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We apply an idea of Székely to prove a general upper bound on the number of incidences

between a set of m points and a set of n ‘well-behaved’ curves in the plane.

1. Introduction

Let Γ be a given class of simple curves in the plane. We say that Γ has k degrees of

freedom and multiplicity-type s if

(i) for any k points there are at most s curves of Γ passing through all of them, and

(ii) any pair of curves from Γ intersect in at most s points.

For example, the classes of all straight lines, all unit circles, all circles, and all graphs

of the form y = p(x), where p is a polynomial of degree d, have 2, 2, 3, and d+ 1 degrees

of freedom, respectively, and have multiplicity type 1, 2, 2, and d, respectively.

Given a finite set P of points and a finite set C of curves, we define I(P , C) to be the

number of incidences between them.
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Theorem 1.1. Let P be a set of m points and let C be a set of n simple curves all lying in

the plane. If C has k degrees of freedom and multiplicity-type s, then

I(P , C) 6 c(k, s)
(
mk/(2k−1)n(2k−2)/(2k−1) + m+ n

)
, (1.1)

where c(k, s) is a positive constant that depends on k and s.

This result was first formulated in [7] under the additional constraint that the elements

of C are algebraic curves defined in terms of k real parameters. In that case, it can

be obtained by a fairly straightforward extension of the proof technique in Clarkson,

Edelsbrunner, Guibas, Sharir & Welzl [3], where this bound was established for the

classes of lines, unit circles, and arbitrary circles. For lines and unit circles, the first (quite

involved) proofs of Theorem 1.1 were obtained by Szemerédi and Trotter [9], and Spencer,

Szemerédi and Trotter [10]. Recently, Székely [8] discovered a very elegant proof that

works in the special case k = 2 (and any constant multiplicity type). His argument is

based on a simple lower bound on the number of crossings in a graph drawing (see

Lemma 2.1). The aim of this note is to generalize Székely’s idea to establish Theorem 1.1

for every k and s.

Note that the cruder bound

I(P , C) 6 s1/k(m− k + 1)n1−1/k + (k − 1)n (1.2)

is an immediate corollary of an old result of Kővári, Sós, and Turán [4] in extremal

graph theory (see also Canham [2], Pach and Agarwal [6]). This follows from the easy

observation that the bipartite graph H ⊆ P × C , whose edges represent the incidences

between P and C , does not contain Kk,s+1 as a subgraph.

2. Proof of Theorem 1.1

We require the following generalization of a result of Ajtai, Chvátal, Newborn and

Szemerédi [1] and Leighton [5], due to Székely [8].

Lemma 2.1. Let H be a multigraph drawn in the plane, with maximal edge-multiplicity M.

If |E(H)| > 5|V (H)|M, then the number of crossings between the edges of H is at least

|E(H)|3
100|V (H)|2M .

Now let P and C be as in the statement of Theorem 1.1, and put I = I(P , C). Assume,

without loss of generality, that every curve in C is a simple open curve (i.e. homeomorphic

to a segment). Let d(p) denote the number of curves in C passing through p ∈ P , so that

I =
∑

p∈P d(p).

We classify the points of P as follows, noting that the average number of curves passing

through a point of P is I/m. Define

P ∗ =

{
p ∈ P

∣∣∣∣ d(p) 6 I

2m

}
,
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and, for j > 0,

Pj =

{
p ∈ P

∣∣∣∣ 2j−1I

m
< d(p) 6

2jI

m

}
.

Put mj = |Pj |, dj = 2j−1I/m, and Ij = I(Pj, C). Note that

Ij

2
6 mjdj < Ij .

This also implies that

mj <
m

2j−1
.

First, we have

I(P ∗, C) 6
I(P , C)

2
,

so that

I(P , C) 6 2I(P \ P ∗, C).

Next, put

J1 =

{
j > 0

∣∣∣∣ mkj < n

2j

}
,

J2 =

{
j > 0

∣∣∣∣ mkj > n

2j

}
.

Since ∑
j∈J1

mj <

∞∑
j=0

n1/k2−j/k =
21/k

21/k − 1
n1/k,

we have, by (1.2),

I

⋃
j∈J1

Pj, C

 6 ( (2s)1/k

21/k − 1
+ (k − 1)

)
n. (2.1)

We next bound I(
⋃
j∈J2

Pj, C) =
∑

j∈J2
Ij . We consider each Pj , for j ∈ J2, separately,

and fix for now such an index j.

Taking c(k, s) > k − 1, we may assume that every curve in C contains at least k points

of Pj . Otherwise, we can remove the n1 curves containing fewer than k points of Pj per

curve, apply Theorem 1.1 to Pj and the remaining curves, and observe that the removed

curves contribute at most (k − 1)n1 to Ij . This readily implies that (1.1) holds for Pj and

C .

If two points p, q ∈ Pj are separated by at most k− 2 points of Pj along a curve γ ∈ C ,

we connect them by the piece of γ lying between them. Denote the resulting graph drawing

by Gj . Note that some edges contained in the same curve may overlap, and the same

pair of vertices can be connected in Gj by several edges (along different curves γ). Let

Hj denote the graph obtained from Gj by erasing every edge whose multiplicity exceeds

Ad
1−1/(k−1)
j , where A > 0 is a sufficiently large constant to be specified later. Clearly,

Ij − n 6 |E(Gj)| 6 (k − 1)Ij .
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Our goal is to show that the number of edges of Hj ⊆ Gj is also at least c′Ij , for an

appropriate constant c′, and then to apply Lemma 2.1 to Hj .

For every p, q ∈ Pj , let Ep(q) denote the set of edges in Gj connecting p and q and write

Ep =
⋃
q∈Pj Ep(q). We have

(k − 1)dj 6 |Ep| = dGj (p) 6 4(k − 1)dj .

Consider the set Ep,q consisting of all edges pr (including r = q) that belong to some

curve containing an element of Ep(q). See Figure 1 for an illustration.

Figure 1 The neighbourhood of p in the graph Gj (with k = 3).

Let Rp = {r ∈ Pj | |Ep(r)| > Ad
1−1/(k−1)
j }. Note that all the edges connecting p to r ∈ Rp

are erased from Hj . We have

|Rp| 6
dGj (p)

Ad
1−1/(k−1)
j

6
4(k − 1)dj

Ad
1−1/(k−1)
j

<
4k

A
d

1/(k−1)
j .

If Rp = ∅, then dHj
(p) = dGj (p). Suppose that Rp is nonempty. Let q 6= p ∈ Pj . If q /∈ Rp,

then all the edges in Ep(q) remain in Hj . Otherwise, every curve containing an edge e from

Ep(q) contains at least k − 1 edges pr ∈ Ep,q ⊆ E(Gj). We want to charge e to one such

edge pr that remains in Hj . We say that e is good if there is at least one such edge. If e

is bad, then the curve γ containing e passes through p and through at least k − 1 distinct

points of Rp, and in this case γ contains at most 2(k− 1) bad edges. However, there are at

most s curves passing through p and through any fixed (k − 1)-tuple of Rp. This implies

that the number of bad edges is at most

2(k − 1)s

(
|Rp|
k − 1

)
<

2s(k − 1) · |Rp|k−1

(k − 1)!
<

2s

(k − 2)!

(
4k

A

)k−1

dj <
1

2
(k − 1)dj ,

if A is chosen sufficiently large. We have thus shown that more than half of the edges in

Ep are good, so each of them can charge an edge in Ep ∩ E(Hj). Using the fact that the
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same edge pr cannot belong to more than 2k − 2 different sets Ep,q , we obtain

dHj
(p) >

1

2(2k − 2)
|Ep| =

1

4(k − 1)
dGj (p) >

dj

4
,

implying that

|E(Hj)| > mj(dj/4)/2 > Ij/16.

Every point of a curve γ ∈ C belongs to the relative interior of at most
(
k
2

)
edges of Hj

lying in γ. This implies that there is a subgraph H ′j ⊆ Hj with |E(H ′j)| > |E(Hj)|/
(
k
2

)
so

that no two edges of H ′j overlap.

Let J3 be the set of indices j ∈ J2 such that |E(H ′j)| > 5|V (H ′j)|M, with M = Ad
1−1/(k−1)
j .

For j ∈ J2\J3, we have Ij 6 16
(
k
2

)
|E(H ′j)| 6 80Amjd

1−1/(k−1)
j . Using the fact that dj 6 Ij/mj ,

we get Ij 6 80Am
1/(k−1)
j I

1−1/(k−1)
j , or Ij 6 (80A)k−1mj . Hence∑

j∈J2\J3

Ij 6 (80A)k−1m. (2.2)

Assuming now that j ∈ J3, we can apply Lemma 2.1 to H ′j and obtain that the number

of crossings in H ′j is at least

c′I3
j

m2
j (Ij/mj)

1−1/(k−1)
,

for an appropriate constant c′. On the other hand, since any two curves have at most s

intersection points, this number cannot exceed
(
n
2

)
s. Comparing the last two bounds, and

adding the term (k − 1)n to account for curves passing through fewer than k points of Pj
(see the above analysis), we obtain

Ij 6 c′′
(
m
k/(2k−1)
j n(2k−2)/(2k−1) + n

)
6 c′′

(
2−(j−1)k/(2k−1)mk/(2k−1)n(2k−2)/(2k−1) + n

)
,

for an appropriate constant c′′.

Since j ∈ J2 (i.e. mkj > n/2
j), we have

n = n1/(2k−1)n(2k−2)/(2k−1) 6 2j/(2k−1)m
k/(2k−1)
j n(2k−2)/(2k−1)

6 2 · 2−j(k−1)/(2k−1)mk/(2k−1)n(2k−2)/(2k−1).

Hence, ∑
j∈J3

Ij 6 c′′mk/(2k−1)n(2k−2)/(2k−1) ·
∑
j>0

(
2−(j−1)k/(2k−1) + 2 · 2−j(k−1)/(2k−1)

)
6 c′′′mk/(2k−1)n(2k−2)/(2k−1), (2.3)

for yet another constant c′′′.

Combining (2.1), (2.2), and (2.3), we obtain that (1.1) holds for an appropriate choice

of c(k, s). This completes the proof of Theorem 1.1.
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3. The complexity of many cells in an arrangement of curves

Let C be a family of n simple curves cutting the plane into finitely many cells. A maximal

connected piece of the boundary of a cell that belongs to the same curve of C is called a

side of the cell. We say that C has property Pk,s, if no two members of C have more than

s points in common, and for every k-tuple of pairwise disjoint connected open sets there

are at most s curves in C touching all of them at distinct points. A slight modification of

the above argument yields the following.

Proposition 3.1. Let C be any family of n curves in the plane with property Pk,s. Then the

total number of sides of m distinct cells determined by C is at most

c′(k, s)
(
mk/(2k−1)n(2k−2)/(2k−1) + m+ n

)
,

where c′(k, s) is a positive constant depending on k and s.

This bound is known to be tight for families of lines, as shown by Clarkson, Edels-

brunner, Guibas, Sharir and Welzl [3].

If no two members of C have l points in common, then C has property Pl+2,s for some

s depending only on l. Moreover, if all members of C are unbounded in both directions

(i.e. pass through the ‘point at infinity’), or they are closed and l > 2, then property Pl,s
holds for a suitably large s.

We sketch a proof of this claim only for the case of closed curves and l > 2; the other

cases can be treated in a similar manner. Suppose that C does not have property Pl,s for

s = 2l l!. Then there exist pairwise disjoint connected open sets S1, . . . , Sl and s+ 1 distinct

curves in C , each of which touches all the sets Si at distinct points. By the pigeonhole

principle, there exist two curves γ, γ′ in C that touch all the sets Si in the same (clockwise

or counterclockwise) order and on the same (exterior or interior) side. In this case, it is

easily verified that, for each i, γ′ must intersect γ between its (first) points of incidence

with the closure of Si and with the closure of Si+1 mod l . This contradiction implies that C

has property Pl,s for the above value of s.
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Combinatorics, Probability and Computing 6, 353–358.
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