze)

< O(lllzr + Iz + R =) (I7ll=,, + lI7llzr)

< O(lllzr + Iz + 17llce + I7llse, ) (Illse, + I7z0)

< O(lllzr + Iz + I7llze + Il ) llwss + li7llzo)

< OO+ ). (4.24)

where we have applied the estimates of lemma 4.2. It is also easy to see
[wllzee < CA+ ([T Loe ). (4.25)

Now we will handle the second term at the right-hand side of (4.23). By the
definition of the Besov space and the Bony decomposition, we get

IR~ Qr)lz~ = [R(rAw — Awr)||p~
< IR(rAw — Awr) o,
< Cllrwlipe, | + Cllullz2|7| 2
= (ITewllpe,, + I Torllpe,, + IR@Ds )
+ Cllull 2|7l L2 (4.26)
According to the definition of the Besov space, it is not hard to check that

ITorllpe,, < Cllwllze=liTllse

< Oflwlpe<lI7llwe

SO+ [[T|z=),
[1R(wr)llpg, , < ClIR(wT)]Be, ,

< Clwllsg,  Illse, ,

< Cllwllz<lIrllwer

SO+ [ITllz),

where 0 < e <1—2/p. In order to bound the term T,w, we need the condition
(1.18). Actually, it allows us to deduce

ITrwllpo, , < D I1Sj-17Ajw] L=

>0
= Y 1SarAwllre +C D 1917wl e
0<j<jo—1 >0

https://doi.org/10.1017/prm.2019.3 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.3

Regularity results for the 2D critical Oldroyd-B model 1907

<C >0 STl llAjwlize +C Y 1S a7l oo | A jw]| o
0<y<jo—1 JZJjo
< Chollllzellwllzoe +C Y 118517 poe | £oe
JjZjo
< Cllwllze + Cllwllze > 1817 Lo
JZjo
SO+ ITllze) + D 18517l 2o (1 + [T <)
JZjo
We would like to point out that this is the only place in the proof where we use the
condition (1.18). Putting the above estimates into (4.26) yields
IR(TQ = Qr)llz= < O+ T][z) + Y ISj-17llzee (1 + | Tllz=).  (4.27)
JjZjo
Combining (4.23), (4.24), (4.25) and (4.27) ensures
d
—IT@)llzee S CA+[Tlize) + D 18517z (14 (T[] o).
dt
Jj=jo
The Gronwall inequality and the condition (1.18) allow us to obtain

max [|[T()]z~ < C,
0<t<T

which further implies that

~ < C.
gpax Jlw()llz= < C

Therefore, this completes the proof of the lemma. O

Now we are ready to prove our main theorem 1.7 with the obtained estimates at
our disposal.

Proof of the regularity criterion of theorem 1.7. Applying the operator A® with
s>2 to the system (1.4), taking the L? inner product with ASu and A°T,
respectively, and adding them up, we can get

Ld

2dt

:/ ASV'T‘ASde+/ ASDU:ASde+/ [A% u-V]u-ANudz
R? R? R2

(A" u(®)[Z2 + 1A T(B)172) + |4 7|7

+ / A(u-Vr): A°rde+ [ A°(7Q—Qr) : A°rde
R? R?

= H1+H2+H3+H4+H5. (428)
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In what follows, we will handle each term at the right-hand side of (4.28) separately.
We get by integrating by parts and using the Young inequality that

Hy o+ Hy < AU 2| A7l < FIA 730 + ClA% )3 (4.29)
As a consequence of (3.29), we have
Hs < C|[[A%,u- V]ul g2 [A%ul 2 < ClIVullze [A%u]Z.. (4.30)
By use of the divergence free property and (3.30), it follows that
Hy = /R2 AN O (upT;j) : A°7y 5 da

ClIA* (ur) || 2 A7 2
C(lI7l e llA"ull Lz + llull e ATl 2) [ A7l 2

NN

< iIIAS“TH%z + O~ 1A%l Z2 + JullZ [IAT]IZ2). (4.31)
Similarly, the last term can be estimated as follows
Hy < A1 (rQ = Q1) | 2| A 7 12
< CIrllpeIA T Ql pe + QU pa AT 7] 20/ a-2) [AF 7]l 2 (g > 2)
< Ol A Qg + Q1 a7l AT 22 A o

1 s s 2(q—2)/s s 2(s—1 4)/s
< 1A T2 + Ol [AullZa + fleol[Fall | 782 A 070 7=)
1 ,
< I8 Tl + Ol [A%ullZe + llewollFo + ol Fa AT 22). (4.32)

Plugging together the preceding estimates (4.29), (4.30), (4.31) and (4.32) into
(4.29), we find the following differential type inequality

d S S S
AT @I + (AT @)]72) + AT 717
SCA+ IVl + wlZe + lJulli< + 1717 (1A%l 2 + [IA*T]1Z2)
< CA+ [IVull o) (IA%ulZ2 + [1A°7T]1Z2).- (4.33)

To control the term ||Vu| =, we will appeal to the following logarithmic Sobolev
embedding inequality (see [2])

HVUHLC’O(RZ) < C(l + ||U||L2(R2) + HwHLoo(]Rz)ln(e + ||AS'I.LHL2(R2))), s > 2. (434)
Applying (4.34) to (4.33) yields
d
3 AUl Zz + 1A (®)]72) + A7

<O+ [lwlze) e + [A%ulZ + 1A TIZ2) (A ullZs + [A*T][72).  (4.35)
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Applying the Gronwall inequality to (4.35) gives that

s 2 s 2
s (A (O] + AT (O]E2) < oc.

This bound implies that the local solution can be extended to [0,7T]. Thus, we
completely finish the proof of theorem 1.7. O

5. The proof of theorem 1.9

If we add the dissipation term (—A)%u to the velocity equation of the system (1.4),
then with suitable modifications, it is not difficult to deduce that the estimates
(1.14)—(1.17) are still true for the corresponding system. In order to avoid much
of the repetition, we omit the details. In this case, the estimates (1.14)-(1.17) are
sufficient for us to get the global H® (s > 2) estimate without (4.22). Actually, it
suffices to bound Hj as follows which is different from (4.30)

H3 CH[AQ,UV]UHLQHAQUHLQ
ClIVullLal[A*ull 20/ a2 [|A%ul| 2

s ag—2)/a s+o, 12/ s
< OV pa [ A%u]| 322/ At ou| 229 A%u|

<
<

1 ST -1 S
< I ulge + OVl Z2 TV A% ul e,

where ¢ > 2/a. We would like to point out that this is the only place in the proof
where we use the main assumption of the theorem, namely o > 0. The other four
terms Hy, Hy, Hy, H5 can be bounded as the same as in proving theorem 1.7. We
thus complete the proof of theorem 1.9.

Appendix A. The proof of (3.14) and (3.23)

Let us start with the proof of (3.14). By the definition of operator £, we obtain
that

/ Lfgdx

@),
*PV/RQ/RQ |y\2m<|y|> dyd

B f@)(g(z) —g(z —y)) + f2)g(z —y) — flz —y)g(z) |
=ev. [ ], yPmly) dud

f(@)g(x —y) = f(z = y)g(x)
- fLgdx +P.V. /]R2 WEm) dydz. (A.1)
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By using the variable substitution z = 2 — vy, y = —¥, we have
f(x)g(z —y) — fz —y)g(x)
I:=P.V. dyd
/RQ - yPm{ly]) -
f@—y)g@) - f@)g(@—y) .
=P.V. — = dyd
/ w [ —oPml =) -
f@)g@ —y) - f@—y)g@) . -
=—P.V. — — dyd
/ - PR -
S

)

which implies

fl@)g(z —y) — flz —y)g(@) | o _
ey L yPmily) dude =0

This along with (A.1) gives

/ Lfgdr = fLgdx.
R2 R2

This concludes the proof of (3.14).
The proof of (3.23) can be performed as follows. The well-known Riesz potential
operator A% with § € (0, 2) reads

A7) = o) [ Y

— Dy,
2 |z —y|?? Y

where C(¢) is a positive constant depending only on . For the sake of simplicity, in
what follows we ignore the constant C'(d). Recalling the definition of the operator
L, we have

A_‘Sﬁf(:v):/ L@)dy

R2 |7 —y|27?
B fly) = fly—=2) A
=PV. /RZ /]R2 7 = g P Em(|a]) dzdy. (A.2)

On the other hand, it also implies

£A76f(£€) :PV/ Ai&f(x) _ Aiéf(x - y) dy

R? lyl>m(|y|)

B £(2)
=PV / / e 2P0y Em(ly) 2V

) £(2) )
v / / g 2P gPmy) Y A9
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Thanks to the variable substitution z =z — y, y = 7, we infer

f(z)
P.V./ / dzdy
Rz Jr2 [T —y —d”ﬂm%MWD
-7) o~
=PV. / / dzdy
R2Rﬂz—42ﬂm%MWD

fz—y)
=P.V. / / dzdy,
k2 Jr2 |2 — 2270y Pm(ly])

which along with (A.3) further shows by the variable substitution z =y, y = Z that

e ORI
LA f(z) P.V./W/Rz — dedy

lz — 2270y [Pm(Jy])

B @) - G-2)
=PV / / \m— e Pm(a)

- fly) —fly—=2)
=PV [, [ e 0o Ay

Combining (A.2) and (A.4), we finally get

A°Lf(x) = LA ().

This completes the proof of (3.23).
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