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Most of the results available on the inverse problem of determining loads acting on elastic
beams or plates under transverse vibration refer to single beam or single plate. In this paper,
we consider the determination of sources in multi-span systems obtained by connecting either
two Euler—Bernoulli elastic beams or two rectangular Kirchhoff-Love elastic plates. The
material of the structure is assumed to be homogeneous and isotropic. The transverse load
is of the form g(#)f(x), where g(t) is a known function of time and f(x) is the unknown
term depending on the position variable x. Under slight a priori assumptions, we prove a
uniqueness result for f(x) in terms of observations of the dynamic response taken at interior
points of the structure in an arbitrary small interval of time. A numerical implementation
of the method is included to show the possible application of the results in the practical
identification of the source term.

Key words: Mechanics of deformable bodies, Euler—Bernoulli equation, Kirchhoff-Love plate
equation, Inverse problems.

1 Introduction

The identification of forcing terms in beams and plates by measurements of the dynamic
response has attracted increasing interest in the inverse problems community in the last
years, both from the theoretical and applied point of view. Applications may concern,
for example, the determination of the spatial support and magnitude of the contact force
produced during impact of objects or the determination of the time-history of wind
pressure on exposed surfaces.

It is not easy to draw a complete bibliographic overview on this topic. Here, we
limit ourselves to mention some of the contributions from which the interested reader
can certainly obtain more information. We recall that the typical mechanical model
considered in the literature is either a single beam element or a single rectangular plate
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under infinitesimal transverse vibration. Here, we use the word infinitesimal to designate
transverse movements that are small enough so that the linear theory of beams and plates
give a good approximation to the behaviour of more complex models. The forcing term
is usually taken as g(t)f(x), where g = g(t) is a known function of time and f = f(x)
is the unknown spatial term depending on the position variable x. It should be noted
that this decomposition in spatial and temporal part of the acting load can be found in
various engineering contexts and in the corresponding code design requirements. Among
other applications, we recall the case of blast loading, in which the actions exerted
on an exposed structure are modelled as the product between an impulsive (e.g., short
duration) function on the time variable and an unknown spatial distribution [1]. Similar
load decomposition is also frequently used in ship loading modelling [2]. The material
is assumed to be homogeneous and isotropic, and the dynamic response is determined
within the framework of the Euler—Bernoulli or Kirchhoff-Love theory for slender beams
and thin plates, respectively.

Presentations of the identification problem for single beams, with comprehensive lists
of articles can be found in [3]. For plates, Yamamoto [4] proved that the observation of
the response of a simply supported rectangular plate on a small segment inside the plate
during a sufficient long interval of time is enough to determine uniquely f. Extensions
to similar problems for a beam equation were also provided in [4]. Along this line of
research, it was recently shown in [5] that identification of source terms in plates is also
possible when observing a part of the boundary, even for arbitrary small intervals of
time. Nicaise and Zair [6] considered the determination of the spatial term f given by a
linear combination of an unknown finite number of Dirac deltas (e.g., point sources), with
both unknown support and amplitude, in a uniform clamped—clamped beam in bending
vibration. The authors proved that the measurement of the curvature of the transverse
displacement at one end of the beam in an arbitrarily small time of observation determines
uniquely f. Conditional stability and reconstruction schemes were provided in the paper.
An extension of the above results to the unique and conditionally stable determination
of point sources in a clamped rectangular plate from the observation of the Laplacian
of the transverse displacement at a suitable subset of the boundary of the plate, for a
sufficiently large time of observation, was obtained by Zair [7]. A vibrating plate with
lower order terms and with more regular spatial forcing term f (e.g., f € HL(Q), where
Q is the mid-plane of the plate) was considered by Wang [8]. Assuming that both the
transverse displacement and its Laplacian vanish on the boundary of the plate, the author
found conditions for the unique determination of f from the boundary observation of the
normal derivative of both the transverse displacement and of its Laplacian on a suitable
subset of the boundary of the plate for an arbitrarily small time of observation. An
extension of the results by [8] was provided by Alves et al. [9]. By using the same data as
in [8], Alves et al. established the identifiability for a source term given by Z?{:I g;(t)d¢;,
where g;(t) are suitable (but unknown) functions of time and J;; are Dirac deltas with
support &; € Q, j = 1,..,N, N unknown. Suitable extensions to measurements taken in
the interior of the plate and conditional stability results were also provided in [9].

All the previous results refer to the inverse problem of identifying a source term in
either a single beam or in a single plate. In the construction of modern mechanical and
civil engineering structures, single beams or rectangular plates are connected to obtain
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FIGURE 1. Two-span plate simply supported at the boundary and with an interior line support.

continuous multi-span beams or multi-span plates placed over intermediate point (beams)
or line (plates) supports. In spite of their importance, to our knowledge, studies on
source identification for this class of structures are rare. It should be also noticed that
the analysis of this inverse problem is not only important per se, but it will provide
a theoretical foundation to other identification methods, such as the Statistical Energy
Method, which are used to locate vibration sources in complex structures by the flow
energy balance among their components and by measurements taken on few accessible
sites only. For the sake of completeness, we recall that Nicaise and Zair have considered
in [10] the problem of determining point sources in a mechanical system obtained by the
connection of a finite number of taut strings from Neumann boundary observations taken
on a part of the boundary of the system. However, the analysis of string-like structures
involves second-order differential operators in the space variable rather than fourth-order
as in the case of beams and plates. We are unaware of analogous results on multi-span
beams or plates, and the present research is a contribution to this issue.

In this paper, we consider a system composed either by two connected beams or by two
connected rectangular plates. In spite of its simplicity, this multi-span system retains all
the essence of the problem of transmission of information in the form of waves across an
internal-point or line—support for the unique identification of loads from measurements
of the vibratory response. It will be clear from the subsequent analysis how the proofs
can be extended to multi-span beams and plates formed by any finite number of spans.

In order to present our main result, in this introduction we will refer to the plate system
formed by two rectangular plates of dimensions @ X L and b x L, and constant thickness,
shown in Figure 1. The plates are perfectly connected along the internal line support
7 ={(x,y) € R* x =a, 0 <y < L}, and the boundary 0Q of the whole multi-span
plate Q = (0,a+b) x (0, L) is simply supported, that is the transversal displacement of the
plate and its Laplacian vanish on 0Q2. As mentioned at the beginning of this section, the
material is assumed to be homogeneous, linearly elastic and isotropic. The infinitesimal
transverse vibrations under the load g(t)f(x, y), where g € C'([0, Ty]) is a given function
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of time and f € H~'(Q\ y) is a function to be determined, are described within the
Kirchhoff—Love theory of thin plates.

The boundary conditions imposed on 0Q2 prevent to obtain enough information about
the unknown spatial source term f from measurements taken at the boundary. Therefore,
the inverse problem of determining f is formulated in terms of internal observations. Under
the additional assumption g(0) # 0, we prove that the knowledge of the time-history of
the transverse displacement of the plate measured in an arbitrarily small neighbourhood
of the line {(xo,y), 0 < y < L}, where xq is any point of the set (0,a) U (a,a + b), for an
arbitrarily small registration time, is enough for the unique determination of the function
f. We refer to Theorem 2.1 for a precise statement and for the corresponding result for
a multi-span beam system. The method used to prove uniqueness is essentially based on
the series representation of the dynamic response of the structure on its eigenfunction
basis, and on the analysis of the almost periodic distribution that arises from it. This idea
was originally used by Kawano in [11] to prove that the measurement of the dynamic
response of a rectangular plate on a line segment, having arbitrary length and parallel to
one of the sides of the plate, is enough for the unique determination of the spatial load
distribution, provided that the time-interval of observation is long enough.

The paper is organized as follows. The formulation of the inverse problem and the
main uniqueness result (Theorem 2.1) are presented in Section 2. Section 3 is devoted
to the analysis of the dynamic response of the multi-span beam or plate system via
eigenfunction series representation. A proof of Theorem 2.1 is presented in Section 4. A
numerical implementation of the method is shown in Section 5.

2 Main result

The first model that we shall consider is a thin Euler—Bernoulli beam made by homogen-
eous linearly elastic isotropic material. The beam has two spans of length a and b, it is
supported at the ends x = 0, x = a + b and also at the point x = a separating the two
spans. The infinitesimal, undamped, transverse vibrations u = u(x,t) under the external
transverse force g(t)f(x) are governed by the problem

‘ g;: 04 2 gg‘ =g(Of(x), (x,1) € (21U 2) x (0, Tp), (2.1)
u(0,8) = & 0,0 =0, t € (0, Ty), (2.2)
[[u(aa t)]] - 07 te (05 TO); ( )
u(a,t) =0, t € (0, Ty), (2.4)
[[$(a,0)]] = t € (0, To), (2.5)
[[Z%(a,0]] = t € (0, To), (2.6)
u(a+b,t) = ax (a+bt)—0 t € (0, Ty), 2.7)
u(x,0) = %(x,0) =0, x€QUQ, (2.8)

where Ty > 0 is an arbitrary time, Q; = (0,a) and Q, = (a,a+ b) denote the left and right
span, respectively, and [[u(a, t)]] = lim,_, .+ u(x,t)—lim,_,,— u(x, ). In the above equations,
for the sake of simplicity, the bending stiffness and the mass per unit length of the beam
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are assumed to be unitary. We notice that the jump conditions (2.3)—(2.6) state that the
two ends of the beam x = a~ and x = a* are perfectly connected at x = a, and the beam
is simply supported at x = a. The support at x = a acts on the beam as a concentrated
transverse force V'(t)d,, where V'(¢) is a unknown function and J, is the Dirac’s delta with
support at x = a.

Under the assumption g € C!([0, To]) and f € H-1(Q; U Q,), there exists a unique
solution u(x, t) to (2.1)<(2.8) and u € C°([0, To], H*(Q; U Q,)) N C'([0, Tol, L*(Q; U Q5)).

We shall now introduce the motion problem for the two-span continuous thin elastic
plate shown in Figure 1. The plate is formed by two rectangular plates, having mid-
plane Q1 = (0,a) x (0,L) and €, = (a,a + b) x (0, L), perfectly connected along the line
y={(x,y)] x=a, 0 <y < b}. Let us assume that the material is homogeneous, linearly
elastic and isotropic, and that the whole plate is simply supported at the boundary and
along the line y. Let us denote Q = Q; U Q, = {(x,y)] 0 < x < a+b, 0 < y < L}. Working
in the framework of infinitesimal deformations and under the kinematical assumptions of
the Kirchhof—Love theory, the dynamic equilibrium problem under the transverse force
2(t)f (x,y) is described by the following boundary value problem

A4w(x,y,1) + TR0 = g(1)f(x,y),  (x,1,1) € (24 U Q) % (0, To), (29)
W= ';:TV; =0, on 0Q, t € (0, Tp), (2.10)
[W(a,y,0]] =0, 0<y<L, te(0,Ty), (2.11)

w(a,y,t)=0, 0<y<L, te(0,Tp), (2.12)
[ 2‘;’(a 0l = 0, 0<y<L,te(0,Ty), (2.13)
(2% (a,y,0)]] = 0<y<L te(0,Tp), (2.14)
w(x,,0) = 2 (x y,O) 0, x€QUQ, (2.15)

where w = w(x, y,t) is the transverse displacement of the point (x,y) belonging to the
mid-plane of the plate at time ¢, v is the unit external normal to Q and T, > 0 is
an arbitrary time. In the above equations, 4 is the Laplacian operator with respect
to the spatial variables x,y and for every y € [0,L] we have defined [[w(a,y,t)]] =
limy g+ veQ, WX, y,t) = lim,_, - cq, W(x,y,t). Moreover, to simplify the notation, we have
considered unitary bending stiffness and surface mass density. We recall that the jump
conditions (2.11)—(2.13) follow by the continuity of w and its first x-partial derivative on
the internal support p, whereas (2.14) expressed the continuity of the bending moment
M, = —(%iﬁ“ + 622;{) at y, where o is the Poisson’s coefficient of the material. It should be
noticed that, analogously to the beam system, the internal support acts on the plate as a
concentrated transverse force W(y,t)d, along the segment 7, where W (y,t) is a unknown
function.

Concerning the direct problem (2.9)~(2.15), if g € C'([0, To]) and f € H=1(Q \ ), then
there exists a unique solution w and w € C°([0, Ty], H*(2, UQ,))NC([0, To], L*(Q; UQ,)),
see also Lemma 2.

Our main result on the determination of sources from measurements of the dynamic
response of two-span beams and plates is the following uniqueness theorem.
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Theorem 2.1 Under the above assumptions, let g € C'([0, To]), with g(0) # 0, be a given
function of time for Ty > 0. Then we have:

(I) ( Two-span beam system) The function f € H~'(Q, U Q,) in equation (2.1) can be
uniquely determined by the data

I ={(u. ¢)| ¢ €CZ((0.T) x Q)}, (2.1)

where Qq is a neighbourhood of any point x¢ € (0,a) U (a,a + b), with Qy C (0,a) U
(a,a + b).

(I1) ( Two-span plate system) The function f € H~Y(Q, U Q,) in equation (2.9) can be
uniquely determined by the data (2.1), where u is replaced by w and g is a neighbor-
hood of any line {(xo,y)| 0 <y < L}, with xo € (0,a) U (a,a + b).

In both cases (1) and (11) the time length T, 0 < T < Ty, is arbitrary small.

It should be noted that Theorem 2.1 guarantees the uniqueness of the spatial force
term, provided that the dynamic response of the system is taken on a set in space—time
domain, which is arbitrarily small not only in time but also in space, and specifically on
an arbitrarily small spatial interval for multi-span beams and an arbitrarily thin spatial
strip for multi-span plates.

3 Dynamic response of the whole structure

The proof of Theorem 2.1 is based on the series representation of the solution to the
problems (2.3)—(2.6) and (2.11)—(2.13) in terms of the normal modes (eigenfunctions) of
the system. Therefore, the present section is devoted to the analysis of the free vibration
problem for the two-span beam and plate system.

3.1 Eigenvalue problem

The infinitesimal, undamped, free bending vibration, of radian frequency v/A and amp-
litude S = S(x), of the two-span beam is governed by the eigenvalue problem

S"(x) =AS(x), x€QUQ,, (3.1)
$(0) = S”(0) =0, (3.2)
[([S(a)]] =0, (3.3)
S(a) =0, (3.4)
[[S"(a)]] =0, (3:5)
[[S”(a)]] =0, (3.6)
S(a+b)=5"(a+b)=0, (3.7)

where S’ denotes the first derivative of S with respect to x. The analogous eigen-
value problem for the two-span plate (2.9)—(2.15) consists in finding the eigenpairs
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{48 =S(x,y)} of

AAS(x,y) = 28(x, ), (x,y) € (@1 U D), (3.8)
S = gv = 0, on 0Q, (3.9)
[[S(a, y)]] = 0<y<IL, (3.10)

(a,y)—O, O<y L, (3.11)
[E(@yll=0, 0<y<L, (3.12)
[[gg @nl=0, 0<y<L (3.13)

where S = S(x,y) is the amplitude of the transverse vibration of the point (x,y) of the
plate.

Let us consider the space H?*(Q; U Q) equipped with the HZ?-norm, that is,
(-5 @00, = (> Ju2en + (5 ) m2(0,), Where, to simplify the notation, in the sequel it is
understood that Q; = (0,a), @, = (a,a+b) and Q; = (0,a) x (0,L), 2, = (a,a+ b) x (0, L)
for the beam and the plate system, respectively. Moreover, the two-dimensional spatial
differential operators V = (aw ay) 4 =V -V used for the plate system simply reduces to
dx and > for the beam problem.

The ex1stence of a solution S € H*(Q;UQ,)\ {0} of the eigenproblems (3.1)~(3.7), (3.8)—
(3.13) is proved once we prove the existence of an operator T : H*(Q;UQ,) — H?*(Q;UQ>)
such that A>Ty = v, respectively, when i solves the above eigenproblem. It is not difficult
to prove that T : H*(Q; U Q,) — H*(Q; U Q,) in fact exists, and it is self-adjoint and
compact. Therefore, from the Spectral Theorem, it follows that there exists an orthonormal
Hilbert basis for the space H?(Q; U Q,) formed by the eigenfunctions {Sn}n=1 of the
problems (3.1)—(3.7), (3.8)—(3.13), with positive eigenvalues {4, },>1, lim,—oc 4, = 00. The
same set is also an orthogonal set in L?(Q; UQ,), and we can normalize the eigenfunctions
so that

1
| S, IIiz(Qlugz) = for every n € N. (3.14)
n

Therefore, any element in L*(Q; U Q,) can be represented by Z:jf Cn/2nSp, for some
{Cn}n>1 - /2~

The following estimates are valid for the eigenfunctions of both the problems (3.1)—(3.7),
(3.8)—(3.13).

Proposition 1 Let (4,,S,), n = 1, be an eigenpair either of the problem (3.1)—(3.7) or of
the problem (3.8)—(3.13). We have

2 2
H ASy ||L2(Q1U97 =/ H Sn ||L2 (Q1UQ,) (3.15)
1980 10,00 < 2721150 0,00 - (3.16)

Proof The identity (3.15) follows easily by multiplying the differential equation of the
corresponding eigenvalue problem by S,, integrating by parts and using the boundary
conditions and the jump conditions on the internal support. The estimate (3.16) can be
obtained by integration by parts, and by applying Cauchy—Schwarz inequality and identity
(3.15). O
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Finally, consider the set X C H?(Q; U Q,) generated by sums of the form

N
X = {Z .Sy : {on}nen € /2, N € ]N}. (3.17)

n=1

The space X is a Hilbert space with the norm

(x =G men + ¢ e

where (-, *)u2(0,), J = 1,2, is the norm in the usual Sobolev space H%(Q)).

In the next two sections, we shall deal separately the beam and plate cases.

3.2 Beam eigensolutions

To find a solution of the eigenvalue problem (3.1)—(3.7), we write separately in ; and Q,
the general solution of (3.1) in the form

S(x) = Asin(ax) 4+ B cos(ax) + C sinh(ax) 4+ D cosh(ax),

where o = v/2 € R,. By imposing the prescribed boundary conditions (3.2) at x = 0 and
the jump conditions (3.3)—(3.4) at x = 0, the expression of the eigenfunction in Q; is

sin(oa)
sinh(xa)

S (x) = Aq (sin(ocx) — sinh(ocx)) , (3.18)
where A,, A, # 0, is a constant. The corresponding expression for S in Q, can be
obtained from (3.18) by making the change of variables { = a+ b — x, so that £ = 0
corresponds to x = a + b, and the interface between the two beams is located at & = b, or
x = a. Finally, to get a non=-null solution S of (3.1)—(3.6), we impose the remaining two
jump conditions (3.5)—(3.6) in the two unknowns 4, and A, 4, # 0, and the eigenvalues
Jn = o4 are the roots of the frequency equation

(3.19)

sin(a(a + b)) 1 [cosh(axa) = cosh(ab)
cos(a(a — b)) — cos(a(a + b)) 2 ( ) ’

~ 2 \ sinh(o) * sinh(ab)

Let us notice that the right-hand side converges to 1 as « — oo and, therefore, o, =
S 4 1 (n), with lim, o #(n) = 0. It follows that 2, = O(n*) as n — oco. As an example,
Figure 2 shows the behaviour of the left and right-hand side of equation (3.19) for a = 1

and b = 2. The eigenfunctions of (3.1)—(3.7) are given by

5. Sa,(‘/ﬂ(x), x € [0,d],
n\X) = 4
Sbﬂ\/T"(a-i-b—X), x € [a,a+ b].

Observation 1 The eigenfunctions of the problem (3.1)—(3.7) belong to C*([0,a + b)), but
they not necessarily belong to C*([0, a+b]), which is physically consistent, due to the presence
of the internal support at x = a.
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4 I Left hand|side

Right l'and side

2k

4k

FIGURE 2. Illustration of the left and right hand side of (3.19).

The following proposition contains an estimate of the third derivative of the eigenfunc-
tions in each component Q;, j = 1,2.

Proposition 2 For every given number M, M > 1, there exists a number Ny; € IN, Ny only
depending on M, such that

IS, ||i2(g,-) <M\ S, Hil(ﬂj)’ j=1,2, for every n = Ny.

Proof The proof is by direct computation. Let us consider j = 1, the analysis for j = 2
being analogous. From (3.18) and the normalization condition (3.14), for x € 2; we have

) .

Sn(x) = Anj-n (Sln(anx) - Kozn,a Sll’lh(OCnX)),

Sr/l(x) - (cos(onx) — Ky, 4 COSh(2,x)),

Anln ’
3
S (x) = — % (cos(ayx) + Ky, 4 cOsh(a,x)),
Anin
where we have denoted K, , = Ssij]nlff‘;f;) and
A2 = [ (sin(a,x) — Ky, 4 sinh(a,x)))* dx .

Q

Then

(S,',"(x>)2 . (S,zw)z _ 2K, €08(2,) cosh(z,x)

292
n on An/“n
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and
2“2K%Ha
A2)2
A simple calculation shows that the sequence

(KW,/ cos(a,x) cosh(o,x) dx)
Q neN

is uniformly bounded. Since o, = /1,1,/ 4, the last term in the right hand side of the above
equation converges to zero as n — +oo and, therefore, using also (3.16), for each M > 1
there exists Ny, € IN such that the desired estimated holds. O

2 2
1S, HLZ(Ql) = 0‘3: 1S, HLZ(Ql) + . / cos(a,x) cosh(a,x) dx.
Q

3.3 Plate eigensolutions

To solve (3.8)—(3.13), we use the Levy’s method [12], assuming

S(x,y) = hy(x)sin (%) . (3.20)

PEN

The above expansion is justified by the fact that the family {sin (Z2)},en is an Hilbert
basis of L2(0, L), with functions that satisfy the boundary conditions (3.9) at both the
sides y = 0 and y = L. Substituting (3.20) in (3.8) and using the orthogonality of the
functions {sin (%) },en C L*(0, L), we arrive at

hy" = 2B, + (ﬁﬁ —2)h, =0, x¢€(0,a)U(a,a+b), (3.21)
where f, = ”i—fz.

To solve (3.21), we first consider the case ﬂﬁ # /. We denote by hj and h’; the solution
of (3.21) in the intervals (0,a) and (a,a + b), respectively. The family of solutions of (3.21)
defined in (0,a) that satisfies the boundary conditions (3.9) on x = 0 and the geometric
condition (3.11) at x = a is given by

sinh (\/ﬁ — ﬂa)
h;,\/z(x) =4, |- ! sinh <\/ﬁ,, + ﬂx) + (3.22)
sinh (y/ﬁp + ﬂa>

+sinh (N/ﬁp — \/Ix) ,

where A4, is a non-vanishing constant. Similarly, the solutions hl’j*\/z(x) of (3.21), defined
in (a,a + b) and satisfying the boundary conditions (3.9) on x = a 4+ b and the geometric
condition (3.11) at x = a, can be simply deduced by the expression (3.22) by making the
change of variables ¢ = a+b—x, so that £ = 0 corresponds to x = a+b, and the interface
between the two plates is located at £ = b, or x = a. After imposing the jump conditions
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(3.12)—(3.13), we obtain, for each fixed p € N, the set of eigenvalues 4,4, ¢ € N, as roots
(different from ﬁg) of the resulting frequency equation

B, — \/7rg sinh (a B, — \/;Tq> cosh (bm)
+ sinh (b\/ﬁp - \/m) [\/ﬁ,, — /7yg cosh (a B, — \/;Tq>
—\/\Va + By sinh <a By — \/;,Tq)

(e (o Vo) o (V7)) -0

For each p, there exists a sequence {4,,},eN, Which gives a subset of the set of eigenvalues
of problem (3.8)—(3.13), with limy_.o 4,4 = oo. Since we are only interested in the
asymptotic behaviour of {1,,},en for each p fixed, dividing the above equation by

\/Bp — \/4pq and taking the limit ¢ — +oo (that is 4,, — +00), we obtain the asymptotic

frequency equation

sin (aw/\/iT,q — /3,,) cos (b\/\/)?q — ﬂ,,) (3.23)
+ sin (b Vg — ﬁp>
X <cos (a\/\/@ 5,,) — 2sin (a\/\/@ ﬁp>> =0.

From (3.23), it is possible to conclude that, for each fixed p € IN, the eigenvalues are such
that 4,, = O(q*) and, more importantly, the sequence {./ Apg tqen is uniformly discrete.
Finally, the eigenfunctions are given by

eV (x) sin (22, (x.y) € [0.a) < [0.L],

Sp,q(xa y) = bs /7 '
hyY " (a+b—x)sin (), (x,y) € [a,a+ b] x [0, L].
When 1 = f37, the solutions of (3.21) in the interval (0, a) are

A (a sinh ( Zﬁpx) — x sinh ( 2[3,,41))
ap,

avai) —
hyY i (x) =

By proceeding in the same way as we did above, it is easy to show that there is only
one f%(= 1) that corresponds to a not trivial solution of the two-span plate. We include
this single value of Z in the set {4,,},4en already obtained for the case f? # A, and for
the sake of simplicity we continue to denote by {4,,},4en the set of eigenvalues of the
problem. In particular, without loss of generality, the sequence of eigenvalues {4}, 4en
is putted in increasingly order and, after the rearrangement, the sequence is denoted as
{Jn}nen, with 2, = O(n*) as n — oc.
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3.4 Series representation of the solution of the forced problem

In this section, we shall consider the forced vibration problems (2.1)—(2.8) and (2.9)—(2.15)
for the two-span beam and plate, respectively. For the sake of simplicity, the case of the
plate is analysed in detail in the sequel. However, the analysis can be easily rephrased to
deal with the beam problem.

We start with a representation result.

Lemma 1 Any element in H™'(Q; U Q,) can be represented by Z::f CcnAnSy for some
{Cn}ne]N C /2.

Proof We first note that X C H}(Q; U Q,). Then, H-1(Q, U Q,) C X'

The set {S,} C X can be used to express any element in H™1(Q; UQ,) C X’. In fact, let
F € X'. By the Riesz Representation Theorem, there is an element Z::f S, € X, with
{¢a}nen C 2 such that

+o0
F(¢)=<¢, chsn> 5 v‘beX
n=1 X

Integrating by parts and taking into account the boundary and jump conditions satisfied
by the eigenfunctions {S,}, we have

+o0 +o0 +o0
<¢’> chsn> = <¢, chsn> +<(f7, chsn>
n=1 X n=1 H2(Q)) n=1 H2(Q,)
400 oo
- <A¢, Azcns,,> + <A¢, AchSn>
L2(Q1) L2(22)

n=1 n=1

+o00
= <¢, Zincnsn> 5
n=1

Lz(Ql UQz)

and the thesis follows. OJ

The regularity of the solution to the forced vibration problem is considered in the next
lemma.

Lemma 2 Let w be the solution to (2.9)—(2.15) with f € H"Y(Q; U Q,). Then, w €
C([Oa TO]aX) N Cl([()a TO]’Lz(Ql U QZ))

Proof To solve the non-homogeneous problem we use the method of separation of time
and spatial variables expanding the solution w in eigenfunctions, namely

Wiy, 1) =Y fm(t)Sm(x, ).

m=1
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Following a standard procedure, we obtain a sequence of uncoupled linear second-order
differential equations on the unknowns {#,(¢)} describing the forced motion of harmonic
oscillators with natural frequency v/4,. By Lemma 1 we have f = Z::f CpAnSy, With
{¢a}nen C /2, and then we obtain the following Duhamel representation formula

+0o0 t
W00 = D o/ [ (0)sin( Bt = ) e Sy 5.0), (3.24)
m=1

Recalling that g € C'([0, Ty]), by an integration by parts we see that there exists a constant
Cr, > 0 independent of 4,, such that

t
. Cr
- Vi) dr < =10 : 325
| et = nsineyE)ar < S g e, (329)
o [ -
5/0 g(t — t)sin(ty/4n) dt < Cry [ € llerjo.m - (3.26)

From (3.24) and (3.25), we obtain that u € C([0, Ty], X'), where the set X has been defined
in (3.17). Note that the traces of w at the boundary are well defined. Finally, using (3.26),
we can state that w € C!([0, Ty], L?(2; U ©,)), which means that the setting of the initial
conditions makes sense. O

4 Proof of the uniqueness result

We proceed to the proof of Theorem 2.1, dividing it in two parts to deal separately with
beams and plates.
It is convenient to premise some definitions.

Definition 4.1 A sequence {p,nen C C is uniformly discrete if there exists 6 > 0 such
that |p, — pm| = 0 for every myn € N with m # n.

Definition 4.2 Given a bounded set U C IRY, d € N, with positive measure, the Paley—
Wiener space P Wy is defined as

PWy = {ﬁ| F e L2, supp(F) C U},
where F is the Fourier transform of the function F.
In this paper, we shall be interested only in the case when d = 1.

Definition 4.3 The upper uniform density of a uniformly discrete set A is defined by

D(A) = lim maxw.

¢—+00 a€R C
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Definition 4.4 An indexed set 4 = {u, }nen C R is an interpolation set for PWs, S C R
bounded with positive measure, if for every sequence {d, },en C /? there exists ¢ € P Wy
such that ¢(u,) = d, for every u, € A.

Finally, we recall that in the case of an interval (ay,a;) C IR, Kahane [13] (see also [14])
proved that

. 1 . . .
if D(A) < %(az —ap), then 4 is an interpolating set of P Wy, 4,). 4.1)

Proof of Theorem 2.1 We interpret (3.24) as a distribution, and we make a change in the
order of summation and integration, to obtain

t +o00
w(x, y, 1) =/0 glt—1) [Z Em/ Zon in(\/ 7 (7)) Sm(x,y)] de
m=1

=F(t.x.,y)

Using data (2.1) and Lemma 2, we can assert that for all (¢,x,y) € [0, T] x Qo,

= aa—v:(x, y,t) = g(0)F(t, x, ) ~I—/0 g'(t — 1) F(1,x,y)dr.

Since g(0) # 0 by hypothesis, we have necessarily that F(t, x,y) = 0 for every (¢,x,y) €
[0, T] x Q. It follows that

F(t,x,y) Zcm m SIN(\/ A £) S(x, ¥) = 0, V(t, x, y) € [0, T] X Q.

m=1

We can extend trivially F to [T, T] x Q, because t — sint is an odd function.

Now we split the proof in two parts to deal separately first with beams and, next, with
plates.

For every x € Qy and for every (?) €CX((—T,T)) we have

<F(',X), (2)> = <IA:('9X)> ¢>
+o00
= Vo Sn(XN D7) — (=) =
m=1

Without loss of generality we can consider only odd functions ¢ in P W(_r 1) such that
¢ € C((—To, Typ)), to conclude that for any x € Qy we have

+o00
> enVm Sn(x)b(\/ ) = 0. (4.2)

m=1
The sequence (v/4,)neN in the beam case is umformly discrete, with /4, = O(n?). Then,
recalling that C>°((—T, T)) is dense in L>(—T, T), the result (4.1) can be apphed with
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D({VZ }nen) = 0. It follows that c,,S,(x) = 0 for every m € N. Since {S,, }men forms a
complete Hilbert base, we conclude that ¢,, = 0 for every m € IN.

In the case of plates, we test the analogous expression of (4.2) also with respect to
space variables to obtain

+00 +o0
Z Z Cpa\ Apa{Spa> @)/ 2pg) =0,V € PW(_r 1) and V € C(€o).
p=1 g=1

Now, recalling the explicit form of the eigenfunctions S,, obtained in Section 3.3 and
since Qy contains the line {(xg,y) : y € [0, L]}, we see that given p = py € N it is always
possible to choose ¢ € C°(Qo) so that (S,,, @) =0if p # po and (S,,, @) # 0 otherwise.
Therefore, for every pp € IN we get

+oo
Z oV %0 (Spoq » PYP(\/ Apog) =0,V € PW(_1.1) and Vo € C°(£).
q=1

Now, we recall that the sequence {1/ 74 }qen is uniformly discrete, with \/7,,, = O(¢?).
It follows that, exactly as in the beam case, ¢, , = 0 for every pp,g € N.

In conclusion, for both beam and plate multi-span systems, the loading f € H~!(Q,;UQ5)
is null, and therefore the spatial component of the forcing source in (2.1)—(2.8) and (2.9)-
(2.15) can be uniquely identified by the data specified in the set I". O

5 Numerical experiment

In this section, we provide a numerical experiment to illustrate the practical possibility
of identifying sources in multi-span systems. The numerical experiment is focussed on
the two-span beam described in (2.1)—~(2.8) and, adopting the same notation used above,
the length parameters are a = 1 and b = 2.5. In this case, the first 10 eigenvalues are
{2310, = {4.33,4.7 x 10',1.43 x 10%,2.68 x 10%,7.19 x 10%,1.56 x 10°,1.14 x 10%,1.73 x
10%,2.49 x 10,7.62 x 10*}. The eigenfunctions associated to the first six eigenvalues are
shown in Figure 3.

The time-dependent function g = g(¢) is chosen as g(t) = cos(t), whereas the function
f = f(x) that describes the spatial distribution of the loading is taken coincident with the
characteristic function of the interval [a + b/3,a + 2b/3].

It should be noticed that in all the calculations performed to obtain the solution of
the direct problem, the function f = f(x) is represented by the truncated series expansion
T(x) = 2’110:01 cn2nSn(x). Figure 4 compares the target function f(x) with the approximation
T(x) really used to perform the calculations of this section.

The solution of the direct problem is given by (3.24). For this concrete example, we
show in Figure 5(a) the displacement at time ¢ = 2 of the whole continuous beam (that is,
X — u(x,2)). For the solution of the inverse problem, the measurement of the displacement
is taken at xo = 0.77. In Figure 5(b) we show the displacement at point of measurement
xo = 0.77 in the time interval ¢ € [0, 50].
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FiIGURE 3. First six (normalized) eigenfunctions of the problem (2.1)—(2.8) with a =1 and b = 2.5.
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FiGURE 4. Function f = f(x) (black line) and its approximation f(x) (gray line) used in the
computations.

Since it is not our main objective to discuss a numerical procedure to recover the spatial
loading f described by the coefficients {c, },en, We just present succinctly the procedure
that is described in detail in [15].

Following [15], we use the family of test functions

sin((& — A7)\
7(6_/1,”)1 ) , Vme N and VvVt > 0.

It is important to notice that their Fourier transform have compact supports, namely

¢m,r(€) = (

— . 1
‘lbm,r(t) = (H, * Hr)(t)einim’ HT(t) = EX(—T,T)(t): (51)

and this means that the measurements are performed in finite intervals of time.
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FIGURE 5. Solution u(x,t) of the direct problem obtained by (3.24) using the approximation ?(x)
instead of the function f = f(x).(a) Displacement u = u(x,t) over the whole structure for t = 2. (b)
Displacement u(xo, t) at point xo = 0.77 in the time interval ¢t € [0, 50].

With the particular time function g chosen in this numerical simulation, the displacement
function at point xg, u(t, xo), given in (3.24) (with w replaced by u) can be rewritten as

+oo
u(t,xo) = ) BV 4 7V, (52)
m=0

where {1, }nenN is given by the procedure described in Section 3.2 and 4y = 1, e.g., 4o
accounts for the function g(t) = cos(t). For m > 1, B, is defined by

Cimm

B, =
" e —1

Sm(x0), (5.3)

whereas By = Y. B,

m=1
In order to apply the procedure described in [15], we must reorder the sequence

{Zm tmeN U {—7m tmen so that Jy is the first term, —/Jo the second one, 4; the third one,
— /1 the forth one, and so on. The ordered set of As becomes then

{40, =20, 115 =21, A2y — A2y A3, — A3,

Realizing that the same B,, corresponds to both 4,, and —/,, in (5.2), the ordered set of
Bs, counting repetitions, becomes

{Bo, Bo, Bi, B1, B2, B>, B3, B3, ...}

We perform this rearrangement of terms, but we keep the same index m. We define
Pr(my n) = d)m,‘r(;“n) and

V(m) = (u(,Xo), ).

Consider the operator T : /? — s, given (By)uez, — (V(m))nez,. Formally, the
application of the operator T can be interpreted as performing a product with a matrix
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FIGURE 6. An example of reconstruction of the unknown function f for the two-span beam system

(2.1)-(2.8).
of infinite order, that is
V(0) P(0,0) P(0,1) P(0,2) ...] [Bo
V| = |P(1,00 P(1,1) Pi(1,2) ...| [B1], (5.4)

We perform now a truncation of the system in (5.4) to obtain

V(0) P.(0,0) P.(0,1) ... P, (0O,N) By
V() P.(1,0) P.(1,1) ... P.(1,N) B,
: - : : : : : (5:5)
V(.N) PT(Z.V, 0) PT(].V,I) ... PJ(N,N)| |Bn
Tn

By solving the linear system (5.5), with symmetric N x N matrix Ty, we obtain the
first elements of the desired sequence {Bj}ncz,, and using (5.3), we recover the first
elements of the sequence {c¢,,}men that defines the function f. In fact, performing the
calculations assuming xo = 0.77, length of registration time T = 5, and evaluating the
solution of the direct problem by (3.24) with the approximation ~(x) of the actual force
f(x), we recovered the first N = 14 terms of the sequence {cy }men. With these recovered
terms, the reconstructed function is shown in Figure 6. Note the good match between the
recovered function and the function used in the calculations of the direct problem (see also
Figure 4).

Since it was not our objective in this article to analyse the effects of measurement errors,
but to show a proof of the uniqueness Theorem 2.1, we did not introduced measurement

errors in the simulation.
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However, for the sake of completeness in our discussion, we observe that when the
measurements contain errors, then instead of V(m), we have at our disposal V(m) =
(u(t, xo),db/l,;), where the difference between fi(t,xg) and u(t,xo) is the error e(t) =
fi(t, xo) — u(t, xo).

In this case, the solution of the linear system (5.5) gives

(Bl = Tn~ (V) + T (Vetm)zy),

where
Ve(m) = <€, ¢1,m,1:>-
In [15] it is proved that T~ ((V(m))N_)) Nztpo ((0n)nen) and that when the error

m=1

e(t) = ii(t, xo) — u(t, xo) is bounded in L*(0, Tp) by || e [12(0) < € then there exists C > 0
such that || Tx " (Vo(m)))N_,|| is given by

N+1

TN Vel < Cey [ —

In our actual calculations, the match between the recovered function and the approx-
imation of f, which was used in all calculations of the direct problem (obtained by a
truncation of the series development Z::f cnAnS, with 100 terms) is not exact because in
the recovery process we used only 14 terms. In fact, when the number of terms used in
both direct and inverse problems is equal, then the match is perfect, but then an inverse
crime is perpetrated.

The whole formal numerical analysis performed above, including convergence and
stability considerations, can be rigorously discussed by adapting the arguments shown
in [15].

6 Conclusion

Despite their practical importance, inverse problems involving multi-span structures are
not discussed in the literature, to our knowledge. As a contribution to the field of inverse
problems related to structural engineering, in this article we have proved a Theorem
(Theorem 2.1) that essentially states that the spatial distribution of loads of the form
g(t)f(x), with g € C' known, can be uniquely identified given the information about the
displacement of a neighbourhood of (a) a point in the interior of the structure in the
case of beams, or (b) the displacement of a line in the case of plates. In both cases, the
observation interval of time can be arbitrarily small. It is important to note that even if
the spatial support of the load is on a span and the measurement is at another span of
the structure, the identification is still possible. This result enables a rigorous discussion
about the identifiability of vibration sources in complex structures.
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