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We consider the zero-resistivity limit for Hasegawa—Wakatani equations in a
cylindrical domain when the initial data are Stepanov almost-periodic in the axial
direction. First, we prove the existence of a solution to Hasegawa—Wakatani
equations with zero resistivity; second, we obtain uniform a priori estimates with
respect to resistivity. Such estimates can be obtained in the same way as for our
previous results; therefore, the most important contribution of this paper is the proof
of the existence of a local-in-time solution to Hasegawa—Wakatani equations with
zero resistivity. We apply the theory of Bohr—Fourier series of Stepanov
almost-periodic functions to such a proof.
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1. Introduction

There are many applications of plasma physics, for example, in light sources, sur-
face treatments and nuclear fusion. Specifically, controlled thermonuclear fusion
has, thus far, been a challenging problem, because there are many kinds of insta-
bility in nuclear fusion plasmas. To confine high-temperature plasma in a vacuum
vessel using magnetic forces, we must control both microscopic and macroscopic
instabilities [21]. Following studies that began with the Vlasov equation, new insta-
bilities were discovered when the wavelength of the perturbed fields was taken to
be as small as the Larmor radius of the charged particles. These instabilities were
termed microscopic instabilities [28]. Therefore, to study nuclear fusion plasmas,
we must use both magnetohydrodynamic equations, which describe macroscopic
instabilities, and other model equations [21].

In this paper, we are concerned with the Hasegawa—Wakatani equations, which
are useful in the study of resistive drift wave turbulence and the related anomalous
transport, and result in a dramatic reduction in confinement time in a tokamak.
A tokamak is the most advanced magnetic confinement device for thermonuclear
fusion; in this device, an axisymmetric plasma is confined by a strong magnetic field.
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Turbulence that is excited by unstable drift waves is called drift wave turbulence;
drift wave instability is classed as a microscopic instability [28]. Drift waves are
quasi-electrostatic waves that propagate perpendicularly to both the magnetic field
and the density gradient [22]. Hasegawa—Wakatani equations are fluid models; thus,
to research the effect of non-Maxwellian distributions in velocity space, we must
consider the problem for Vlasov—Poisson equations (kinetic equations) [24, 25].

In 1983, Hasegawa and Wakatani [12, 13] proposed the following equations for
the perturbations of plasma density n and the electrostatic potential ¢ to describe
the resistive drift wave turbulence in the tokamak:

0 - C1 82 2
(6t(v¢xe).v>A¢n*8x§(¢_n)+02A o,
p o 02 (1.1)
(5~ (Vo xe)-¥)ntogn) = - Lo =)

These are Hasegawa—Wakatani equations from the two-fluid models in a strong
homogeneous magnetic field B = Bpe and an inhomogeneous plasma equilibrium
density n* = n*(|2'|) (z = (21,72, 23) = (2, 23), |2'|> = 2% + 23). Here, the total
density N is divided into equilibrium and fluctuating parts, N = n* +n'; and the
normalizations e¢/T, = ¢, n'/n* = n, wst = t and z/ps = = are used. Here,
By is the strength of the magnetic field (assumed to be a constant), e = (0,0, 1),
c1 = To/(e*nwei), ca = p/(p>wei), Te is the electron temperature, e is the elementary
charge, p is the kinematic ion-viscosity coefficient, 7 is the resistivity, m; is the ion
mass, we = eBy/m; is the cyclotron frequency and ps = /To/(wei/ma) is the ion
Larmor radius. For simplicity, we assume that ¢; and ¢y are positive constants.

In 1977, before the advent of Hasegawa—Wakatani equations, Hasegawa and Mima
[10,11] proposed the following equation:

(gt—(V¢xe)-V>(A¢—¢—logn*)—0. (1.2)
This is the Hasegawa—Mima equation from the one-fluid model under the same
magnetic field and plasma equilibrium state as used for the Hasegawa—Wakatani
equations. Concerning the mathematical results for (1.2) we refer the reader to [16]
and the references therein.

Our results address the mathematical issues inherent in (1.1). The existence
and uniqueness of a strong solution to the initial-boundary-value problems for
(1.1) in a cylindrical domain were proven when the initial data are periodic in
the axial direction [16], and when the initial data are Stepanov almost-periodic
[19]. In nuclear fusion research, it is important to consider an irrational magnetic
surface on which the line of force covers the surface ergodically without closing
[27]. However, research into plasma phenomena in an irrational magnetic surface
is difficult; therefore, we consider a simple problem as the first step in researching
plasma phenomena in a tokamak. In [17,18] we proved that, as the resistivity
tends to zero, the solution of the Hasegawa—Wakatani equations established in [16]
converges strongly to that of the model equations of drift wave turbulence with
zero resistivity. When the temperature of the plasma is very high, the resistivity
of the plasma approaches zero; therefore, it is important for nuclear fusion plasma
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research to consider the case of zero resistivity. In [14] we obtained two useful
lemmas for Stepanov almost-periodic functions for the purpose of obtaining uniform
a priori estimates for resistivity; additionally, we proved that the Stepanov almost-
periodic solution of linearized Hasegawa—Wakatani equations converges strongly
to that of linearized Hasegawa—Wakatani equations with zero resistivity as the
resistivity tends to zero when the initial data are Stepanov almost-periodic. In
[15], we used the lemmas presented in [14] to prove that the Stepanov almost-
periodic solutions of the Hasegawa—Wakatani equations established in [19] converge
strongly to that of the Hasegawa—Wakatani equations with zero resistivity under the
additional condition of 7 = 0 as the resistivity tends to zero. Note that Hasegawa—
Wakatani equations with zero resistivity under the additional condition 7 = 0 are
similar to the Hasegawa—Mima equation with a higher-order correction term.
By defining € = 1/¢1, (1.1) can clearly be written as

(gt — (Vo xe)- V) (Ap —n —logn*) = ca A%,

5 . L & (1.3)
6((% — (Vo xe)- V)(n+ ogn™) = —Ea—x%(fb—n).

Note that §%n/0x? and §%n/0x3 do not appear on the right-hand side of (1.3)s.
We shall show that when studying the zero-resistivity limit for (1.3) with almost-
periodic initial data this anisotropy causes unexpected difficulties. Generally, when
looking for almost-periodic solutions, one looks for almost-periodicity in the time
variable. However, in this paper, we consider another problem, as follows.

For a given initial electrostatic potential ¢g, an initial plasma density ng, and a
background density n* = n*(|2']), let (¢°,n°) = (¢°,n%)(z,t) be a solution to the
initial-boundary-value problem for (1.3) with e > 0 in w x R x (0,00) = 2 x (0, 00)
under the following initial and boundary conditions:

¢°(2,0) = ¢g(x), n°(xz,0) =ng(x) forx e 2, }

(1.4)
o°(x,t) = Ad®(z,t) =n°(x,t) =0 forx el ¢t >0,

when the initial data are Stepanov almost-periodic in the direction e. Here, w =
{2/ = (x1,22) € R? | |2/| < R}, Ow = {2/ = (w1,22) € R?* | |2/| =R}, [ = {z €
R? | 2/ € Ow} and R is a positive real number.

There are several technological applications of almost-periodic functions, for
example, in time—frequency analysis of audio signals (e.g. piano, singing voice and
violin tones). The fast Fourier transform (FFT) is generally used in time—frequency
analysis; however, the FFT is influenced by its window. On the other hand, as sug-
gested by Wiener, generalized harmonic analysis (GHA) using almost-periodic func-
tions can analyse and synthesize signals without introducing window effects. GHA
has a very high resolution. Furthermore, a waveform reconstructed by GHA can
enable prediction by extrapolation of a reconstructed waveform. However, because
this method has a high computational cost, there was no attempt to pursue tech-
nological applications until Hirata developed an efficient GHA algorithm in 1994.
In [23,26,29], GHA is applied to non-stationary signals. Because GHA is a new
field, further research is required to clarify its fundamental characteristics.
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It is more convenient to change n°(xz,t) and n(z) into n®(x,t) + logn*(jz']) —
logn*(R) and n§(x) +logn*(|z'|) — log n*(R), respectively, while keeping the same
notation n¢(x,t) and ng(z). Then, (1.3) becomes

(gt — (V¢ x e) - V) (Ag® —n®) = caA?9°,
a £ g __ 1 82 £ £
5<8t—(V¢) ><e)~V>n ——Ea—xg(qﬁ —nf) forxze 2, t>0,
(1.5)
whereas (1.4) remains unchanged.
For convenience, we introduce
1 A
fe(@)y = M{f*(z)} = lim A 1o (z) dzs,
A
Fo(@) = fo(2) = M{f*(2)} = (T — M){f*(2)}.
Then, problem (1.5) is equivalent to the following problem:
(5~ (99" x e 7 ) (a7 ) = cat?",
9 € € 1o Te ~e
5(I—M){<at —(Vo© x e) -V)n } = —Ea—xg(qb —n°),
M{(;—(Vﬁ xe)-V)nE} =0 forzef, t>0,
and (1.4) remains the same.
Setting ¢ = 0 in this problem, we have
(gt — (Vo' x e) - v) (A@? —n0) = caA%¢°,
19 -
i — = 1.
5@ i) =0, (16)
M{(gt—(wo xe)-v>n0} =0 forze, t>0.

The aim of this paper is to establish both the unique existence of a strong
Stepanov almost-periodic solution to the initial-boundary-value problem for (1.4)
and (1.6) with & = 0 when the initial data are Stepanov almost-periodic in the direc-
tion e and the convergence of (¢, n%) to (¢°,n°) as € tends to zero on some interval,
which corresponds to the vanishing resistivity of Hasegawa—Wakatani equations.
Note that a similar problem is considered in [15] under the additional condition of
n=0.

In §2, Stepanov almost-periodic functions and the function spaces appearing in
the following theorems are defined.

The following proposition is established in [15].
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n*(|2'|) = n. with a positive constant n.. Assume that (¢§,ng) € Sgp(R; L?(w)) x
S2,(R; L (w)) satisfies the compatibility conditions
do(x) = Agg(z) =ng(z) =0 forax eI (1.7)

Then, there exists a unique solution (¢°,n%) to problem (1.4), (1.5) on some inter-
val [0,T] such that (¢°,n°) € L*(0,T; Sa,(R; L?(w))) x S22 (R; L (wr)), 0¢° /0t €
L*(0,T; 5%, (R; L*(w))). Here, T is a constant that is independent of e.

The second equation of (1.6) implies #° — 7% = 0 by virtue of the almost-periodic
condition in x3 and M@? = Mn® = 0. Inserting this relation into (1.6) and (1.4)
with € = 0, we have

(8 — (V¢ xe) - v> (AP — ¢°) + (V¢° x e) - Vil = ¢, A%¢°,

ot
9 70 -0
<8t—(qu) xe)~V>n =0 forx € 2, t >0,
¢°(2,0) = ¢3(x) for z € 12, (1.8)
n°(x',0) = nd(x") for 2’ € w,
¢ (x,t) = Ag®(z,t) =0 forzel, t>0,
(2, t) =0 for 2’ € Ow, t > 0.

Under an additional condition 7i8(z’) = 0, the equation in (1.8) is similar to the

Hasegawa-Mima equation (1.2) with a higher-order correction term.

In §3, the following theorem is proven through the local-in-time existence and a
priori estimates. We can easily obtain a priori estimates in the same way as in [15].
Note that a similar problem to that in the present paper is considered in [17] under
a periodic boundary condition. The most important contribution of our paper is the
proof of the local-in-time solution existence theorem. In [14,15,19], a proof of the
existence of a local-in-time solution to a linear problem is given; in this paper, we
modify the proof and show the existence of a local-in-time solution to a nonlinear
problem.

THEOREM 1.2. Assume that (¢9,7]) € Sip(R; L?(w)) x W3(w) satisfies the com-
patibility conditions (1.7) with ¢ = 0. Then, there exists a unique solution (¢°,n°)
to the problem (1.8) on some interval [0, T*] such that

(¢°,7%) € L*(0,T*; S;*p(R; L*(w))) x L>=(0,T*; W3(w)),
0¢° /ot € L*(0,T*; S2 (R; L*(w))) and 9n° /0t € L*(0, T W3 (w)).

For this solution (¢°, %), let 72%(x, t) = ¢°(x, ) and 79 (z) = @9 (z). Then, (¢°,n°)
satisfies (1.4) and (1.6).

In §4 the following theorem is proven by virtue of a priori estimates, proposi-
tion 1.1 and theorem 1.2.
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THEOREM 1.3. Let (¢°,n%) and (¢°,n°) be the solutions established in proposition
1.1 and theorem 1.2, respectively. If the initial data

(65,n5) = (¢9,m0) ase—0
in S3(R; L2(w)) x S2(R; L2(w)), then, as ¢ — 0,
(¢6°,n%) = (¢°,n°) in L2(0,T% §*(R; L*(w))) x 5> (R; L (wr)),
A¢® —n® = A® —n® in SOH(R; L (wrr))
and 7 — 10 in Wy (wps)(wpe = w x (0,T)) on the some time-interval [0,T?],
where T* is determined from proposition 1.1 and theorem 1.2.
2. Function spaces

We introduce the function spaces and the almost periodic functions that we use in
the following (see [1]).

Let £2 be a domain in R™ (m = 1,2,3,...). We denote by W}(£2) (I € R, [ > 0)
the space of functions u(x), x € §2, equipped with the norm

||u||%/V2£(Q) = Z HD?“”2L2(Q) + Hu”%"Vé(d’?)’

le| <t
where
S IDSul3 o) N
lul,, ., = o=t N
Wi(e) al_m/n i | |J;: E ;mﬂfl_%)' dedy forléZ.
Here [I] is the integral part of [, o = (a1, @2, ..., ay,) is a multi-index and Dgu =

ool )0z xy? - - - Oxdm is the generalized derivative of order |a| = a; +ag+---+
Q. For 1 < p < oo, we denote by || - || »() the norm of the Lebesgue space LP({2).

The anisotropic Sobolev—Slobodetskii space Wzl’l/Q(QT) (Qr = 2 x (0,1)) is
defined as L2(0, T; Wk(£2)) N L2(22; WY/*(0,T)), equipped with the norm

Full2 072y = 1210 oy + 072

T
_ 2 2
_ /O ) 2,4t -+ /Q @212 -

Let X be a Banach space with the norm || - || x. We denote by SP(R; X) (1< p <
00) the subspace of L (R; X) equipped with the finite norm

loc

s+1
iy = sup [ o) % da.
seR Js

The function f(z) € L},
any € > 0, the set

{UER

(R; X) is called Stepanov almost-periodic (SP-a.p.) if, for

s+1 1/p
sup ([ Ui+ o) - sl ar)  <e)
R s

sE

Ee(f)
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is relatively dense in R, that is, there exists L = L(g) > 0 (inclusion length) such
that E.(f) N (a,a+ L) # 0 for any a € R. We denote by S% (R; X) the space of all
SP-a.p. functions from R to X.

Let wr =w x (0,T) and I € Z, | > 0. We introduce the following spaces:

l
S'(R; X) = {u € S(R; X) \ lul2 = 3 ID%u )2 < oo},
|a]=0

ol . _ Ql . a 2 . _
Sap(R; X) = {u e S'(R; X) | Dyu € S5, (R; X),|a| =0,1,...,1},
SH(R; L2 (wr)) = S'(R; L (wr)) N S°(R; L (w3 W50, 7)),
Skal?(R; L (wr)) = Sa (Rs L (wr)) N S5, (R L2 (w; W5'*(0, 7).
Here Dou = 0!%lu/02$ 0252025 is the generalized derivative of order |a| =
ai + ag + az for a multi-index @ = (a1, a2,a3) when X = L%*(w), L*(wr) or

L2(w; W2(0,T)).
Moreover, we define the norm

2 _ 2 2
lullgsre = Wullse ne oy + 10050 22 i 0.7y

We denote by || - ||, || - |ls» and ||| - |||z the norms in S?(R; L?(w)), SP(R; LP(w))
and S?(R; L?(wr)), respectively, and set

HD;QS”%P(Q) = Z ||D§¢||2Lp(n) (1<p<oo, 1=2,3),

la|=l1

0, = 0/0t and 9,, = 9/duy.

3. Proof of theorem 1.2

The proof is divided into two parts. In §3.1 we prove the local-in-time existence in
a similar way to that in [14,15,19]. In § 3.2 we prove theorem 1.2 with the help of
a priori estimates.

3.1. Local-in-time existence and uniqueness
3.1.1. Awziliary lemmas
Let X be a Hilbert space and let ¢ € Sz (X). Note that for any £ € R the mean

value

i I ‘
e = M{y(z)e 7} = A oA /_A Y(z)e 47 dag

exists in X [5,30], where i = /—1.
Let {&k}ren be a sequence in R such that & # & for k # k’. For each m € N it
is easy to obtain

m 2 m
M{ wag) B } — M) %) — 3 e e
k=1 X k=1
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and hence

ZH%QHX Ml (3) 15}

This inequality implies that for any € > 0 there correspond at most a finite number
of &, for which ||¢¢, || x > €. From this fact it follows that every ||¢¢, || x (% 0) belongs
to one of the enumerable set of inequalities

||fll)§k||X > 13 —_— ||1/}Ek||X (m: 172733"')3

m+1

and each of these inequalities is satisfied by at most a finite number of &. There-
fore, the quantity ¢ is a non-zero element of X only for at most countable £ € R.
We call o(¢) = {€ € R ||¢e]|x # 0} the spectrum of ¢, and the formal series
Z&GU(#}) wgeif% the Bohr—Fourier series of v, which is written as

fea(¥)
Then the following lemmas hold (see [1,3,7,8]).
LEMMA 3.1. If ¢, € Sgp(X) have the same Bohr—Fourier series, then
1Y = %' ||s2(x) = 0.
LEMMA 3.2. For any ¢ € S2,(X) Parseval’s identity
M{llp@)lIX = D Ivellk
geo(¥)
holds.

Let us consider a generalized trigonometric series

Z age®”, (3.1)

e

where A is a countable subset of R and {a¢}¢ca C C. Let {7, },en be a basis of A [5].
The Bochner-Fejér sum 8™ (x) associated with (3.1) is given by

(m!)? (m!)?
M(x) = 1] [V |
s@= 3 3 (1_(m!)2 (1l
vi=—(m!)? U =—(m!)2
xagexp<z 3'>

where, for £ € A,

0 if Zlyjm! #£&.
j:
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By introducing an increasing symmetric sequence {4, }men of A converging to A,
that is, —Ap, = Ay, Ay C Appgq and A=, A, S™ () can be written as

S§™M(x) = Z dém)agei@c
€A,
with constants dém) satisfying 0 < dm < 1 and lim,, o dém) = 1. Note that dém)
depend on ¢ and m but not on a¢ [8?
We say that F C S§ (X) is SP-equi-almost-periodic if, for any ¢ > 0, there exists
a relatively dense subset F. of R such that

s+1
sup/ If(x+0)— f@)|5xde <e for fe€F, o€E..
seR Js

It is well known that the Riesz—Fischer theorem does not hold for S (X) (1 <p <
00) [2,20], while the following lemma holds true (see [6,9]).

LEMMA 3.3. A necessary and sufficient condition for a generalized trigonometric
series (8.1) to be a Bohr—Fourier series of a function f € SE (X) (1 < p < 00) is
that a sequence of the Bochner—Fejér sums {S™(x)}men associated with the series
(3.1) is bounded in SP(X) and is SP-equi-almost-periodic.

3.1.2. Local-in-time existence and uniqueness

Let us fix the symmetric increasing sequence {A,, }men of A =0(4)) = {€ € R |
[30ell L2 (w) 7# 0} converging to A. For & € A, we consider the problem

(& = o7 — (T~ M) — (& — €)%
= § (V™o x e) - V(A = 0%)df™ o5 — (T — M){dy" 6'})
o — (V(Z - M){d{V 2"} x e) - V™,
<§t—(v¢$xe)~v)nm_0 for 2’ € w, t >0,

((bgnvnm”t:() = (¢8§vﬁ8) for x/ cw,

(og",n™) = (0,0) for ' € Ow, t > 0,

(3.2)
where ¢8§ = M{¢8e~¢*3}. The existence of a unique solution (¢g',n™) to (3.2)
can be proven by the method of characteristics and successive approximations. We
define v(a/,t) = —V¢j' (2, t) x e and introduce the characteristic transformation
Hg,’: =& = (&,8) = X(0;27,t), where X (7;2/,t) is the solution curve of the
ordinary differential equations

diX(T;a:’,t) =v(X(r;2',t),7), X2, t)=2" (0<7<LH). (3.3)
-

The unique existence of such a solution curve X(7;2/,t) (z/ € 2,0 < 7 < t) of
(3.3) is due to the fundamental existence theorem of ordinary differential equa-

https://doi.org/10.1017/50308210515000803 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000803

992 S. Kondo

tions provided that v is suitably smooth. Let 2’ = X ~1(t;¢,0) be the inverse of
X(0;2',t) = €. Then (3.3) implies that X ~! is a solution curve of

d

SXTU(r5€,0) = u(¢',7) (3.4)

with (¢, t) = v(X71(t;¢,0),t) = v(2',t) whose solution is expressed by

t
o =X"1t¢,0) =¢ Jr/o w(¢,7)dr = X, (&,1). (3.5)

According to the condition v = 0 on Jdw, IT, g,/ is a one-to-one mapping from @ and
Ow onto w and dw, respectively for each ¢ > 0.

Then (3.2), yields 9p/0t = 0 for p(&',t) = n™ (X, (£, t),t), which is easily solved
as

P, 1) = p(€',0) = mg(Xu(€',0)) = ng(€). (3.6)

Using the results above we can transform (3.2) by using the characteristic trans-
formation IT g,' and then we can prove the local-in-time existence theorem for the
transformed problem by successive approximations. Finally, we can prove the local-
1n—t1me existence theorem for the problem (3.2) by using the inverse transformations
of I1 . This proof is similar to that in [17], and hence we omit it.

Then it is obvious that (Sgi, n™) = (X¢ca,, d ¢m €23 nm) is a solution of the

problem
8 m m
+ (VI - M){SS} x e)- Vn™ = A8},
0
<0t (Voit xe) -V |n™ = forx € 2, t >0,
(3.7)
Sg0(x,0) = S5 () forx e 02,
n™(2',0) = ay(z) for 2’ € w,
Sgo(w,t) = ASg6 (w,t) =0 forzel t>0,
n™(x',t) =0 for 2’ € Ow, t > 0,
where _
= 3 dMheeisn.
EEA’VTT/
In order to obtain a priori estimates of (Sf,n™), let us introduce the following

cut-off function 7n,:

let 5,6 € R, let 6 > 1 and let n5(z3) € C'(R) be a cut-off function
such that ns = 1 on [s,s + 4], ns = 0 on (—o0, s — §] U [s + 20, +00),
0 < ns(z3) < 1, and |9 (z3)] < ¢/d, [n”(x3)| < ¢/6% with a constant ¢
independent of § and 7, (x5 + 20) = —n.(z3) for x3 € [s — 4, s].

The following lemma was obtained in [14].
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LEMMA 3.4. Let
f €SB LY (w % (0,1)), seR.

Then for any n > 0 there exists § € R such that the following inequality holds:

s+20 t
‘/ / /f(%T)U;(%)dT//deﬂ?s <.
s—0 0 Jw

We shall now prove the following. Since the regularity of the solution is not
sufficient, the arguments of the proof are formal. However, one can justify them by
using the method of difference quotients or mollifiers. Throughout this subsection,
we denote by c¢ a constant, which may differ at each occurrence.

LEMMA 3.5. For anyt € [0,T], n > 0, there exists a positive constant & such that
the following estimates hold:

™ (O () = 176117 o0 (0 (3.8)
IVSEE DI + (Z = M){SEHO* + call| ASF 17
<O+ D)(IVSEI? + (T — MUSEHI?) +n
c*, (3.9)
IASE ()17 + [V(Z — M){Sg}B) 1P + [IVASE 7
< B+ D(IASH 1 + IV(Z — M){SEEHI?

0 0
0 0

+ (U (1701 oy + ¢ N)E)) +1
= O (1). (3.10)

Proof. The solution of (3.7)3 is given by Hg,/ﬁ(f’,t) via (3.6), which yields (3.8).
Multiplying (3.7); by Syons and integrating over

2° =wx (s—0,s+ 20),
we have, by virtue of integration by parts,

1d
5 37 IVSH OV (o) + 1T = MUSEI OV 72 (05))

e | AST (V2 ey = /Q (-}, da.

Integrating this over [0,¢] and taking the supremum over s € R, we obtain (3.9)
with the help of lemma 3.4 and the inequalities

Sup 1% ey < (38 + D15

(3.11)
1£1% < sup 1f /sl Z2(oe for f € SP(LP(w)) (1< p < oo).
sE
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Multiplying (3.7); by ASJins and integrating over (2%, we have, by virtue of
integration by parts and the Gagliardo—Nirenberg and Young inequalities,

1d
5 33 IASHE OV L2 (00) + V(T = MU{SEHO VT2 (00)

+ e[ VASE () Vsl 7200
= f/ (V(Z -~ M){Ss} x e) - V™ ASin, dx
+/ (VS5 x e) - V(I — M){S5 }ASGins da +/ {}n, d

< e[V(Z = M){S56 HE) Iz s) ™ ()| oo () [ VASES () | 2 (24)
+ c[[VASS (8) | L2 (24) IVSG ()| L2 (9 [ (T — M){S56 () | L2 (29)

+ [ e
QS
c* 1
< (e + 22)IVAST (1)2 + (36 4 1)? (Elnﬁgniw e+ Asy <t>||2>)

+ [ e

Here we used the estimates (3.8), (3.9) and (3.11) and the inequality
IV(Z = M){SG I < IVSGl + [VM{SE H < 2IVSG]-

Integrating this over [0,¢] and taking the supremum over s € R and taking €1, €2
sufficiently small, we obtain (3.9) with the help of lemma 3.4, (3.9) and (3.11). O

Since lemma 3.4 enables us to easily obtain the following in the same way as
in [17], we omit the proof.

LEMMA 3.6. For any n > 0 there exist positive constants § and T™ such that the

estimates
IVASE )12 + |AZ = MU{SEFO? + VR ()17 + 2l A2STIF
c'(t)
S 1 —cC ()t

||Dz,nmu>||iz(w><( 3 ||Dz,no||ia<w>)ca<t>zc;u), ol = 1,2.3,

le’ <]l
C'(H)Ca (1)

1—cC'(t)t
hold for any t € [0,T*). Here

100%™ ()72 ) < o] =0,1,2,

C'(t) = (36 + 1)(IVASRI* + | AZ — M){S5}I?

+IVAgl[Le () +e(CT () +C () + ¢ +1)) +1

and Cy(t) is a monotonically increasing function of t (Ja| = 1,2, 3).
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Now we prove that {(Sg5,n™,9;Sg5, 0yn™)}_y forms a sequence bounded in
L2(0, T3 S*(R; L2 (w))) x L (0, T; W3 (w)) < L*(0, T5 8% (R; L* (w))) x L*(0, T; W3 (w))
with the help of lemmas 3.5 and 3.6 and the well-known fact (see [2,4,6,8])

1Sy 1sex) < 1Yllse x> (3.12)
1Sy = Yllsp(x)y =0 asm — oo (3.13)

for any ¢ € S§ (X) defined on a Banach space X (1 < p < o0).
Indeed, the boundedness of

{(Sgé ,n"™, 0 g‘l)v atnm)}gjzl
in L?(0,T; 5(R; L*(w))) x L>(0,T; W3 (w)) x L*(0,T;5*(R; L*(w))) x L*(0,T;
W3 (w)) followed from 1S5 H%,z < ||¢8||252 directly derived from (3.12) and lem-
mas 3.5 and 3.6. Hence, there exists a subsequence of {(ng%, n™, 8758;’3,3,571”‘)}%0:1,
and some function (¢°, 7%, 9;¢°, 9;n°) satisfies
(S, ST, On™) — (6°, 04°, ")
in L*(0,T; S*(R; L*(w)))
x L2(0,T; 5% (R; L*(w))) x L*(0, T5 W3 (w))
weakly as m — oo,
n™ =% in L>®(0,T; W3 (w)) weakly* as m — oo.
According to the Rellich theorem, we have
( g(b)uat gﬁl)a 8tnm) — (¢07 at¢07 8”71'0)
in L*(0,T; S*(R; L*(w)))
x L*(0,T; 5" (R; L (w))) x L*(0,T; W (w))
strongly as m — oo.
From these we have
(VS x €) - V(ASS — (T = M){Si}) = (Vo° x e) - V(Ag® — ),
(V(Z — M){S}} x e) - Vn™ = (V¢ x e) - V',
(Vor x e) - Vn™ — (V¢° x e) - Vi’
in L*(0,T; 5°(R; L*(w)))
weakly as m — oo.

Therefore, we obtain

/+/ {(;—w xe)-V)(A¢°—a3°>

+(Ve® x e)- Vi — cQA2¢O}<pdx' dtdrs =0, (3.14)

/ (—(V(i_)oxer)r‘Locpdx’dt—O for all p € C5°(12).
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Here w; = w x (0,t), s € R and C§° is constituted by all infinitely differentiable
functions with compact support in (2.

_ Now we shall prove that (¢°,9,¢°) belongs to L2(0,T; S (R; L*(w))) x L*(0, T
52,(R; L?(w))) with the help of lemma 3.3. Let

Sgé[o] (z,t) = S (¢’ 23+ 0,t) and Vi, (v,t) = Sgi(a', 23 + 0,t) — Sgi (2, 3, )

for any o # 0. Then Vi  satisfies

O AV, — (T MYV, ) — (VSI) x e)- V(AVE, — (T — M)V, )

ot
— (Wi, xe) - V(ASGH — (T — M){S5})
+ (VT - M)V, )} xe)- Vn™ = ;A5 forz € 2, t >0,
Vit (2,0) = géa(x) for x € 2,
Vit (,t) = AV, (z,t) =0 forz eI, t>0.

Since this is a linear problem, we can easily obtain the following lemmas with the
help of lemmas 3.5 and 3.6.

LEMMA 3.7. For any t € [0,T], n > 0 there exists a positive constant § such that
the following estimates hold:

VY5O + 1(Z = M)V YO + c2ll AVES, 7
< OO UIVVE NP+ I(Z = MV + 0,
1AV (01 + V(T = M)V O + IIVAVE, I?
<O O)UIVVE Nz + 1T = M{Vis, 3HIE) + .
LEMMA 3.8. For any n > 0 there exist positive constants 6 and T™ such that the
estimates

IVAVE ()11 + IAZ = M)V, HOIP + 2l A%V, I
<OtV N1% + 1T = M)V, 3IZ:) +n
hold for any t € [0,T*).
Now we prove that {(Sg5, 0:Sfi) -y 1s L2(0,T; SY(R; L2(w))) x L2(0,T; S2(R;
L?(w)))-equi-almost-periodic with the help of lemmas 3.7, 3.8 and (3.12).

Let
D5 (x) = ¢ (', 23+ o) — ¢y (2’ x3) for any o # 0.

It is easy to see that
95805 = (e'7 — 1)(;585 and  Vie (z) = Sgy ().

Then (3.12) yields ||V$aﬂ\|2§2 < |98 1%, - From this we find that {(S}3, 0:SJ8) vy

is L2(0,T; S*(R; L?(w))) x L?(0,T; S*(R; L?(w)))-equi-almost-periodic by virtue of
lemmas 3.7 and 3.8.
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_ Lemma 3.3 implies that (¢°,9,¢°) belongs to L*(0,T; St,(R; L(w))) x L*(0, T;
S2,(R; L?(w))). Moreover, (¢, 3;¢°) is unique in the same class according to lemma
3.1. From these results and (3.14), we find that (¢°,n°) is a unique solution of
problem (1.8). Thus, the proof of local-in-time existence and uniqueness is complete.

3.2. A priori estimates

Let T be an arbitrary positive number and let (¢°,72°) be a solution of problem
(1.8) belonging to (L*(0,T; S5, (R; L*(w))) N W4 (0, T; S2,(R; L?(w)))) x (L>(0,T;
W3 (w))NW3(0,T; W2(w))). Throughout this subsection, we denote by ¢ a constant,
which may differ at each occurrence. We can obtain the following in the same way
as in lemmas 3.5 and 3.6.

LEMMA 3.9. For any t € [0,T], n > 0 there exists a positive constant & such that
the following estimates hold
17 ()17 () = 170 Eoe )
IV D1 + 16° 0% + 2l A¢°lIF < e(36 + 1)(IVel1* + 16611%) +n
c*,
1AG @O + IV DI + VAL < e(35 + ) (AG|1* + Vgl®
+ e (L (0] @y + 1) + 1
= C*™ ().

LEMMA 3.10. For any n > 0 there exist positive constants § and T* such that the
estimates

7 . c'(t)
0 2 0 2 0 2 2,012
IVAGTO" + 1A + VR (D720 + 2l AT7F < 1—cCr(t)t’

||Ds,ﬁ0<t>||iz<w><< 3 ||D31no||%z(w>)ca<t>—c;<t>, ol = 1,2,3,
la/|< ]|
OO0 (1)

10:D5 ()1 72() < T—cC'(t)

ol =0,1,2,

hold for any t € [0,T*). Here
C'(t) = B3+ (IVAGRIPHIAG I+ Vg |7 () +(C™ (D) +¢"C™ (1) +¢2+1)) 47
and Cy(t) is a monotonically increasing function of t (Ja| = 1,2, 3).

By standard arguments based upon the a priori estimates in lemmas 3.9 and 3.10,
the solution (¢% 71") established above can be extended up to 7% indicated in the
proof of lemma 3.10. In the same way as in [19], we can easily prove the Stepanov
almost-periodicity of the solution. Thus, the proof of theorem 1.2 is complete.

4. Proof of theorem 1.3

Let T% = min (7, T*), where T and T* are found in proposition 1.1 and theorem 1.2,
respectively. Subtracting (1.6) from (1.5), and setting ¢ = ¢° — ¢° and n = n® —n?

)
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we have

(5 - (V6% ) 7 )80 ) = (V6 x €)- V(A — ) = cat’,

s(; — (V¢* x e)~V>n = —e(I—M){(aat — (V¢° x e)-v>n0}
0*(¢ —n)

_ 1 0 (4.1)
w022 +e(Vo xe)-Vn
forz € 2, 0<t<TH
d(z,0) = ¢g — ¢87 n(z,0) = ng — ng for x € 12,

d(x,t) = Ap(z,t) =n(z,t) =0 forzel, 0<t<Th

For the solution (¢°,n¢) of problem (1.4), (1.5), the following a priori estimates
are established in [15].

LEMMA 4.1. Let ¢* > 0 and € € (0,¢*]. For any t € [0,T], n > O there exists a
positive constant § independent of € such that the following estimates hold:

IV ()17 + [0 ()17 + e2ll Ao [IF < e(38 + 1)(IV 51 + InglI*) + n,
1024 (67 = )7 < ec((36 + 1)(IV 51> + Ing %) +n).
Here c is a positive constant independent of € and 0.

LEMMA 4.2. Let ¢* > 0 and ¢ € (0,c*]. For any n > 0 there exist positive constants
0 and T independent of € such that the estimate

(IVas@)I” + 1Ag=(@0)1* + [|An(B)]|* + [ VAS (1))
+eea([[VAGTIIE + A7) + 102, V(6™ = n)IIIF + 1025 A(67 — n)|I7

1 —1
R —— cw) <||v¢f|2+|n€||2+n>)
((So+||w0||2+||no||2+n oll” + lImg

holds for any t € [0,T). Here ¢ is a positive constant independent of € and §, and
C(8) is a positive constant depending increasingly on & and Sg = (30+1)(||Vng||* +
IAGGI1% + [|AnG]1* + IVASSIIZ + (VI + [InGll* + 1)) + 7.

From lemmas 3.9, 3.10, 4.1 and 4.2 we can obtain uniform a priori estimates for
(¢,n) with respect to resistivity that are necessary to prove theorem 1.3. In order
to get a priori estimates, we use lemma 3.4 and the following lemmas, which are
proved in [14,15].

LEMMA 4.3. Let ¢ € S2,(R; L?(w)), 02,1 € Szp(R; L (w)), M{t(x)} = 0 in L*(w)
and s,0 € R, § > 1. Then

s+26 s+26
/ @) o < c / 1000 g o

Here c is a positive constant independent of s and 0.
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The following are the generalization of lemma 3.4 to the case of Stepanov almost-
periodic functions depending on a parameter.

LEMMA 4.4. Let¢* > 0 ande € (0,¢*]; f€ depends one, f € SL(R; L' (wx (0,t)));

s € R. Assuming that there exists a positive constant M independent of € such that
the inequality

s+20 t
—M < R°(s,t) E/ / / fe(z, 7)n.(z3) da’ dr das
s—0 0 Jw

holds, for any n > 0 there then exists a positive constant § independent of € such
that the inequality |R°(s,t)| < n holds.

COROLLARY 4.5. Let ¢*,¢* > 0, ¢ € (0,¢*], f¢ and ¢° depend on e, f° € S;p(R;

L (w x (0,1))), ¢° € LY(0,1), |g°(t)| < ¢* and s € R. Assuming that there exists a
positive constant M independent of € such that the inequality

—M < R°(s,t) = /Ot (gE(T) /;:26 -/w fe(x, 7). (z3) da’ dx;;) dr

holds, for any n > 0 there then exists a positive constant § independent of € such
that the inequality |R°(s,t)| < n holds.

Again, as in § 3.1, the following arguments are formal. However, they are justified
by the method of difference quotients or mollifiers. We denote by ¢ a constant
independent of ¢ and by C(t) a constant dependent on both ¢ and the bounds of

%, n%, ¢°,n°, which may differ at each occurrence. We now prove the following.

LEMMA 4.6. Let ¢* > 0 and € € (0,c*]. For any t € [0,T%], n > 0 there exists a
positive constant 0 independent of € such that the following estimate holds:

(Ve + @ + IIAIIE) + 1020 (¢ — n)lIIF
<e(C UV + O +) +m).  (4.2)

Proof. Multiplying (4.1); by ¢n, and integrating over {2°, we have
1d 2 2 e
S @ VOOVl (o) + 2l AG(E)v/ns[[Z2 00y + Q.(at —(V¢© x e) - V)ngn,dz
= / (Vo® x e) - VoAgns dx +/ {}n.dz
s QS

C
<ellAd) 7200 + aHvdf(t)H%m(m)HW)(L‘)IIiz(m) +/m{-}né dz.
(4.3)

Here we used integration by parts and Schwarz’s inequality.
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Similarly, multiplying (4.1)2 by (¢ — 7)ns and integrating over §2°, we have

0 D= 100

- 5/ (O — (Vo© x e) - V)ngn, dzx
QS

ed 2

5&”“@)\/@”%2(08) +

L2(829)

= / (0r — (V¢© x €) - V)n(d — n)n, dz — / i*az?,(a? —1)(¢ — ), dw
s 0s n

re [ @- M0 - (V8 x ) NI - o

- s/ (V6 x €) - Vn® (& — i), da
0s

xr3 2
<ee / (T — M){(0; — (V¢° x e) - V)n'} dus
c L2(02%)
c ~ 1° ,
t5lon@-moy | ve [ (s
L2(029) s

+el Vo)l L2 VR ()l o0y (16 () [ L2(00) + ()] L2(0v)). (4.4)

Here we use lemma 4.3 and M{(9; — (V¢° x e) - V)n} = M{(V¢ x e) - Vn°}.
Adding (4.4) and (4.3) multiplied by € yields

d
€<(R(IIV¢(t)\/?¥Iiz<m) +nOVislza o) + CzllAqﬁ(t)\/n?%z(m))

2
a:r:a, ((Z; - ﬁ’) (t)\/E L2(2)

1
< m(&nwwzm(m) + ||Vn°<t>||mm)

< (Vo122 (e + In)]|72(00)
+e%|(Z = M){(8: — (V¢ x €) - V)n°}r2(ar) +eer|Ad(t)]|72 (00

06— 10 L

S(t) = [Ve@)|* + In()]?,

ren=c [ [ thi)dsa,

e /Q LYo do. (4.5)

L2(029)

Setting

integrating (4.5) over [0, ¢], taking the supremum over s € R and taking § sufficiently
large and e; sufficiently small, we have

S(t) —sup I¢(z,t) < (35 + 1){ /OtS(T)dT—I-S(O) +€}. (4.6)

seR
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Here we used (3.11). Similarly, we obtain

(1) < (36 + 1){ /t S(r)dr + S(0) + a}. (4.7)
0

We shall prove that there exists a positive constant M independent of € such
that —M < I¢(z,t) holds. Now we consider the following cases:

(i) supsegr I°(x,t) <0, and
(ii) supyer I°(z,t) > 0, I°(z,t) < —1 sup,cp I°(2,1).

Let o > 2 and add (4.6) to (4.7) multiplied by «. Then
¢
S(t) — o™ If(x,t) < e(1+ ) (30 + 1){ / S(r)dr + S(0) + E}. (4.8)
0

Here a* = « in case (i) and o* = o — 2 in case (ii). Let C(d) = ¢(35 + 1). Then
Gronwall’s lemma yields

t t
/ S(r) dre=(H+a)C0) / (1 +Q)C(5)(S(0) + &) + "I (z, )}~ (HOICOT g
0 0
t

_ / (14 )C(8)(S(0) + £)e~H+DCOIT 4r 4 Re (s p).
’ (4.9)

Since ¢ € (0,¢*] > 0 and fot S(7)dre=(1HCE)t > 0, we can apply corollary 4.5
to R%(s,t). Then we find that for any 7 > 0 there exists a positive constant ¢
independent of e such that |R°(s,t)| < n holds. Hence, (4.9) yields

t
| s dr+ 500+ = < 0+ 5(0) + e)el+I00"
0
From this and (4.7) we have —I°(z,t) < C(8)(n + S(0) + g)e1+)C ) 1f
sup I°(z,t) >0, I°(x,t) > —%suple(x,t),

seR seR

we can obtain the same estimate by using the above result. Above all, we can apply
lemmas 4.4 to I¢(z,t). For any 1 > 0 there exists a positive constant ¢ independent
of € such that |I°(z, )| < n holds. Hence, (4.6) yields

S(t) < (36 + 1){ /Ot S(7r)dr + 5(0) +5} + 1.

From this inequality, (4.5) and Gronwall’s lemma, we have (4.2). O

Since lemmas 4.3 and 4.4 and corollary 4.5 enable us to easily obtain the following
lemma in the same way as in [17], we omit its proof.
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LEMMA 4.7. Let ¢* > 0 and € € (0,c*]. For any t € [0,T%], n > 0 there exists a
positive constant § independent of € such that the following estimates hold:

e(laeN? + VR + IV AGIIE) + 102,V (6 — )l
<e(CNUIVAO) % + [In(O)][F) + & +n),
e(IVAS@)? + |An)* + IIAZGIF) + 102, A(6 — )l
<e(CNIVAO) 5 + [In(0)[[52) +& +n),
10-(A¢ = n)lllF < C(t,8) (V) + In(0) 1% + ) +m,

/0 10 M{n} (7|2 (yd7 < C (1 8)(IVS(0)[F) + 17(0)|Z0 +€) + -

From lemmas 4.6 and 4.7, it is easy to see that if the initial data (¢§,n§) —
(¢9,n9) as e — 0 in S3(R; L*(w)) x S?*(R; L?(w)), then, as ¢ — 0, (¢°,n°) —
(¢°,n0) in L2(0,T% S*(R; L*(w))) x S*°(R; L?(wr4)), A¢® —n® — A¢® — n® in
SON(R; L2 (wye)) and 75 — 20 in W' (wye). Thus, the proof of theorem 1.3 is
complete.
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