Euro. Jnl of Applied Mathematics (2012), vol. 23, pp. 121-154.  © Cambridge University Press 2011 121
doi:10.1017/S0956792511000313

Numerical study of liquid crystal elastomers by a
mixed finite element method

C. LUO! and M. C. CALDERER?

L Oxford Center for Collaborative Applied Mathematics, Mathematical Institute, University of Oxford,
Oxford O0X1 3LB, UK
email: luo@maths.ox.ac.uk
2 School of Mathematics, University of Minnesota, Minneapolis, MN 55455, USA

(Received 14 July 2011; revised 18 July 2011; accepted 19 July 2011;
first published online 22 August 2()1])

Liquid crystal elastomers present features not found in ordinary elastic materials, such as semi-
soft elasticity and the related stripe domain phenomenon. In this paper, the two-dimensional
Bladon-Terentjev—Warner model and the one-constant Oseen—Frank energy expression are
combined to study the liquid crystal elastomer. We also impose two material constraints,
the incompressibility of the elastomer and the unit director norm of the liquid crystal. We
prove existence of minimiser of the energy for the proposed model. Next we formulate the
discrete model, and also prove that it possesses a minimiser of the energy. The inf-sup values
of the discrete linearised system are then related to the smallest singular values of certain
matrices. Next the existence and uniqueness of the Lagrange multipliers associated with the
two material constraints are proved under the assumption that the inf-sup conditions hold.
Finally numerical simulations of the clamped-pulling experiment are presented for elastomer
samples with aspect ratio 1 or 3. The semi-soft elasticity is successfully recovered in both
cases. The stripe domain phenomenon, however, is not observed, which might be due to
the relative coarse mesh employed in the numerical experiment. Possible improvements are
discussed that might lead to the recovery of the stripe domain phenomenon.

Key words: Liquid crystal elastomer; Semi-soft elasticity; Variational methods; Mixed finite
element method; Inf-sup condition.

1 Introduction

Liquid crystal elastomer (LCE) is an elastic material containing nematic liquid crystal
molecules. Rotation of these liquid crystal molecules may lead to unique mechanical,
optical and electrical properties, which are not observed in ordinary elastic materials.
By properly exploiting these special properties, one might be able to manufacture new
devices, such as artificial muscles [23].

The stripe domain formation and the semi-soft elasticity property are two special
phenomena exhibited by LCEs [34]. They have been observed in the clamped-pulling
experiment, in which a piece of rectangular LCE is clamped and pulled in the direction
perpendicular to the initial uniform orientation of the liquid crystal directors. The stripe
domain phenomenon refers to the formation of stripes with alternating director angles
during the pulling process. In each stripe, the directors align along the same direction,
while the directors in adjacent stripes align symmetrically about their middle line. For
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square-shaped polysiloxane LCE, it is observed [25,35] that during the pulling process,
the stripe domain first occurred in the centre of the domain and then broke into two,
which then migrated towards the two clamped ends. The semi-soft elasticity refers to the
unusual stress—strain relationship during the pulling process. The LCE is first hard, in
a regime such that the stress grows almost linearly with strain; then it reaches the soft
regime, in which the stress remains almost constant while the strain increases; then the
LCE becomes hard again upon further increase of the strain [12,26].

Several models [3, 6, 7, 18, 33] have been proposed to explain the special behaviours
of LCE. A very successful one is that proposed by Bladon, Terentjev and Warner
(BTW) [3] that predicts the stripe domain phenomenon and the soft elastic response of the
elastomer. However, the stress—strain relationship computed with the BTW model is ideally
soft [34]. That is it lacks the initial hard regime typically observed in experiments. Several
approaches have been proposed to modify the BTW and fully capture the experimental
results. The Verwey—Warner—Terentjev model [33] extends the BTW model by adding a
term related to the cross-linking state, and successfully recovers the semi-soft phenomenon.
Other models [6, 7, 18] extend the BTW model by adding liquid crystal elastic energy
terms, such as Oseen—Frank [21], Ericksen [19] and Landau—de Gennes energy terms [15].
Unlike the Verwey—Warner—Terentjev model, the latter ones involve first derivatives of
the director field.

There are, however, relatively few works in the literature about the numerical simulation
of LCEs. This may be due to the complexity caused by the coupling between the
displacement of the bulk and the orientation of the liquid crystal directors. An important
work on numerical simulation of LCE is that of Conti et al. [14], who did 3D finite element
simulation based on the BTW model. They eliminated the orientation field n from the
BTW model by taking it to be the minimiser of the energy for fixed displacement field. The
resulting energy as a functional of displacement field was non-convex, and so, they took
its polyconvex envelope as the energy functional to analyse. Their simulation successfully
recovered the stripe domain phenomenon. However, their model inherited the features of
the BTW model, and only recovered ideally soft elasticity. In later work, the same authors
applied a similar approach to the Verwey—Warner—Terentjev model and did successfully
recover the semi-soft elasticity property [13].

In this paper, we extend the BTW energy by adding the Oseen—Frank energy and do fi-
nite element simulation for the full model on a 2D rectangular domain. We use the clamped
pulling as a benchmark problem to check whether our numerical method can recover the
special behaviours of LCE, such as stripe domain phenomenon and semi-soft elasticity.

The paper is organised as follows. In Section 2, we list the notations that we employ.
In Section 3, we investigate the continuous problem and proceed to study the discrete
one in Section 4. In Section 5, we present the numerical results, and in Section 6, we give
the conclusions of the work. Finally in Section 7, we discuss possible improvements of
current work to fully capture the stripe domain phenomenon.

2 Notations

In this paper, in addition to the standard notations of Sobolev spaces [1], such as WP,
L?, H', H} and H™', we let
Hy (Q)={uecH'(Q):u=0o0nT <0Q}. (2.1)

https://doi.org/10.1017/50956792511000313 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792511000313

Numerical study of liquid crystal elastomers 123

We use Hllf(Q) to denote g + HélF(Q) and H;‘F(Q) to represent its vector version. We
use H7'(Q) to denote the dual space of H, O‘F( )- We let (-,-) represent the dot product of
two vectors, the inner product in Hilbert spaces or the action of a linear functional on a
function. Its actual meaning is made clear by the context.

We let M™*" denote the space of real m x n matrices. For any matrix F, we denote its
transpose by FT. For any square matrix 4, det(4) denotes the determinant, tr(4) denotes
the trace and cof(A) represents the cofactor matrix, whose (i, j) entry is equal to (—1)™*/
times the determinant of the submatrix obtained by eliminating row i and column j of
the matrix 4. For any matrix F, we use @ to denote adet 8detth) " which can be shown to be
exactly cof(F). We let 4 : B represent the 1nner product of the two matrices, that is

A:B=tr(A"B) ZAUBU

For any matrix F, we let |F| denote its Frobenius norm, that is

|F| = (F : F)'/2.

3 Existence and well-posedness of the continuous problem

In this section, we present our analytical results on the continuous problem. We first
introduce the energy functional and prove existence of minimiser. Then we derive the
Euler-Lagrange equations for the energy and obtain the corresponding linearised system.
Finally we reduce the linearised system to a standard saddle point framework and discuss
its well-posedness.

3.1 The energy functional and the minimisation problem

In this sub-section, we introduce the energy density as a combination of 2D BTW energy
and the Oseen—Frank energy and prove existence of minimiser.

Throughout this paper, analysis and computation are carried out in 2D domains. This
is justified as follows. In the experiment by Finkelmann et al. [25,35], the elastomer has a
very thin, rectangular shape, and consequently, it can be assumed that the director vectors
lie in the same plane. If the elastomer were compressed, it might buckle, with the directors
tilting out of the plane. However, in the pulling experiment, the elastomer sample remains
planar. If in addition, we look for configurations with director field confined in that plane,
then a 2D model and analysis may be appropriate.

We use X = (X,X,)7 to denote a point in the reference configuration, and
x(X) = (x1,x2)T the corresponding point in the deformed configuration. We define
the displacement field as u#(X) = x — X. The deformation gradient tensor is F = g—;‘( and
satisfies F = I +Vu. We assume the elastomer is incompressible, thus F satisfies det(F) = 1.
We denote the director field as n(X) = (ny,ny)7, which is a unit vector representing the
average orientation of the relevant liquid crystal molecular units at each point.

The BTW stored energy for LCE, in the form derived by DeSimone et al. [16-18], can

be written as
Werw = p([F|> — (1 — a)[FTn|* — 24'/?), (3.1
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where u is an elasticity constant. The dimensionless constant a satisfies 0 < a < 1 and is a
measurement of interaction between the bulk displacement # and the director orientation
n. In the limit a — 1, the BTW model degenerates to the neo-Hookean model, and there is
no interaction between # and n. On the other hand, in the limit a — 0, there is maximum
interaction between u and n. Note that the reference configuration (the one with u = 0)
for (3.1) is not the stress-free state. If we take the stress-free state as the reference state,
the BTW energy will be in a slightly more complicated form. We will elaborate on this
issue in the coming sections.
The Oseen—Frank stored energy [21], in its simplest form, can be written as

Wor = b|Vn|>. (3.2)

The energy (3.2) penalises change in the director field, and the prescribed constant b > 0
measures the strength of the penalisation.
The non-dimensionalised energy functional is the following:

T (um) = /Q (FP = (1 — a)|[FTnP) + b|Vaf’

—/Qf-u—/rg-uda, (3.3)

where f is a prescribed body force, and ¢ is an applied boundary traction on I" < 0Q.
The admissible set for the displacement u is

A ={uec H(Q,R?) :det(l +Vu)=1ae. in Q, u=uyon ', c0Q}, (3.4)
and, the admissible set for the director n is
N ={ncH(Q,R? :|nj=1ae inQ, n=nyon I, cdQ). (3.5)

We let o/ = % x A". The admissible set .o/ is non-empty as long as uy and ny are both
Lipschitz continuous functions [22].
The problem of energy minimisation is formulated as follows:

Find (u,n) € .o/ minimising I1(u,n) in </. (3.6)

Next we prove existence of minimiser for (3.6).
Prior to the proof of existence, we summarise several lemmas, some of them well-known
in the literature. We include them here for the purpose of self-completeness.

Lemma 1 Assume 0 < a < 1, |n| = 1 and det(F) = 1. Then the BTW energy (3.1) is

always non-negative. It is zero if and only if eig(FFT) = {a"/?,a="/*} and n is an eigenvector

corresponding to the eigenvalue a='/>.

Proof Let the eigenvalues of FTF be A2 and /3 and satisfy 0 < 22 < /3, and let vy,v;
denote the corresponding (unit) eigenvectors. Also assume that

n=ov;+ oo,
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Since |n| = 1, and vy, v, are orthonormal, we have
4ol =1.
Thus, we can rewrite the BTW energy as

Werw = u(tr(FFT) — (1 —a)n” FFTn — 24'/%)
= u(i% N - a)(ot%/ﬁ + ot%)%) — Zal/z).
Since 0 < A} < 43, the values «3 = 1 and o = 0 minimise Wgry . So, n is parallel to v;.
Consequently,
WBTW = ,u(i% + /1% - (1 - a))h% - Zal/z)
=u(2} +ai3 —2a"?).

Since det(FFT) = 1, we have that

23 =1 (3.7)

Werw = 1(21/73 - ai3 — 2a'7?)

_ #(2a1/2 _ 2a1/2)
=0’

Therefore

hold. The equality is satisfied if and only if 47 = a/3. Combining it with (3.7) yields
eig(FFT) = {a'/?,a7'/?). (3.8)
O
Lemma 2 Assume |n| =1 and 0 < a < 1. Then
|F|> — (1 —a)|FTn)* = a|F|%. (3.9)

Proof Let /7 and /3 be as in Lemma 1. Since |n| = 1, by the proof of Lemma 1, we have

|F|> —(1 —a)|Fn]> = /2 + a3
> a(21+73)
= atr(FFT)
= a|F|%.
O
Lemma 3 Assume |n| =1, and 0 < a < 1. The function
L(F)=|F|*—(1 —a)|F"n)? (3.10)

is convex with respect to F.
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Proof Let

An)y=1—(1—a)nn".
So,
L = tr(FAFT).
For any matrices Fy, F» € M**? and 0 < o < 1, we have
[oL(F1) + (1 — 2)L(F>)] — L(oFy + (1 — ) F3)
= atr(F1AF]") + (1 — a)tr(F,AF))
— tr[(aFy + (1 — a)F>)A(aFy + (1 — 0)F>)T]
= a(1 — o)tr[(F; — F2)A(F; — F»)]
= (1 —o) (|F; — K> — (1 — a)|(Fy — F)"n|*)

A1 — a)alFi — Fof?

=
>Oa

where we have used Lemma 2. Hence, the result follows.

Next we quote the following theorem on non-linear elasticity.

Theorem 4 (Ball, [2]) Let Q be a non-empty, bounded, open subset of R

(3.11)

(3.12)

e If d = 2, suppose we have w, — u in W with s > %, then we have det(I + Vu) —

det(I + Vu) in 7'(Q);
o Ifd=3,

o suppose we have w, — u in W' with s > % then we have adj(I 4 Vuy);; — adj(I +Vu);;

in 7'(Q);

o suppose we have uy — u in W and adj(I + Vuy) — adj(I + Vu) in LI(Q;M?3) with

s>1,g>1and % + % < %, then we have det(I + Vuy) — det(I + Vu) in 7'(Q).

Now we are ready to prove the main theorem of this section.

Theorem 5 There exists solution to the problem (3.6).

Proof Let m be the infimum of IT in o7, and let (u,n;) € .o/ be a minimising sequence
of Il1. Note that m < +oco. Thus IT(u,n) is bounded above by some constant C. By
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Lemma 2,

C > Mum) > / al(I + Va2 + bV Pdx
Q

- HfHLZ(Q)H"kHLZ(Q) - HgHLl(r)H”kHLZ(r)

> /a\(l + V) * + bV |*dx
Q

1 1
- (F|f|§42(g) + 8|”k|i2(9)) - <F|g|%}(r) + 8|”k|i2(r)>

> / Co|(I + Va)? + Co| Vi Pdx — Cs, (3.13)
Q

where ¢ > 0 is small and C; > 0,i = 1,2,3 are constants. In the last step, we have applied
the generalised Poincaré inequality ([9], p. 281) and the Trace Theorem ([20], p. 258). By
(3.13), Fy = I 4+ Vuy, and Vny are bounded in L. Since V(uy — up) is bounded in L?, by the
Poincaré inequality, u; is bounded in H!. On the other hand, since Vn, is bounded in L?
and |m| = 1 ae. in Q, n is bounded in H'. Now since H! is a reflexive Banach space and
u; and m; are bounded in H', we can find a subsequence of u; and a subsequence of m
such that they are weakly convergent in H!. We still denote them as (u, ny), and assume
U, — u, np — n.

Since u; — u in H', by Theorem 4, det(I + Vuy) — det(I + Vu) in Z'(Q). Moreover,
since det(I + V) = 1 ae., it follows that det(I + Vu) = 1 ae. in Q as well'. On the
other hand, weak convergence in H'! implies strong convergence in L??, thus we can
find a subsequence of n;, that converges point-wise almost everywhere. Therefore we have
|n| = 1 a.e. in Q. Finally since u, — uy € H(%m, which is a closed linear sub-space of H!,
by the Mazur’s Theorem, it is weakly closed. Therefore u — ug is also in Hél r,» implying
u = uy on I',. Similarly, n = ny on I', holds. Therefore (u,n) € /.

By Lemma 3, the following function:

L(F,n,P) = (|F|* — (1 — a)|[F"n|*) + b|P|?

' This is because, by definition,
(det(I + Vuy), ) — (det(I + Vu), $)
in R, for any ¢ € 2(Q). Since det(I + Vi) =1 ae. in Q for any k,
(det(I +Vu)—1,¢9) =0, V¢ € 2(Q)

holds. Thus det(I + Vu) =1 ae. in Q.

2 This is because the embedding I : WP — L? is compact for 1 < p < oo ([20], p. 274), while for
any compact operator A : ¥V — W with ¥V and W Banach spaces, uy — u in V implies Au, — Au
in W ([9], Theorem 7.1-5 on p. 348).
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is a convex function of F and P. Therefore by Theorem 1 of Section 8.2 of [20], IT is
weakly lower semi-continuous. Thus

H(u,n) < likm inf IT (uy, ny;)
—00

= m.
Since m is the infimum of IT on .o, we conclude that
II(u,n) = m. (3.14)

That is (u,n) is the minimiser of IT on .</. O

3.2 Equilibrium equation and stress-free state

In this section, we derive the weak form of the equilibrium equation satisfied by the energy
minimiser. After discretisation, this equilibrium equation can be regarded as a non-linear
equation satisfied by the degrees of freedom (DOF) of the energy minimiser, which can
then be solved by a non-linear solver, such as Newton’s method. We also discuss, in this
sub-section, the solution corresponding to the stress-free state.

A common way to convert a constrained minimisation problem to an unconstrained
one is by the method of the Lagrange multipliers. In this way, the constraints are moved
from the admissible set to the objective function. We gain the flexibility at the cost of
solving a larger system. After introducing the Lagrange multipliers, the objective energy
functional becomes

Sun,p,7) = / (FP = (1— )|F"nl®) + b|Va]’
Q

—p(detF—1)+A(|n\2—1)—/f-u—/g-u, (3.15)
Q r

where p € L*(Q) is the Lagrange multiplier for the incompressibility constraint det(I +
Vu) = 1, which can be interpreted as pressure, while 2 € L*(Q) is the Lagrange multiplier
for the unity constraint |n| = 1. The admissible set for (u,n, p, 1) is

S =Hy () x H} 1 () x L*(Q) x L*(Q). (3.16)

Next we use variational principle to derive the weak form of the equilibrium equation,
also known as the Euler-Lagrange equation. Assume (u,n,p, A) € % minimises the energy
(3.15). Then for any test function v € H(l)u-u(Q), the 1D function &(¢) = &(u + ev,n, p, /)
has a minimum at ¢ = 0. Thus it follows that

_ds

0_ 7 )
de =0
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which simplifies to the following equation:

0 det
oF

0= / 2F :Vo—(1—a)(FTn,VoTn)) —p
Q

—/Qf-v—/rgmda.

Similarly by taking the variations n — n+¢e¢m, p — p + eq or L — A+ eu, we obtain the
following Euler-Lagrange equations:

0= /2(F :Vv—(l—a)(FTn,Van>)—padet : Vo
0 oF

_/Qf.v_/rg.,,da, (3.17)

0= / —2(1 —a)(FTn, FTm) 4+ 2bVm : Vn + 2/(n,m), (3.18)
Q

0= /—q(detF— 1), (3.19)
Q

0= /Q u((n,n) — 1), (3.20)

where the solution (u,n, p, 1) belongs to &, while the test function (v,m,q,p) is in the
space H(l)m, X H(1)|r,, x L2(Q) x L*(Q).

The corresponding equations in the strong form are derived using integration by parts,
as long as u and n are smooth enough. The resulting system of partial differential equations
is

dive +f=0 in Q, (3.21)

bdiv(Vae) + (1 —an" FFT —)n" =0 in Q, (3.22)
detF—1=0 inQ, (3.23)

n>—1=0 inQ, (3.24)

ov=g¢g ondQ\l, (3.25)

%:’ =0 ondQ\I',, (3.26)

where v denotes the unit normal vector on the boundary, and

Odet

=2 —(1 —amn")F —p 3F

(3.27)
is the Piola—Kirchhoff stress tensor.

Note that when f = 0 and g = 0, the reference configuration # = 0 is not a stress-free
state. The reason is as follows. At the reference configuration, F = I, so

c=02—p)I —2(1—ann”. (3.28)
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The matrix (2—p)I has rank 0 or 2 according to whether p = 2 or p % 2, while the matrix
2(1 — a)nn™ has rank 1 for 0 < a < 1. Thus the Cauchy stress ¢ cannot be zero’.
However, the stress-free state can be achieved by a uniform stretch of the reference

state. It is easy to check that the system has zero stress in the case that

a’# 0
F= ("0 il (3.29)

n=(0,1)",p=2Jaand 2= (1—-a)//ja

3.3 Linearised system and well-posedness

In this section, we derive the linearised system of the equilibrium equations and discuss
its well-posedness. This system is closely related to the matrix derivative in Newton’s
method. Also, the well-posedness of the linearised system is closely related to the stability
of the numerical scheme.

To linearise the original system, we fix a solution (u,n, p,1), and letting (w,l,0,7) be
a small perturbation, we carry out the corresponding Taylor expansions in equations
(3.17)—(3.20) about the given solution, retaining the linear terms. The resulting linearised

system is
ai(w,v) + ax(l,v) + bi(o,v) = L(v), (3.30)
ax(m,w) + a3(I,m) + ba(y,m) = Ly(m), (3.31)
bi(g,w) = Ls(q), (3.32)
ba(u,1) = La(p), (3.33)

where ay, ay,as, by and b, denote bi-linear forms depending on the solution (u, n, p, 2), and
Ly, Ly, Ly and L4 are linear functionals of the test functions. The perturbation (w,l,0,7) is
supposed to satisfy the linearised system (3.30)—(3.33) for any test function (v, m, g, 1). Both
the perturbation and the test function belong to the space Hy . x H{ . x L*(Q) x Hf.
The bi-linear forms are defined by the following equations:

ay(w,v) = / 2Vw : Vo —2(1 —a)(VwTn, Vo' n)
Q

0% det
—p ( 3R Vw) : Vo, (3.34)
a(m,v) =/ —2(1 —a){(FT'm,VoTn) —2(1 — a)(FTn,Vo' m), (3.35)
Q
as(l,m) = / —2(1 —a)(FTLFTm) 4+ 2bVm : VI + 2)(I, m), (3.36)
Q
Odet
bi(g,w) = /Q aF :Vw, (3.37)

3 Ifa=1, and p = 2, we indeed get zero stress. In this case, p = 2 corresponds to the hydrostatic
pressure of a neo-Hookean material.
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bz(,u,l)=/92,u<l,n>. (3.38)

The linearised system (3.30)—(3.33) can now be reduced to a standard saddle point system.
In fact, adding (3.30)—(3.31) together, and (3.32)—(3.33) together as well, yields

where w = (w, 1), = (v,m), 6 = (0,7) and § = (q, u). Moreover

a(w,?) = ay(w,v) + ax(l,v) 4+ a(m,v) + az(l,m), (3.41)
b(g, ) = bi(q,v) + ba(u, m), (3.42)
Ly(®) = Li(v) + Ly(m), (3.43)
Ly(q) = Ls(q) + La(p). (3.44)

The system (3.39) and (3.40) exhibits a saddle point structure. Its well-posedness is shown
in the theorem by Ladyzenskaya—-Babuska—Brezzi that we describe next as presented
n [32].

Theorem 6 (Ladyzenskaya—Babuska—Brezzi) Consider the following saddle point problem:

a(u,v) 4+ b(p,v) = Ly (v) YVoeV,ueV, (3.45)
b(q,u)=Lp(g)  VgePpelP, (3.46)

with ¥V and TP given Hilbert spaces, Ly and Lp belonging to Y' and W', respectively.
Moreover, a and b are continuous bi-linear forms defined on ¥ xV and P x 'V, respectively.
Define the operators

%V TP
v — Bv such that (PBv,q) = b(q,v) VgeP
o Ker#B — (KerB)
w— /w such that (/'w,v) = a(w,v) Vv € Ker#

Then the operator 2 is onto if and only if the spaces Y and P satisfy the following inf-sup
condition:
inf sup b(q,v) = >0. (3.47)
4€P.llqll=1 yeV,|jv||=1

Moreover, the mixed problem is well-posed if and only if 4 is onto and < is invertible.

According to the Ladyzenskaya—Babuska—Brezzi theorem, the well-posedness of the saddle
point system requires both % being onto and <7 being invertible. Moreover 4 being onto
is equivalent to the inf-sup condition (3.47) being satisfied. What is the corresponding
equivalent condition that guarantees the invertibility of <7? It turns out that <7 being
invertible is also equivalent to an inf-sup condition, namely the inf-sup condition of a(-, )
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on the space Ker4%,

weKerBwl=1 ceKer@o|=1 aw.0) = 2> 0. (345)
This can be easily proved using the Ladyzenskaya—Babuska—Brezzi theorem, and the fact
that a linear operator A on a Hilbert space H is invertible if and only if 4 is onto and
Ker(4) = 0 ([31], p. 104). Therefore the well-posedness of a standard saddle point system
amounts to the verification of the two inf-sup conditions (3.47) and (3.48). In practice,
the inf-sup condition (3.48) is often replaced by the following stronger yet easier to verify
ellipticity condition:

inf = o> 0. 3.49
veKerlgg’,HvH=la(U’U) x (3.49)

However, in most situations the spaces IP and V are different, and so, the inf-sup condition
(3.47) cannot be replaced with a stronger ellipticity condition, and it may be very difficult
to verify analytically.

For the LCE problem that we study, the bi-linear form b(g,%) = b(q,v) + ba(1, m) is
the sum of two decoupled bi-linear forms. We prove that the inf-sup condition for b(g, ¥)
is actually equivalent to the inf-sup conditions for both b; and b,.

Theorem 7 The inf-sup condition for b(q,?) = bi(q,v) + ba(u, m) is satisfied if and only if
the corresponding inf-sup conditions for bi(q,v) and by(u,m) hold.

Proof Assume the bi-linear form by(q,v) is defined on IP x ¥V and by(u, m) is defined on
A x M, where IP, ¥V, A, M are Hilbert spaces.

First assume the inf-sup condition for b(g, ?) is satisfied. Then it follows from Theorem
6 that the operator

BYXM->P xA
(v,m) — Z(v,m) such that (B(v,m),(q, 1)) = bi(q,v) + ba(p,m) ¥(q, ) € IP x A

is onto. Therefore the operators

B,V ->TP
v — %v such that (B v,q) = bi(q,v) VgelP

and

%2 ‘M - A,
m— %B,m such that (%om, i) = by(u, m) Yued

are both onto. Hence, if follows from Theorem 6 that the inf-sup conditions for by(q,v)
and b,(p, m) are satisfied.

Conversely let us assume the inf-sup conditions by(q,v) and b,(u, m) are both satisfied.
Then it follows that %, and %, are both onto, and so is the operator 4. Therefore by
Theorem 6, b(§,%) = by(q,v) + ba(u, m) satisfies the inf-sup condition. O
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Consequently to verify the inf-sup condition for b(§,%) = bi(q,v) + ba(u,m), it is
sufficient to verify the inf-sup conditions for bi(q,v) and b,(y, m) individually. We point
out that the bi-linear form b{(q,v) in (3.37) corresponds to that of the incompressible
elasticity problem [32], while by(u, m) in (3.38) corresponds to that of the harmonic map
problem [24].

We observe that the inf-sup condition for b(g,v) is at least satisfied at the strain-free
and the stress-free states. In fact, at the strain-free state, F = I, it reduces to that of the
Stokes problem (for the proof, see for example [29]):

(g, div(v))

inf
S FINFI

> B > 0. (3.50)

On the other hand, since the stress-free state has constant F matrix, the inf-sup condition

for bi(q,v) can be verified by change of variables [29]. In the general case that u + 0 and

F is not a constant, analytical verification of such a condition can be very challenging.
The inf-sup condition for b,(u,m) holds provided n is sufficiently smooth. This is

established in the following theorem, whose proof is a slight modification of that in [24].

The details can be found in [29].

Theorem 8 Assume n € H,, . (Q)(\ W"(Q), then the inf-sup condition for by(u,m) holds.

That is

(2n - m, u)

inf > p, > 0. (3.51)
neH (@) meny, (o) ] -1

Finally to establish the ellipticity condition for the bi-linear form a(#,¥) is, in general,
very complicated due to the complication of the expressions of a;(-, "), a2(-,*) and as(:, ).
We found that it actually does not hold at the stress-free state (see [29]). However, this
does not imply that the linearised system (3.30)—(3.33) is ill-posed, since as previously
mentioned, ellipticity is a sufficient condition instead of a necessary condition.

Although in many situations, the rigorous proof of the inf-sup conditions or ellipticity
conditions is not available, the numerical ‘verification’ may be straightforward. We added
quotation marks because numerical verification is not a rigorous argument and therefore
cannot replace the analytical proof. However it may provide some insights when the
analytical proof is not available. We will elaborate on this in later sections.

4 Existence and well-posedness of the discrete problem

In this section, we investigate the existence and well-posedness of the discrete problem.
Unlike the usual approach of simply replacing continuous spaces by finite element spaces,
following Hu et al. [24], we include an interpolation operator in the discrete formulation.
This operator plays an important role in the proof of existence and well-posedness of the
discrete problem.

In this section, we first prove existence of minimiser of the discrete problem. We
then derive the Euler—Lagrange equations and the corresponding linearised system. We
also explain how to numerically compute the constants in the inf-sup and ellipticity
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conditions as a way of verifying the well-posedness of the linearised system. Next we
prove the existence and uniqueness of the Lagrange multipliers as a consequence of
the inf-sup conditions for the discrete problem being satisfied. Finally we discuss some
implementation issues, such as how to deal with the interpolation operator in the software
package FEniCS, and how to numerically assemble the H~! norm.

4.1 The discrete problem and existence of minimiser

As indicated in previous sections, the problem of finding (u, p) is very similar to the case of
the incompressible elasticity, while finding (n, 1) bears an analogy with the harmonic map
problem. Thus we choose the P, x P; finite element spaces for (u, p), as in incompressible
elasticity, and Py x P; for (n, 1), following the harmonic map problem.

We let V}, denote the space of continuous piecewise linear functions and, V. = {v €
ViNnH' :v =gon I'}. The symbols Vj, and V4 refer to the corresponding vector
version. We use 7y, as the nodal interpolation operators onto the spaces Vj and Vj,. We
let W), denote the space of continuous piecewise quadratic functions and, W, = {w €
WyNnH' :w=gonTl }. The symbols W), and W, denote the corresponding vector
version as well.

The energy functional is still defined as

I (u,n) = /Q(\F|2 — (1 —a)|FTn|?) + b|Vn)?

—/Qf-u—/rg-uda. (1)

We define the admissible set

A=Ay X N, (4.2)
where
Hy = {”h € Wior, + uOh,/ gn(det(I + Vuy) — 1)dx = 0,Yq), € Vh}, (4.3)
Q
and
Ny = {”h € Vyor, + ”Oha/ nm(ng|* — 1)dx = 0,V € Vh,0|F,1} . (4.4)
Q

Notice that any piecewise linear function nj, belongs to ./, if and only if the function
m(|m> — 1) € Viorr, is identically 0, which means |n;| = 1 at all the mesh nodes.
Our discrete formulation of the minimisation problem is

Find (uy, ny) € <7/, minimising IT in .o/}, (4.5)
Before proving existence of minimiser, we first establish the following lemma.
Lemma 9 Assume n € Ny and 0 < a < 1, then for any matrix F € IM>*?
FP? —(1—a)F"n]* > a/F|? (4.6)

holds.
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Proof Take any point x € ©, and suppose it is inside the triangle AP;P,P;3. Since n € Ny,
we have

n(x) = Ain(Py) + J2n(Py) + Azn(P3),

where 4;,i = 1,2,3 are barycentric coordinates. As indicated above, n € N}, if and only if
|n| =1 at all the mesh nodes. Thus it follows that

In(x)| = |21n(P1) + Zon(P2) + Z3n(P3))|
< Zaln(Py)| + Za|n(P)| + Z3|n(P3)]
=M+h+1;
=1
If |n(x)] = 0O, then the conclusion follows trivially. In the following, we assume that
|n(x)| > 0.
Let i = n(x)/|n(x)|, then || = 1. So

IFI*—(1—a)|Fn]
= |F|* — (1 —a)ln(x)*|FTa?
> |F>— (1 —a)FTa)?

; alFP,
where we have used Lemma 2 in the last step. O
Now we establish the following existence theorem.
Theorem 10 There exists a solution to the discrete minimisation problem (4.5).
Proof Take any (uj,n;) € 7). It follows from Lemma 9 that

T m) > / al(I + Va) P + bV Pdx
Q

- HfHLZ(Q)H"hHLZ(Q) - H.‘IHL2(F)H"I1HL2(F)
> / al(I + Vuy)|* + b|Vay|*dx
Q
(15120 + el ) — (2100 + el
: e alyeTte) ¢ 19l hllLa(r)
> [ €l + VuP + CalVmPx —
Q
where ¢ > 0 is small, and C; > 0,i = 1,2, 3 are constants. In the last step, we have applied
the generalised Poincaré inequality ([9], p. 281) and the Trace Theorem ([20], p. 258).

Thus IT(up, ;) — oo as |uyll; or |my]l; goes to co. Hence its minimum must be achieved
in a bounded subset of .7},
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On the other hand, the admissible set .o/;, is closed. The reason is as follows. Let
@j,j=1,...,N be a basis of V}, and y;, j=1,..., M be a basis of V}o,, and define

Jo @i(det(I +Vuy)—1)dx 1< j<N,
gj(un, np) = ) . @7
Jowinm(m2—1)dx  N+1<j<N+M.

Then g; is a continuous function on (W1, + top) X (Vior, + non). Therefore o7 can be
written as the intersection of reciprocal images of 0 by the continuous functions g, so it
is a closed set.

Since I1 (uy, ny) is a continuous function on a closed, bounded finite-dimensional set, the
Weierstrass Theorem guarantees the existence of (uy, n;,) € .o/, minimising IT in .«/;,. [

4.2 Equilibrium equations and linearised system

Similar to the continuous problem, we convert the constrained minimisation problem to
an unconstrained one by including the Lagrange multipliers. After that we derive the
equilibrium equations and their linearisation. These equations are analogous to those of
the continuous problem, except for the presence of the interpolation operator w,.

After including the Lagrange multipliers, the discrete energy functional is given by

Sum,p. i) = / (FP — (1 — a)|[FTnP) + b|VaP’
Q

— p(det(F) — 1) + A(m(n,n) — 1)

—/f~u—/g~uda, (4.8)
Q r
where F =1 + Vu.

Taking the first variation of the functional (4.8), we obtain the following equilibrium
equations (Euler—Lagrange equations):

0= /QZ(F :Vv—(l—a)(FTn,Van>)—p% Vo
_/Qf.,,_/rg.,,da, (4.9)
0= /Q —2(1 —a)(FTn,FTm) +2bVm : Vn + 2)m;(n,m), (4.10)
0= /Q—q(detF—l), (4.11)
0= /Q () — 1), (4.12)

where the solution (u,n,p,2) € Wy ur, X Viar, X Vi X Vi, and the test function
(v,m,q,1) € Wior, X Vior, X Vi X Viorr,-
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Linearisation around a solution (u, n, p, A) yields the system

ar(w,v) + ax(l,v) + bi(o,v) = Ly(v), (

ax(m,w) + az(I,m) + by(y, m) = L(m), (
bi(q,w) = Ls(q), (4.15

ba(p, 1) = La(p), (

where both the perturbation (w,l,0,y) and the test function (v, m, g, 1) belong to W, X
Viorr, X Vi X Vior,. Here the bi-linear forms ay, a,, as, by and b, depend on the solution
(u,n,p, ). Moreover ay, a, and by are as in the continuous case, while a; and b, are
slightly different and are given by

ax(l,m) =/ —2(1 —a){(FTLFTm) +2bVm : VI + 2)m,(I, m), (4.17)
Q

and

bz(u,m)z/92,unh<n,m>. (4.18)

4.3 Well-posedness of the linearised system

As in the continuous case, verifying the well-posedness of the linearised system (4.13)-
(4.16) can be reduced to verifying the inf-sup conditions for by(q,v), by(u,m) and a(w, ) =
ar(w,v) + ax(l,v) + ax(m,v) + az(l, m).

The inf-sup condition for by(q,v) is also satisfied at least at the strain-free and stress-free
state. In fact, at the strain-free state, F = I, this condition can be formulated as

inf sup M =p1 >0, (4.19)

9€ViveW,gr, 1gllollvll1
which is exactly the inf-sup condition for the Stokes problem with the Taylor—Hood
element P, x Py (proof of this inf-sup condition can be found, for example in Proposition
6.1 of [5]). The verification of the condition b;(q,v) at the stress-free state follows as in
the continuous case.

The proof of the inf-sup condition for by(u, m) is similar to the one in [24]. The only
difference is that, in our case, the test functions u, m are zero only on part of the boundary.
A slight modification of the proof in [24] gives us the following. (The detailed proof can
be found in [29].)

Theorem 11 Assume n € Hlllo‘r”(Q) OAWL(Q), and n, € Vi1, satisfies |ny| = C > 0 and

|ny —mpn|l; < y/|1og(h)|"/2. Then there is a positive constant [, independent of h, such that

. [ny, - m
inf  sup  Coelmoml 1)
WPy mevrer, 1

> b, (4.20)

Theorem 11 states that, if the true solution r is smooth, the approximate solution ny,
is close to it, and its norm is bounded below, then the inf-sup condition for b,(u, m) is
always satisfied.
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For the inf-sup condition for a(#, #) and the inf-sup conditions for b; and b, in general
cases, analytical verification may turn out to be very difficult. However, in the discrete
case, the inf-sup values and the ellipticity constants can be computed numerically. We
can compute the inf-sup values for a series of finer and finer meshes. If these inf-sup
values are bounded below by a positive constant, we infer some evidence that the inf-sup
condition might be satisfied for all meshes. This type of verification known as inf-sup
test [8] provides a convenient way to get information when analytical results are not
available. However the inf-sup test cannot replace the analytical proof, because we cannot
apply the test on infinite number of meshes.

For a general inf-sup condition, the inf-sup value

Bn= _inf { sup b(q,v)} (421)
q€PLllqlI=1 | yeV,,|jv]|=1

turns out to be related to the smallest singular value of certain matrix. The following
theorem summaries the results from [5].

Theorem 12 Let the matrices S, T, B be defined by the following equations:

Ignll* = ¢" Sq, (4.22)
lonl> = T To, (4.23)
b(qha Uh) = ‘ITBU, (424)

where ¢, v are the DOF of q; and vy, respectively. Then the inf-sup value By in (4.21) is
equal to the smallest singular value of the matrix S":BT"1.

In our case, we also want to compute the inf-sup value or ellipticity constant for the
bi-linear form a(-,-) on Ker(%;), where %), : V;, — P} is defined by b(q,v) = (q, Bnv) for
any g € IP, and v € V.. That is we want to compute the inf-sup value S, in

Ph=_ inf sup —a(u,v) (+:23)
! ueKer(2y).lul=1 yeKer(2y),|v|=1

and the ellipticity constant &, in

= f , D). 426
h ueKer(}é}h),an:la(v v) (4.26)

We prove the following result, which is similar to Theorem 12.

Theorem 13 Let n and m be the dimensions of V, and Py, respectively. Let the matrices
T, A, B be defined by the following equations:

lva)* = o™ T,
a(up,vp) = ul Av,
v, € Ker(%,) < Bv =0,
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where u, v are the DOF of u, and vy, respectively. Assume that B is full rank, and let the
matrix Q be defined by the QR decomposition of (BT ~1/*)T

R
—1N\T _
(BT /%) Q<0>.

Then the inf-sup value /?;, in (4.25) and the ellipticity constant &y, in (4.26) are, respectively,
equal to the smallest singular value and the smallest eigenvalue of the matrix Ay, where A;
is the lower right (n —m) x (n — m) submatrix of the matrix QT T~1/24T~/2Q.

Proof First, let x = T%u, y= T2v. So

.
A . A
Br= inf  sup Ay

xeKer(B) peKer(B) A /xTx\/yTy ’

where B=BT'/2, and A = T~1/24AT-/2.
Since B is full rank, the matrix R € M™*" in the QR decomposition

. (R

BT =0 <0> (4.28)

0T x — <w> , (4.29)
Zx

where w, € R™ and z, € R"™™. Then it is easy to verify that

(4.27)

is non-singular. Let

x € Ker(B) = w,=0.
Thus there is no constraint on z,. Therefore

TA T4
inf  sup ——Y —infsup ——X1Ey (4.30)

5 o ST xs/vT .
xeRer(B) yeKer(B) VX' X\VYY oz /2T zlz,

where A; is the lower right (n—m) x (n—m) corner of the matrix 0”7 AQ. Thus by Theorem
12, B, is equal to the smallest singular value of the matrix A;.
Similarly we can show that &, is equal to the smallest eigenvalue of the matrix A;. [

Remark The matrix B is full-rank if and only if the operator %), is onto, which is true
if and only if the following inf-sup condition holds

q€Pllqll=1 | yeV,,[jv]|=1

inf { sup b(q,v)} = B > 0. (4.31)
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4.4 Existence and uniqueness of the Lagrange multipliers for the discrete system

For the incompressible elasticity problem, Le Tallec [27] proved existence and uniqueness
of the Lagrange multiplier p given that the inf-sup condition for bi(q,v) is satisfied. In
this sub-section, we use similar arguments to prove existence and uniqueness of p and 4
given that the inf-sup conditions for by(q,v) and b,(u,m) are both satisfied. The proof
uses the following result of Clarke [10,11].

Theorem 14 Let J denote a finite set of integers. We suppose that the following are given:
E a Banach space, go, g;(j € J) locally Lipschitz functions from E to R, and C a closed
subset of E. We consider the following problem:

Minimise go(x)
subject to x € C, g;j(x)=0, Vjel. (4.32)

If x is a local solution of (4.32), then there exist real numbers ro, s; not all zero, and a
point & in the dual space E' of E such that

& €rgdgo(X) + Y 5;0g;(X),  —& € Ne(x), (4.33)
J

where N.(X) is the normal cone at C in X, and 0g; is the generalised gradient of g;(x).
Next we use Theorem 14 to prove the existence and uniqueness of p and A.

Theorem 15 Suppose (up,ny) € A X Ny, and at (wp,my,), the inf-sup conditions for by and
by are both satisfied. Then there exist a unique p, € Vy, and a unique 2y € Vy 1, such that
(up, np, p, A1) is a solution of the discrete equilibrium equations (4.9)—(4.12).

Proof Let us denote

E = C = (W, +uon) X (Vior, + non) (4.34)
go(x) = Il (v, my), gj(x) = gj(vp, my), (4.35)

where the functions g; were defined in (4.7). It is easy to see that
N¢(X) = Ng(x) = (0,0). (4.36)
Notice that
oIl (up,my) = {Dgl + Dgd} . (4.37)

where Dg} and Dgg are in [(Wyor, + #on) X (Vior, + mon)]*. We have

Dy (up,my) - (v, m1y) = (12:::)) ,
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where
fi(v) = /92(Fh Vo — (1 — a)(F) n,, Vo' my)),
and
fatm) = [ =20~ ) m ) + 265 Vi,
Also

Dg(up,my) - (04, my) = 0

(—fgf-vh—frg'vhda)

We also observe that gj(vy,my) is continuously differentiable in (W r, +uon) X
(Vioyr, +nox) and that

0g; = {Dg;}, (4.38)
—Qj I+ Vllh) Vvh
Dg(up, ny) - (vj,, my,) (fg e
for 1 < j<N, (4.39)

Dgj(up, ny) - (vn, my,) (f Yj—N Th(2ny, - mh)d>
o Vi- '

for N+1<j< N+ M. (4.40)
Therefore applying Theorem 14, we have that there exists real numbers ro, s;, not all zero,
such that
N+M
0 € ro0II (up, ny) + Z 5;0g ;(up, ny). (4.41)
j=1

Using (4.37) and (4.38), equation (4.41) becomes

N+M
ro{ Dgd(un, my) + D3 (un,m)} + Y 5;Dg;(up,my) =0,

=
in [(Wyor, + won) X (Vior, + non)l” (4.42)

Assume now rg = 0. By the linearity property, and using (4.39) and (4.40), we rewrite
(4.42) as follows:

/ Z S0, [+ V) : Vordx =0, Yo, € Wygr,, (4.43)
/ > snewj | mmy - my)dx =0, ¥my € Vi, (4.44)
Q N
j=1
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Since at least one s; is non-zero, at least one of the equations (4.43) or (4.44) is in
contradiction with the inf-sup conditions. Thus ry cannot be zero. We can then divide
(4.42) by ry to get

M
Dg{(un, ny) - (vp, my) + 1/79 Z siDg;j(up, my) = —Dgg(up, ny) - (vy, my),

=1
Y(vp, my) € [(Wior, + on) X (Vior, + non)l. (4.45)
That is
Odet

Fi(on) — / pZ8 V) Vs — / foon+ / g - vada, (4.46)

Q aF Q r
Falmy) + / a2, - my)dx = O, (4.47)

Q

where we have denoted

N

pn=|>_ s / ro, (4.48)
j=1
M

=Y snijw) /ro. (4.49)
j=1

Equations (4.46) and (4.47) are precisely (4.9) and (4.10). Since (uy,n,) € Ay, X Ny, we
conclude that (uy, ny,, pp, A3) is a solution of (4.9)—(4.12).

Finally if there were two distinct values pj, their difference would violate the inf-sup
condition for b;. Likewise if there existed two distinct values A, their difference would
also violate the inf-sup condition for b,. So we have the uniqueness of both p, and A,.

O

4.5 Some implementation issues

In this sub-section, we discuss issues related to the implementation of our numerical
scheme, such as how to solve the non-linear problem using the software package FEniCS,
how to deal with the interpolation operator m;, in FEniCS and how to assemble the H™!
norm when we assess the rate of convergence.

FEniCS [28] is an open source finite element package. It is very convenient to solve
variational problems such as

a(u,v) = L(v), YveV (4.50)

using FEniCS. To use FEniCS with C++, we just need to specify the finite element space
V,,, the expressions for the bi-linear form a(u,v) and the linear form L(v) in a form file
such as ‘Poisson.ufl’, and compile the form file into a C++ header file ‘Poisson.h’. Then
in the C++ source file ‘main.cpp’, we specify the boundary conditions and let FEniCS
proceed with the work, which includes assembling the matrix (a(¢;, ¢;)) and the right-hand
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side (L(¢;)), and calling solvers for the linear system*. To use FEniCS with Python is even
simpler. The form file and the boundary conditions can be specified in the same Python
script, and we can call FEniCS interactively in the Python shell.

Our problem (4.9)—(4.12), however, is a non-linear variational problem, and we cannot
directly apply the above procedure in FEniCS. We explain here how to solve our non-linear
problem using FEniCS. Let N be the dimension of the space Wy, o, X Vioir, X Vi X Vioir, for
the test function (v, m, q, it). Equations (4.9)—(4.12) can be regarded as a system of N non-
linear equations for the DOF of the solution (u, n, p, A). We can solve it using a non-linear
solver such as Newton’s method. It turns out that each iteration of Newton’s method is
equivalent to solving the following linear variational problem for the increment (w,/,0,7):

a((w,1,0,7),(v,m,q, ) = L(v,m,q, p), (4.51)
where the bi-linear form is

a((w,1,0,7),(v,m,q, 1)) = ay(w,v) + ax(l,v) + ar(m, w) + az(I, m)

+bi(0,v) + bi(q, w) + ba(y,m) + ba(w, 1), (4.52)

and the linear form is
L(v,m,q, 1) = — (F1(v) + Fa(m) + F3(q) + Fa(w)). (4.53)

Here Fi, F», F3 and F4 are the right-hand sides of (4.9)—(4.12), respectively. The above
observation can be verified by computing the derivative matrix and the right-hand side
of Newton’s method, and comparing them with the matrix and the right-hand side of the
above linear variational problem.

Another complication is that FEniCS does not support the interpolation operator mw,
in their form file, at least not for the version 11.02 that we have used. We overcomed this
issue in the following way: we first let FEniCS assemble the matrix and the right-hand side
without the m;, terms, then we manually assembled those terms and updated the matrix
and the right-hand side. It turns out that we do not have to do numerical integration
ourselves, instead we can compute those m, terms using the DOF of n, and 4;, and the
matrix S = ((¢i, ¢;)), where the ¢;’s denote the basis functions for the finite element space
V), of piecewise linear functions. The details can be found in [29].

Finally to compute the order of convergence, we need to compute the H~! norm for any
function in V), r,. In the rest of this sub-section, we explain how to assemble the H ! norm.

We first relate the H;:' norm of a function in Vjgr, to the H' norm of some other
function in Vjq,. For any function vj, in Vjqr,, we can define a linear functional g on
H&\r,, by

g(w) = (vp, )2, VYwe Hém.

The HF_”‘ norm of vy, is the same as the norm of the functional g. By the Riesz Represent-
ation Theorem, we can find v € H&‘ r, such that

gw) = (w,v)1, YwEe Hélpn.

* Here we have used ¢; to denote basis function of the finite element space V.
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Thus the norm of g is just the H' norm of v. Therefore we get
lonllgzr = vl (4.54)

Let o), be the L? projection of v into Vior,, then the H ! norm of v can be approximated
by the H' norm of .

Next we explain how to calculate the H! norm of #,, which can be used to approximate
the H;"l norm of vj,. Let {¢;,i =1,...,n} be a basis of Vo ,. We want to assemble the
matrix S such that

HUhHH;nl ~ || o) g = 07 S,

where v € IR" is the DOF for v,

Theorem 16 Let A and B be the matrices that satisfy

loll2 = o7 Av,

[vnll g1 = v" Bo,
Sfor any vy in Vi r,, where v € R" is the DOF for v,. Then the matrix S = AB™A.

Proof Let f : anl — Vyor, be the map taking any vy € Vi, to tn € Vior,, and let
@i = f(@;). It is easy to see that

Sij = (P, @j) - (4.55)

By definition of ®;, we have

/(Piﬁl’j = /DQ’iDQDj-i-/(?)iQDj Vi<ij<n (4.56)

Since @; € Vi r,, We can write
b= Guox.
k

Substituting it into (4.56) gives

/‘Pi‘sz > Gu (/D¢k~D¢j+/¢k<ﬂj>-
k
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FIGURE 1. The elastomer is clamped and pulled on both sides.

That is A = GB, or G = AB~!. Therefore

Z Gipqu [<D§0p’D(Pq> + <@p» 90q>]>

12

(Z Gipoq GqT;>

pa
= GBGT
= (AB Y)B(B~'4)
= AB7'A.

O

Remark  For any v, in Vjyr,, although v” Sv only gives approximate estimate of its H -1
norm, the difference goes to zero when h goes to 0.

5 Numerical results

In this section, we present results of the numerical simulation of the clamped-pulling
experiment.

The simulation setup is as follows (Figure 1). The LCE is initially rectangular shaped
and the directors align in the vertical direction. It is then clamped on the left and right
edges and pulled in the horizontal direction.

As previously pointed out, in our model the stress-free state is different from the
reference state. In the model and subsequent computation, # represents the displacement
relative to the reference domain. However the LCE should be in the stress-free state before
it is clamped and pulled. This is not a big issue, because the stress-free state actually
has constant deformation gradient matrix F, which means that it can be achieved by a
uniform stretch from the reference state. Thus at both the reference and the stress-free
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states, the LCE is rectangular, and displacements relative to the reference state or the
stress-free state can be easily converted into each other. We take our reference domain to
be the rectangle [0, L] x [0, 1]. It can be verified that for the aspect ratio at the stress-free
state to be AR, we should take

L AR. (5.1)

1
G
We give the following starting values for (u, n, p, 1) so that they correspond to the stress-free

state:
uy = (a4 — 1)(X —0.5L), (5.2)
= (@t =1)(Y —05), (5.3)
n=(0,1)", (5.4)
p=2a, (5.5)
A=(1—a)/a, (5.6)

where uy and uy are the components of u.

The physics of ‘clamped-pulling’ can be modelled by the following boundary conditions:
at the two clamped edges, uy and n remain at the starting values, while uy decreases or
increases uniformly (that is, independent of Y). Although our model was not formulated
as a time-dependent problem, we can still obtain information on the dynamical behaviour
by solving a series of static problems, each of which only differ slightly from the previous
one in the uxy boundary condition.

Notice that the problem is completely symmetric about the two centre lines X = 0.5L
and Y = 0.5. Therefore we only need to do the computation on the upper-right quarter
of the reference domain. The solution on the rest of the domain can be obtained by
reflection.

Based on the discussion above, we list here the boundary conditions on the computation
domain [0.5L,L] x [0.5,1]. Fist, to model the clamped-pulling set up, we impose the
following Dirichlet boundary conditions at the clamped edge X = L:

uy = 0.5L[a"*(1 + Mt) —1], (5.7)
uy = (a4 =1)(Y —0.5), (5.8)
n=(0,1)T. (5.9)

That is both uy and n remain at their starting values, while uy varies with t. Here
t € [0,1] is the percentage of the loading. When t = 1, the LCE reaches its maximum
elongation 1+ M, where elongation is defined as the current length divided by the starting
length (length at the stress-free state). Note that, by symmetry, the vertical centre line
remains at X = 0.5L, while the horizontal centre line stays at Y = 0.5. Also by symmetry,
the directors at these centre lines must be either strictly vertical or strictly horizontal.
We assume that the directors change continuously during the pulling process, thus the
directors at the two centre lines must stay at their starting values. Therefore we impose
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Table 1. The numerical errors and orders of convergence

AR =1 AR =3

N=38 N=16 N=32 N =38 N =16 N=232
leullo 8.39E-04 2.69E-04 6.99E-05 1.51E-03 5.18E-04 1.41E-04
order - 1.64 1.95 - 1.55 1.88
lleulls 2.02E-02 7.66E-03 3.32E-03 2.14E-02 8.35E-03 3.57E-03
order - 1.40 1.21 - 1.36 1.23
leqllo 3.05E-02 8.25E-03 2.12E-03 3.79E-02 1.16E-02 3.20E-03
order - 1.88 1.96 - 1.71 1.86
llenll 1.19E+00 6.23E-01 3.14E-01 1.48E+00 7.64E-01 3.81E-01
order - 0.93 0.99 - 0.95 1.00
llepllo 2.38E-02 8.99E-03 3.34E-03 2.14E-02 8.22E-03 2.79E-03
order - 1.41 1.43 - 1.38 1.56
le;ll -1 1.51E-03 5.22E-04 1.70E-04 1.95E-03 6.15E-04 1.92E-04
order - 1.54 1.62 - 1.66 1.68

the following boundary conditions at the two centre lines:

uy =0 on X =0.5L, (5.10)
uy =0 onY =0.5, (5.11)
n=(01)7T on X =0.5L and Y =0.5. (5.12)

Finally to ensure that |n| = 1 at all the mesh nodes, we need to impose Dirichlet boundary
condition for 1 on the same boundary as n. Thus the boundary condition for 4 is

i=(—a)/\Ja onX=05LX=LandY =05. (5.13)

In our computation, we take a = 0.6, b = 0.0015 and M = 0.4. We slowly increase
‘load’ t from O to 1 in a step size At = 0.01. We take the initial aspect ratio AR to be
either 1 or 3. We use uniform mesh of size (AR - N) x N, where N is an integer. Each
small rectangle of the mesh contains two triangles, which are split by the lower-left to
upper-right diagonal.

Table 1 lists the numerical errors and orders of convergence. Here e,, e,, €, and e, are
the numerical errors for u, n, p and A, respectively. And | - [|o, || -||; and | -||_; represent the
L?, H' and H~! norms, respectively. The numerical errors are calculated for the solutions
of adjacent meshes. For instance let us consider e,. We first compute the solution ™)
and u®N) on the mesh N and 2N, respectively, next we interpolate the solution #'™) to the
mesh 2N, and finally, we compute the difference of that interpolation with the solution
u*N) and obtain e,. The order of convergence is calculated in the usual sense. Take ||e, o,
for example the order of convergence is calculated by

1og (Jleal$ > /1eaI8)
log(2) ’
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Table 2. The inf-sup values and ellipticity constants

AR =1 AR =3
t=0 N =4 N=38 N =16 N =4 N=38 N =16
b 0.5875 0.5879 0.5880 0.5877 0.5879 0.5880
i) 2.0000 2.0000 2.0000 2.0000 2.0000 2.0000
p 2.70E-04 5.69E-05 1.62E-04 1.61E-04 1.21E-05 3.60E-05
o —1.27E-02 —1.78E-02 —1.21E-02 —7.87E-02 —5.42E-02 —5.32E-02
t= N =4 N=38 N =16 N =4 N=38 N =16
b1 0.6431 0.6287 0.6163 0.6229 0.6125 0.6025
i) 1.9503 1.9065 1.8711 1.8737 1.7804 1.7517
p 1.20E-03 5.82E-04 4.88E-05 3.48E-04 1.46E-04 2.55E-04
o —2.58E-03 —5.82E-04 —4.88E-05 —2.50E-03 —3.09E-03 —3.34E-03

Table 1 shows that the L? errors of # and n converge at rates close to 2, while their H!
errors converge at rates close to 1. The L? error of p and the H~! error of A converge at
rates of at least 1.

Table 2 lists the inf-sup values and the ellipticity constants at both the initial state
(t = 0) and at the final state (t = 1) of the pulling process. Here i and f, are the
inf-sup values of the bi-linear forms b;(-,-) and b,(-, ), respectively, while f and « are the
inf-sup value and ellipticity constant, respectively, of the bi-linear form a(-,-) on Ker(£).
The eigenvalue decomposition, singular value decomposition and QR decomposition were
done using the open source library ALGLIB 2.6 [4]. Notice that for all cases in Table 2,
the o’s are negative, while 51, > and f’s are all positive. This means that, in all these cases,
although the ellipticity conditions for a(:,-) are not satisfied, the inf-sup conditions for
by(:,+), ba(+,*) and a(-,) are all satisfied, and therefore, the linearised system is well-posed.
Furthermore, for both t = 0 and ¢t = 1, the inf-sup values f; and f, do not seem to
change very much as the mesh refines. This suggests that the inf-sup values for b;(-, ) and
by(-,-) might have a constant positive lower bound during the whole pulling process, for
all uniform meshes. On the other hand, this is not the case for the inf-sup value f§. There
is no obvious constant positive lower bound for f. In the case that AR =1 and ¢t = 1,
the f values even seem to go to zero as the mesh keeps on refining.

Next we check the stress—strain curve for semi-soft elasticity. Figures 2 and 3 show the
stress—strain curves for AR = 1 and AR = 3. In these figures, the x-axis is the strain,
which is calculated by Mt, while the y-axis is the nominal stress, which is calculated by

/ a(t)v - vda, (5.14)
r

where I' is the clamped edge X = L, and v is the normal vector on I'. In both figures,
the LCE is first hard, then soft, then hard again. Therefore we have successfully recovered
the semi-soft elasticity.

To check how the soft regime changes with the meshes, we list in Table 3 the endpoints
of the soft regime. Since the hard regimes have relatively small curvature, while the soft
regimes have relatively large curvature, we choose the endpoints of the soft regime to be
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FIGURE 2. Nominal stress versus strain for AR = 1. Mesh size N = 32. The empty circles
correspond to the soft regime [0.076,0.264], which is determined using a curvature criteria.
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FIGURE 3. Nominal stress versus strain for AR = 3. Mesh size N = 32. The empty circles
correspond to the soft regime [0.036,0.292], which is determined using a curvature criteria.
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Table 3. The endpoints of the soft regime

AR =1 AR =3

N=4 N=28 N =16 N =32 N =4 N=38 N =16 N =32

left 0.096 0.076 0.076 0.076 0.048 0.040 0.036 0.036
right 0.288 0.272 0.264 0.264 0.276 0.288 0.292 0.292
- -
E_{BTW)

0001 001 01 1
0.000492 1639778

FIGURE 4. (Colour online) The solutions for AR = 1 with mesh size N = 16. From top-left to
bottom-right, the strains are 0.040, 0.100, 0.264, 0.400. The domain is coloured by the BTW energy
where blue corresponds to low BTW energy, while red corresponds to high BTW energy.

those strain values when |k| is first and last bigger than 1, where « is the curvature of the
stress—strain curve. The curvature « is calculated by

f//

Tty

where f’ is the first derivative approximated using forward difference, while f” is the
second derivative approximated using central difference. From Table 3, we can see that
as the mesh refines, the soft regime for AR = 1 converges to [0.076,0.264], while the soft
regime for AR = 3 converges to [0.036,0.292].

To see what the solutions in different regimes of the stress—strain curve look like, we
plot some typical solutions in Figures 4 and 5. In both figures, the top-left is a solution
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FiGure 5. (Colour online) The solutions for AR = 3 with mesh size N = 16. From top-left to
bottom-right, the strains are 0.020, 0.060, 0.292, 0.400. The domain is coloured by the BTW energy
where blue corresponds to low BTW energy, while red corresponds to high BTW energy.

in the first hard regime, the top-right is a solution at the start of the soft regime, the
bottom-left is a solution at the end of the soft regime, while the bottom-right is a solution
in the second hard regime. We can see that the solutions in the first hard regime have most
directors vertical, the solutions in the second hard regime have most directors horizontal,
while the solutions in the soft regime have directors rotating from vertical to horizontal.
This suggests that the soft regime in the stress—strain curve might be related to the rotating
of the directors. Also, we can see that the solutions in the soft regime maintain relative
low BTW energy, while the solutions in the second hard regime have much higher BTW
energy.

Finally we see from Figures 4 and 5 that stripe domain is not observed in these
solutions. Instead, the solutions look very smooth. This might be due to the relatively
coarse meshes that we have used. Due to the intrinsic high DOF of our model, the finest
mesh we have used has N = 64, which might still be too coarse for the development of
stripe domains. Another possible reason is that b = 0.0015 might be relatively too large,
which penalises the changing in n, thus prevents the formation of stripe domains.

6 Conclusion

In this paper, we modelled the LCE using 2D BTW energy and one-constant Oseen—Frank
energy. We imposed the constraint of incompressibility of the bulk, and the unity of the
directors to the admissible set of (u,n). We proved the existence of minimiser for this
energy minimisation problem. Then we converted the constrained minimisation problem
to an unconstrained minimisation problem, by introducing Lagrange multipliers p and 1.
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Next we derived the equilibrium equation and its linearisation. We reduced the linearised
system to a standard saddle point system, and verified the well-posedness for some simple
cases.

Next we proposed the corresponding discrete problem, which used the P, x P; Taylor—
Hood element for the (u, p) combination and the P; x P; element for the (n, 1) combination.
We also imposed the constraints that the L? projection of det(F)—1 is zero and that |n|—1
is zero at all the mesh nodes. We proved the existence of minimiser for this discrete energy
minimisation problem. Similar to the continuous case, we then introduced the Lagrange
multipliers p and A, derived the equilibrium equation and its linearisation, and reduced
the linearised system to a standard saddle point system. We verified the well-posedness
for some simple cases. For the general cases, we explained how to reduce the verification
of inf-sup conditions to the computation of smallest singular value of certain matrices.
Next we proved the existence and uniqueness of the Lagrange multipliers p and 4, under
the condition that both inf-sup conditions are satisfied.

Finally we used finite element method on our model to simulate the clamped-pulling ex-
periment, for elastomer samples with aspect ratio AR = 1 or 3. The orders of convergence
and inf-sup values were listed. The stress—strain curves were plotted. For both AR = 1
and 3, the semi-soft elasticity was observed. However the stripe domain phenomenon was
not observed, which might due to the relative coarse meshes in the computation and the
relative large Oseen—Frank coefficient b = 0.0015.

7 Discussion

Although we have successfully recovered the semi-soft elasticity phenomenon, the exclu-
sion of the stripe domain phenomenon is tentative. This is mainly because we only applied
computation for meshes with size up to N = 64. That is the ratio of the edge length of
the triangular elements to the edge length of the domain is around 10~2. However in the
experiment of Finkelmann et al. [25,35], the ratio of the width of the stripe domains to
the edge length of the domain was around 1073, Thus our mesh might be too coarse to
resolve the stripe domains. We did not use finer mesh because the computational cost was
already very high. Even for the mesh N = 64, we have 50,182 DOF to solve in the case
AR =1, and 149,510 DOF to solve in the case AR = 3. Another possible reason is that
the Oseen—Frank coefficient b = 0.0015 was too large. The zig-zag pattern of the stripe
domain phenomenon naturally has very rapid change of n across the domain. However
a relatively large b value penalises such rapid change, and suppresses the occurrence of
stripe domains. We did not take much smaller b values than 0.0015, because that would
require much finer mesh and much smaller At to stabilise, which was computationally
too demanding.

Stripe domain phenomenon might still be observable with our current model, if we
try some more sophisticated numerical techniques. As remarked above, the main obstacle
might be the computational cost. One way to get around this obstacle is to use adaptive
mesh refinement. Since the stripe domains only occur in part of the elastomer domain,
while n in the rest of the domain is quite smooth, we can save computational cost by
refining the mesh only on part of the domain. Another way to reduce the computational
cost is to replace n by (cos(0),sin(0))”, where 0 is the azimuthal angle of the director. This
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is perfectly fine because our model is in 2D. In this way, we can reduce a 2D variable to
a 1D variable, and also eliminate the need to use the Lagrange multiplier A.

Another direction is to replace the Oseen—Frank model by more advanced models
such as Ericksen model [19] or Landau—de Gennes model [15]. Oseen—Frank energy only
allows point defects, while Ericksen and Landau—de Gennes model allow line and surface
defects, as well [30]. The stripe domains might have line or surface defects in the transition
area between the stripes, thus using Ericksen or Landau—-de Gennes model might have a
better chance of capturing the stripe domain phenomenon.
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