
J. Inst. Math. Jussieu (2022), 21(6), 1867–1886

doi:10.1017/S1474748021000025 © The Author(s), 2021. Published by Cambridge University Press.

1867

INVERSE OF FREQUENTLY HYPERCYCLIC OPERATORS

QUENTIN MENET
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1. Introduction

Given X a separable infinite-dimensional Banach space and T a continuous and linear
operator on X, we can consider, for each vector x ∈X, the set Orb(x,T ) = {Tnx : n ∈N},
which is called the orbit of x under the action of T . We denote by N the set {0,1,2,...}.
Linear dynamics is the theory studying the properties of such orbits. One of the basic
notions in linear dynamics is hypercyclicity. An operator T is said to be hypercyclic if

there exists a vector x ∈X such that Orb(x,T ) is dense in X or, equivalently, such that

for every nonempty open set U ⊂X, the set NT (x,U) := {n ∈ N : Tnx ∈ U} is nonempty

(or, equivalently, infinite). Several important notions related to hypercyclicity have been
introduced and deeply investigated during the last decades. We will mention some of

them in this article, but for more information concerning linear dynamics, the reader can

refer to two books [5, 11].
Though there is no hypercyclic operator in finite dimension, each separable infinite-

dimensional Banach space supports a hypercyclic operator [1, 7]. We can wonder whether

it is possible to require more on the sets NT (x,U). In 2004, Bayart and Grivaux [2, 3]
introduced the notion of frequent hypercyclicity. An operator T is said to be frequently

hypercyclic if there exists a vector x ∈X such that for every nonempty open set U ⊂X,

dens(NT (x,U)) > 0. In these papers, Bayart and Grivaux gave sufficient conditions

for frequent hypercyclicity and showed that there are simple frequently hypercyclic
operators on each space �p(N) (with 1≤ p <∞). However, there exist separable infinite-

dimensional Banach spaces supporting no frequently hypercyclic operator and even

supporting no U -frequently hypercyclic operator [15]. An operator T is said to be
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U -frequently hypercyclic if there exists a vector x ∈ X such that for every nonempty
open set U ⊂X, dens(NT (x,U))> 0.

Several open questions concerning frequent hypercyclicity posed in [3, 4] have been

challenging for many years. One of them, recently solved, concerned the link between
chaos and frequent hypercyclicity. We recall that an operator T is said to be chaotic

if T is hypercyclic and possesses a dense set of periodic points. Indeed, Bayart and

Grivaux [4] showed in 2007 that there exists a frequently hypercyclic weighted shift

on c0 that is not chaotic, and a chaotic operator that is not frequently hypercyclic
was obtained in 2017 [13]. This last counterexample required the introduction of a new

family of operators, called operators of C-type, which have been deeply investigated

in [9].
The purpose of this article is to answer the following open question, which can be

found in [3, 6, 10, 12]: Is the inverse of an invertible frequently hypercyclic operator also

frequently hypercyclic?
It is well known that the inverse of an invertible hypercyclic operator is always

hypercyclic. It is a direct consequence of Birkhoff transitivity theorem. For U -frequent
hypercyclicity, it was recently proved that it is not the case anymore; there exists an

invertible U -frequently hypercyclic operator on �p(N) (with 1 ≤ p < ∞) whose inverse
is not U -frequently hypercyclic [14]. This counterexample was obtained by considering

a suitable operator of C-type. However, we know that if T is invertible and frequently

hypercyclic then T−1 is U -frequently hypercyclic [6]. This means that if we want to
exhibit a frequently hypercyclic operator T whose inverse is not frequently hypercyclic

then we first need to find a U -frequently hypercyclic operator that is not frequently

hypercyclic. Such operators exist [6, 9], but each known example is clearly not invertible.
We will show in this article that there exists an invertible frequently hypercyclic operator

on �1(N) whose inverse is not frequently hypercyclic by introducing a generalisation of

operators of C-type.

2. Generalisation of operators of C-type

Operators of C-type are associated with four parameters v, w, ϕ and b, where

- v = (vn)n≥1 is a bounded sequence of nonzero complex numbers;

- w = (wj)j≥1 is a sequence of complex numbers that is both bounded and bounded
below; that is, 0< infk≥1 |wk| ≤ supk≥1 |wk|<∞;

- ϕ is a map from N into itself, such that ϕ(0) = 0, ϕ(n)< n for every n≥ 1, and the

set ϕ−1(l) = {n≥ 0 : ϕ(n) = l} is infinite for every l ≥ 0;

- b= (bn)n≥0 is a strictly increasing sequence of positive integers such that b0 = 0 and
bn+1− bn is a multiple of 2(bϕ(n)+1− bϕ(n)) for every n≥ 1.

These operators are then defined as follows.

Definition 2.1. For each n≥ 0, let Wn =
∏

bn<j<bn+1
wj . If infn≥0 |Wn|> 0, the operator

of C-type Tv,w,ϕ,b on �1(N) associated with the data v, w, ϕ and b given as above is defined

by
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Tv,w,ϕ,b ek =

⎧⎪⎨
⎪⎩
wk+1 ek+1 if k ∈ [bn,bn+1−1), n≥ 0,

vn ebϕ(n)
−W−1

n ebn if k = bn+1−1, n≥ 1,

−W−1
0 e0 if k = b1−1,

where (ek)k≥0 is the canonical basis of �1(N).

These operators have the nice property that every finite sequence is periodic. This means

that for every x ∈ c00 := span{ek : k≥ 0} there exists m≥ 1 such that Tm
v,w,ϕ,bx= x. More

precisely, for every k ∈ [bn,bn+1), we have

T
2(bn+1−bn)
v,w,ϕ,b ek = ek (see [9, Lemma 6.4]).

Periodic points are in general quite helpful for studying dynamical properties of an

operator. For instance, a simple criterion for frequent hypercyclicity based on the
behaviour of periodic points was given in [9, Theorem 5.35]. Unfortunately, if periodic

points of an invertible operator T satisfy the conditions of this criterion then periodic

points of T−1 (which are periodic points of T ) will also satisfy these conditions. Therefore,
we cannot use this criterion in order to establish the frequent hypercyclicity of our

counterexample and it seems better to perturb these periodic points to prevent frequent

hypercyclicity from being transmitted to its inverse.

For this reason, we will introduce a new family of operators that contains operators of
C-type but also operators for which finite sequences are not periodic.

Definition 2.2. Let R = (Rn)n≥0 be a sequence of nonzero complex numbers. If

infn≥0 |Rn| > 0, the generalised C-type operator Tv,w,ϕ,b,R on �1(N) associated with the
data v, w, ϕ, b and R given as previously is defined by

Tv,w,ϕ,b,R ek =

⎧⎪⎨
⎪⎩
wk+1 ek+1 if k ∈ [bn,bn+1−1), n≥ 0,

vn ebϕ(n)
−R−1

n ebn if k = bn+1−1, n≥ 1,

−R−1
0 e0 if k = b1−1.

The operator Tv,w,ϕ,b,R is thus an operator of C-type as soon as Rn =Wn for every n.
A direct consequence of this generalisation lies in the fact that the elements in c00 are

in general not periodic for Tv,w,ϕ,b,R. However, because we want to deduce dynamical

properties of generalised C-type operators by investigating the behaviour of orbits of
finite sequences, we would like orbits of finite sequences to remain simple to study. For

this reason, we first show that under some additional conditions, every vector ek is an

eigenvector for some power of Tv,w,ϕ,b,R. This is the purpose of the following lemma.

Lemma 2.3. Let Wn =
∏

bn<j<bn+1
wj and R = (Rn)n≥0 with infn≥0 |Rn| > 0. If for

every n≥ 1 we have

R−1
n Wn = (R−1

ϕ(n)Wϕ(n))
bn+1−bn

bϕ(n)+1−bϕ(n) ,

then for every n≥ 0, every k ∈ [bn,bn+1),

T
2(bn+1−bn)
v,w,ϕ,b,R ek = (R−1

n Wn)
2ek.
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Proof. We remark that it suffices to show that for every n≥ 0,

T
2(bn+1−bn)
v,w,ϕ,b,R ebn = (R−1

n Wn)
2ebn

because for every k ∈ [bn,bn+1), ek is a multiple of T k−bnebn .

It follows from the definition of Tv,w,ϕ,b,R that

T
2(b1−b0)
v,w,ϕ,b,Reb0 = (R−1

0 W0)
2eb0 .

Let N ≥ 1. Assume that we have T
2(bn+1−bn)
v,w,ϕ,b,R ebn = (R−1

n Wn)
2ebn for every n <N . Then

T
bN+1−bN
v,w,ϕ,b,R ebN =−R−1

N WNebN +vNWNebϕ(N)
,

and because bN+1 − bN is a multiple of 2(bϕ(N)+1 − bϕ(N)), we have by induction

hypothesis

T
2(bN+1−bN )
v,w,ϕ,b,R ebN = T

bN+1−bN
v,w,ϕ,b,R

(
−R−1

N WNebN +vNWNebϕ(N)

)
=−R−1

N WN

(
−R−1

N WNebN +vNWNebϕ(N)

)
+vNWN

(
(R−1

ϕ(N)Wϕ(N))
2
) bN+1−bN

2(bϕ(N)+1−bϕ(N)) ebϕ(N)

= (R−1
N WN )2ebN .

In particular, we remark that for operators of C-type, we get the previously mentioned

result that T
2(bn+1−bn)
v,w,ϕ,b ek = ek for every k ∈ [bn,bn+1) because Rn =Wn. We now need to

know when a generalised C-type operator is invertible. In the paper [14], the invertibility
of operators of C-type was obtained by requiring that the sequence (vn) approximates zero

sufficiently rapidly. Two adaptations will be necessary here. First, we will not consider

operators of C-type but generalised C-type operators with Rn = 1 for every n and,
secondly, we will need to consider a sequence (vn) that takes infinitely often the same

value in order to get the desired counterexample. Note that it is because of this last

condition on v that we have to restrict ourselves to operators on �1(N).

Proposition 2.4. Assume that Rn = 1 for every n≥ 0 and that

lim
N→∞

sup
n∈ϕ−1(N)

|vn|= 0 and sup
l≥1

(ml−1∑
m=0

m∏
s=0

|vϕs(l)|
)
<∞,

where ml = min{s ≥ 0 : ϕs(l) = 0}. Then the generalised C-type operator Tv,w,ϕ,b,R is

invertible on �1(N) and

T−1
v,w,ϕ,b,R ek =

⎧⎪⎪⎨
⎪⎪⎩

1
wk

ek−1 if k ∈ (bn,bn+1), n≥ 0,

−
∑mn−1

m=0

(∏m
l=0 vϕl(n)

)
ebϕm+1(n)+1−1− ebn+1−1 if k = bn, n≥ 1,

−eb1−1 if k = 0.
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Proof. We first prove that Tv,w,ϕ,b,R is injective. Let x = (xk)k≥0 ∈ �1(N) such that

Tv,w,ϕ,b,Rx= 0 and n≥ 0. It follows that xk = 0 for every k ∈ [bn,bn+1−1) and that

−xbn+1−1+
∑

m∈ϕ−1(n)\{0}
vmxbm+1−1 = 0.

Assume that there exists n0 such that |xbn0+1−1|> ε > 0. Then we deduce that

∑
m∈ϕ−1(n0)\{0}

|vm||xbm+1−1|> ε

and thus that

∑
m∈N1

|xbm+1−1|>
ε

S1
,

where N1 = ϕ−1(n0)\{0} and S1 = supm∈N1
|vm|. By looking at

∑
n∈N1

xbn+1−1, we

deduce in the same way that

∑
n∈N1

∑
m∈ϕ−1(n)

vmxbm+1−1 =
∑
n∈N1

xbn+1−1 and thus that
∑

m∈N2

|xbm+1−1|>
ε

S1S2
,

where N2 = ϕ−1(N1) and S2 = supm∈N2
|vm|. By repeating this argument, we get for

every k ≥ 2,

∑
m∈Nk

|xbm+1−1|>
ε∏k

l=1Sl

,

where Nk = ϕ−1(Nk−1) and Sk = supm∈Nk
|vm|. Therefore, because infNk ≥ k for every

k ≥ 1, we have by assumption limkSk = 0 and it is then impossible that x belongs to
�1(N).

The operator Tv,w,ϕ,b,R is thus injective and we can compute that

T−1
v,w,ϕ,b,R ek =

⎧⎪⎪⎨
⎪⎪⎩

1
wk

ek−1 if k ∈ (bn,bn+1), n≥ 0,

−
∑mn−1

m=0

(∏m
l=0 vϕl(n)

)
ebϕm+1(n)+1−1− ebn+1−1 if k = bn, n≥ 1,

−eb1−1 if k = 0.

We only show that for every n≥ 1,

Tv,w,ϕ,b,R

(
−

mn−1∑
m=0

( m∏
l=0

vϕl(n)

)
ebϕm+1(n)+1−1− ebn+1−1

)
= ebn .
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Indeed, we have

Tv,w,ϕ,b,R

(
−

mn−1∑
m=0

( m∏
l=0

vϕl(n)

)
ebϕm+1(n)+1−1− ebn+1−1

)

=
(mn−1∏

l=0

vϕl(n)

)
e0−

mn−2∑
m=0

( m∏
l=0

vϕl(n)

)(
vϕm+1(n)ebϕm+2(n)

− ebϕm+1(n)

)
−
(
vnebϕ(n)

− ebn
)

=−
mn−2∑
m=0

(m+1∏
l=0

vϕl(n)

)
ebϕm+2(n)

+

mn−1∑
m=0

( m∏
l=0

vϕl(n)

)
ebϕm+1(n)

−vnebϕ(n)
+ ebn

= ebn .

We now show that Tv,w,ϕ,b,R is surjective. Let z = (zk)k≥0 ∈ �1(N). It suffices to show

that the sequence (T−1
v,w,ϕ,b,RP[0,bn+1)z)n is a Cauchy sequence where for every subset

I ⊂ N we let PIz =
∑

k∈I zkek.

Let N > n. We have

‖T−1
v,w,ϕ,b,RP[0,bN+1)z−T−1

v,w,ϕ,b,RP[0,bn+1)z‖

=
∥∥∥ bN+1−1∑

k=bn+1

zkT
−1
v,w,ϕ,b,Rek

∥∥∥

≤
N∑

l=n+1

bl+1−1∑
k=bl+1

1

|wk|
|zk|+

N∑
l=n+1

(
ml−1∑
m=0

m∏
s=0

|vϕs(l)|
)
|zbl |+

N∑
l=n+1

|zbl |

≤
( 1

infk |wk|
+sup

l≥1

(ml−1∑
m=0

m∏
s=0

|vϕs(l)|
)
+1

)
‖P[0,bN+1)z−P[0,bn+1)z‖.

We conclude that the sequence (T−1
v,w,ϕ,b,RP[0,bn+1)z)n is a Cauchy sequence because(

1
infk |wk| +supl≥1

(∑ml−1
m=0

∏m
s=0 |vϕs(l)|

)
<∞ and thus Tv,w,ϕ,b,R is surjective. Finally, it

follows from the open mapping theorem that the inverse of Tv,w,ϕ,b,R is continuous.

We can remark that a generalised C-type operator Tv,w,ϕ,b,R with Rn = 1 is therefore

invertible if the sequence (supn∈ϕ−1(N) |vn|)N decreases sufficiently rapidly.

Corollary 2.5. Assume that Rn = 1 for every n≥ 0. If supn∈ϕ−1(m) |vn| ≤ 1
2m for every

m≥ 0, then the generalised C-type operator Tv,w,ϕ,b,R is invertible.

Proof. Let ml =min{s≥ 0 : ϕs(l) = 0} as defined in Proposition 2.4. We have

sup
n∈ϕ−1(N)

|vn| ≤
1

2N
−−−−→
N→∞

0,
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and because for every l ≥ 1, every 0≤m≤ml, we have ϕml−m(l)≥m, it follows that

ml−1∑
m=0

m∏
s=0

|vϕs(l)| ≤
ml−1∑
m=0

1

2ϕm+1(l)
≤

ml−1∑
m=0

1

2ml−m−1
≤ 2.

We can then deduce from Proposition 2.4 that Tv,w,ϕ,b,R is invertible.

3. A frequently hypercyclic operator whose inverse is not frequently

hypercyclic

Let n0 = 0 and nk = 2k−1 for every k ≥ 1. We will consider a generalised C-type operator
T̃ = Tv,w,ϕ,b,R with the following parameters:

• for every n ∈ [nk,nk+1), ϕ(n) = n−nk;
• for every m, every n ∈ ϕ−1(m), vn = 2−τm ;
• for every k ≥ 0, every n ∈ [nk,nk+1), every i ∈ (bn,bn+1),

wi =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2 if bn < i≤ bn+ηn

1 if bn+ηn < i < bn+1−2δn
1
2 if bn+1−2δn ≤ i < bn+1− δn

2 if bn+1− δn ≤ i < bn+1

• for every n≥ 0, Rn = 1,

where (τm)m≥0 is a strictly increasing sequence of positive integers and for every k ≥ 0,

for every n ∈ [nk,nk+1),

δn = δ(k), ηn = η(k) and bn+1− bn =Δ(k),

where (δ(k))k≥0, (η(k))k≥0 and (Δ(k))k≥0 are three increasing sequences of positive

integers satisfying for every k ≥ 0,

2δ(k)+η(k) <Δ(k), Δ(k+1) is a multiple of 2Δ(k) and
η(k)

Δ(k)
=

η(0)

Δ(0)
.

From now on we will denote by T̃ this operator that depends on the four parameters

(τm)m≥0, (δ
(k))k≥0, (η

(k))k≥0 and (Δ(k))k≥0, and we will show that under convenient
conditions on these parameters T̃ is an invertible frequently hypercyclic operator on

�1(N) whose inverse is not frequently hypercyclic. More precisely, we will see that if we let

Δ(k) =8k+1, η(k) = δ(k) =8k and if (τn)n grows sufficiently rapidly, then T̃ is an invertible
frequently hypercyclic operator on �1(N) whose inverse is not frequently hypercyclic.

Observe that because the sequence (τn)n is strictly increasing, it follows from

Corollary 2.5 that T̃ is already an invertible operator. Moreover, each finite sequence
is an eigenvector for some power of T̃ .

Proposition 3.1. For every n≥ 0, every x ∈ span{ek : k < bn+1},

T̃ 2(bn+1−bn)x= 2−2ηnx.
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Proof. By definition of (wj), we have Wn = 2−ηn for every n ≥ 0. For every n ≥ 1, let

n ∈ [nK,nK+1) for some K ≥ 1, and ϕ(n) ∈ [nk,nk+1) for some k ≥ 0. We get for every

n≥ 1,

(R−1
ϕn

Wϕ(n))
bn+1−bn

bϕ(n)+1−bϕ(n) = (2−ηϕ(n))
bn+1−bn

bϕ(n)+1−bϕ(n)

= (2−η(k)

)
Δ(K)

Δ(k) = 2−η(K)

=R−1
n Wn

because ( η(k)

Δ(k) )k is a constant sequence.

It follows from Lemma 2.3 that for every n≥ 0, every j ∈ [bn,bn+1),

T̃ 2(bn+1−bn)ej = 2−2ηnej .

Finally, if x=
∑n

m=0

∑bm+1−1
j=bm

xjej and n∈ [nK,nK+1) for some K ≥ 0, we have, by using

the fact that Δ(k+1) is a multiple of 2Δ(k) for every k ≥ 0,

T̃ 2(bn+1−bn)x=

K−1∑
k=0

nk+1−1∑
m=nk

bm+1−1∑
j=bm

(2−2η(k)

)
2Δ(K)

2Δ(k) xjej +

n∑
m=nK

bm+1−1∑
j=bm

2−2η(K)

xjej

=

K−1∑
k=0

nk+1−1∑
m=nk

bm+1−1∑
j=bm

2−2η(K)

xjej +

n∑
m=nK

bm+1−1∑
j=bm

2−2η(K)

xjej

= 2−2η(K)

x= 2−2ηnx.

In order to show that T̃ is in fact frequently hypercyclic, we begin by stating the

following technical lemma.

Lemma 3.2.

1. For every y ∈ c00, there exists k0 such that for every k ≥ k0,

‖T̃ ky‖ ≤ 2
− η(0)

3Δ(0)
k
.

2. For every K0 ≥ 0, every N ≥ 1, there exists K ≥K0 such that for every n∈ [nK,nK+

N), every k ≥ 0,

‖T̃ kebn‖ ≤ 2
− η(0)

3Δ(0)
k
.

Proof. For proof of statement (1), letK ≥ 0, y=
∑bnK+1

−1

l=0 ylel and C =supk<2Δ(K) ‖T̃ k‖.
If we consider a positive integer L and k ∈ [2LΔ(K),2(L+1)Δ(K)), then by Proposition 3.1

we get

‖T̃ ky‖ ≤ ‖T̃ k−2LΔ(K)‖‖T̃ 2LΔ(K)

y‖ ≤ C2−2Lη(K)‖y‖

≤ C2
− k−2Δ(K)

Δ(K)
η(K)

‖y‖ ≤ C2
− η(0)

Δ(0)
k+2η(K)

‖y‖
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because η(K)

Δ(K) =
η(0)

Δ(0) . We can then deduce that there exists k0 such that for every k ≥ k0,

‖T̃ ky‖ ≤ 2
− η(0)

3Δ(0)
k

because

C2
− η(0)

Δ(0)
k+2η(K)

‖y‖

2
− η(0)

3Δ(0)
k

= C2
− 2η(0)

3Δ(0)
k+2η(K)

‖y‖ −−−−→
k→∞

0.

For proof of statement (2), letK0 ≥ 0,N ≥ 1 and C =supm≤N supj∈[0,2(bm+1−bm)) ‖T̃ jebm‖.
We consider K ≥K0 such that nK+1−nK >N and 2

η(K)

3 >C+1. Let n ∈ [nK,nK +N)

and k ≥ 0. If k <Δ(K), then by definition of (wi),

‖T̃ kebn‖ ≤ 2−min{k,η(K)} ≤ 2
− η(0)

3Δ(0)
k

because η(0)

3Δ(0) ≤ 1 and η(0)

3Δ(0)Δ
(K) = η(K)

3 . On the other hand, if k ∈ [Δ(K),2Δ(K)), because

ϕ(n) = n− nK ≤ N and T̃ 2(bm+1−bm)ebm = e−2ηmebm for every m ≥ 0, we have, by

definition of T̃ ,

‖T̃ kebn‖ ≤ 2−η(K)‖T̃ k−Δ(K)

ebn‖+ |vn|2−η(K)‖T̃ k−Δ(K)

ebϕ(n)
‖

≤ 2−η(K)

2
− η(0)

3Δ(0)
(k−Δ(K))

+C2−η(K)

≤ (C+1)2−η(K) ≤ 2−
2η(K)

3 ≤ 2
− 2η(0)

3Δ(0)
Δ(K)

≤ 2
− η(0)

3Δ(0)
k
.

Finally, for every L≥ 1, every k ∈ [2LΔ(K),2(L+1)Δ(K)), we get

‖T̃ kebn‖= 2−2Lη(K)‖T̃ k−2LΔ(K)

ebn‖

≤ 2−2Lη(K)

2
− η(0)

3Δ(0)
(k−2LΔ(K))

≤ 2
−2LΔ(K) η(0)

Δ(0) 2
− η(0)

3Δ(0)
(k−2LΔ(K)) ≤ 2

− η(0)

3Δ(0)
k
.

We are now able to construct a frequently hypercyclic vector for T̃ .

Proposition 3.3. T̃ is a frequently hypercyclic operator on �1(N).

Proof. Let (y(j))j≥1 be a dense sequence in �1(N) with deg(y(j))< bnj+1
; that is, y(j) =∑bnj+1

−1

k=0 y
(j)
k ek. Let A(s,l) be sets of positive lower density such that for every j ∈A(s,l),

every j′ ∈ A(s′,l′), if j 	= j′ then |j− j′| ≥ s+ s′ and minA(s,l) ≥ l. The construction of
such sets can be found in [8, Lemma 2.5].

We select four sequences of integers (Nj)j≥1, (sj)j≥1, (lj)j≥1 and (km) with m ∈⋃
j≥1A(sj,lj) such that for every j ≥ 1, every m ∈A(sj,lj),
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(a) Nj is sufficiently large so that

‖y(j)‖2
−
(
2NjΔ

(j)−(2Nj+1)η(j)
)

inf{2−τn : n < nj+1}
≤ 1

2j
.

(b) sj is sufficiently large so that sj > (2Nj +1)Δ(j),

‖y(j)‖2
−
(
sj−(2Nj+1)Δ(j)−(2Nj+1)η(j)−1

)
inf{2−τn : n < nj+1}

≤ 1

2j

and

‖y(j)‖2
− η(0)

3Δ(0)
sj+(2Nj+1)η(j)+1

inf{2−τn : n < nj+1}
≤ 1

2j
,

and so that for every r < nj+1 and every n≥ sj − (2Nj +1)Δ(j),

‖T̃nebr‖ ≤ 2
− η(0)

3Δ(0)
n
.

This last condition can be guaranteed thanks to Lemma 3.2.

(c) lj is sufficiently large so that lj > (2Nj +1)Δ(j) and

‖y(j)‖2
−
(
lj−(2Nj+1)Δ(j)−(2Nj+1)η(j)−2

)
inf{2−τn : n < nj+1}

≤ 1

2j
.

(d) km is sufficiently large so that nkm
+ nj+1 < nkm+1, η(km) ≥ (2Nj +1)Δ(j) and

δ(km) ≥m and so that for every N ∈ [nkm
,nkm

+nj+1), every n≥ 0,

‖T̃nebN ‖ ≤ 2
− η(0)

3Δ(0)
n
,

which can be guaranteed thanks to Lemma 3.2.

We then let x=
∑

j≥1

∑
m∈A(sj,lj)

x(m), where

x(m) =

nj+1−1∑
n=0

bn+1−1∑
i=bn

y
(j)
i

2−
(
m−i+bn−2NjΔ

(j)−2Njη
(j)−1

)
vnkm+n

(∏i
t=bn+1wt

) ebnkm
+n+1−(m−i+bn−2NjΔ(j)).

The rest of the proof consists in showing that x belongs to �1(N) and that for every
m∈A(sj,lj), ‖T̃mx−y(j)‖< εj for some sequence (εj)j tending toward 0. Because (y(j))j
is a dense sequence in �1(N) and each set A(sj,lj) has a positive lower density, it will then

follow that x is a frequently hypercyclic vector for T̃ .
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Let j ≥ 1 and m ∈A(sj,lj). We have

‖x(m)‖ ≤
nj+1−1∑
n=0

bn+1−1∑
i=bn

|y(j)i |2
−
(
m−i+bn−2NjΔ

(j)−2Njη
(j)−1

)
|vnkm+n|

(∏i
t=bn+1 |wt|

)

≤ ‖y(j)‖ 2−
(
m−(2Nj+1)Δ(j)−2Njη

(j)−1
)

inf{|vnkm+n| : n < nj+1}2−η(j)

≤ ‖y(j)‖2
−
(
m−(2Nj+1)Δ(j)−(2Nj+1)η(j)−1

)
inf{2−τn : n < nj+1}

.

Moreover, because minA(s,l)≥ l, it follows from (c) that

∑
j≥1

∑
m∈A(sj,lj)

‖y(j)‖2
−
(
m−(2Nj+1)Δ(j)−(2Nj+1)η(j)−1

)
inf{2−τn : n < nj+1}

≤
∑
j≥1

‖y(j)‖2
−
(
lj−(2Nj+1)Δ(j)−(2Nj+1)η(j)−2

)
inf{2−τn : n < nj+1}

≤ 1.

We can thus deduce that x is well defined and belongs to �1(N).

Let J ≥ 1 and M ∈ A(sJ,lJ). In order to estimate ‖T̃Mx− y(J)‖, we compute the

elements T̃Mx(m) with m ∈
⋃

j≥1A(sj,lj) by dividing our study into three cases: m=M ,
m>M and m<M . Let j ≥ 1 and m ∈A(sj,lj).

Case 1. (m=M). Let n < nJ+1 and i ∈ [bn,bn+1). We have

T̃M−i+bn−2NJΔ
(J)

ebnkM
+n+1−(M−i+bn−2NJΔ(J))

= 2M−i+bn−2NJΔ
(J)−1(vnkM

+nebn − ebnkM
+n

)

because 1 ≤ M − i+ bn − 2NJΔ
(J) ≤ δ(kM ) by (c) and (d) and because nkM

+ n ∈
[nkM

,nkM+1) by (d). Moreover, because (2NJ + 1)Δ(J) ≤ η(kM ) by (d), we have by

Proposition 3.1

T̃M−i+bnebnkM
+n+1−(M−i+bn−2NJΔ(J))

= 2M−i+bn−2NJΔ
(J)−2NJη

(J)−1vnkM
+nebn

−2M−i+bn−4NJΔ
(J)−1ebnkM

+n+2NJΔ(J)

and
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T̃MebnkM
+n+1−(M−i+bn−2NJΔ(J))

= 2M−i+bn−2NJΔ
(J)−2NJη

(J)−1

(
i∏

t=bn+1

wt

)
vnkM

+nei

−2M−2i+2bn−4NJΔ
(J)−1ebnkM

+n+2NJΔ(J)+i−bn .

It then follows from (a) that

‖T̃Mx(M)−y(J)‖

≤
nJ+1−1∑
n=0

bn+1−1∑
i=bn

|y(J)i |2
−
(
M−i+bn−2NJΔ

(J)−2NJη
(J)−1

)
|vnkM

+n|
(∏i

t=bn+1 |wt|
) 2M−2i+2bn−4NJΔ

(J)−1

≤ ‖y(J)‖2
−
(
2NJΔ

(J)−(2NJ+1)η(J)
)

inf{2−τn : n < nJ+1}
≤ 1

2J
.

Case 2. (m>M). Let n < nj+1 and i ∈ [bn,bn+1). By the properties of (A(s,l)), and by

(b) we have

m− i+ bn−2NjΔ
(j) ≥m− (2Nj +1)Δ(j) >m−sj ≥M,

and by (d) we have

m− i+ bn−2NjΔ
(j) ≤m≤ δ(km).

It then follows that

T̃Mebnkm
+n+1−(m−i+bn−2NjΔ(j)) = 2Mebnkm

+n+1+M−(m−i+bn−2NjΔ(j))

and by using (b), we get

‖T̃Mx(m)‖

≤
nj+1−1∑
n=0

bn+1−1∑
i=bn

|y(j)i |2
−
(
m−i+bn−2NjΔ

(j)−2Njη
(j)−1

)
|vnkm+n|

(∏i
t=bn+1 |wt|

) 2M

≤ ‖y(j)‖
2m−M−sj

2−
(
sj−(2Nj+1)Δ(j)−(2Nj+1)η(j)−1

)
inf{2−τn : n < nj+1}

≤ 1

2m−M−sj+j
.

Case 3. (m<M). Let n< nj+1 and i ∈ [bn,bn+1). Since m− i+bn−2NjΔ
(j) ≤m≤ δ(km)

by (d), we have

T̃m−i+bn−2NjΔ
(j)

ebnkm
+n+1−(m−i+bn−2NjΔ(j))

= 2m−i+bn−2NjΔ
(j)−1vnkm+nebn −2m−i+bn−2NjΔ

(j)−1ebnkm
+n

,

and because M − (m− i+ bn−2NjΔ
(j))≥M −m≥ sj , we deduce from (b) and (d) that
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‖T̃Mebnkm
+n+1−(m−i+bn−2NjΔ(j))‖

≤
2m−i+bn−2NjΔ

(j)−1|vnkm+n|

2
η(0)

3Δ(0)
(M−m)

+
2m−i+bn−2NjΔ

(j)−1

2
η(0)

3Δ(0)
(M−m)

≤ 2m−i+bn−2NjΔ
(j)

2
η(0)

3Δ(0)
(M−m)

.

We can then deduce from (b) that

‖T̃Mx(m)‖

≤
nj+1−1∑
n=0

bn+1−1∑
i=bn

|y(j)i |2
−
(
m−i+bn−2NjΔ

(j)−2Njη
(j)−1

)
|vnkm+n|

(∏i
t=bn+1 |wt|

) 2m−i+bn−2NjΔ
(j)

2
η(0)

3Δ(0)
(M−m)

≤ ‖y(j)‖ 2(2Nj+1)η(j)+1

inf{2−τn : n < nj+1}2
η(0)

3Δ(0)
(M−m)

≤ ‖y(j)‖

2
η(0)

3Δ(0)
(M−m−sj)

2
− η(0)

3Δ(0)
sj+(2Nj+1)η(j)+1

inf{2−τn : n < nj+1}

≤ 1

2
η(0)

3Δ(0)
(M−m−sj)+j

.

In conclusion, thanks to properties of the sets A(s,l), we have for every J ≥ 1, every

M ∈A(sJ,lJ),

‖TMx−y(J)‖

≤ 1

2J
+
∑
j≥1

∑
m∈A(sj,lj)

m>M

1

2m−M−sj+j
+
∑
j≥1

∑
m∈A(sj,lj)

m<M

1

2
η(0)

3Δ(0)
(M−m−sj)+j

≤ 1

2J
+
∑
j≥1

∑
m≥M+sj+sJ

1

2m−M−sj+j
+
∑
j≥1

∑
m≤M−sj−sJ

1

2
η(0)

3Δ(0)
(M−m−sj)+j

≤ 1

2J
+
∑
j≥1

∑
m≥sJ

1

2m+j
+
∑
j≥1

∑
m≥sJ

1

2
η(0)

3Δ(0)
m+j

≤ 1

2J
+

1

2sJ−1
+

1

2
η(0)

3Δ(0)
sJ

⎛
⎝∑

m≥0

2
− η(0)

3Δ(0)
m

⎞
⎠−−−−→

J→∞
0.

We conclude that x is a frequently hypercyclic vector for T̃ .

It remains to show that T̃−1 is not frequently hypercyclic under convenient conditions

on the sequence (τm). The proof of this fact will rely on the study of dynamical behaviours

of finite sequences under the action of T̃−1. Therefore, we begin by a technical lemma
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concerning finite sequences and given a vector x ∈ �1(N), we use for every n≥ 0 and for

every I ⊂ N the following notations:

Pnx :=

bn+1−1∑
k=bn

xkek and PIx=
∑
n∈I

Pnx.

Lemma 3.4. Let x ∈ �1(N). The following conditions are satisfied:

1. ‖T̃−1x‖ ≤ 2‖x‖.
2. For every l ≥ 0, every s≥ 1, every n ∈ ϕ−s(l)\{0}, every j ≥ 0,

‖PlT̃
−jPnx‖ ≤ 2j−τl+s−1‖Pnx‖.

In particular, for every l ≥ 0, every s≥ 1, every j ≥ 0,

‖PlT̃
−jPϕ−s(l)\{0}x‖ ≤ 2j−τl+s−1‖Pϕ−s(l)\{0}x‖.

3. For every k ≥ 0, every l ∈ [nk,nk+1), every j ≥ 0,

‖PlT̃
−jPlx‖ ≥ 2

η(k)
⌊

j

Δ(k)

⌋
−δ(k)

‖Plx‖.

In particular, for every l ≥ 0, if Plx 	= 0, then

lim
j→∞

‖PlT̃
−jPlx‖=∞.

Proof. Let x ∈ �1(N). For proof of statement (1), we have by Proposition 2.4

‖T̃−1x‖ ≤
∑
n≥0

bn+1−1∑
k=bn+1

|xk|‖T̃−1ek‖+ |xb0 |‖T̃−1eb0‖+
∑
n≥1

|xbn |‖T̃−1ebn‖

≤
∑
n≥0

bn+1−1∑
k=bn+1

|xk|
|wk|

+ |xb0 |+
∑
n≥1

|xbn |
(
1+

mn−1∑
m=0

(

m∏
l=0

|vϕl(n)|)
)

≤
∑
n≥0

bn+1−1∑
k=bn+1

2|xk|+ |xb0 |+
∑
n≥1

|xbn |
(
1+

mn−1∑
m=0

1

2τϕ(n)+m

)

because τj ≥ 1 for every j ≥ 0. Finally, because
∑mn−1

m=0
1

2
τϕ(n)+m ≤ 1

2
τϕ(n)−1 ≤ 1, we

conclude that ‖T̃−1x‖ ≤ 2‖x‖.
For proof of statement (2), let l ≥ 0, s≥ 1, n ∈ ϕ−s(l)\{0}, j ≥ 0 and k ∈ [bn,bn+1). If

j ≤ k− bn, we have ‖PlT̃
−jek‖= 0 and if k− bn < j ≤ k+ bn+1−2bn, then
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‖PlT̃
−jek‖

≤
(

k∏
t=bn+1

|wt|
)−1∥∥∥∥∥PlT̃

−(j−k+bn−1)

(
−ebn+1−1−

mn−1∑
m=0

(
m∏
l=0

vϕl(n)

)
ebϕm+1(n)+1−1

)∥∥∥∥∥
≤ 2k−bn

∥∥∥∥∥T̃−(j−k+bn−1)

(
mn−1∑
m=0

(
m∏
l=0

vϕl(n)

)
ebϕm+1(n)+1−1

)∥∥∥∥∥
≤ |vn|2j−1

mn−1∑
m=0

(
m∏
l=1

|vϕl(n)|
)

≤ |vn|2j .

In addition, if k + bn+1 − 2bn < j < 2(bn+1 − bn), then ‖PlT̃
−jek‖ = 0. Because

T̃ 2(bn+1−bn)ek = 2−2ηnek, we have T̃−2(bn+1−bn)ek = 22ηnek and because 22ηn ≤
22(bn+1−bn), we can deduce that if j ≥ 2(bn+1− bn), then ‖PlT̃

−jek‖ ≤ |vn|2j . Therefore,
we can write

‖PlT̃
−jPnx‖ ≤

bn+1−1∑
k=bn

|xk|‖PlT̃
−jek‖ ≤

bn+1−1∑
k=bn

|xk||vn|2j ≤ 2j−τl+s−1‖Pnx‖

because (τm)m is increasing and if n ∈ ϕ−s(l)\{0}, then ϕ(n)≥ l+s−1.

For proof of statement (3), let k ≥ 0 and l ∈ [nk,nk+1). We can remark that

PlT̃
−Δ(k)

Plx = −2η
(k)

Plx and it then suffices to prove that for every j < Δ(k),
‖PlT̃

−jPlx‖ ≥ 2−δ(k)‖Plx‖. Let j <Δ(k) and m ∈ [bl,bl+1).

• If 0≤ j ≤m− bl, we have ‖PlT̃
−jPlem‖=

∏m
t=m−j+1 |wt|−1 ≥ 2−δ(k)

.

• If m− bl < j <Δ(k), we have

‖PlT̃
−jPlem‖=

(
m∏

t=bl+1

|wt|−1

)⎛
⎝ bl+1−1∏

t=bl+1−j+m−bl+1

|wt|−1

⎞
⎠,

and because bl+1− j+m− bl+1>m, each weight is taken at most one time. We
can then deduce from the definition of (wi)i that

‖PlT̃
−jPlem‖ ≥ 2−δ(k)

.

We can now prove that if the sequence (τm) grows sufficiently rapidly, then T̃−1 is not

frequently hypercyclic.

Proposition 3.5. Let Sl =
∑

l′≤l(2(bl′+1− bl′)+ l′) for every l ≥ 0 and let (Jl)l≥0 be a

sequence of positive integers such that for every j ≥ Jl, every x ∈ �1(N), ‖PlT̃
−jPlx‖ ≥

2Sl‖Plx‖. If for every l ≥ 0,
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τl ≥ Sl+2ηl+ δl+2l+3 and
Jl

τl− l−Sl− δl−3
≤ 1

2l
,

then T̃−1 is not frequently hypercyclic.

Proof. Let Sl =
∑

l′≤l(2(bl′+1− bl′)+ l′) for every l ≥ 0 and let (Jl)l≥0 be a sequence of

positive integers such that for every j ≥ Jl, every x ∈ �1(N),

‖PlT̃
−jPlx‖ ≥ 2Sl‖Plx‖.

Because the set of frequently hypercyclic vectors is always included in the set of

hypercyclic vectors, it suffices to show that if x is a hypercyclic vector for T̃−1, then

x cannot be frequently hypercyclic for this operator.

Let x ∈ �1(N) be a hypercyclic vector for T̃−1. We can already remark that for every
j ≥ 0, every n≥ 0, we have

‖T̃−jx‖ ≥ ‖PnT̃
−jx‖ ≥ ‖PnT̃

−jPnx‖−
∑
s≥1

‖PnT̃
−jPϕ−s(n)\{0}x‖.

In particular, if Pnx 	= 0, it follows that the set {j ≥ 0 :
∑

s≥1 ‖PnT̃
−jPϕ−s(n)\{0}x‖ >

‖PnT̃
−jPnx‖
4 } is nonempty because∑

s≥1

‖PnT̃
−jPϕ−s(n)\{0}x‖ ≥ ‖PnT̃

−jPnx‖−‖PnT̃
−jx‖,

‖PnT̃
−jPnx‖ tends toward ∞ as j → ∞ (Lemma 3.4 (3)) and for every J there exists

j ≥ J such that ‖T̃−jx‖ ≤ 1 because x is hypercyclic.

The goal of this proof will be to show that there exist an increasing sequence (lm)m≥0

and a sequence (jm)m≥1 tending toward infinity such that for every m≥ 1,

#{j < jm : ‖T̃−jx‖ ≥ 3
4‖Pl0x‖}

jm
≥ 1− 1

2lm−1
.

It will then follow that x is not frequently hypercyclic for T̃−1 because ‖Pl0x‖ > 0 and

thus that T̃−1 is not frequently hypercyclic.
To this end, we construct by induction three sequences of positive integers (lm)m≥0,

(jm)m≥1 and (sm)m≥1. Because x is hypercyclic for T̃−1, x−P0x 	= 0 and we can consider

l0 ≥ 1 such that ‖Pl0x‖ ≥ 1
2l0

‖x−P0x‖. Assume now that (lt)0≤t≤m−1 and (jt)1≤t≤m−1

have been chosen. We let

jm =min{j ≥ 0 :
∑
s≥1

‖Plm−1
T̃−jPϕ−s(lm−1)x‖>

‖Plm−1
T̃−jPlm−1

x‖
4

}

and by definition of jm, there then exist sm ≥ 1 such that

‖Plm−1
T̃−jmPϕ−sm (lm−1)x‖>

‖Plm−1
T̃−jmPlm−1

x‖
2sm+2
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and lm ∈ ϕ−sm(lm−1) such that

‖Plm−1
T̃−jmPlmx‖> ‖Plm−1

T̃−jmPlm−1
x‖

2lm+sm+3
.

Because Pl0x 	= 0, the integer j1 is well defined. Moreover, we can show that each integer

jm with m ≥ 2 is also well defined because we can compute by induction that for every
m≥ 0,

2Slm ‖Plmx‖ ≥ ‖Pl0x‖.

Indeed, assume that 2Slm−1‖Plm−1
x‖ ≥ ‖Pl0x‖. Let km−1 and km such that lm−1 ∈

[nkm−1
,nkm−1+1) and lm ∈ [nkm

,nkm+1). It follows from Lemma 3.4 (3) that

‖Plm−1
T̃−jmPlm−1

x‖ ≥ 2
η(km−1)

⌊
jm

Δ
(km−1)

⌋
−δ(km−1)

‖Plm−1
x‖.

On the other hand, because T̃
−

⌊
jm

2Δ(km)

⌋
2Δ(km)

Plmx=2
2η(km)

⌊
jm

2Δ(km)

⌋
Plmx, it follows from

Lemma 3.4 (2) that

‖Plm−1
T̃−jmPlmx‖ ≤ 2

2η(km)
⌊

jm

2Δ(km)

⌋
sup

0≤j<2Δ(km)

‖Plm−1
T̃−jPlmx‖

≤ 2
2η(km) jm

2Δ(km) 22Δ
(km)−τlm−1+sm−1‖Plmx‖.

Because τlm−1+sm−1 ≥ 2ηlm−1+sm−1+δlm−1+sm−1+sm+3, we deduce from three previous

inequalities that

‖Plmx‖ ≥ 2
2η(km−1)

(
jm

Δ
(km−1)

−1

)
−δ(km−1)

2
2η(km) jm

2Δ(km) 22Δ
(km)−τlm−1+sm−12lm+sm+3

‖Plm−1
x‖

=
2τlm−1+sm−1

22η
(km−1)+δ(km−1)+2Δ(km)+lm+sm+3

‖Plm−1
x‖ since

η(km−1)

Δ(km−1)
=

η(km)

Δ(km)

≥ 1

22Δ(km)+lm
‖Plm−1

x‖

≥ 1

22Δ(km)+lm
2−Slm−1‖Pl0x‖

≥ 2−Slm ‖Pl0x‖ (by definition of Sl).

The sequences (lm)m≥0, (jm)m≥1 and (sm)m≥1 are thus well defined and we can now

show that (lm)m≥0 is an increasing sequence, (jm)m≥1 tends to infinity and for every

m≥ 1,

#{j < jm : ‖T̃−jx‖ ≥ 3
4‖Pl0x‖}

jm
≥ 1− 1

2lm−1
.

The sequence (lm)m≥1 is increasing because lm ∈ ϕ−sm(lm−1) and sm ≥ 1. On the other
hand, we have

jm > τlm−1+sm−1− l0−Slm−1
− δlm−1

−sm−2
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because for every j ≤ τlm−1+sm−1− l0−Slm−1
−δlm−1

−sm−2, we have by Lemma 3.4 (2)

and Lemma 3.4 (3),

‖Plm−1
T̃−jPϕ−sm (lm−1)x‖ ≤ 2j−τlm−1+sm−1‖Pϕ−sm (lm−1)x‖

≤ 2j−τlm−1+sm−1‖x−P0x‖
≤ 2j−τlm−1+sm−1+l0‖Pl0x‖
≤ 2j−τlm−1+sm−1+l0+Slm−1‖Plm−1

x‖
≤ 2j−τlm−1+sm−1+l0+Slm−1

+δlm−1‖Plm−1
T̃−jPlm−1

x‖

≤ ‖Plm−1
T̃−jPlm−1

x‖
2sm+2

.

In particular, because (Sj)j , (δj)j and (lj)j are increasing, we have

jm ≥ Slm−1+sm−1+ δlm−1+sm−1+2lm−1+2sm+1− l0−Slm−1
− δlm−1

−sm−2

≥ lm−1

and the sequence (jm)m≥1 therefore tends toward infinity. By assumption, we also have

‖Plm−1
T̃−jPlm−1

x‖ ≥ 2Slm−1‖Plm−1
x‖ for every j ≥ Jlm−1

and

jm−Jlm−1

jm
≥ 1− Jlm−1

τlm−1+sm−1− l0−Slm−1
− δlm−1

−sm−2

≥ 1− Jlm−1

τlm−1+sm−1− lm−1−Slm−1
− δlm−1

−sm−2

≥ 1− Jlm−1

τlm−1
− lm−1−Slm−1

− δlm−1
−3

≥ 1− 1

2lm−1

because τlm−1+sm−1 ≥ τlm−1
+sm−1. We can then conclude that

#{j < jm : ‖T̃−jx‖ ≥ 3
4‖Pl0x‖}

jm
≥ 1− 1

2lm−1

because for every Jlm−1
≤ j < jm, by definition of jm,

‖T̃−jx‖ ≥ ‖Plm−1
T̃−jPlm−1

x‖−
∞∑
s=1

‖Plm−1
T̃−jPϕ−s(lm−1)x‖

≥ 3

4
‖Plm−1

T̃−jPlm−1
x‖

≥ 3

4
2Slm−1‖Plm−1

x‖

≥ 3

4
‖Pl0x‖.

It follows that no hypercyclic vector for T̃−1 is frequently hypercyclic and thus T̃−1 is

not frequently hypercyclic.
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Thanks to different results of this section, we can thus exhibit the first example of an
invertible frequently hypercyclic operator whose inverse is not frequently hypercyclic.

Theorem 3.6. There exists an invertible frequently hypercyclic operator T on �1(N) such

that T−1 is not frequently hypercyclic.

Proof. Let n0 = 0 and nk = 2k−1 for every k ≥ 1. For every k ≥ 0, we let

Δ(k) = 8k+1 and η(k) = δ(k) = 8k

so that

2δ(k)+η(k) <Δ(k), Δ(k+1) is a multiple of 2Δ(k) and
η(k)

Δ(k)
=

η(0)

Δ(0)
.

Let (τn)n≥0 be an increasing sequence of positive integers and T the generalised C-type

operator Tv,w,ϕ,b,R such that

• for every n ∈ [nk,nk+1), ϕ(n) = n−nk;
• for every m, every n ∈ ϕ−1(m), vn = 2−τm ;
• for every k ≥ 0, every n ∈ [nk,nk+1), every i ∈ (bn,bn+1),

wi =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2 if bn < i≤ bn+ηn

1 if bn+ηn < i < bn+1−2δn
1
2 if bn+1−2δn ≤ i < bn+1− δn

2 if bn+1− δn ≤ i < bn+1

• for every n≥ 0, Rn = 1;

and such that for every k ≥ 0, every n ∈ [nk,nk+1),

δn = δ(k), ηn = η(k) and bn+1− bn =Δ(k).

The operator T is well defined, invertible (Corollary 2.5) and frequently hypercyclic

(Proposition 3.3) for any choice of (τn)n≥0. Moreover, for every x∈ �1(N), every l≥ 0, the

sequence (PlT̃
−jPlx)j≥0 does not depend on (τn)n≥0. Let Sl =

∑
l′≤l(2(bl′+1− bl′)+ l′)

for every l ≥ 0. By using Lemma 3.4 (3), we can thus find a sequence (Jl)l≥0 such that

for every increasing sequence (τn)n≥0, every j ≥ Jl and every x ∈ �1(N),

‖PlT
−jPlx‖ ≥ 2Sl‖Plx‖.

By choosing for (τn)n≥0 a rapidly increasing sequence so that for every l ≥ 0,

τl ≥ Sl+2ηl+ δl+2l+3 and
Jl

τl− l−Sl− δl−3
≤ 1

2l
,

we can then deduce from Proposition 3.5 that T−1 is not frequently hypercyclic.
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[5] F. Bayart and É. Matheron, Dynamics of Linear Operators, Cambridge Tracts in
Mathematics No. 179 (Cambridge University Press, New York, USA, 2009).

[6] F. Bayart and I. Ruzsa, Difference sets and frequently hypercyclic weighted shifts, Ergod.
Theor. Dyn. Syst. 35 (2015), 691–709.
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