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1. Introduction

Given X a separable infinite-dimensional Banach space and T a continuous and linear
operator on X, we can consider, for each vector « € X, the set Orb(z,T) = {T"z : n € N},
which is called the orbit of z under the action of T. We denote by N the set {0,1,2,...}.
Linear dynamics is the theory studying the properties of such orbits. One of the basic
notions in linear dynamics is hypercyclicity. An operator T is said to be hypercyclic if
there exists a vector x € X such that Orb(z,T") is dense in X or, equivalently, such that
for every nonempty open set U C X, the set Np(x,U):={n € N:T"z € U} is nonempty
(or, equivalently, infinite). Several important notions related to hypercyclicity have been
introduced and deeply investigated during the last decades. We will mention some of
them in this article, but for more information concerning linear dynamics, the reader can
refer to two books [5, 11].

Though there is no hypercyclic operator in finite dimension, each separable infinite-
dimensional Banach space supports a hypercyclic operator [1, 7]. We can wonder whether
it is possible to require more on the sets Np(z,U). In 2004, Bayart and Grivaux [2, 3]
introduced the notion of frequent hypercyclicity. An operator T is said to be frequently
hypercyclic if there exists a vector € X such that for every nonempty open set U C X,
dens(Nrp(x,U)) > 0. In these papers, Bayart and Grivaux gave sufficient conditions
for frequent hypercyclicity and showed that there are simple frequently hypercyclic
operators on each space ¢P(N) (with 1 <p < 0o0). However, there exist separable infinite-
dimensional Banach spaces supporting no frequently hypercyclic operator and even
supporting no U-frequently hypercyclic operator [15]. An operator T is said to be
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U-frequently hypercyclic if there exists a vector z € X such that for every nonempty
open set U C X, dens(Nrp(z,U)) > 0.

Several open questions concerning frequent hypercyclicity posed in [3, 4] have been
challenging for many years. One of them, recently solved, concerned the link between
chaos and frequent hypercyclicity. We recall that an operator T is said to be chaotic
if T is hypercyclic and possesses a dense set of periodic points. Indeed, Bayart and
Grivaux [4] showed in 2007 that there exists a frequently hypercyclic weighted shift
on c¢g that is not chaotic, and a chaotic operator that is not frequently hypercyclic
was obtained in 2017 [13]. This last counterexample required the introduction of a new
family of operators, called operators of C-type, which have been deeply investigated
in [9].

The purpose of this article is to answer the following open question, which can be
found in [3, 6, 10, 12]: Is the inverse of an invertible frequently hypercyclic operator also
frequently hypercyclic?

It is well known that the inverse of an invertible hypercyclic operator is always
hypercyclic. It is a direct consequence of Birkhoff transitivity theorem. For U-frequent
hypercyclicity, it was recently proved that it is not the case anymore; there exists an
invertible U-frequently hypercyclic operator on ¢P(N) (with 1 <p < c0) whose inverse
is not U-frequently hypercyclic [14]. This counterexample was obtained by considering
a suitable operator of C-type. However, we know that if 7" is invertible and frequently
hypercyclic then T~! is U-frequently hypercyclic [6]. This means that if we want to
exhibit a frequently hypercyclic operator T" whose inverse is not frequently hypercyclic
then we first need to find a U-frequently hypercyclic operator that is not frequently
hypercyclic. Such operators exist [6, 9], but each known example is clearly not invertible.
We will show in this article that there exists an invertible frequently hypercyclic operator
on ¢1(N) whose inverse is not frequently hypercyclic by introducing a generalisation of
operators of C-type.

2. Generalisation of operators of C-type
Operators of C-type are associated with four parameters v, w, ¢ and b, where

- v =(vp)n>1 is a bounded sequence of nonzero complex numbers;

- w=(w;);>1 is a sequence of complex numbers that is both bounded and bounded
below; that is, 0 < infg>1 [wk| < supgs; |wi| < oc;

- o is a map from N into itself, such that ¢(0) =0, ¢(n) < n for every n > 1, and the
set ¢ 1(1) ={n>0: p(n) =1} is infinite for every [ > 0;

- b= (bn)n>0 is a strictly increasing sequence of positive integers such that by =0 and
bry1— by is a multiple of 2(by(n) 41— by(n)) for every n > 1.

These operators are then defined as follows.

Definition 2.1. For each n >0, let Wy, =], ;- ., wj- I infy>o|Wn|> 0, the operator
of C-type Ty w, b on £1(N) associated with the data v, w,  and b given as above is defined
by
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W41 €k+1 if k€ [by,bpy1—1),n >0,
Tv,w,(p,b €k = § Un €b¢(n) — W;lebn if k= bn+1 — 1, n > ].,
~Wyteo if k=b—1,

where (ex)r>0 is the canonical basis of ¢! (N).

These operators have the nice property that every finite sequence is periodic. This means
that for every x € cop := span{ey, : k > 0} there exists m > 1 such that T}",, @ =z. More
precisely, for every k € [by,b,11), we have

T2(bn+1fbn)

vwgb €k =er (see[9, Lemma 6.4]).

Periodic points are in general quite helpful for studying dynamical properties of an
operator. For instance, a simple criterion for frequent hypercyclicity based on the
behaviour of periodic points was given in [9, Theorem 5.35]. Unfortunately, if periodic
points of an invertible operator T satisfy the conditions of this criterion then periodic
points of T~1 (which are periodic points of T') will also satisfy these conditions. Therefore,
we cannot use this criterion in order to establish the frequent hypercyclicity of our
counterexample and it seems better to perturb these periodic points to prevent frequent
hypercyclicity from being transmitted to its inverse.

For this reason, we will introduce a new family of operators that contains operators of
C-type but also operators for which finite sequences are not periodic.

Definition 2.2. Let R = (R,),>0 be a sequence of nonzero complex numbers. If
inf,, >0 |R,| > 0, the generalised C-type operator T} ., 5 r on £*(N) associated with the
data v, w, ¢, b and R given as previously is defined by

W41 €kt1 if k € [bp,bp41—1), n >0,
Ty, w,0,b,R €k = § Un€b, —Rtey, ifk=b,1—1,n>1,
—RSIEO lfk:bl—l

The operator Ty ., 4,5, r is thus an operator of C-type as soon as R, = W,, for every n.
A direct consequence of this generalisation lies in the fact that the elements in ¢y are
in general not periodic for 1% 4 b r- However, because we want to deduce dynamical
properties of generalised C-type operators by investigating the behaviour of orbits of
finite sequences, we would like orbits of finite sequences to remain simple to study. For
this reason, we first show that under some additional conditions, every vector e; is an

eigenvector for some power of T}, ., 5 r. This is the purpose of the following lemma.

Lemma 2.3. Let Wy, =T[, ;. wj and R = (Ryn)n>o with infp>o|Ry| > 0. If for
every n > 1 we have
bpt1—bn
Ry "W = (R W) e Petm

then for every n >0, every k € [bn,bnt1),

Q(bn_*_l*bn) _ —1 2
T2t ey — (R, ) ey
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Proof. We remark that it suffices to show that for every n > 0,

T2(bn+1*£n)eb _ (nglwn)2ebn

v, W, p,b, n
because for every k € [by,,b,+1), ex is a multiple of Tk~tne, .
It follows from the definition of 15, 4, o5 r that

2(b1—bo) o -1 2
Tv,w,(p,b,RebO - (RO WO) €bg -

Let N > 1. Assume that we have Tigf;fb’_}g")ebn = (R, *W,)%e,, for every n < N. Then

bN+1—bn o -1
Tv,w,ap,b,RebN = _RN WNebN +UNWNeb¢(N)>

and because byy1 — by is a multiple of 2(by(n)41 —bw(N)), we have by induction
hypothesis

2(bn41—bnN) _ mbNg1—bN

-1
v,w,p,b,R by — v,w,p,b, R (_RN WNebN +UNWNeb<p(N))

—1 —1
= _RN Wy (_RN WNebN +UNWNeb¢(N))
bN41-bN

+on W ((ngzv)Wsa(N))z) emn e e,
= (Ry'Wn)2epy -

@(N)

O

In particular, we remark that for operators of C-type, we get the previously mentioned
result that Ti(i”gll:b")ek = ey, for every k € [b,,b,+1) because R, = W,,. We now need to
know when a généralised C-type operator is invertible. In the paper [14], the invertibility
of operators of C-type was obtained by requiring that the sequence (v, ) approximates zero
sufficiently rapidly. Two adaptations will be necessary here. First, we will not consider
operators of C-type but generalised C-type operators with R, = 1 for every n and,
secondly, we will need to consider a sequence (v,) that takes infinitely often the same
value in order to get the desired counterexample. Note that it is because of this last

condition on v that we have to restrict ourselves to operators on ¢!(N).

Proposition 2.4. Assume that R, =1 for every n >0 and that

m;—1 m
lim sup |v,|=0 and sup( [Vgs 1 |) <00,
N=ooneo-1(N) 21 n;o};[o -

where m; = min{s > 0: ¢*(l) = 0}. Then the generalised C-type operator Ty w b r S
invertible on ¢*(N) and

1 .
oo €h—1 if k€ (bn,bps1), m >0,
—1 my,—1 m .
TU,U),LP,I),R €L =94 — Zm:() (leo v%ﬂl(n))eb¢m+l(n)+1_l —€h,1—1 Zf k= bn, n Z ].,
—€p—1 Zf k=0.
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Proof. We first prove that T, ., .5 r is injective. Let o = (zx)r>0 € (1(N) such that
To,w,0,6, % =0 and n > 0. It follows that x, =0 for every k € [by,,b,+1 —1) and that

7xbn+1_1+ Z Umn @b, 1 —1 =0.
mep~1(n)\{0}

Assume that there exists ng such that |y 1| > & > 0. Then we deduce that

no+1—

Z |/Um||xbm+1*1| >¢€
mep~1(no)\{0}
and thus that

Z ‘xbm+1_1| >

mEN1

where N7 = ¢~ (n9)\{0} and Si = sup,,cn; |vm|- By looking at > . @b, -1, we
deduce in the same way that

Z Z Uy, —1 = Z Tp,,,—1 and thus that Z [Tt —1] > 5o 5 S

neN1mep=1(n) neNy meN,

where Ny = ¢! (N7) and Sy = sup,,epy, |vm|. By repeating this argument, we get for
every k > 2,

Z |"I"bm+1 1‘>

meNy Hl 1 Sl

where Nj, = ¢~ (Nj—1) and Sy = sup,,en, |vm|- Therefore, because inf Ny, > k for every
k > 1, we have by assumption limj Sy = 0 and it is then impossible that x belongs to

Y(N).

The operator T, w, 4,5, r is thus injective and we can compute that

1 .
wikekfl if ke (bnabn+1), n 2 Oa

—1 _ mp—1 m . o
Tv,w,(p,b,R €k =4 Em:O ( 1=0 Utpl(n))ebwm+1(n>+1—1 —€b,11—1 if k= bna n>1,

—€ph—1 if k=0.

We only show that for every n > 1,

my—1
Tv7w)<pibiR : : (HU l('fl )eb m+1 ()41 1= ebn+17 :ebn'

m=0
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Indeed, we have

mp—1
Tv,w,ap,b,R E : (H’U ) ¢7n+1(7l)+171_€bn+171
m=0
mp—1
= ( H vtﬂl(”))eo <Hv l(n)) <U¢m+1(n)€b¢7n+2(n) —€b¢m+1(n>)
=0

m=0
(U"ebw(ﬂ ebn)

mnp—2 m+1 my—1

== Z (H U‘Pl(”)) ¢M+2(n)+ Z (HU l(”)) wn-*-l(n) _U"ebcp(n) +ebn
m=0 =0

= €p,, -

n

We now show that T, 5 r is surjective. Let z = (2;)g>0 € £*(N). It suffices to show
that the sequence (Tv_ llu o6, R 0,6, +1)%)n is a Cauchy sequence where for every subset
I'CNwelet Prz=3, ;zkex.

Let N > n. We have

—1 —1
HTv w,p, b, RP[O bN+1)Z_Tv,w,cp,b,RP[O,anrﬂZH

bny1—1
H > vww,bRekH
k= bn+1
biy1—1 mi—1 m
<32 5 il 3 (o) i+ >
l=n+1k= b,+1 l=n+1 \m=0 s=0 l=n+1

1
<(—— 1)1 P .
= (infk|wk| +?E§’( ZOSHO‘% 1) + 1)1 Posxsnz = Pos,en?l

We conclude that the sequence (7, 11u o.b rP0,b, +1)z)n is a Cauchy sequence because

m=0

-1 . I . .
(m +sup;>; (Zml A |U@s(l)|> < 00 and thus T, ¢, b, g is surjective. Finally, it
follows from the open mapping theorem that the inverse of T, «, b, r is continuous. [

We can remark that a generalised C-type operator T}, 4.5 r With R, =1 is therefore
invertible if the sequence (sup,,c,-1(n)|vn|)n decreases sufficiently rapidly.

Corollary 2.5. Assume that R, =1 for every n > 0. If sup,c,-1(, \vn| <
m > 0, then the generalised C-type operator T, w 4. R s invertible.

2m for every

Proof. Let m; = min{s > 0: ¢*(l) = 0} as defined in Proposition 2.4. We have

1
sup |vn| < N —>Oa
nep—1(N) N—o0
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and because for every [ > 1, every 0 < m < m;, we have o™~ ™ () > m, it follows that

m;—1 m m;—1 1 m;—1

1
Z 1_[|U</Js(l)|S Z WS ZWSQ'

m=0 s=0 m=0 m=0

We can then deduce from Proposition 2.4 that T, ., s r is invertible. O

3. A frequently hypercyclic operator whose inverse is not frequently
hypercyclic

Let ng =0 and ng, = 25~! for every k > 1. We will consider a generalised C-type operator
T =Ty w,p,0,r With the following parameters:

o for every n € [ng,ngt1), ©(n) =n—ng;
o for every m, every n € o= t(m), v, =27"m;
e for every k >0, every n € [ng,ngt1), every i € (bn,bpi1),

if b, <i<b,+n,

if b+, <i<bpyr—26,
if bpy1—20, <i<bpi1—0dy
if bn+1—(5n§i<bn+1

w; =

DN = o=

e foreveryn>0, R,=1,

where (7,,)m>0 is a strictly increasing sequence of positive integers and for every k > 0,
for every n € [ng,nkt1),

Op = §(k), N = 77(’“) and by —b, = A(k),

where (6%))i50, (n™)g>o and (A%~ are three increasing sequences of positive
integers satisfying for every k > 0,

25k (k) « AR)  A(R+D) ltiple of 2A %) d ﬂ_ﬂ
n < , 1s a multiple o an AR A0
From now on we will denote by T this operator that depends on the four parameters
(Tm)m>0, (6% k>0, (N*))g>0 and (A®))xso, and we will show that under convenient
conditions on these parameters T is an invertible frequently hypercyclic operator on
(1 (N) whose inverse is not frequently hypercyclic. More precisely, we will see that if we let
AR = gk+1 (k) — §(k) = 8k and if (7,,),, grows sufficiently rapidly, then T is an invertible
frequently hypercyclic operator on ¢!(N) whose inverse is not frequently hypercyclic.
Observe that because the sequence (7,), is strictly increasing, it follows from
Corollary 2.5 that T is already an invertible operator. Moreover, each finite sequence

is an eigenvector for some power of 7'

Proposition 3.1. For every n >0, every x € span{ey : k < bp41},

T2(bn+1_bn)x — 2_277n xT.
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Proof. By definition of (w;), we have W,, = 27" for every n > 0. For every n > 1, let
n € [ng,nk4+1) for some K > 1, and p(n) € [ng,ng4+1) for some k > 0. We get for every

n>1,
_Ong17bn __Ong17bn
(R;lww(n))b%ﬁ(”)ﬂ_b@(n) = (2_’799(n>)b¢(n)+1—%(n)
n
A(K)
(k) _p(K) _
=@ ")am =2 = g,

(ORI
because (Zqy)x is a constant sequence.
It follows from Lemma 2.3 that for every n >0, every j € [byn,bn11),

TQ(br,L+1*b7L)ej — 92721 ej.

Finally, ifz =" _, Z?Zf—l zje; and n € [ng,ni41) for some K > 0, we have, by using
the fact that A**1 is a multiple of 2A®) for every k > 0,

K—1ng41—1bpmy1—1 bmy1—1
(k (K)
et S e 32 S
k=0 m=ng m=ng j=bm
K— 1nk+1_1b1n+1 o brmt1— o
— 2n 2n o
—Z > Z 27w+ Z Z 270 e
k=0 m=ng j=bpm, m=ng j=bmn,
_on(K) _
=27 gy =27 My, O

In order to show that T is in fact frequently hypercyclic, we begin by stating the
following technical lemma.

Lemma 3.2.

1. For every y € cqo, there exists kg such that for every k > kg,

5 ,(0)
1Ty <27 32",

2. For every Ko >0, every N > 1, there exists K > Ky such that for everyn € [ng,ni +
N), every k >0,

_ RTONS
ey, || <2750
brjery —1
Proof. For proof of statement (1), let K >0,y =3, " ylel and C = supy _oa 0 || T

If we consider a positive integer L and k € [2LAT) 2(L+1)A¥)), then by Proposition 3.1
we get

~ ~ (K) ~ (K) _ (K)
[ TFy|| < | TF=2EAT T2y < 027207 |y

=S TXCOMEN 0 g o (K)
<027 a® Tyl <02 INOLaEU llyll
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(K) (0)

because Z( Ry = . We can then deduce that there exists kg such that for every k > kg,

- (0)
|7yl < 27 aaer®

because

_ 2 ()
C2 2@ |
(0

_29(® (K)
= 02 sam F ) ——0.
— 00

2" 3a00)
For proof of statement (2), let Ko >0, N > 1 and C =sup,,,< x SUP,c[0,2(by 11— b)) | T7ep,, ||
We consider K > K such that nx1— [ni,nix+N)

and k> 0. If k < A% then by definition of (w;),

7(0)

|T* Y <9 mam*

because 3A<0) <land (0) O AK) = ? On the other hand, if k € [A(K),QA(K)), because
p(n) =n—nxg <N and T2bmi1=bm)e, = ¢=2Ime,  for every m > 0, we have, by
definition of T,

~ e AU ) g A
1T en, | <277 T2 e, | 4 Jval 277 T2 ey, |

20 0 A(K)
< 91" 97 sam kF=AT) | cg—n™)
(K> 27(0) A (K) ©
<(C+12"" < w2 <97k

Finally, for every L > 1, every k € [2LAY) 2(L41)AM)), we get
~ oL | k2L A
[T, | =27 2 e,

_ ()
§272L"(K)2 (0) (k—2LA))

RO)

(K) n(© 7(®) () _
—2LA )§2 oL 0

< 2 NOPE SA(O)

(k—2LA

We are now able to construct a frequently hypercyclic vector for 7.
Proposition 3.3. T is a frequently hypercyclic operator on ¢*(N).

Proof. Let (y));>1 be a dense sequence in ¢! (N) with deg(y)) < b that is, y(¥) =

bnja—

Eb ' y,(cj)ek. Let A(s,l) be sets of positive lower density such that for every j € A(s,l),
every j' € A(s',l), if j # j' then |j —j'| > s+’ and min A(s,l) > I. The construction of
such sets can be found in [8, Lemma 2.5].

We select four sequences of integers (N;);>1, (sj);>1, ({;);>1 and (k) with m €
Uj21 A(sj,l;) such that for every j > 1, every m € A(s;,1;),

"J+1’
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(a) Nj is sufficiently large so that

o (eNav—eN+r9)
(€) |

<
Iy inf{2=™ :n<nji} T 27

(b) s; is sufficiently large so that s; > (2N; +1)AW),

— (55— @N;+1)AD — (2N, +1)n) 1)

”y(])” inf{2—7n : <=
inf{2=™ :n <nji} o
and
N2 SA(((>» SN +1)n +1 .
POl . 1
inf{2=™ in <n;i) 5

and so that for every r < n;;1 and every n > s; — (2N; +1)A0),

. @
[T"ep, || <2 2a®

This last condition can be guaranteed thanks to Lemma 3.2.

(c) 1; is sufficiently large so that I; > (2N; +1)AU) and

9- (1j—2N;+1)AY) — (2N +1)n) —2) 1

MO LA - <L
inf{2=7n :n <n;ii} 27

(d) ki, is sufficiently large so that ng, +mnji1 < ng, +1, n*=) > (2N; +1)AU) and
§(km) > m and so that for every N € [ng,,,ng,, +nj41), every n >0,

. @
1T epy || < 275507,
which can be guaranteed thanks to Lemma 3.2.

We then let x=3:-1 3 caes,.1,) 2™ where

njp1—1bpy1—1 52 (m—itb,—2N;A9) —2N;nD -1)
(4
E E Y; p €bny,, +nt1—(m—itb, —2N;AW)
i=b, Ung,, +n (Ht:bn+1 wt)

The rest of the proof consists in showing that z belongs to ¢}(N) and that for every
m € A(sj,l;), |T™x —yW|| < g; for some sequence (g;); tending toward 0. Because (y7));
is a dense sequence in £!(N) and each set A(s;,l;) has a positive lower density, it will then
follow that z is a frequently hypercyclic vector for 7.
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Let j > 1 and m € A(s;,l;). We have

Nj41—1bpy1—1 (m7i+bn72NjA(j)72N_7'77(j)71)

2™ < ] ,
Z Z |Unkm+n| (Hz:bn+1 |wt|>

- (m—(zNj+1)A<f>—2Njn<j> 1)

< ||?J(j)||. f ) ] —n@
inf{|vn,, +nl:n <njy1}2

—(m—@N;+1)AD — 2N, +1)nP 1)

< loy@)
< vl inf{2=7 :n <njii}

Moreover, because min A(s,l) > I, it follows from (c) that
2—(m—(QNj-‘rl)A(j)—(2Nj+1)7](j)—1)

oy e ———
inf{2=™ :n <nj}

J21meA(s),l;)

- (lj*(2N7+1)A(j)*(2Nj+1)77m*2)

<> Iy — <L
; inf{2=™ :n <nj}

We can thus deduce that x is well defined and belongs to ¢}(N).

Let J>1 and M € A(sz,l;). In order to estimate |[T™z —y(/)|, we compute the
elements TM (™) with m € U i>1 A(sj,l;) by dividing our study into three cases: m =M,
m>M and m < M. LethlandmeA(sj, ).

Case 1. (m=M). Let n <nyi1 and i € [by,by1). We have

~M—i _ (1)
TM i+b,—2N A e

kg 41— (M—itb, —2N;AW))

 oM—itb,—2N;A) —
=2 (vnkM +nCb, — 6bnkM+n)

because 1 < M —i+ b, —2N;A) < §lkm) py (¢) and
[kpssTkps+1) by (d). Moreover, because (2N; +1)A)
Proposition 3.1

(d) and because ny,, +n €
< nkM) by (d), we have by

NM_iJFbH
T €bny,, +nt1—(M—itby, —2N;AW))

_ oM—itb,—2N;AY) 2N n)) —
=92 n J Jn UnkM +n€bn

o 2M7i+bn74N,jA(‘”7

Cbny,, +n+2Ns A

and
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M
T ebnkM+n+1—(M—i-&-bn—QNJA(J))

i
M—itbp,—2N;AY) —aN ;n()) 1
= oM—i+ J 77 H W | Vny 4n€i
t=b,+1

M —2i42b, —AN ;A —
-2 €bn 4n 2N A Fimb,

It then follows from (a) that
4200 )|

”J+1—1bn+1—1 (J) (M—z‘-&-bn—ZNJA(")—zNﬂI(J)—1)
<2 2 W »
= i=bp |UnkM+n| (H;:bn+1 |wt|)

—(2N; A — (2N 4+1)n()
<] (J)”2 ( ’ S )<71
=1 inf{2=™ :n<ny} ~ 277
: J+1

2M—21’+2bn—4NJA(J)—

Case 2. (m > M). Let n <njy1 and i € [by,by+1). By the properties of (A(s,l)), and by
(b) we have

m—i+by,—2N;AW >m— (2N; +1)AY) >m—s; > M,
and by (d) we have
m—i+b, —2N; AW <m < §m),
It then follows that
TMebnkm+n+1—(m—i+bn—2NjA(j)) = 2M€bnkm tni1+M—(m—itby—2N;AG)

and by using (b), we get

1T 2|
njp1—1byp1—1 (m—i—!—bn—QNjA(j)—QNjn(j)—1)
2M
<22 " i
i=by, ‘Unkm+n| (Ht:anrl |wt|)

@ 2~ (55 CNADAY Ny 410 1) 1
< -,
- ogm—M=s; inf{2=™ :n <nj} = om—M=sjti

Case 3. (m < M). Let n <njyq and i € [by,by41). Since m—i—i—bn—QNjA(j) <m < §km)
by (d), we have

Fm—i+b, —2N; AW

T ! 6bnkm f+nt1—(m—itb, —2N;AG))
g _ A i _ AW

—om i+by, —2N; A b _9om it+b, —2N; A

vnkm"!‘ne n Ty T

and because M — (m —i+b, —2N;AU)) > M —m > s;, we deduce from (b) and (d) that
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||T]V[€

9m—i+bn 72N]~A(j) —

b"km, +n+17(M7’i+bn72NjA(j)) H

1 idb, —9N; AW
|Unkm+n| 2m—itbn —2N; A

+
= ( )
9347y (M—m) 93w (M=m)
gm—i+b, —2N;AD
i
23A?3) (M—m)
We can then deduce from (b) that
1T ™)
njy1—1bpp1—1 )2 —(m7i+bn72NjA(’) 2N;n@) — ) gm—i+b,—2N; AW
J
SOV S 1. —
gy [V 4l (TTizy, 4 lel) oo r=m)
_ 9(2N;+1)n)+1
<y

©
inf{2=™ :n<n 4+1}2 sa( (M=m)

”y(j)” 2 BA(O)S j+@N;+1)n P +1

0

23400 (M—m=—s;) lnf{2 i n<n]+1}

1
(0) L
2431(0) (M—m—s;)+j

In conclusion, thanks to properties of the sets A(s,l), we have for every J > 1, every

M e A(SJ,ZJ)7
1T =y
1 1
S S DL D S
J>1meA(s;,l;) J>1meA(s;,l; )23A(0) 373
m>M m<M
1 1
7""2 Z gm—M— 9J+J+Z Z 2O (M ;) +d
j>1m>M+sJ+s; j>1m<M s;—sg 23a(0) i)
1
I T I e
j>1m>sy j>1m>s; 2380 J
1 1 1 (O
< 27 + 92s57—1 + n(0) Z 2 30 J—o0 0.
2350 %7 \m>0
We conclude that z is a frequently hypercyclic vector for T. O

It remains to show that 7! is not frequently hypercyclic under convenient conditions
on the sequence (7,,). The proof of this fact will rely on the study of dynamical behaviours
of finite sequences under the action of T—!. Therefore, we begin by a technical lemma
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concerning finite sequences and given a vector z € £(N), we use for every n >0 and for
every I C N the following notations:

br+1—1

Z rrer and ij—ZPx
nel

Lemma 3.4. Let x € (*(N). The following conditions are satisfied:

L) < 2ol
2. For every 1 >0, every s > 1, every n € ¢~ *(1)\{0}, every j >0,

|PT™ Ppz|| < 277741 || P
In particular, for everyl >0, every s > 1, every j >0,
IPT ™ Pyes oy ll < 27771 [ P iy oy 2

3. For every k>0, every | € [ng,ng41), every j >0,

1B Pal > 2" (557 P,
In particular, for every >0, if Pix #0, then

lim ||PT 7 Pzl = oo
j—o0

Proof. Let x € ¢}(N). For proof of statement (1), we have by Proposition 2.4

bn+171
F <3 S el el + o 1T e |+ 3 fon, 17 e, |
n>0k=b,+1 n>1
bny1—1 mp—1 m

<Z Z |$’“| +| b0|+Z|$bn|(1+ Z (H|U<pl(n)|))

n>0k=b, +1 n>1 m=0 [=0
bpy1—1 mp—1
<3N 2l Y fa, | (14 > o)
n>0k=b,+1 n>1

1 1
because 7; > 1 for every j > 0. Finally, because Zm 0 e < o1 <1, we

conclude that |7~ z| < 2||z||.
For proof of statement (2), let [ >0, s > 1, n € ¢~ *(1)\{0}, 7 > 0 and k € [bp,bp11). If
j <k —bp, we have | P,T 7e;| =0 and if k—b,, < j < k+byy1 — 2b,, then
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|1PT e

k —1
t=b,+1

My —1 m
5 (j—k+b,—1
T (4 ) < Z ( le(n)> 6b4pm+1(n)+1_1>
m=0 =0
My —1 m
<loaf270 ) <H|vq,l(n)|> < un27.

m=0 =1

mp—1 m
= (j—ktbn—1
BT ( ) b1 -1 § : Hvﬁﬂl(") 6b¢m+1(n)+1_1
=0

m=0

< 2k7bn

In addition, if &k + by — 2b, < j < 2(bpy1 — by), then ||PZT~_jekH = 0. Because
T20nt1=bn)e — 9=2mme;,  we have T 20nt1=bn)e, — 92Ine and because 22 <
22(bnt1=bn) we can deduce that if j > 2(bpy1 —by), then ||[P T 7ex|| < |v,]|27. Therefore,
we can write

bpy1—1 bny1—1
IPT Py < > faxl|PT er] < > fagl|vn]2? < 20771 Pz
k=b, k=b,

because (7, )m is increasing and if n € ¢~*(1)\{0}, then p(n) >1+s—1.

For proof of statement (3), let k& >0 and [ € [ng,ng+1). We can remark that
PlTjA(k)Plx = 7277“)]31:17 and it then suffices to prove that for every j < A®)
|PT=1Pz| > 23" | Pa||. Let j < A® and m € [b,bi1).

o If0<j<m—by, we have |PT 7 Pe,,| = [1 w7t > 29—,
o Ifm—b <j<A® we have

o m bip1—1
|PlT—JPlem||=< 11 |wt|—1> 11 we| ™ |

t=b;+1 t=bj41—j+m—b+1

and because bj41 —j+m—b;+1 > m, each weight is taken at most one time. We
can then deduce from the definition of (w;); that

|PT= Py > 27"

We can now prove that if the sequence (7,,,) grows sufficiently rapidly, then T-1 is not
frequently hypercyclic.
Proposition 3.5. Let S; =3, (2(br41—bi) +1') for every 1 >0 and let (Ji)i>0 be a

sequence of positive integers such that for every j > J;, every x € £1(N), ||PlT*jPlx|| >
25| || If for every 1 >0,
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Ji 1
> S +2m+6+20+3 d <=
T 2o +2mto+20+5  an H—1-8-6,—3=2"

then T is not frequently hypercyclic.

Proof. Let ;=3 (2(br+1 —br) +1') for every I >0 and let (J;);>0 be a sequence of
positive integers such that for every j > J;, every x € £*(N),

1PT ™ Pra]| > 2% | Pre|.

Because the set of frequently hypercyclic vectors is always included in the set of
hypercyclic vectors, it suffices to show that if z is a hypercyclic vector for 7!, then
x cannot be frequently hypercyclic for this operator.

Let z € /1(N) be a hypercyclic vector for T—1. We can already remark that for every
7 >0, every n > 0, we have

T2l > Pl = | BT Paz|| = Y 1P ™ Py gy oy -

s>1

In particular, if P,z # 0, it follows that the set {j >0: ZSZI ||P,LT‘7'P@75(”)\{O}J:H >

1P T Poz|ly -
fmne——=n=l1 is nonempty because

D P T ™ Py goyll = 1PAT 7 P — | P T ]

s>1

| P, T~ Pz tends toward oo as j — oo (Lemma 3.4 (3)) and for every J there exists
j > J such that ||T77z| < 1 because z is hypercyclic.
The goal of this proof will be to show that there exist an increasing sequence (I,,)m>0
and a sequence (f,)m>1 tending toward infinity such that for every m > 1,
#{ <im T 2| > 3| Py ]} S 1

>1— .
Jm 2lm—1

It will then follow that z is not frequently hypercyclic for T—! because | Py z|l > 0 and
thus that 7! is not frequently hypercyclic.

To this end, we construct by induction three sequences of positive integers (I,,)m>0,
(Jm)m>1 and (S, )m>1. Because z is hypercyclic for T, x— Pyx #0 and we can consider
lo > 1 such that || P, x| > 2+O||$—PQ.Z‘||. Assume now that (I;)o<i<m—1 and (ji)1<t<m—1
have been chosen. We let

. P, TP T
i =min{j >0 ; 1P, TPy, ] > 1Py 1 Lol

and by definition of j,,, there then exist s,, > 1 such that

P, T3P, _ x|
25,,,,—}-2

”-leflT_ijcp—Sm(lmfl)xH >
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and I, € o~*(l,,—1) such that

P, _, TP, _ x|

1P, T~ P, | > Ol +5m+3

Because P,z # 0, the integer j; is well defined. Moreover, we can show that each integer
jm with m > 2 is also well defined because we can compute by induction that for every
m >0,

25 || By, | > | Py .

Indeed, assume that 2%m-1||P, x| > ||P,z|. Let kp_1 and ky,, such that l,_; €
[k, _1sMk,,_1+1) and by, € [nk,, 0k, +1). It follows from Lemma 3.4 (3) that

Jm J _5(km71)

= n(km—l) {m
1P, TP, xf| > 2 a [P

771—1‘2:”'

J2A<km>

| _im (km) | _im
On the other hand, because T’ [2A1<km> P, x= 2% L2Aj<km) J P, z, it follows from

Lemma 3.4 (2) that

~ . (km) i, ~ .
\P, Tom 2 <2 0] sap P TR
0<j<2A(km)

S 22n(km) 2A{7’;L’"L) 22A(kM)_Tlm71+Sm*1 Hle.’L‘H

Because 71, ,+s,,—1 2> 2M,, _1+sm—1+01,,_1+s,—1+Sm+3, we deduce from three previous
inequalities that

(k1) dm ) _5(km—1)
n <A<km71> 1) °

1Py, ]| > [Py

g2nthm) ey 92AM M) =1y e 19045 +3

2”m—1+5m*1 . n(kM—l) n(km)
| P, || since Akm—1) — Akm)

- 227]()“’"*1)-&-5(167"*1)+2A(""m)+lm+sm+3

1
2 Santmrgiy P2l
1 -5
> WQ lyn—1 ||Pl0xH

> 275t || P x| (by definition of S7).

The sequences (Iym)m>0, (Jm)m>1 and (Sm,)m>1 are thus well defined and we can now
show that (I,,)m>0 is an increasing sequence, (jm)m>1 tends to infinity and for every
m>1,

>1-— .
Im 2bm—1

#{j < jgm: | T || > 3| Pyx|)} S 1
The sequence (I,)m>1 is increasing because I, € ¢~ * (l,,—1) and s, > 1. On the other
hand, we have

jm > TlmflJrSm*l _l() - Slm71 _5lm71 —Sm _2
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because for every j <7 45 —1—lo—Si,_, =01, _, —Sm —2, we have by Lemma 3.4 (2)

and Lemma 3.4 (3),

m—1

[Pty s TPy q,, || <207 Tmertem =[P _aq |
< Y Mm—1tam =1z — Pyz||
< 97Tt 1 o | By g
S 2j77—lm71+3m_1+lO+Sl7n71 ||‘Pl —1‘r||
< 2]‘_7.lm_1+5m71+l0+5lm_1+5lm—1 ||Pl 1T7jPl 133”
_— me "

I P e |
— 25m+2

In particular, because (S;);, (d,;); and (I;), are increasing, we have

jm > Slm,lJrsmfl +5lm,1+sm71 + 2lrnfl + 28m +1- l() - Slm,l - 5lm,1 —Sm — 2

2 lm—l

and the sequence (jy,)m>1 therefore tends toward infinity. By assumption, we also have

|P, TP, x| >2%m-1||P, _ x| for every j > J; _, and
jm _.Jlmfl >1— Jlmfl
Jm Tl—itsm—1 10 =51,y =01, _; —8m —2
Ji
>1— lm—1
Tl 1+8m—1 " lm—1— Sl'mfl - 6l7n71 —Sm—2
J;
Z 1_ l7n—1
Tl -1 —lm—1— Slm—l _5lm—1 -3
1
>1-
- 2lm71
because 7, ,+s,,—1 > Ti,,_; + Sm — 1. We can then conclude that
# < IT ]| 2 Pzl 1
Jm o 2lm—1

because for every J;,, | < j < jm, by definition of j,,,

-
T~ 2| > P, TP, all =Y Py T Py, )2l
s=1
> 3R, TR,
> 225117, ]
> %),z

It follows that no hypercyclic vector for 7! is frequently hypercyclic and thus 7 is
not frequently hypercyclic. O
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Thanks to different results of this section, we can thus exhibit the first example of an
invertible frequently hypercyclic operator whose inverse is not frequently hypercyclic.

Theorem 3.6. There exists an invertible frequently hypercyclic operator T on £*(N) such
that T~ is not frequently hypercyclic.

Proof. Let ng =0 and n; = 2"~ for every k > 1. For every k > 0, we let
AR = gF+1 and n(k) = ¢ =gk

so that
26F) 4 ) « AR AGFD 4o o multiple of 2A%)  and ﬂ = ﬁ
" ’ P AR T A0

Let (7,)n>0 be an increasing sequence of positive integers and T' the generalised C-type
operator Ty . .5 r such that

o for every n € [ng,ngt1), ©(n) =n—ng;

e for every m, every n € o~ t(m), v, =27"m;

e for every k >0, every n € [ng,ng+1), every i € (bn,bni1),

if b, <i<b,+n,

if by +1nn <1 <bpgp1—20,
if bpy1—20, <i<Dbpp1—0p
if b1 =0, <i<bpia

w; =

DO pof= o=

e foreveryn>0, R, =1;
and such that for every k > 0, every n € [ng,ng41),
Oy = 5(’“), Nn = n(k) and by —b, = AR,

The operator T is well defined, invertible (Corollary 2.5) and frequently hypercyclic
(Proposition 3.3) for any choice of (7,,),>0. Moreover, for every x € £}(N), every [ > 0, the
sequence (P T~7Pjz);>0 does not depend on (7,)n>0. Let S; = 3" <;(2(by1 —by) +1')
for every [ > 0. By using Lemma 3.4 (3), we can thus find a sequence (J;);>¢ such that
for every increasing sequence (7,,)n>0, every j > J; and every z € ¢*(N),

| BT Pial| > 25| P
By choosing for (7,,)n>0 a rapidly increasing sequence so that for every [ > 0,

Ji 1

>S5 +2 0 +20+3 d <=
T 2ort+2m+o+204+35 an 18 —6 -3

we can then deduce from Proposition 3.5 that T~ is not frequently hypercyclic. O
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